7 


i 2 rey COURSE: from its FIRST PRINCIPL 


thro all che PARTS and BRANCHES thereof; | 
| known to the Anc1znTs, or owl g to 4 
The PRACTICE and APPLICATION to the Affairs © RS, 
: | alſo Fully Explained: 5 
5 3 For the Purpoſes of of MN of SCENE N ” - 


of PRACTICE, for MEN of BugSINESS, 3 


5 2 ** 
1 WV 
: LS 
22 ä 
4 : — 
* — 
- : N 
> * 
. 


- Ml 
6 
i 6-7 : r a 1 6 4 
2 „ - vo” nd b V - 
10 * 2 
F WE £ : 1 c : : . 2 K * - 2x 52 33 
"—_ 8 
_ 5 9 0 
TX 1 PR 
17 * 1 8 3 c © i YN 2 7 * N C 1 
1 # * 1 ” 
4 « 
o = 


Printed for n and £5 [Ow bl in Pater- noſte WA 
33 F. Far RAM, and E. Sv MON, at the Ro Exchange. oe 8 


M.DCCXXX, va 


2 of 
— 


„ 


Lov 


4 
** 


TT 


i» 
1 


Wer 
9 
* ky; 


* wa 
* 0 
* 
— — - 
- 3 4 I 
” 
a © [3 
* 1 
of ry # 5% 

* — 2 

ee - 4 

* 4 * 1 * 
5 «IIs 
* 4 
* n 
% A * 
% 2 
— * 
= 2 - * * 4 % 
. 1 | — 
1 * * 1 * 
© # 3 

— s . 1 * 4 * » 

- 2 = l 2 2 
ne 7 3 
E ER — 5 IS 1 22 as > 1 _ 3 8 r 2 ht 3 
2 2 2 1 4 8 b ” SF N Ty 1 

£ 2 * bf 


7 > * . 
# p 0: r ; 
2 oof "+ mY — iz a3 + I 
f g : we * 
z 5 2. 1 
— . - 4 2 . 2 N 5 FE, : s ; 
- — * * T wy Li * % Ly * 7 4 1 4 N * 1 *w ; 6 
- % * pr 4 | i 2 | 
8 ö | | ; F 1 ; n | | r 2 : : p * 8 * — 
3 = iq »— — 75 4 1 1 Bd + E. . 2 : I 
| ' * * ed. CG > 9. + - 
- 333 b 
** 2 — N 
R * 
py J 8 
R 7 . * 
o - * * 7 1 1 L 
f : % * # — & % 
— By 1 by » ' 
£ - | 
: F344 P94 
'L 1 , ? 5 
- . - 4 0 , 1 
1 * - ws z | 4 : q 4 
— - —- & + by CE „ © 5 f 1 : L . c | 
. * - 
| . - * 
4 — 
. 5 — Ya as ms + „ 
8 Sr —— — 62 
wa „ 46 0 _—  — ——— : : 4 i, 7 
E r "y EY C1 
% 4 1 ; 


— 
* , * a — 2 


4 - y 4 „„ 
* - 
. 
* 
—. 
- 
o * 
92 
5 * 
— 1 
. 3 ts 
: 5 4 
. 
* 
- - 1 
. 
15 — — * 
a 
- % - c 
* * £ 7 
*, 7 . 4 
1 » 5 
„ f Oo 0 
a * 
— * 
4 


- 
© X _— 

. 

* 
3 > 5 — 
"F 
a. — 


%. alle Ys 


t 


w — op — UI en eee 
WITT £4 PI 4 444 i T& 81 T's STE,” Gl ar 2 Ne Rd 
1 = - Y * / * * * 
* r a * - * | 7 * 
5 * * Foe „ 5 . 4 hs « * 1011 7 ” the y * 
woes 1 3 on 42 f N = 9 . 4 
x 
P Pp * - — ad 
Fg 


ra Riony Honounanzu, 


William C 


* 


A © LORD PROVOST: 


- r o Ll 


Hime — 5552 by 
William Mowat N. 
Hugh Hay, 


Alexander Livingſton, Dean of Guild; 
Alexander Robertſon, Treaſurer : 


And the Remanent Members of the Gene? of 


a - 


AW. D AB E R Dy E E N. 


My LO R D,* &c. - 


IF E Subeck and Befigh of the following Work, with 
My Relation to the Town of Merdeen as a publick 


Teacher, naturally directed me to its Governours 
| for Patronage. As the Encouragement I have already met 
bas from the Town, and in particular from its * 
Mogan A 2 Magiſtrates 


| 


$ and Council, —— to this Weak, 


and to my publick Employment, is but the Native Con- 


ſequence of that Noble Diſpoſition for promoting Learn- 
ing and all good Education, which) is the welkkgown 
Character of Aberdeen; fo, I believe, I ſhould rather offend 
than pleaſe by attempting any Apology: for! this Addreſs ; 
or running into the Common Way of fattering Dedica- 
tions. I know how 2 ei is to Generous Minds, 


to hear their own juſt Phi: But 
me, if I avoid the Appearange 715 
this puhlick Akkucwledgenicar Ft 
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EE c E. 


W A; SE Bei b e lend e eee ths 3 a new 


Booł cannot want many Prejudiers agi inſt it: and therefore tb fend it into the 


World wirhout fonte ihtrodu@ery Account of it, is 0 berrer Shes. ing it 
down at random; or, more properly, expoling ir. Tis an unreafonatle Ne <t of fort 
that 8 the World: for t am Author 


concems d 
ee more uſeful and rd upon ary Subject — — dene, 
and thinks he has in ome meaſtire ſuerecded; as the RR a World ſo, rhdy be: done 
without any Breach of Modefty, . hdmedefiity to explain 
particularly whereit Work lie; that every ont 
may ſee how fur it anſwers Wer Purpofe; A0 80 ſerves te Encouragement. It muſt 


Rand; upon "its. ow. Baſis, nb MWubt nn Brim, Soars org» and: reaſdnable than 
this kind of Invitation to look" 1010 f. Ie may be ed, T new that here is only 
the Authors Word for this Aceotmt, which is a Teſtimony: Bur if it be conſi- 


der d, char he ventures his Credit as well as che Surely of his Werk upom 4 fair Repre- 
ſentation; this, I may reafonably hope, will incline the more Caritlid and Charitable, to 
8 Ss is . e this 1238 I prefigane to give you ee Account 


AtiTRME TIES i « Subject of tar Evctnt, that in fome Reſpodts ir can never be 
exhauſted; and of that Value; as to deferve all the' Study and Pains thar can be beſtow'd 
upor it. e 5 to Tf the Foie e of Numbers; but as to a juſt 


and rational Syſtem of the Science, ont would tune that cant Be a ching {till wanted, . 
after ſo mariy Books already written on naps — Nevercheleſt, in my Opinion, we 
are fat from Saving any; ac hin r at leaſt; and — — be in 

2 1 can only ſay, I have it i in "tie Books thr have come 


may axpees my. Sentiments upon n this Matter a little more e >e 
to LON an Account of the preſent Works I ſhall firſt obſerve, That Arith- 
3 is to be conſider d in two Reſpects, vis. eicher in its Theory whicbr contains the 
Abſtract and Speculative e e of pure Numbers; or in its Frattire, which- con- 


tains, the Application of that Theory to human Affairs. The Theory is finſt in order of 

Science; t A n Ts penis nit: So that there-canbe-no Appli- 

cation without 10 N ab Kn Numbers; that abſtract Knowledge 
the N | ” Ki 


to. be apply d. But then it is to be eonſider d, chat there ns gue 
Difference b und the Senſe and M. of any Propoſition, or any 
bv Arichmetick, ſo as to be able to follow its and the Reaſon 
and rr of he Tetent oft Propotition or: Nad Henre it is, that there 
are two ver ays of ſtudying and 3 Arithmetiok The Generality who 
18 — 1 even many nns Bann a Knowledge: much above 

re common Parts, yet underſtand little or nothing Of £ we Realer — 


vi | P R E 5 4 C E. 
of what do, becauſe they ſtudy not the Theory of Arithmetick, and ask no more 
than plain Rules for the Practice, ſo far as they have uſe for it. But others, conſidering 
AER as a Science founded upon Principles and Reaſon, require a Demonſtration 
every thing. 
| Anfwerdbis to thoſe two different Demands, the Books of Arithmetick which we have; 
are of two kinds; the Practical and Theorical. The practical Books are moſt of them 
ſmall. Treatiſes of the firſt and more ſimple. Elements and Applications of Arithmetick : 


But beſides that they go a very ſhort way into the Science, they have alſo left us without 
the. leaſt Jarhead 2 they deliver, more than what is in ſome Caſes evident 
from che Nature of the t thi Fang all the reſt for ON or leaving the Demonſtra- 
tion to the Theoriſts. | 


they deliver: Some of them treat the Subject — t * — Aire 


Appli leſs in it they have be as Ward. Toreodk \ d 

cation, doing more or leſs in it as 1 5 a 1 and 
. — Of this ſome begin in the natural Order with the ſimp 2 

Es underſtood, and ll inf nc in 3 

ts of Arithmetic we have in Exclid's 7**, den, and gin Books; 

and this Method has been imitated both _—_ and of late. oe Ee 

em before what 


Nr e Order; be e 
that thoſe Elements of Exclid 1 to be ſtudied before the more imple Elements, which 
without doubt Exclid fu 8 to his. 

But of all the Works this Clas, I have nd none which I can reckon a plain, ra- 
tional and compleat Syſtem or Inſtitution of the Science of Arithmetick ; either from the 
want of ſeveral ch ings, even elementary and fundamental in the Science, (which is a 
common Fault with . all) or wy; ag and ſhort in other ; or from 
ſome other Difficulty or Fault in the TO PErnape, „to their particular Views 
and Deſigns; but which anſwers not * 5 Idea of the thing wanted. How unac- 
countable (for Example) is it in Mathemazical Writers, to leave ſeveral 3 unde- 
monſtrated, to ſend us to Exclid for others, or give us but very general and im Hints 

of a Demonſtration? But I have done; for to be more 9 would 4 
| Uſeleſs, but perhaps be miſconſtrued to a worſe Senſe. _ 


non. this general Account of Arithmetic, and the different Ways & eu the 
wanted will eaſily to be this, viz. A Treatiſe, „ the Science is de- 

— from its firſt Principles; and carried on with clear and accurate Demonſſration 
thro all the fundamental Branches of its Theory and r with the more conſider- 
able Improvements hitherto made in the Science; all diſ 155 according to the moſt eaſy 
and natural Connection and Dependence of the ſeveral ; hereby uniting the whole 
Fang ho one r and complete Syſtem. Again, in ſucha Syſtem Numbers muſt not only 
d abſtract, or purely as Numbers, but we muſt alſo conſider their Applica- 

that we may have a compleat Courſe of what we call the 

— rt Tae. * which, beſides the more ſim 5 Elements of Practice, or funda 
mental Rules of Operation with pure and abſtract Numbers, explains the ae es of | 
WO Rules to the more common and ordinary OR PO Afairs. 
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PREFACE. .._ vik 
doch ere rational 5 of Arithmetick, accommodated. to the Purpoſes 


and 1 ive People, I have endeavour'd to give in the following 
Work; ; Contents and Order of which, I ſhall give y 3 more ee Account 


ut before this, it will be proper to make general 
a pen the « Nin of Arühmeuck, both boy Theory "= Practices 5. hich 1 is this: 
3 taken abſtractly, or in its Th the firſt great Branch of the 


Mathematicks, its Ap © > N is to be found not only in the common Affairs of Life and 


Society, butin all the ces that are call d Mathernatical (which have all their different 
Uſes in Society.) But then obſerve, that it is not to be expected that a Courſe 2 
metick ſhould explain ſuch Applications as require the Knowledge of other Sciences; 


e into it all the Mathematical Sciences; fince to und ab 


its Application to * theſe Sciences, does neceſſaril uire our underſtanding - 

the Principles of them L perk if tis propoſed. to find END or Parts any leſſer 
8 their Diameters being known? This is a Queſtion 
eee farther than Arithmetick, for 


| e Rope Geometry, viz. 8 that Geometrical Truth, that Spheres are to one 


rtion. as the Cubes of their Diameters ; and ſo to Arithmetick 

only as this is epplicable in Geo and ſuppoſes: the Knowledge of this Science. 
Os ks i in extents thet Ds 2TH to be explained in a S of 
Arithmetick, are only — as Os to "he mor more he more oniary A Afairs of 28 . uire 


the previous Know, of no other r 8 7 
rot upon the eration of the — 1 me other — Cir- 


... Such are all the ſimple Applications * Pg op common fundamental 
n ole Numbers or in Eractions; and the Applications 
of the general Rules of Proportion in the common Subj of Trade and Commons | 
For in all. this there is no more requir'd, but a car Attention to the Senſe of the 
Queſtion, and the true Effect of the Rules of Arithmetick. | 
"Again it is to be obſery'd, That as the Theory of Arithmetick is an abſtract Science, 

lent of all thoſe Subjects to which it ma may be apply d, it is therefore neceſſary that 

Ky ve. a complete Syſtem 1 the Theory of Numbers, conſider d purely and abſtractiy 

by themſelves; 21 8 preſuppoſed in 1 5 Solution of all Queſtions in other Sciences, 

which have any D ce upon Numbers. The next thing I obſerve here, is, That 

been mo. be many Truths 8 in the Theory of Arithmetick, of which there has 

no Uſe or 2 — yet found, this is no reaſon why thoſe things ſhould 

neglected or kept out of the Syſtem ; they are Mill 8 Part of the Science, which we 

„CC One Age may find the Uſe of the 

Theory which a former has invented; as undoubted! iy hee has been the Caſe, with reſpe& to 

molt part of the Theory both of Arithmetick and I ſhall but add this one 

thing more, viz. That tho man chings in the Science of umbers were ſuppos d to be 
an Afr, et as the Mind of Man is. made for owl 

and Contemplation, and the Pleaſure from the Perc of Beauty and Order in 

other things, is allow'd to be 2 rational Natures; the Contemplation of the ſur- 
88 the beautiful der and Harmony of Relations and Dependencies 

ng Numbers, is not leſs reaſonable: And if to this be Jjoind the vaſt Extent 

of the Uke & and nde plication of Arithmetick, the Reaſonablene$ and e of explaine 

ing the Theory Numbers ſo largely as I have done, will eaſily be allow 


I ſhould now come to the Contents. of the following Work, bur ﬆ fore particular 
Circumſtances obli e me to take notice of two n Authors, Hill - 
firſt diſcuſs what I think neceſſary to as to their Works. 

IPs Book, which he calls Arichmetick in is They 7 Practice, is remarkable 
ele the erer Recommendation it carries with it from a very con- 
FFF ²§Ü—ᷓ⁵—WB²”OiIXVEłÆñ;ñU& 
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becauſe if this Þ bet 


Sorge g. g. 


Kh 1 1 eto an Tative E em. "As Vim no 


en3/and 


Ain ear Mars W. than it is nec to "OWN, tri 
tent with oo =" 7 ee 2 8 to an part C n mpa- 1 

n to juſtify, w exmine W ere was not yet. w | 
a ve tae Nm. 2 — gg more k e ee hers, oi. That e e = MN al 
is every ogg by = Err. By 
if contre un _ de 


Sw 
= TRIS 
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ZE 


not think the | ; of 
152 Days due, is by bis Tables D the Diſcomp At 
6e ee. by bi Tele e 1457882 
* Tc vhich is di- 
BOOK: 1. 
In this Book I have 3 
fundamental 5 in e or — — 
the — — and Rules for the * ＋ A ira Numben, 1 b. 1 —.— 
dan human, As. Gel Rae oerl 9 e 
r 60196 
r at. | ſ -FOO'R K. bet 30 : £27 bY 1310 
nere yo ve h Kal" Green e e 
(in a way I think „ tive) og he Reon of the Prater, Frac- 
tions, as a nece — erſtandi — — WR F 
have next fully e d both in Var and Deiimal Nac, af 


Only what we Infinite or Cirtulating Decimal ate referred 16 Bos 
the Demonſtration. - 8 | ge 
Obſerve, As thle ro Books nen the rſt and finden Þ dples and Rule 
Arithmetick; and as the ri ivg of the Foundations of atiy Sciexice e 
Impornnce, 1 have therefore d and improv d every Part almoſt with ſuch” | 


ications and Rules, as will, I hope, be of great uſe for to a 3 
perfect tea of tis Science in in Fundamental, f more maſtery e 


BOOK III. : 


Contains the Doge e ar Rad ang 
2 y explain d, the we and Theory of thoſe Numbers call'd Powers and Roots. 

ou have the Rulgs for raiſing or forming Powers, and Extractimg Roots in _— 
f — ractions, where/I have explain d Sir = Newtow's famous Rule call'd 7 
mial Theorems, and other curious to the Extraction of * | 
have here alſo wha Sing Theory rithmetick ©, which contains wore” 


Sth for che! of 


Application of the to Root thoſe calle —5 —4 
have all the Prop cle Thegry wo Kor e are applica — 
oo Pong = . e ar hn 3 

ritbfits* of this Bock; that except E e 
Wh wy the 2 and Cube Nootr, all the reſt of chis cutious Branch of Arithmetick is 


— 4 


to be only in our Books of Abr: 


Uſe" of it is above the common 
—.— of pA and occurs Sen de in the k | 


* becauſe 
| e and 
idly be” wade" CR wh 1 


M* R EF 


"i | which 
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which may dee ee help of the Algebraich e Alſo, ſince. I have 
taken that Method of De tion (of which I ſhall give you a particular Account af- 
terwards) I have cherefo Fw: it its due in che Sy Arithmetick. I muſt 
alſo obſerve, that the! the riters of Algel 2 have; taken this arr, of, the Theory, of 
Arithmetick into their Province, yet it is — 1 our LE e, treated ſo fully and par- 
r * t to me 
from being ſelf- ev 

For che Extraction of Roots, ef] thoſe. 4 and Cube, = arecelicr. 
Methods, owing alſo to the Algebraick Art; but as 2 exceed the Limits 12 to 
this Hyſew, they mult therefore be ſought elſewhere. - 5 


B O OR IV. 


Contains the Dofrine of Proportion in all its Branches, as diſtinguiſhed into Arirhmetica 
Geometrical and Harmonical. In each of which, as I have endeavour d to make the — 
damental things clear and plain, ſo I have omitted nothing worth knowing, in this great 
W e that I could an y where find, or that — — Study could 

as you have all that our common Books con you have many 
other things to be found only in ſuch Authors as are not in every body's hands; and 
many things intirely new, for what I know. And, in both thoſe lait two kinds, beſides 
what is md here and there, there are ſome more conſiderable Additions ; particularl 
upon 4Arithmetice} Progreſſions, ;in. Chap. 2. 8.2. Ol has 3s. from, Sebel: 2. (after Probl. 33 
n den. The Chapters 5, and 6. with the 4 x nongln things 
uocommon, and for che maſt part altogether new ; ( — — 
that dare preſume, to — here. a more compleat Syſtem of the Doctrine of 
ons than can be und Ind ele where, in our Language at leaſt. 


o © 7 \P £ 


Proporti | 
1-As tothe. SybjeRrof;Chap.6. Which is Harmonical Propertion, I have this Obſervation 
to. make, uſick in its firſt Principles 177 5 gether upon Numbers, ſo the 
| Knorr of the Application of Numbers to Muſick, which I may call the — 


of it, is uſeful and ent that tis it were ſo little under- 
2"; doubt br i it 2 the Practiſers oy Lovers SA uſick. What was proper 


or 9 to be done in this Work, RE Sa Application, I have done it ; and 
if any one wants a particular Treatiſe | upon they will find it in a Book 
calrd, A Treatiſe of Muſick, Speculative, pon OE end Bri which i is to BE found 


RE BU WR Thy DRIES nk WORE. ; 
. e 0. 


171 Miſ „ „„ 
common Name; and conſiſts of VI. Parts, in as many. different. ons | 


ll Wn 
1. Do&rine of Prins and Compoſite Numbers; a fundamental, 
AT date of re en, ®, and g's Books of Elowe 
is is 2 great Fart uclia 8 7. nts; 
which contain, beſides, man Nane W 0 to the of Proportion ; 5 but thoſe I 
have put in their due Place with the reſt of that Boeing ,which is not fo complete in 
Euchd as it has been made ſince: but as my Method of Demonſtration is generally 
different from his, (tho in ſome thi there Can't, be a better than his, and perhaps no 
ctr) fo T hve not'onl deliver Theory in a and, as a more 
a ; but by means of the Algebraic „ I have 21 theſe Advantages, 
_ _—_ Ther 18 ſeveral are made ade Corollaries to others, which have a ſufficiently tedious 
in Ex W — | 


3” Sts v9 roo ee 


B moon 8 


bo 


* 
23223 


of which I have given an Example, extended only 


F388 AS 


— eng uns And in others, ate e be prov'd only by 


an Induction of Particulars, I have made the "Cay of the Induction more clear 


and evident, by another 2 of 

There are here alſo many things which are not in Evehd: Part of which I met with 
in ſome rare Books, and others occurr'd to my own Study and Obſervation; z particularly 
the 34 Section is intirely new. I ſhall mention but one thing more, that i is, a New an 
very Eaſy Way of finding all the Prime and Compoſite Port, within any given Limit: 

% The Form of the Table in 
which they are collected, is much the ſame with Nat f in Dr.'Pe/P; Edition of Brancker's. 
Algebra ; tho' che Rule by which I have compoſed it be a more caßy than whars 

ven chere. 
P 2. The curious. Theory of Figurate Numbers; 2 thing but juſt touch'd upon in 4 
Exgli/» Book, of my Acquaintance. I have met with more of it in ſome 
either without Demonſtration, or ſo much out of my Method, that I could make no wy . 
of it. And here the Advantage of the Algebraic Method was manifeſt; which, ſeveral - 
of thoſe are very eu and eaſily demonſtrated, that otherwiſe have 2 dif- 
ficult and tedious Deronſtradon: and without which other things could not, I doubt, 
be demonſtrated at all- To the Tame means alſo I owe ſeveral things: W! that I found : 
in none of my Authors; whereby I have carried this Part further, and, b Yy. the 
whole together in a juſt Order, have given it a more Perfect Form than I e arly Where 
found it 10-573" 

Here you have a new Canon for che Corficionts- of he ee of « Rise Root; 
* ſeveral curious Propoſitions, 8 icularly to Square Numbers: With Rules 
for fammii Tg Series of the Squares Cubes of: the natural Progreſſion of Numbers 
15. 3. . c. withour-aftually raiſing theſe Powers and adding tear rogether and a 
Method of raiſing Clwons for ſumming any of the higher Powers | 

As to the Uſe of this Part, whatever elie it may be de (which in Mathematica! Aﬀairs is 
conſiderable) . dann the-whole,: remarkable Ent les of what ! formerly men- 
1 d, VIZ. Ta Order and Connection among Numbers. | 

Series of N of decreaſing Geometrical Progre 
(ore "Gif Applications of which you Loreen in the next Chapter) and of thoſe Eucrea- 
ſing: Series, pie 4 an the chief and fundamental of what the Mathematicians call 


the Aritbmetict of Tofinites of which-they'have a noble Uſe in Geomery 


hen cr nd Tias b e uration Ne 


2 of it to Geometr 
duction. But the whole 
lebrated Author of it, Dr. Valli. 


B in Sturm Je Morbo Reha or Ward's Intro- | 
roy wo r a keys, i . be ſought from the cc. 


4. The Theory and Practice of ine or Cirenlatiog Decimels ( referr'd to this Pla 
fon the ſake of the 93383 hy dew what is already donein Book ac, Chap. 2 


es 4a c y 

Dr. Walls T probably he the Aſt, . him bier , who has diſtinctiy conſider d 

this curious Subject of .Cirtulating-Decimals.' He has given us the fundamental Theo 

of EW but without Demonſtration; nor has he meddled — the practical Part, or Way | 
of managing Inſitite Drcimalt in Arithmetical Mr: Brown, in his Decimal 

Arithmetick, has handled but one fingle Caſe of the Practice, and that not compl | 

neither. Mr. Cum (who is the laſt Author I know upon this Subject) in his rides if 


| way given us all that DF. Walks' n the Theory, yet 
any Der on i „ and a few other obvious Things, 1 more 8 8 to he 
ProdticaliPart. 
aud all vg | Bur ache demonſtrates none of 


he has handed at full: e 
ann cher Work): en choſen to expreſs | 
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ithmetick.” The Ap- 
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rm F . OB, 


Effect of Speculations 


825 upon 9580 ich I mention for this Reaon only, | 
— 2 2 I FAS 
this Practice, from who e | 
: "all chat I fay ; and yet I do acknowledge I owe him one or two uſeful Hints. 
+ only o | add iz. That his Rule for the Addition of Circulater 

ing comp. = Batu it will bring out the true 
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PREFACE. my 


ent of their Uſe may eaily ap 1 * and young not be ſo limited in their 
5 of thoſe things, as not 355 able to go further 1 . 7 & few Examples to which 

have found 2 eh and in Books, or by chert Teachers; or ſuch Examples as for 
| of the fam ſed in the fame maritier with theſe : as I hay 

to be the "Cafe in the Courſe of my Buſineſs and Experience in thoſe Nas 
The beſt Remedy of which, is to underſtand the Reaſon and Demonſtratiom of every 
Rule, and ſee 5 An cr of it in a great Variety of Subjects and Circiitaſtances. 
Therefore L have the Reaſons of all the Rules by their Dependence upon the 

eding Theory. But leſt: any. thro'_ negle@, or ſome other fault, ſhould not under- 

ha that » I have here 8 ſome other Demonſtration of the chief and moſt = 
uſeful of thoſe ules. And to make the. Application corn F. 5 lete, I have given vou not 
only a ſufficient Number of Queſtions of common Uſe and ccurtenice in every Branch; 
but alſo a great many that are uncommon and curious, the Ent of which wil ſerve 
this very uſeful viz. to lead one to a Clearer and er 


eſt. bender Sl yan a e e | wherein 


Win ule wh Me 5 eh in his Hy 72 x 

was written before Kerſe 4 , or en "he ever _ we, 275 > ; 5 

what I know not; but the Di ce-ſeem'd. tome 985 

2 careful ion, L e to Me Keref't 8 11185 
my n contradicted by 

who bare taken e pinto = 


formed their N D clo: 5 As 
— Kr ron that c oe has. detected feyeral. material 
«, Errors co «ned en | This put n 


e 
xp — che Queſtion,: and iſed Rules w 
8 5 ſtion, but — rl iſe: and our 

Ward, and: others who hive taken 
1 al Truth i in Numbers, but merely as to a 
ity; —— off Queſtion betwixt. Man and Man, 


ut 8 every body may judge and chuſe 
* Aſelves, I have 17 the Rules-and nd Roafonings UGLY 1 2518 
As to the Rte of Poſition, or Falſhood, Which if © cotton . Bocks of Arith- 


metick, Thave omitted it, becauſe it is of little ot no Uſe in real Songs! and very limited 
in its — Beſides, . whoe er has the jeaſt Smattering of the Algebraick Method 
of ſolving Queſtions OI. Og PIERS 5 75 


| of the Method. of DeminſtVation uſed is the following” Wor | | 
' T'have every where endeavourd to take the moſdeaſy and natural way 71 
admit of. In the firſt and ſimple Parts chere is but one way almoſt to be taken; but in 
the more complex and difficult Parts, as there is rom for a Choices. I have generally $ 
uſed the Algebraic Methodz as whatis natural 'and-proper:-to:Arithmetick, and the moſt 
eaſy and plain Method: that can be uſad ia moſt Parts of: this Seience, and without which 
mati uſeful and curious things could not be demonſtrated. I have not ſuppoſed the 
Student of Arithmetick already * Algebra; but have gradually exp; _ 
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the Principles and Rules of it, as far as my Purpoſe requir d. As Algebra is nothing elſe but | 


an univerſal Method of repreſenti umbers, and reaſoning about them, ſo it very na 


turally belongs to Arithmetick: And? in the Opinion of the Great Sir Iſaac Newton, who calls 
it the Univerſal Arithmetick, makes, with what in diſtinction from it he calls the Vulgar 
Arithmetick, but one complete Art of Computation. But my Deſign not reac to a 
complete Syſtem of Arithmetick in this larger Senſe, I have done no more as to Algebra 
than is neceſſary for demonſtrating the Syſtem of Arithmetick in the more ſtrict Senſe. . 
I have indeed been ask'd, why any thing is brought into a Treatiſe of Arithmetick, 
which ſtands in need of the Algebraick Art, or can be better done by that means than 
otherwiſe, and not rather referr'd to a 1 N of 9 The Anſwer was obvious, 
viz. That wherever theſe things are placed, th owe: | to the Syſtem of Arithmetick : 
And for the Alzebra e 5 to the 8 one has already learnt it in a 
more expreſs and Study of that Art, it is 'well; bur if not, tis juſt as 
and eaſy to learn Fin in a Courſe of Arithmetick, as naturaliy to this Science. 
And if it is again asl d, Why hen 0 Bi not extended this Work to all the Parts of the 
Algebraick Art, and red bude of Arithmetick more complete? I anſwer, 


That having the Choice of my Su have given it ſuch limits as I thought con- 
venient, and done ſuch a Work as 125 t was moſt wanted: Thoſe who incline to 


make a more particular Study of the A 1 Art, muſt ſeek it elſewhere. But if 


what is e here, Boch vs o d Prin pplication of Algebra, be well under- 
ſtood, ic will I believe, dende n and due A er Parts of this admirable 
Art, Incitement to the further Study of it; when it is conſider d, how 
che mobi fin ple Elements of it are ſufficient for acquiring ſuch a Knowledge of Arith- 
merick as can't be obtaird without it in many things, and in others not without much 


ny os wi Throne wit es Pride Dial Vin this 


ſuch as are to Arithmetick in a reaſonable manner: For tho 
there ue Aal ana ruſe things 3h in the Algebraick Art, yet all the Principles and 


Rules of it uſed in this Works are i er no more than a ; make ory age; 
or rather a compendious way 9 and comparing bers and che E of 
their Operations: ks harp be n e i evo Leibe or three at 
2 and as they are explain upd apply'd by degrees it will beovtne eaſy and fam 


" For thoſe who would ftudy only the Pratical Part, without the Theory and Reaſons 


of ; they will find what they want in the firſt, ſecond; and fixth Books, with the 

2 of Bock III. In ere. let them paſs over the ations. And 
further, i the read the Problems in the fourth and Books. 

1 Sven) de TY IN Tong Tv ark; 


for difirent kinds of 


A DgriniTIoON i the Explication of the Uſe and Meaning of any Word or Term 


of Arts as of this itſelf and the 9 
An Axle is a Propoſition whoſe Truth is ſelf-evident. 


A THEOREM is a Propoſition whoſe Truth is to be demonſtrated. | 


A LEMMA is a Propoſition to be demonſtrated ; and which is do fome other 


to ſerve as a Principle or the more eaf Demonſtration of this 
A - th euro aP of to be done or — 


A CoRoLLARY is a Propoſition gain d in e of another, en Truth i 


evident from the Truth or Demonſtration of that 
A SchoL iu is ſome further Explication * — to what precedes. 


| Obſerve, In the Demonſtrations of the fo Work, — former 1 


quoted, it's underſtood to r ere Chapter in it is ee unleſs it 
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1 | . 71114 DD n ef Men 
8 HAT Arithmetick was very early in the World, no body can doubt, becauſe the 
idea of Number ariſes from all things, about us. In the beginning, while the 
Way of Living was ſimple, and things wers in a manner common, the Know- 
ledge of Numbers would make a ſmall Progreſs: But when Property and Commeree be- 
gan to be eſtabliſhed, Men would ſoon find the Neceſlity of enquiring into the Nature 
of Numbers, and contriving an Art of Numbering; without which no Buſineſs can be 
carried on. This was, no doubt, very rude at the firſt, and improved by degrees; as. 
all our Knowledge is: But where, and by whom, Arithmetick received its fuſt Form of 
an Art or Science, we know little about it. If the Phenicians were, as it is conjectured, 
the firſt Merchants aſter the Flood, (and before that we know nothing of the Affairs of 
Mankind) then it is probable, the Art began among them; by whom Trade and drirh-. 
metick were carried into Et; and here, tis thought, began — 3 
of Numbers: For the Egypriazs explained every thing by theſe; the Nature of the Gods, 
of Human Souls, the Virtues; in ſhort, for every thing dzvine and human, they found ſome 
Symbol or N Hence we Bae of the wonderful Virtues and 
roperties of ſome particular Numbers, as Ons, Tuo, Three; Feur, Seven, and Nine. From 
Egypt this Ou * 0 py . 5 _ its on 1 re to the 
myſterious Part; of which a great deal is to be ſecn. in Plato; the Life of Fyrhagor as b 
Zamblichus ; and more lately in the Commentators upon Boer hiuss Arithmetick. — 
1 828 to the Country where we may expect to find the firſt diſtinct Rudiments 
The firſt thing Men were obliged to do to make then Liar and Knowledge of Num- 
bers uſeful in Sociery, was to eſtabliſh ſome Method of Noration, and then upon this 
| found an Art of Computation: after this they would gradually enquite into the Relarions 
* aud Properties of Numbers; and ſo the Science wert oh. f. 
The Greeks, Hebrews, and other Eaſtern Nations, uſed à Notation by the Letters of 
1 their Alphabet. The Greeks, particularly, had two different Methods; the firſt was much 
gout the fame with the Roman Notation; explain'd in Chap. 2. Book x, of the following Work, 
| which is a very imperfe& Method: 1 had a better Method, in which the 
firſt nine Letters of their Alphabet repreſented rhe firſt Numbers from One to Nine, 
and the next nine Letters repreſented any Number of Tens from One to Nine, that is, 
10, 20, 30 &c. to 90. Any Number of Hundreds they expreſſed by 8 
9413 | Ig | | : . upp ying 
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ole avs [er nn Ace And in this Order they went on; 
fo 


the ame Letters with ſome different Marks to expreſs Thouſands, Texs of Ton- 

Hundrods of d, that they were 

upon the very Point of dif the Arabian Notation : For, as * _ Pro- 
greſſion to 9, they wanted but one Step further, viz. Inſtead of u 

to make the ſame 9 change their Values ina ff Se —— according to pug Ar ava Places, 

which would in courſe diſcover the Neceſlity 3 elf ſignifies No- 


fills up a Place. 
5 8 gn of pus ages Bhs e. of Addition, Subtnaftion, $c.) and 
of it, 5 in great pu ge Baa we may ceafily diſcover ſtom the _ 


1 — any expreſs Treatiſes upon the Art of Computation, _ have left us none. There 
is a 8 — by Exzocivs, upon Archimedes's Treatiſe of the Dimenſions of a Circle 


and ſome Fragments of Pappus, in Dr. Willis Works, which relate particularly ro the 
Work of Multiplication, and ſhew us the great Difficulty of their Practice, — to the 


im Notation. 
TE Method of Notation, which we now uſt, was owing tt the Genius 


Es 48 Un E Do they? Yoo Ne _— 


whic m them, 
as themſelves — When the Indiens invented this ogra and how long it 


— — — from Arabic Veitens deere Ar te is 
Ee EE As to the ve ire er ets Oe : 


tation was firſt. known in Ear * anne it-was not before the Year 12507 bur 
Dr. Walks has, by many good Au e een by the Name of Sj 1000 
particularly that a Monk 2 the Name of Syluefter II. 
who died in the Le 1 Th no Ea Stain 
88 neben 
tain before the o and br Ve rs —— eyen in g- i Wo be- 

fore 1250, as «bye 4 Sacro Boſto, who. 

died about 12 


. * {> mais. de dem Uwe . 
Arabian uſe, n wy came firſt” among, us; ch 


neceſſary about the Nat ation of Numbers, we hall ga back i, 


gm Books 1 he gives us the Doctrine of Proportion, and that of 
Prime and Compoſite Number. Both of which have received Improvements ſince his 
time, eſpeciallj be ſormer. The next, of whom we now any is Nicomachus: the 
Pythagorean,, whawrome 2 reatiſe of n confiſted chiefly of / 
the Diſtinctions of. Numbers into certain Kinds and — — 
Solid, Triangular,. uadran 


cal them} e 


c. with ſome of the more general Properties of 


nee met nene awoag:the-Anticnn, with the | 
e oldeſt Treatiſe extant upon. the. Theory. of Aricbmetich, is. Koche Je, u, and 


- <3 and the. reſt of the Species of Figyrate Numbers cn age 
Even, & | 
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the ſeveral kinds. As to the time in which, Nicomachus lived, ſome place him before 


Euclid; others long after. His Arithmetick was publiſhed at Paris 153%. What kind 
of Work it is, we may gueſs by the Latin Treatiſe of Arithmetick of Boerhies the 


Philoſopher, who lived at Rome in the time of Theodorick the Goth; and is the next 
remarkable Writer extant upon this Subject. He is ſuppoſed to have ſeen and copicd 
moſt of his Work from Nicomachus. ; ye ts pay 

From this Work of Boethivs, with a few ſmall Abſtracts of the fame nature, made 


very long after his Time, as that of Pſellus, and Fodochus Willichius, both in Greet; ſome 


have faid that the antient Arithmetick conſiſted of nothing elſe but theſe Diviſions and 
Diſtinctions of Numbers. I confeſs I was ſurprized to find this Account from ſuch an 
Author as Wolfias, to whom Euclid is no 8 r; whoſe Books contain things much 
more important in the Science of Arithmetick than theſe Diſtinctions; and want many 
of them, that are in Boerbius: For Euclid * nothing of the Figurate Numbers, and 
their various Species and Claſſes; except w 

the other hand, Boethius has very little of Exclid's Doctrine. 


at relates to Squares and Cubes. And, on 


We muſt come next to the Times when the Arabian Notation was known in Europe; 
after which we find many Writers both upon the Theory and Practice. The oldeſt of 
them, - who is v onfidarable is Fordanus of Namur, who flouriſh'd about 1200. 
His Arithmetick (from which Fhave taken ſeyeral things) was publiſhed and demon- 
ſtrated by Joannes Paber T r in the fifteenth Century, (who iven us himſelf a 


Com pendium of Boerhius) ſoon after the Invention of Printing. It's altogether upon the 


Theory; and contains moſt of what Euclid and Boethius have, and many other curious 
Theorems. The fame Author wrote alſo upon the new Art of Computation by the 


Arabick Figures, and called this Book Algoriſmus Demonſtratus; the Manuſcript of 


WIS: Dr. Wallis ſays, is in the Savilian Library at Oxford. But it has never been printed, 
as W. MH 1 3 | | 


As Learning advanced in Europe, ſo did the Knowledge of Numbers; which by de- 


grees received large Improvements both in the Theory and Practice, owing in a great 
meaſure to a more pe Notation. To trace out every Step in that Improvement, is 
impoſſible; therefore I ſhall only name a few of the remarkable Writers after Fordanus 
and Sacro-Boſco, both named already. As to the Writers, theſe were moſt remarkable in 
Italy, viz. Lucas de Burgo, about the Year 1499, whoſe Arithmetick, which is both 
Theorical and Practical, Dr. Wallis commends much : Nicholas Tartaglia, whoſe Work 
is chiefly Practical. He is called by ſome the Prince of the Praditioners ; which muſt be 
underſtood only for his own Times. In France, there were Clavius and Ramus. In 
Germany, Stifelius and Heniſchius. In England, Buckley, Diegs, and Record. All theſe, and 


many more, were before the Year 1600. But fince that, our Writers are almoſt innumerable. 


As to the Improvements made ſince the Arabick Notation was known in Europe; 


beſides many things in the Theory, particularly in the Nature of Progreſſion, both Arith- 


metical and Geometrical, in the Nature of Powers, and in the Extraction of Roots and 


the Combinations of Numbers, which we do not ſo well know the Hiſtory of; there are 
a few very conſiderable Improvements, in the practical Part, of which we can give a 
tient and Modern Hiſtory, we muſt go 


better Account. But that I may connect the An 
back to the ſecond Century of Chriſtianity, in which Claudius Prolomens lived, who is 

aps ſed to 7 — Inventor 1 bor Sexateſin ebe | 3 6 
Lotation, and conſequently of Computation, to remedy the Difficulty of the 
common Method, Spec, ade Pee his 

and ſo on; hence any Number of ſuch Parts were called Sexageſimal Fractions. And to 


make the Computation in Integers alſo more eaſy, he made the Progreſſion in theſe alſo 
Sexageſimal. us, From one to fifty-nine were marked in the common way; then ſixty 


Was Called a Sexagena prima, (or firſt . Integer) and marked with the Sign of Uniz y 


and 


al Arithmetick ; which was anew Method of 


with regard to Frafions. The Nature of it was this: Every 
Unit was ſuppoſed to be divided into 60 Parts, and each of theſe Parts into 60 Parts, 
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and cn2fingle Daſh over; ſo ſixty was thus expreſſed /. Twodxtys, or 120, thus II/; and ſo 
on to 59 times 60, (or 3540) which is LIX/. Then for 60 times 60, (or 3600) this he called 
a S-xagena ſecunda, (or ſecond Ae Integer,) and marked any Number of them leis 
than 60, by the Signs of Numbers leſs than 60, with two Daſhes: Thus, 60 times 60 (or 3600) 
was marked 1//; two times 3600, thus II/; ten times 3600, thus X/, and fo on to 59 
times 3600. In this manner the Notation went on: And when a Number leſs. than 60 
was joined with any of theſe Sexageſimal Integers, their proper Expreſiqs was annexed 
without the Daſh: Thus, the Sum of 4 times 60 and 25 is expre uy „XXV. 
The Sum of twice 60, ten times 3600, and 15 is 1 XL, XV; the higheſt 
Sexageſimal being ſet next the Left-hand. As for the Sexageſimal Fractions, they were 
marked the ſame way, their Numerators by the Signs of Numbers leſs than 60, and their 
Denominators by one or more Daſhes (according as they were Primes, Seconds, &«. 
i. e. 60, 3600, and ſo on in the order of the Powers of 60) ſet either over the Nu- 
merator upon the Left-hand, or under it upon the right. Thus five ſixty Parts are 
marked / or V, And fourteen 3600 Parts XIV or XIV.. The Practice by this 
Notation would be eaſier than their common Method; yet ſtill very difficult, eſpecially 
in Multiplication and Diviſion, as appears by the Work of Barlaamus Monachus, called 
Logiſtica; wrote in Greek about 1350; tranſlated into Latin, and publiſhed 1600. And 
here it is remarkable how very near this Method is in the general Nature of it to the 
Arabick. He wanted no more, but inſtead of Sexageſmmal Pr * to make it Decimal ; 
to make the Signs of Numbers from one to Ml pa eee and laſtly, to make 
a Character which ſignifies nexbing by itſelf, ſerving only to fill up Places. But every Age 
and Nation has its Genius; and therefore we owe this to others. | 
As this Sexageſimal Notation was uſed chiefly in the Aſtronomical Tables, ſo for the 
fake of it was not laid aſide immediately after the Introduction of the Arabick 
Notation. The Sexagenæ Integrorum went firſt out; but the Sexagefimal Fractions con- 
tinued till the Invention of the Decimals. -Regiomontanus about the Year 14644 is the 
firſt we know who in his Triangular Tables divided the Radius into 19,000 Parts inſtead 
of 60,000; and ſo tacitly introduced decimal Parts in place of Sexageſmals. Ramus in 
his Arithmetick, written about 1559, (and publiſhed by Lazarus Schonerus in 15 86) uſes 
decimal Periods in carrying on mo action of Square and Cube Roots to Fractions. 
The fame did our Country-men By##lLeys, before Ramus; and. Record about the fame 
2 1 13 firſt who wrote an expreſs. Treatiſe of Decimals, was Simon Ste vinus, 
about 1582. „% hy e ala. 
As | the 8 Decimals, Dr. Wallis was the firſt among us who took much 
notice of them. But I have ſpoke of this already... _. | | 
Another moſt wonderful Improvement that the Art of Computation has received from the 
Moderns, is the Lagarithms; the unqueſtionable Invention of the Lord Neper, Baron of 


Merchifton in Scotland, towards the end of the ſixteenth Century, or beginning of the 
ſeventeenth. | | | | 
Dr. Walks is the 
applied in Geomerry. 
ut the Conſi 
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Of WnoLz NumBstRs. 


metick in General as to its Object 


oe” I. Of the Nature of Arith- | 
and Operations, with" the Diviſe on 


and Order of the Sciente. 
F. 1. Definitions. 
§. 2. the Diviſion aud Order oa 
Science. 
§. 3. Of the Operations of Arithmetick 5 
general. 
Crap. II. Of the Notarzon s Expreſſo 
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INTEGRAL and FRACTIONAL. 17 
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"Of the Procf f © Au 
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|. DEFINITIONS. | Book x, 


as if they w were all Trees, or Men, or Horſes: They are at leaſt a Multitude of , or 
for the Idea of Multitude has no dependence a 

from which it is formed, but only their different and 

whatever manner they are connect ; or under whatever other differences they 


really exiſt, or are conceived to exiſt. 


-Sa#0LwM 2. We may alſo coneeive M ee of one 
many; and ſo we may ſay i de 13 a cr de of ute. ut it is ro 
fo -obſervide that in this the Parts Mukitude, are 


conceiv'd each as an Unit, or one of its own Species, (viz. Multitude,) to diſtinguiſh it 
from che Multirade of which it is one confirent-Part: -{o chat Malticade in its general 
Nature is ſtill a Collection of Units, which are in all caſes ſimple Units in reſpect of the 
| Multitude which they compoſe ; the they 27775 thernſelves Multitudes compoſed of 


more ſimple Units. And this Diſtinchan U nis may be very well diftinguiſh'd by the 
Names, Simple and cer Units. 


| Nun thty bd All cobntr@it Wake Oi of Aritunetck, 
ys are both comprehended under one general Name, Number; whoſe Definition does 


therefore take in the other two; and may be made thus, viz. Number is the Name of 
Idea or Notion under which things being confiderd; They Ae Lud to be Oz or M 75 


a 
Every particular Multitude 1 a diſtinct N ame; 80 two, three, four, exc. As after- 
| wank will be ta N 


e be d hb, b 


| . about the Definition of Number; den U to 
Number, . eee denn s BY ef 


fd with abundafice of. idle and rung agua vf ſome late 


Writers: For after all the was! < wine in into a err 1 e about the 
Name, or what ſhall be the Uſe . word Number; 2 doubt each Party has a 
Right to eſtabliſh for, 2 at a Boks but gol ht to impoſe it upon others: And 


ſo then where is the g Dann whether Unity is a 
Number, I muſt know = him what he 5 5 a 4 and then I anſwer him ac- 


cording to his own Definition; or I firſt give him m 

—_— his Queſtion our-of that.” Ir. we fhall Peer thedr dieren Definitions" Fon 
define Number a Multitude of Units; and according to thetn it is s Unity is not a 
Number in that ſenſe in which Unity and Mulritude are diſtinguiſhed, for we have obſerved 
already how Unity and Mulriruds may be a to the ſame Subject in different ſepſes;) 
{o 83 theſe by denying Unity ro be a Number, do only der "i 8 Mulritude in the 
ſame ſenſe or Nene in Which it is Unity, hich no ain Others adhere 
to the former tion which comprehends Unity and Main-; burſome of them are 
as much in the wrong, becauſe they contend about it as if they had che only right to 
ſettle the Uſe of Words; and ftill they are more ridiculous to d 

about che Nature of Things themſelves, when it's ooly about a Word: and if it 8 908 not 


e od appear that eee to er ae ting. ener That 
ty and Multitude are won wes bo And T believe it muſt 
, be yielded, that 2 comprehend the e 08 of Arithmetick; therefore Number 
muſt either ſignify th e fame with one of theſe, 'or apply" phy d as 4 general Name to b 
and then the remaining Ou Queſtion will be, Which is moſt reaſonable? And Sh 
think, will be eafily decid confidering, that of two Words merely fynonimous, one 
is ſuperfluous; but its often «A convenient to comprehend ſeveral. 7. Te ny 
alſo their different Names, under one general Name, pecauſe of ſome co botoon Wis 
which they agree, as it is in this preſent caſe. And thoſe who wodld mak ene 
* ttude, are preſſed alſo wich this other Piffeuty, vie. That That if they teri 


— 
r r e * 


18 r S a . „„ NN 


hg A. DE FIT TIONS. 4 


Definition of Arithmetick, wiz. the Science of Numbers, then Unity will TY no part of the 
Object of Arithmetick, fince it is not a Nunber. Rut this, I believe, they will not ſay; 
for whatever can be an ne irs of the Data, or Means by which a Queſtion in Arithme- 
rick is ſolved, or be i real and x 2 55 Anfyer, mult belong to the Science, as a 
part of its Object. And indeed, tho n n Number to be a Multitude CONE 
yer ol along eee of Thi andy Hh. loo e Name. 10 


N e 4. md Appl 4, Wien "I enen Fre 
8 i 5 be 4D 


Nanda e 8 ly and purel pens 5 as of fe Nam: | 
ber whenever it W or in w 5 5 0 DOE ACRE : 
SCHOLIU LIUM. - e can form no ea of thi t. e 3 
MEE la e by comes comp know, thar the; 92 a bn ae Nanber of 
partic o We umben is om other Ideas that 
arg UP th complex Idex of chele thi Kings, ice e ee . Crrnars 

e Num things t „and examine various Properties &> 
5 and the Mind can perceive ar the Gimme that whatever is true of the Num- 
ne e r Fanden of whatever 
other things, whereinthe Number only, is what. we conſider a 


Ac EN ad ff Compare: Fro Hence 

it is t we ſpeak o umbers without naming, — rect ar. things 3 2 32 aing 

the particular, Number, or joining it with the g Always ſup- 

. — when whe mentioned.) £ c. 1.6. two, 
ce | 


is taken 
mber of 


12 
_— it is 2 ger Nate cate to > the fete acer 2 — — TD 
and is uſed in this manner Without mentioning” any thing, When its: indifferent which 


things are ſuppoſed, ze when the Number only the marter I — 
wes here ip ee l the word ri 


0 a particular 
Number: as Ons, r Two; &. Not us if thes yo . deter Yep SEA as dea different 
from all Partictlars; Put EE getter? comp enen thema. 
e Nee ee ee ee ee eee 


ve e e eſo > tes Yeats two Mew 
we call 1 n ery ok Name 'F chuſe; for We rather 
than 28 4 Contratl or C e ele 0 2f1 

d, there is 3 „ Gneching? more 


"thei IN NY : Narabers' are? — 


fderation' vhs: wa df hel 


0 tho ve can 
: = . 
öir it che rue Sentſe) and 1 
& Mall Narri fore Particuharly aft 
a 80 O- - 
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Fs e COoROLLARIES. arsch, | 
N . Nunber is unlimited in felpatt of Increaſe; ſo that r at Unity; ah ang 
to it another Unit, and to this laſt Collection another Gate a and ſo on, we may pro- 
ceed in infinitum, i. e. we can never come to an end-. or never conceive a Number, but 
ſtill there is a greater. But on the ſidè of Decreaſe irslimited; Unity being the firſt and 
leaſt Number, below, which therefore it cannot wine) In what ſenſe Unity is ſaid to be 
divided into Parts, which make a gr ter Number, fhall de conſider d in its place. Alſo 
we may not only begin at Unity, bits at any other Number, and increaſe it in aft by 
the continual joining of Unit after Unit; 5 or diminiſh it to nothing, by conti * een 
or hug away Unit after Unit. 

2. Any Number may be increaſed by any other Nuke? or by any Number of Num: 
bers; for every Number is either Unity, 55 a Collection of Units, which can be joined 
ſeparately 4 another Number till they be all joined. Alſo it may be' decreaſed W an 

umber not greater than itſelf, or by any two or more Numbers; wich taken all rogerher 
do not ers it, 2. e. ſuch a Number or Numbers may be taken out of it. 

3. Every greater Number may be conſider das compoſed not only of Units; ( ich bes 
its moſt ſimple conſtituent Parts) but alſo variouſly of other umbers {leſſer than i it- 
ſelf, according to the variety of leſfer Numbers, whoſe Units taken' all- together make 2 
Colleftion equal to that Number; or, according to the various Diſtributions that may be 
made of irs Units, by putting them togetherin ſeparate e Collections: where alſo wich Top cnet 
Number may be conceived as a Part of every greater; which is as a Whole with 

i al de file Numbers 9 Faden Nember 


9. 2 of the general Divjfen, and Order of this dane 


Tg to Theo, 0 \Diriion of Aricbmedck is that of Thepry and Pref. 
peculative 3 is chat Science which e and ti 

Properties and — Pure aud Abſtrac Numbert; Dames 
is cx 10 de een ea e eee 1 
or more particular; as Axioms and Th core m. 4 
The Practical Part gs, the Art of Numbering, or applyi 1 Theory bo th Sl onof 

either in abſtract or applicate Numbers; ent my Problems, or ſuch 

as require ſomething to be done or effected: and e 8 
pm bow, by means of rain, known Numbers, to; diſcover, other Num+ 
bers ——_— ploy kg — acco do e prop in the Queſtion; 
or at to om given Numbers, anoeher, a 
the nature of the Queſtion ; nes thre ane no Np * Park tin Ae ; 


_ Obſerve, Some conſider. as 4 ee that is 


* Ir 84 


rems or Problems ; 0 _ 


ws Tru ad Ree of — mio 
Sando os aucher. their oh nature N 
 oughtto precede the Practic Patt. Dar c Pare , not, e 
treated entirely ſeparate from one ar all Pre and a 
| E 8 7 5 


2 


underſtand” the fundamental Elements and Rules of the Practical Part: Theſe being in- 
diſpenſibly neceflary both for underſtanding the Senſe, and illuſtrating, or proving by Ex. 
NG the Truth of Theorems. | — 


herefore the rs tx that muſt be followed in explaining this Science, is not that of 


Theory and Practice, (tho theſe muſt alſo be diſpoſed according to Reaſon, and their na- 
tural Connection and Dependence 3) but the al; proper and reaſonable Di vi ſion is into two 
other Parts, under the Titles of the Simple and Comparative Elements. e 

If we reflect upon the Definitions and Corollaries already explained; theſe are fo many 
of the firſt general Principles and Axioms of the Science: And from theſe we ſhall eaſily 
underſtand the Reaſon of this Diviſion, and what in general belongs to each Part. For 


it's plain, that the moſt 5 , and what we may call the only abſolute Property of 


Number, is, 4 Capacity of Increaſe in infinitum, or Decreaſe to nothing: all other parti- 
cular Properties are relative, depending uponithe Compariſon of Numbers 2 And 


ſince therè is nothing in Numbers, but different Collections of Units, or different Com- 
panes of leſſer Numbers in greater, theſe particular Properties muſt all depend upon the 


fect of different Applications of Numbers to one another, whereby her are varioully 
compounded together or reſolved, according to certain Conditions. And for Arithmetical 


Problems, or Queſtions, in which an unknown Number is to be found by means of cer-- 


tain Connections and Relations it has to ſome known Numbers; theſe C ctions can 
conſiſt in nothing elſe but this, viz. That the Number ſought is the Reſult of variouſly 
increaſing and decreaſing the knowri Numbers by one another, according to the Condi- 
tions propoſed ; ſo that all that can be known or done in Arithmetick does evidently. re- 
late to and depend upon, the 8 3 of Numbers to one another by — 
and Refolution, or Increaſing and Decreaſing then. 


. 


Therefore the firſt and fundamental Part of Arithmetick is che Knowledge of the va- 
rious Rules and Operations (with the Principles _ which their ſeveral Reaſons: depend) 


by which Numbers are compounded and reſolved; 
another, which are the fundamental Elements of Practice; including in general 

can be done with Numbers; and indiſſ by neceſlary alſo for underſtanding and proving 
te more particular Which all relate to the Effect of theſe Operations? 


; i. e. increaſed and decreaſed by one 
that 


Which I have therefore juſtly, I think, conſider d as the Simple and Primitive Elements of 


* What further Subdiviſion of this is neceſſary, ſhall be ſhewn in its proper 
place. %%%ͤ .. | 

All the reſt of the Science of Arithmetick I comprehend under the general Name of 
Comparative Elements; becauſe it conſiſts of ſuch relative Properties as ariſe from. the 
comparing of Numbers together, and applying them to one anothet'by the various Methods 


of Compounding and" Reſolving, taught in the ert paz as allo, the Sotution of lach 


2 as depend upon elative Properties. : | 
the remaining Part of this Book, with the ſecond and third, you have the firſt Branch, 
or Simple Elements explained; and the Comparative Elements in the remaining Books. 


g. 3. Of the Operations of ARITHMETICK in general. 


BD; Y what has been already explained, it will be obvious, That all the Operations in 
Numbers are of two Kinds in General, viz. Aygmenting and Diminiſhing. Each ot 
theſe are performed after two different ways, and thereby come under two different Names: 
Thus, Augmenting is divided into ADDITION, . and MULTIPLICATION ; Diminiſbing into 


SUBSTRACTION, and DrvistoN : Which ſhall be explain d in order. Some add a third 


Class, whoſe, Branches are call d Inwolution,. and Evolution; or alſo Raiſing of Powers, 
and Extracting of Roots. - But thele may be W 8 under Multiplication. and Di- 


Kind, only under certain Limitations. 


fr; for the Operation is of the ſame general Kin 
We vi == oweyer to de explain d anna) by themſelves. 


\ | But 


Chap. r. Of the Operations of Ax r EH R in general g 
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But there is yet ſomething previous to all this, wiz. The 1 of the Signs 
whereby our Ideas of Numbers are expreſſed or reprefented; for without — eaſy Method 
and Art of repreſenting them, ſo as they may be clearly. and diſtinctly — there 
could be little or nothing known or done in Numbers. This Art we call the Noration 
of Numbers; which, if we conſider by: itſelf, and in its primary Deſign, is onl a neceſſary 
Inſtrument for the better and more * of Numbers, and performing their 
Operations; and is therefore rather a Handmaid, than an eſlential Part: For we can call 


eſſential but what belongs to the very Nature of a Thing; and which being taken | 


away, the 1 nor that which is arbitrary, and may be ed, and 


another t in 3 pond as it is in the Notation of Numbers. Howe 
pine vr Et be Expreſſion ſion inſtituted, whatever that is, ſo far as the. * 4 
n rao depend upon _ _—_ it is the 2 of them; and therefore it is c 


3 making i in all Lp Company 


N viz. Notation, Addition, Subſt og Ne cation, and Diviſion. Rut ſtill | 


it o to be conſider d only as an arbitr Foundation, which requires and 
rm no other Principle but this, wiz... ay fon Ideas may be rar aenred by 
any Marks or Signs we pleaſe to inſtitute : . rations; beſides what - 
owe to the Notation, have allo a dependence upon. Reaſonings from the Nawre, of 
Numbers themſelves. - 

Before we enter upon theſe ions, we muſt here repeat an Obſervation which * 
been already made, wiz. That Science | muſt begin with Theory as a Foundation for 
Practice. Now this Order we. have in effect followed; for the Definitions and Corollaries 


explained in F. 1. are the firſt and more general Pri of this Science; to which. if we 
Join this cl Axiom, viz. That the Whole is to all its Parts, we have all that 
is n for entring upon theſe practical Elements. What other Principles are em- 


4 in yanicilar Rakes, ſhall de explaig'd in order as we. go on; for e 
9 — — — 8 is | PI ty, 


4X „* * * 1 4 n 


CHAP. un 


Of » the 1 or Ex preſtun of N oats ERS, 05 FO 
& 2 17mg into Theres; and ee, e Jo. 


X " 


_— 


5. . of 555 Notation of Numbers DAL QUTICICTC 


A 


f DEFINITION. ALD! 1 2 


TOTATION s the Method or Art xpreſſive N gelbes Nor! r: which is done two 
Ways; by certain Words or Names, a by or Charucters, called 
Figures; the one correfponding to the other in e eprei, n of the ſame Num- 
bers, and both — 2 * neceſſary: The Figures being contrived for che eaſy rey, ypc 
of Operations, wher Nunben ate compared, and the Operations per- 
formed with the — po, and readinefs ; without which, our Knowledge in Nu 
had reached a very ſhort w 5 ' And fo much does the e ee theſe, that © upon 
this Account forne call ir, Art of YO re NS OW 070 call is The Sejews 775 


_ ern 


c * W 


the Application of Names in an — Progreſſion from Unity, 


dom Ten Tun td twoTune we N ae 
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Chap. 2. Mytation f NuUMBERs. 1 


Numbers, as they are re 1 and managed by Figures: So that this is the princip: 
can of Notation; whi 2322 without the other, the Names of 8 4 
neceſſary for our converting to one another about Numbers, and the Reſult of 
S N for the actual numbering or telling over things, by 


ſtill joining one Unit after 
another to the Collection; or telling things out one © by one. For without ſome Signs 
the Number, as it increaſes, is continually di diſtinguiſhed, we could make nothing 
of the utabers of things, nor compare one Number with another: and Words are the 
moſt proper wr na 09 e Wr ˖ ERINULY 
Ve making the Oo aer pe 
The Syſtem of he Names of Numbers is is 3 of our e, and therefore 
the'Writers on Arkthmetick 6 ae ir buſineſs only 


to explain the R reſentation of Numbers by 1 a+ 8 Correſpondence to the 
Names: But it wil be a more regular and juſt bode the Syſterns of 


Natnes and Figures by themſelves; and „ 2 Theſe 
roo Syſteets T fl explain under the Titles of the Natal and Eiger Notation; which 
— 8 their mutual Correſpondence will be-eafily underſtood. But this I ſhall 
e eee „ ee 
of ny Number in one 95 to find its come re en | 


61.) Nepal Nori rien or the Expreſion of Nunters, by Wards, or Names, 
A DIFFERENT fimple Name! for every Number, oreyen for 25 many. particular 


Numbers as we have occaſion to confider in Hürhan 'would'be a Burden al Sethe | 
e bur it is more contrived, chat a. fe e Names, and theſe 
e o wer all the E OT PO e 
| Fare 3 The Simple Names d Niambers ae wer, 
One, Sy | Explanation of this TABLE. e 
Two, A Hundred, Ore is another Name for Unity: the reſt of the ps 25 
Three, A Thouſand, ' J to Ter expreſs Numbers in a Series from Unity, 
Four, I A Million, continual joining Unit after Unitz ſo Two ex relles — 
Five, A Billion, 1 more One; Three exptefles Two and One, 
St; ATrillion, Tex: a Hb expreſſes Tn. Tvus; a 
Seven; AQuadrittion, | Tex-Hwndred:'; x Millionis i Thosfand:3 
Eight, c, is a Million of Millions, a Trillian is a Mil 
NA+. 404» a Quadtullion i is a Million of Trilliont. 


So that we haye here Names anſwering to the natural Series of Numbers eum Unity 
Ten. But after this, the Series is interrupted, and we pals to the Names of greater 
bers: And all that remains to be explain d is, how the intermediate Numbers are barge? 
from Tex to a Hundred, and from a Hundred to a Thouſand, and ſo on. Which is done thus, 
nah the Names are — Deer the e to ane Fit, 
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, Ten, 3 bs 1 4 A mne ie" firindy yolb l of 

1 5 Eleven; en aſt 3 0 i thus, Twenty, Twenty-ravo, 
Tad, Ten and Twẽͥo, 8&cc: to Twenry-uinet then the next Number is Three 

Y > Thins; -- 2 3 —— and Three, Tens, called Thirty; and the ſatne Coinpofition of 
: Fourteen,: 8 Ten and Four,; Names we uſe from birth to four Tum, called Forty:: 


-zFifteen;: - Ten and Five, 22 raps this to Fifty, (or five. Tens: ] and fa on to 
Süteen F Ten and Six, (or REI ) Seventy; (or ſever Tun Eighty, 
Seventeen, Ten and 9 7 — % r Ten:) 3 (or iu Tent5):; and 2225 
Eigbteen, Ten and Eight, Ninety and nine, One makes cen Tuns or a Hun · 
Q Nineteen» ea 8 Ni ine, - dred. 8 from a Handred 8 one OED: we 
Twenty, 0 ens. y joining with it preceeding ames 
5 zine, thus, n o, proveed by and ane, Ore Himdred and tuo, 8c.: to Oue 


 Handred-and Ninety are, to which one added makes Tun Hundred: In theſame manner 
we proceed from Tivo. Hundred, to Three Hundred ; and ſo on to Nixe Hundred Ninesy and 
vine, and then ane added makes Tn Humalred; or One Thouſand. In ile 333308 
from Oue Thouſand, j ining- with it all the preceding from Unity till ve come''to D. 
theuſand, and fo on to a Thouſand-thouſands,:or a Million; and with e e 57g all 
> ors Bales 


the preceding Names from Unity E to a Anf 

and fo on to a Trilliun and Qradrillion. ; 
Ober ve, If we e proceed farther, we may uſb hls Pr (or 
4 Million of Quadrilli ara;) Sexton, (0 (or a Million. _ udn 

the intermediate a ſe i 


: Names above. Millions. In Marheenation Work, graer Numbers 2 mag Bo = — 
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1 — the Digits, from che Number of Fingers (Digiti) on, our Hands. Hos 
3 26 eg came-to-be choſen, we ſhall afterwards conſider. ws ging © 
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o Fr the Le hand; that being the fr which is firſt on 1 His The 
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2  ſecong, third, &C., "being in order Jon ther. on the Left) any Figure 1 the 
file ace ren 7 7 Þ ſmiple 72 abo 5 2 eraſe eg, as if it. ſtood alone; 
ace ae ezth towards the 1 0 Fes es. ten. tines as ** 
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Digit in the ſecond place, and o in oh er is 555 ch a Nn joined with a Number 


igits : or it is a Number © 


leſs than ten; which laſt Number is expr t in the firſt place: or it is a Num- 
ber. of Ten- tens (or hundreds) leſs DD "Which Þ hn, therefore. — by ſome Digit 
L e cen dime: and ut if with chis 2 is joined 
any leſſer er \ #. any of the a; ſes) that is cet "Eng the firſt 

| The be row 


or ſecond; | 
lain eno 
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49 0 1 ET car 
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75 belt e ns 2h ite Nenn 5 Es express A 

ber the natural Series from Unity in mee, and the way of doing it is here E 
made evident. 


S$SCHOLIUMS. 


1 We now that tho the Figure o ſignifies nought of itſelf, yet it is not uſcle(s; but 
. ndceſſary to fill up places, that other Figures may poſſeſs ſuch places as | 

— to be in, for the expreſſion of certain Numbers which could not be hd by this 
fundamental Rule, wanne help of this 3 ms One Example is enough to ſhew 
it, 


x tes "©. © M3 
* 
— 1 * 
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it, and we ſhall chuſe the Number Tex, which could not otherways be exprels d: for b. 
this Inſtitution, 1 in the ſecond place is ten; but there cannot be a ſecond place nkels 
there be a firſt; and if any ſignificant Figure ſtand in the firſt place, the whole will make a 


Number r.than Ten: fo 14 is ten and four; therefore the Figure in the firſt place 


muſt ſignify nor hing, and ſerves only to make two places, that the 1 may be put in the 

| ape Fr * ark | iche Lene | the laſt place of Rank fF 

2. The Figure o ing on Hand, or in the la ce of any k of Figures 
is alt kr ile; ſo o4 is no more than + becauſe the Value of Figures riſes from the 


conſider d as having two Values; the one certain and determinate, known by its Form, 


with others; ſo any Figure in the ſecond place is ſo many Tens; in the third place it is ſo 
y be called 
Fi in that place. For Example, 4 in the ſecond place is four- times Ten, (or forty ;) 
Tin 2 : D er er bandit Bit ih the firſt e 


PROBLEM ' 


Hovieg- any Number expreſſed by Figures, bow to read or expreſs it is Words 
| * it expre Wen, bow to e . ed ts. igures. TH 


 Casr 1. From a given Expreſſion of any Number in Figures, howto read it in Words. 
We have already conſider'd how that any Number being expreſſed by Figures, every 
Figure may Ee can desdn 2 double . e. according to its ans lee Value. | 
in, the Syſtem. of Names as above explain d, is ſo contrived, that Ten times Ten; 
Ten times Ten times Ten; Ten times Ten times Ten times Ten; [and fo on, which 
are the Value of places after the ſecond, which is Ten] have diſtinct Names, either ſimple 
or compound; and ſuch Values taken any number of times leſs than Ten, are name! no 
other way than by expreſſing the number of times (leſs than Ten) that Value is repeated; 
fo that if we know the Names of both values for i ve e We 
of a Number, which has more than one place) and exprels each according to the Compo- 
f 'W 


_ fition of theſe two Values, then we have the on ſought, for the whole Rank or 
Number propoſed. The Names of the ſimple Values of Figures we have already learnt; 
what remains is to the Names for the local Values, which is the Deſign of what 
they commonly call the Table of Notation (or Numeratiop). which I ſhall put in a more 
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If you would cry vin farther, it is to be done by 
(dready explained) D — as here M:lhons and Billions are. EY + 08 
Now the Uſe of the Table is 2 Apply each of theſe Names in Order, to 
the ſeveral Figures of a Rank, acc to their Places (the Name Units ſignifying 
N that the Figure in — taken in its ſimple Value) ard prefix the ſimple 
making a Compoſition of both (obſerving how any ſimple Value com | 

with Ten is e viz. For two Tens, ſay Twenty, fo on to Thirty, Forty, — ; 
—_ — _ thus read all the Fi from Ns Loſe tb the Right. Obſerve 
belongs to the Names of ſeveral Places, which ſtand all next 
— —— — and Million, and —— that needs not be re- 
peated; bur only once expreſſed, after all the Places to which it bel Pn core © © 
| to what is more in the Name, eee will mak yl | 


EXAMPLES 
$6, is | 
254, is Two (ne » Fi and Four. | 
7408, is Seven Thouſand, dur Hundred, and 


e 1 . ern naue Seven Thouſad, 
46238300, is Forty Six Millions, Two Hundred and Fifty Eight Thouſand, and Three 


Hundred, (i. e.) Forty Millions, Six Millions, Two Hundred Fifty Thouſand 
and Eight Thouſand, 2nd Three Hundred. 1 l 


ee Raa is Twenty Four Thouſand and Eight Hundred Millions Five Hundred 


Three Hundred Si Two 7. e. Twen Four Thouſand Milli 
and Een Hundred 3 Millions, exe. 1 Fan 7 0 


But this may be made yet eaſier, by confßdering the hong adjacent Places that have 
e wore eee from which we have this other. 
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Line, 
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| orien Fe places e which e 2 
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and the third lace ſo many H 


e e ng 1 5 
Line t the Name over every Repetition of c : x: Un. repeating it alſo with 
age: She two, viz. C: x. then you make the ſame Series of 1 as "T5 


Take: 0 r of ce ee e. 
wd The Aßpheation f the- ABI a 
| Begin at 1 Right Hand of any Number, and divide or 8 * whido 8 
es or Periods of three Figures each, as long as there are as many: then each Pe- 
riod muſt firſt be read as if it were alonẽ by Units, Tens, Hundreds, i. e. the firſt place 
on the right of the Period 2 its fimple Valu te ſecond lace as ſo many Tens, 
ae ee e e e ee — 
expr b e Cc: x: Un. con re in e of able. 
— n es increaſe Hier. Value toward; the lefr, the in dies 
Penoa, are of different Values, and therefore every Period — _ common Name thar 
compleats the Expreſſion; which are upper. Line of the Table; (in which 
Units is made the of the firſt Period: by nyo but is never expreſſed) 


therefore to app this Table more of.t heart back- 
wards and fo £ 1 e rom the right to the left, that 
you may find; 'Period in g exactly 


the Names of cripds in order from the left; you OED 


SS *: Un. neee of che 
— in ſome — — | 8 


ED which muſt be read by inſelf, juſt 2 DY 
Nane each have chree Figures nt al Fer — alſo ina true ow | 


need, only. ex e Period Bf Mal Period befilkd<with o, 
2 * 78 which, in ag th Müll- che: but in this," 2436035735200, Trend 
24 th. 3 — 


rf TD $16; n { 


? 296723, 1 Ws = ee 5 


Cask 2. 5 W 1 H in Word 10 write it — in Wes 

If the b pocoeding, Tale, of Names correſpondin to the ſeyeral laces of a Rank. of 
Figures be conſider d, there can be no difficulty in -par of the Problem, which i bur 
the reverſe of the former; et perhaps it may not be uſeleſs to ſome to them out a 
Method,. which is this—— ber,exaQly.the Names and. Guder the Periods from 
Left to ; and of the three deen each Fee Then obſerve what is the Period 
firſt named in the Exam e, allo what is Number (vix. of c: x: Un.) a * 
. | bs ona: Number, with g Pain aher ©: es 


nin ten, nnd Ah £4 


Af 0) Re A 


or | Period where this ws. 
wy Whole Period, (ater 
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Eight, I 4 cs Fallon is de 3 _ ana For 
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Here the name Thouſand ſtands 


"Ex, 2 — N Millions, | 
hich is heſt Period in the Example, and the 
Nane | is hs backe 24 — he na the Period of Millions, 
and the thus, 24-0623 and becauſe there is 
1. At viz. Thouſands and 
= 4 o's,thus, — — For 22 the other Figures 
nat « 


8. If- Rune the nn _ for the firſt 
for this, | ; Hurpoſe; 4 F271 3 


"by Feed 122 Ll BI BA 18 i Faun zd, Norames . 
. I, Of. two Numbers, expreſſed. Figures, ( the. Rule and: Inſtitution explanyd) 
5 5 feweſt Figures (or — is . i Numer Exam. 99 is leſs than 
For tho the Figures of that which has feweſt be all the: | (i. e. all. 


£ 


greateſt 1 

thoſe of the other be alb the leaſt poſſible, (i. e. 1 in che higheſt: place, and the 

5 2 will want at. leaſt 1 to make it equal to this; becauſe” 10 is equal to 

and 12 and 100 —_— and d, and ſo on. Hence. the value of an Unit in amy 

ef Rank is. the value rr na 
taking, that, rin in ne e 


— Lit two 2 are 


a ee and ſo on in a — acc T1 


e Ex. 480, is nume 48; and 4.800 is 100-times 485 &. c. 
SE. r any other Ei be: K 


aber of the w n now ercreaſedʒ but Will not make thay! 8 of lr s 


greater, which- the given Rank. So here in 486, the 48. is rr 805 
whateyer — » tho? 486 is greater than g84 or 485 110 9; 


in When i its firſt —— right): ſtands; and the Name of that place a com- 
. ade e. b h ———— Ranks Thus, all the Figures of any Rank, ex- 


—_— before them) — — 2 — — — 10 times. A- 


one rs more than 


it makestaken x itſelf; — erp the place ; 


the firſt. on the right, or place of Units, n ves, (s if there 


: the rwo beſt-places, the- reft, read byitheraſebres is 40 many Hundreds and. 
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| 


on... Ex: 246873 : here, the 24687 is equal to 24687 Tens, (taking 7 as it were in 
the place of 1 thouſand fix hundred and eighty-ſeven Tens. The 
2468 is 2468 Hundreds; the 246 is 246 Thouſands, and the 24 is 24 Ten- thouſands: as 
e cp ae pr com 
7 f nne Fat SCHOLIUMS. ee eee Wc 
1. Boch in the General Rule of che Figural Notation, and theſe two laſt Corollaries, I 
have ſuppoſed this for a Truth, viz. That Ten- times, (or a Hundred, Ge.) Num- 


ber is the ſameè as that Number of times Ten, (or a Hundred, e+e.) For Example, that 


Ten- times 7, is 7 times Ten; which is a Truth T believe will be eaſily granted: yet it is 
of that kind that admits a Demonſtration; but I ſhall refer it till we come to Multi- 
„ UTE N penpary Dug FE SLOT, fo | F 
2. By the Figural Notation now explained, all Numbers above Nine are expreſſed in 
a compound Form; re 8 certain Compoſition of the Number Ten, or 
ſuch a Compoſition with the addition of a Number leſs than Ten; which are notably 
diſtinguiſhed by this method of Expreſfion. But there are various Degrees of the Com- 
poſitions of Ten; for a Number compounded of Tens is either a Number of Tens leſs 
than Ten, which is expreſſed by a Digit in the ſecond place and o in the firſt, as 10, 
20, Ger. or it is ſuch a Number taken ten-times, which is expreſſed by a Digit in the 
third and os in the ſecond and firſt, as 300, 400, c. or ſuch a Number as the 
laſt ten: times, as 2000, o, &. and ſo on. All which different Degrees are ex- 
preſs d by a Digit in different places. From which it's clear, that if ſeveral of "theſe de- 
ee be joined: together, i; e. if there is a Rank conſiſting of more than one ſignificant 
igure, and having at leaſt one o on the — 2 460, which is 45 Tens, that” 
expreſſes a Number which is alſo a Compoſition of Tens; but if there is a ſigniſicant 
Figure in the place of Units, that Number contains ſo much odd or over à certain num- 
ber of Tens, as 468, which is 46 Tens and Eight. Now there are two things to be re- 
marked from this Method of Notation: Firſt, That every Number is diſtinguiſh 4 
the very Expreſſion into as many parts as there are ſignificant Figures in it; each of which 
is by ſetting as many os before it as there are Fi before it in 


is : > it 
the given Expreſſion; as in the ing Example. And-ſecondly, That each of theſe 


2 


| Paru is a Oe ion of the Number Ten (as above explained) chat 


* 


* 


ae. = 
which is in the place of Units, which is always leſs than Ten. Thus, the Number 4682 | 
is. equal to 4000 and 600-and 80 and 2, which is more ſimply and conveniently written 
all in one Rank 4682; whereby all the Parts are as clearly and intelligibly marked out by 
the meer eee the Figures, 8 . Now tho? this 3 a 
compound Form, expreſling ſeveral Numbers diſtinctiy from one another; yet becauſe it 
is the moſt ſimple way of that Number, or Term in the / 2 — 
which is equal to the Sum of all theſe leſſer Numbers (according to the Inſtitution) there- 
fore it is ſaid to be a ſimple eſſion of one Number, in compariſon of the other ways 
of e the Parts ſeparateſy; or of the Expreſſion of a Number by any other of its 
component Parts, { ly written each in their moſt ſimple Form, (in each of ——— 
therefore there are Parts, or Figures that have the ſame local Value) as if inſtead of 8 
we ſhould write 4 more 3, (which together make 8) or inſtead of 74 we ſhould write 
43 more 31, which therefore in diſtinction from the other we call complex Ex- 
eſſions repreſenting ſeparately two different Numbers, the leſſer of which has Parts of 
ſame local Value with the greater. Or we may explain this diſtinction of ſimple and 
complex Expreſſions, thus: That Expreſſion is called ſimple, or one Number, which is one 
of thoſe. whereby the natural Series of Numbers. is expreſſed in a continued Progreſſion 
from Unity; but when two different Expreſſions of that Series are ſeparately written in 
two diſtinct Ranks, they are ſaid to be two different Numbers: and with reſpect to that 
Number to which they are both: together equal, they are ſaid to be a complex oat: 
; 3 | | 
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it; eſpecially with ſome Mark or Word betwixt them to 5 100M to- 
ans ul ih Gn ſimple Expreſſion of one FD umber in rn ihe ar 
— But 32 and 14 are two Numbers, which being both together equal to 46, there- 
fore 32 more 14, is a complex Expreſſion of the Number 46. Again, in the ſame man- 
ner any Number which is equal to the difference of two Numbers may be com plexly 
by theſe two, with a Mark of Subſtraction betwixt them: As. for Example, 
ſince 32 15 05 14 is ou to 46, 8 if 15 is taken out of 46, the remainder i is 323 
* hence 332 may be ed thus, 46 leſs 
Dann to the Parts by which any. Number in- its Gmple Form: 


is expreſſed; as if for 46-we ſhould, Write 40 more 6; or for 6: we ſhould write 46 
i che laſt place obſerve, That the compound Form of this Notation is. the Perfection: 
of it; not merely as it is compound, but particular Manner. of it; becauſe of the cer-- 
tain relation — Pe ann vis. Ten, by the conſtant, r and 
uniform Progreſſion in the Value of Places: this Similarity or Likeneis of ſome: 
Parts in different Numbers, (i. e. e ed by Figures in the ſame or like 5 
and the Connection or Relation of by means of the common Number Ten, 


to which — 11 relation; of all hi Pre can-be compared together, and their 
TE in avery eaſy, clear and diſtinct manner. And more —— 
from the Method 7 de de Eke © le of Operaion, vis. Th — 5 fore © 
performed aracters, talen and applied in their primitive 
| hs wg her gd . lect 3 in 
e up, the order or lac by n Pen r 
ADs Fi me cancor work by ng — nas te] arts of Num- 
— two ; or more of their F e they would have 
be themſelves; correQtingthe Def 1 5 way as how W Which Principle - 
veſhall ſee in the following Rules; and here only I ſhall further obſerve, That in 
this it is that T | ; affording re- 
gular and eafy Rules for ditious and certain-Wor all len 
to che Hiſtery and | of this admirable TATION, @ what is fad in he 
PREFACE: ale 8 nie 1 207% 15 „ any It 
We might e mpariſons betwixt. thi Method chod of Nötation, and oth Tt 
that have been or may be uſed, in order to ſhew the Excellency of this Method; bur 


per, becauſe i 8 profited x Marking of Chapterr and Sections and ſuch things; 
and this being compared whar wo ule, A To ot Nethod-will 
UC Xl ny I MOT »& PL, OT 72393 _ TN 4 Ot, 11915 Is 2 £5; 
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ani Dent aero apa by uw ol the ſames 
them in a Line, ther the Sum of all their Values (above 
a to one another, (for e no different Values i: their P 


n le; II 8 2. III is 3. 

Vs. e bs 1. XV is I;. XX is 20, LX is 66. I. 8.675 DX ts 510.1 

DC'#:600. DCCCC is 900. DON 808 LXXXXVIIII B 999. _— 
ſaſkciently ſnew how all rhe teſt are made. 

But to prevent too great a Repetition of che ade Chiradtinn, I cps fl this 


N lefſer Character before the: wen * repreſehred che difference of Theſe tivo, 
Eg XL is 40 CD is oo. CM is goo. And, when e Number is expreſſed by 


rwo Characters, of i» thus , 2 5 


it from the ara ers on de of it 2. F be 
(er XXX) and 148 =p ee {for SN — 7 
bar CD,XCAX, inftead ef de XXV e vn 5 
e 180 Ut M after the ſume 
| which | ll beet exp . SS 
„which I fall b | n 


5 reſſed 
OY 


n that N 


es 8 


Are ane H6s duenne Applic 
” of, the Univ Notation. 


62005 E A 7 e of 1 
10 Nee re 1 


By this Name tm then cine 
on of ot ares Boe but 4 Method e 22 
in order to enen E pre dn et d 


in Numbers, which. tho” Jt limited to particular Conditions, ye l —— 
Numbers, but extend to all 2 wherein the ſame — wee Grand 

The fundamental Princi is chef r That any 
Mark or Sign 2 be inſtitute ax the Repreſentation o of our ous: ; and here it 1s 


Fu dat throw, he Ens Peg on ad ihr Ana behold to 


for the ſame Number; i. e. when particular 2 — are app 


| A N hone Ty. denn de Later A or B, or any other, may 


| repreſent an 8 we p Ry 
| Obſerve, This = ark called The LITE RAIL. or 
SPECIOVUS —— which is in Foundation of the Algebraic Art; the 


deſigned Uſeof which in the following orb is to make eaſy and univerſal Demonſtrations. 


- Fer when any Truth is propoſed which is not limited <4 particular Numbers, but only 
0 9 it is not a ſufficient D in thee ther. it Holds e one, or 


any 


a 
V 
0 
8 
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e: 
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les; it cauſt be ſhewn that it hold good in all Caſes 
EEE all be done By an univerſal Method = 
9 neceſſarily be an univerſal Notation for N 
e particu lee 3 ſitions, be made 
few particular a 2-08 t for the m this would 
3 would re | 


ere N ee. 
| tare ende, Piſtntinn of Jumbers e nne --710% 
AH ent 1 Wir 1 17 4 ee 1 D AE Sth DE? $1111? 
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I ee e ee — pr 
Te to monk fn ye tn ay Geo otions = 
of Parts and Whole; thus, Every" leſſet Quantity is called a Part wich reſpect te a greater 
of the fame Species, which is called an Imrezeror Whete with r 9 

But chere is a more general, and allo a particular Seriſe in h ons A, Vene. 
a Part of another. In the general, no more is meant but 5 


wick e a e e e Iſley e 2 Quantity equal to that 


_ —_— into 9 may be " = in eb ae 
e, a art fignifies uch a Quantity as is contain 2 num ro 3 
in a greater, (of Whole: ) 3. 6. ym = 2 5 avon hm. | 


ſelves, into which an 


it thus, viz. As a lefler Quant a makes u 

| N e ab oft gal or le vor Part; 
ape of. ares it N arts con. 
8 1 in the le, gi Gives a called its | Decor ſo i 


Quantity is An . it. Now it isin 
A 9 a Part 85 4 71. 1 5 two. 


2 e 0 52 a com- 
e ee may b 22 of | re Bug to 


Fre : oy is an Aliquot CR = 


7 . 
8 . a greater d 
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is only one * 3 or an Unit; whereas in Numbers, one Alis uot 
Part may be a PRs ONT: Ex. The 3%; in Gf 12'S, (65 times 4 f 
12.) It is true 5 — conceiving any continued Quantity to be Naolved 3 into 12 
equal Parts, one 4** part of it is equal to 3 of theſe parts; yet che Whole and Part are 1 50 
conſider d only as pure Numbers : for to fay 3 is 4 4˙ part of 12, whatever things w. 
ſpeak of, it is but 2 5 ichmetical Expreſſion; 1 cr - cr ued Ans et 
cauſe the Part of an * | 
any Length (for Fang muſt be one certain Ler 
tute 2 4% party is not conceived to be ang fine Aries, but to de an entire Length 
equal to a 4 part of another. But a more remarkable thing 4s, that any continued 
Quantity may have any aliquot Part, for that we can conceive at pleaſure; but pure 
Numbers cannot: For ſome have, no other a/iquoz Part but Unity; as 5 and 7; and 
others have different part acc6rding to their Compoſitions: ſo 6 has a half and a third 


but not a 4 aNumber gr 5® part no Lender em hee nnch 4 Part wi 
akon we cer than rel elf; for Unity 


= 


is the leaſt  partof any Number, 
* that Number itſelf; ; o 3 has nor 4 3 — 
ut i per rye applicatel r things w C 
are diviſible into any der ary Nu Parts, "0 any not Parts of one, or of ww number 
N poſſible. For Ex. Tho „ 4 1 wt in umbers 
r into any arts as 4; yet 
23 muſt be carefully remarked, that this is not gg gue of the Number. 3, but of 
22 Number into which 3 things are reſolved: 1 pert every ſuch Expreſſion as 
3 of 345 of a reer e ;qualiiation, 5. 4 poſtbleonly 
care Numt 
"The ſame allo is to be \derſtood;: tho che Denominaror is leg than- the Numerator 
which n Mes When 2 has no ſuch Part as is expreſſed; as in 
Ex. a 3% of 5 


Welſhall now gather ragether theſe Definitions; and from them youll ee the ground of | 


the Difladion geopolod ee eee the Forms, 1 2 
wi N gs pies woe e .2i> 2 0 

5. 2.6 or "Nutnber is bn 4 Wat ee Se, «Pair of 6 7 
| gs r (o the ee gay of Nu called a Whole or Integer with' reſpect to the Pari. 
. t more icularly, 07 £3 

2. An e Pare by that which is eontsied a Pertein number of times precifely in 
the Whole ; and that number 'of times is the Name or Denaminator of the Part. Ex. If 
ny. Quanti or Number is reſolved into/ | 
E 3 2.is 4 3. part of C. A 
- Corollary, 


CoROLLARY. One'is ati aliquot Part of 227 Naben ad be Denotfinitor 15 that 
_ Number itſelf. So. 1 is the 6 f6. 

3. An Aliquant Part is ſuch a leſſer C or Number which is not an equalPart; 
we contains a certain Number of ſome equal (or 1 Parts of 70 Wbole. As when 
o Eater, yer 3 pas bars 
greater: 2 9 EET nods 12 4 for a 4 2 0 12 k; 3 amd 3 
4 ＋ 5 1212 1 is that ich repreſents things ny 
5 hings, 5. e. they are not RS 55 

other things; as When we fay in ene Hin not 
are Called Tussgral or whole Num in con from to ST” 
SS chrome (or a Fraction 1 5 of which ek nit gs cer- 
0 as the le to which" this Part relates, called! 


5s «. # 
- 


tive Integer. Fot Ex. I 5 or 35 
the Reeſe ter Foe rt,” which is 
. Members, or 


| ral and TiraSioed. Bock 2. 


be of the fame narure wi 0le;/therefore's 4 of 
he 16 77 'neveſaty to conſti- 


Egos - 


ans an rer 
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Chap. 2. O Numbers Integral and Fraftional.” 19 


Number of things directiy and immediately repreſented (as in the preceding Examples, 
the Numbers 1, 3, 7 called hence the Numerator of the Fraction; and the Number of 

equal Parts of which the Relative Integer is ſuppoſed to be compoſed, called the Deno- 
minator, or the Name of the Part, — —— the Value of each Unit of the Numerator 


them A 


may Obſerve, That inſtead of the Names Integral and Fractional, we might as erly 
call thſolute and Relative, Nutabers; wach.dn- ney well expr their * — y 
POP 


in ves; and the other 


It is to be alſo Ober That Fractions are. a more general Kind of applicate Num- 


bers: For the Numerator (or the Number of things directly deſigned) is reſtrained; ſo 


Fa 


a Part or Parts as the Denominator expreſſes: yet while there is no particular thing named 


to a ſimple, wherein the Integer is an Unit of a particular Name; fo = of 6 is equal 
to F of x. But this muſt be left to its own place. _ e 
. er NEA ; FIT TENTS EE 04 GREASE 
Of the different Senſes in which Unity 3s Diviſible and Indiviſible, and the Converſion 
of Numbers from Integral zo Fractional, and contrarily; bearing in general wherein 
bein Operations muſt, be the ſame," and wherein they dir. 
Here now is che place to explain the different Senſes in which Unity is diviſible or 
indiviſible. And in the firſt place this is plain; That Unizy in its own Nature as Number 


is indiviſeble; for there can be no Number of 2 conceived leſs than Ore : but if 
0 


we conlider the Subject or Thing to which the I Unity is applied; as that is capable 

of diviſion into real or imaginary Parts; or as it is really à Collection of diſtinct Things 

united by the Imagination; fo, what is the Subject of Laity in one View and under one 

Denomination, may be the Subject of Multitude under: another: For Ex. 1 Pound is 

the ſame as 20 Shillin A a Number One that is diviſible, but ſome 
132 2 | 


con- 
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| Quantitz Se we wore | 
ungule JAtl again n ulga in. 
3 a Fraction es e. — 9 Denominator) Ae 
leſs than Uniey. It does indeed 8 — che relative Integer or Unit; 
but is not a Number leſs than Une: 1 i Nererr which cannot be leſs than 15 
is as properly a Number as if it e ae pan e Denomination: 
2 of a Pognd does s rl . e only the 
alue an A denominating things. Again, becauſe. one Quantity or umber 
cannot be to another as a Part or Parts, unleſs . 
ceivably divided into, or com ompoſed of (ich Number of Bar, therefore, 
Fraction is what we may call 2 collective Unit, 
or a real Multitude united — — — under a particular Denomination. 
ae vagal rh ir Fraction is in effect „ compared to a * greater 


than it greater than Uni TOR ins taken out of 5: of 2 oth 
s ad Drape of View on a Praion 6 a 


titude. Te have dons; The 2 of One or a an) AUR? Jumber is 
invariable, i. e. One, Two, Cc. is always the ſame Numbeh in i | 
ever denominated; but take the Number with the Apf 
a difference; ſo that what is ual does, Fo 7925 
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Darvon taken together; which is hence their S. phe = hers 
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3 e dow” the particular Rules of ufs . 
ua the following Reflection the Method of Notation, as it is in 

— oper rm emg mp ration; vi. That as by —— 


en; . br e. of tans e e Aro hr The Wk 5 
two Numbers, viz. by with one of the givenNurmbers, (and it is beſt to take 
the greater) and joining to it r the 
Sum at every ſtep, acco o the Rule of Notation, till the laſt Unit is added; 
and then you have the Sum * becauſe if all the Units in any Number are added 
ſucceſſively to another Number, the firſt Number (which is nothing elſe but all its 
Fang ire omg is certainly added to the 2 Number. For Example, I (according to 
the preſent Notation) it were to find the 
8, 13 D I, Iz, Tz 1, 1 Sum of 8 and 7: F it I ſet down 
9 10 11. 1213 1475 5 —— 


the Sum as it 
A eee 15. —ů— we find the Sum 


ion bur that it is ſo Inſtituted. Again, tho? the Names of all Numbers are 
— — yet the finding the Sum of any other two Numbers, or 
it by ſuch a Name in the Sytkern, is not immediately a Part of the Inſtitution, but a Con- 
ſequence, and therefore Demonſtrable : For the pure and ſimple Inſtitution is all com 
hended in the Syſtem of Si _ a gradual Suceeſſion from Unity, and p 8 
by a continual Increaſe of z and, therefore contains immediately no Queltion or Caſe 
of Addition, _ that of 2 ni 55 

uence om ; whic 


Gone al ce, is we add Uni to an Numb) and ould: infupportably tedious 
e- Dag 1 gd. 9 — — 
ea . 0 be done no other . 
. — Way 3.46: 
any: Prebler are firſt im the Order of 8 and bere the 
Aon of Ua oo 5 Nader 1 the firs and. dd nge © — 1 1ouh roy 5 hrs 
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che Parts. And when more Numbers are _ they are joined by the ſame Sign ; ; thus 
3 +4+9 is the Addition or Sum of 3, 4, and 9. The Uſe of this in particular and 
Aran Numbers, is chiefly: by way of Abbreviation 
cation of the Work of Addition in — Examples, as you'll ſee immediately. 

But the principal Uſe of this Sign of Addition, is for the Expreſſion of 8 Sum of 
N umbers, univerſally or indefinitely repreſented by 1 in the braick Art. Thus, 


B, and the Sum o A, Band C. is A+ BC, and fo on; which is eneral 
Rule of the Literal Addition; or Numbers expreſſed by Letters. Some other ee 
Conſiderations relating to this, you Il find in another Place; | 
.- ' Obſerve again, That as the ſame Number may be variouſly repreſented, eirher by one 
ſimple Expreſſion, or by the ſimple Expreſſions of otherNumbers variouſly applied to one 
another by ſundry Operations, whoſe final Reſult brings out the fame Number; fo to 
expreſs the equality of Value berwixt theſe iffcrent Fapreſfions of the {ame Number, 
we uſe this * = ſet betwixt them; which we uſe for Abbreviation in explaining the 
Work of —— Examples in all the common Operations. Thus 8 added to 7 makes 15, 
whichis expreſſed either com 3 8 ＋ 7, or. _— 15 ; and to: ſignify the 
Equality dls — — we write 8 + 7 = 15, and it thus, 8 more 7 is equal 
to ou Univerſally, A+ B =D, fignifies that the two Numbers expreſſed by A and B, 


together equal to the Number exp reſſed by D; and ſo of other Examples of Addi- 


— t r= or A-LB-LC= i Applications of this, in other Opera- 
tions, you in their Places. I have only this further to ſay here, That the ent 
Expreſſions of the — conſtitute what in the Algebraic Art is —— 
. 1 of Value betwirt uo Expreſſions of Number In the 

and Circumſtances of any „with the 
— 2 __ — er to be made — — them, by the pplication of dif- 
ferent Operations, whereby one Equation is deduced from another, conſiſts the Algebraick 


r 05 208 3 e ivr oa PIES | 3, 0560 RG 


w PROBLEM. 8 
To add tuo or more Numbers into one Sum, of Be Expreſſion. | 


Cass I. To add any two. Digits or Numbers leſs than Ten. 


[Hong Sum gray according 10th Rule of Nori, re rs 
t ac to e tation, as in Schol. x 
Exam. TO add 0 65 it is, 1 Goin ==15; for adding the 
6 Units gradually, and expreſſing the Sums in the Order of ny 
- 9, TO, 11, 12, 13, 14 15, the laſt whereof is the Sum ſ 
The Reaſon of this Rule is already explained; and that : cannot be ano- 
ther Way of adding two Digits, is evident. 
ScHoLIiUM. Practice by degrees fixes the Sums of all the various Examples of this 
' Caſe in our Memory; —— Ads become capable to pronounce the Anſwer as readily 


as the Queſtion is propo Reflection it will be found, That we do l 


r ected; but know the Sum purel eber Unt by 
was no doubt acquired by repeated Practice of adding them together Unit Jan; 40 


it could be done no other way: E l 
ones, who know n ow noting bur the Names of Numbers in the ſimple progreſſive 


young, 
Order from Unity ; who aſſiſted by their Fingers in this manner, viz. Let them 


tell out the Units of the leſſer Number upon their Fingers, then take the greater Number 
and add to it the Units of the other from their Fingers, expreſſing the Sums gradually ac- 


LA re 5 1 * 
* 4 as IF 5 SR BS «4 4 F 54 Cs 5 ++ 4as 
, : 2 * 


for the neater and ſhorter Expli- 


| a5 two Numbers repreſented by A, B, their Sum is expreſſed army's thus 


* 
W M0 AD #t-«c ard an mc a> _ * 
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* 


ſhould end to deny or | 
he op demonſtrating it; 8 may alſo be done by diſſolving one of the Numbers 


affirm that the Addition of two Digits is a thing not pr erly demonſtrable, but the im- 
ch, 


z Suppoſition of its being ſimple and eaſy: But this would be no-reaſon for omitting it in 
: ort den — for a juſt 4 rational Syſtem; which muſt therefore explain the Con- 


nection and ce of all the Parts of the Science upon their firſt Principles, and 


upon one another. 


In the laſt place, then ſince this Caſe is ſuppoſed in all other Caſes of Addition, it is 
nece 8 5 know the Sum of all its: Examples as readily as the Queſtion is. 
from which 
1 


y 
they may be got by heart more calily by, thoſe who are Beginners in _this Science. 


T.4A BLE ſbewing the Sums of any two Digits. 2 


. . LLL 4 e 12 
E 1718191014 | . The Conſtruction of the Table 1. 
BY 21.4 — —— . obvious, and the Manner of uſing it 
. e For 71 is this: Take the ater of the eg. 


oclul & 


UU upper Line, and the leſſer on the Right- 


NY Sum. So under 8, on the Head and in 
1 tte {ane Line with 6, on the Side ſtands 
5 . ien 41 "SY 12 *7 N 25 

4 ef 19155 | 3 . 


i 
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CASE 2: To add any tu or more Numbers into one Sum. 
a 1 1 . 1 ual ' 7 © 4 * £ ty PR ; 


[ | 
718] 9 ron il 3 . Digits, whoſe Sum is ſought, in the 


101 had Column; in the ſame Line With 
100107I1I12T13 IIA 5 „„ nd pods the; Other ee 


- 


N TIE” 330 ate T3 oh Fs 73 eie ED. 2 O03 0 $4.3 768 EF ot . 
. Rule 1. Place the given Numbers under ane another, ſo. that the Figures in-like places 


E each be directiy in one Column: Li, e. all. Figures 


Column; all in. che ſecond place, or Tens, be alſo in one Column and ſo on in the Order 


of Places.]., Then Ce begin ar the Units place of the loweit Line or Number; 


- = — * - add 
Digit to the next above of the fame Place and Column; and to this Sum add the 


way; and ſo on thro? all the Columns, taking the Figures in each according to their ſim * 
Value. But if the Sum of the firſt, or any other Column exceeds 10, then it is 5 5 a2 


Preciſe Number of Tens (as 20, 30, &*.) or it is ſuch a Number of Tens wa ſome - 
| Number: 


FM 


ee A ro moon 


- 


Number lefs than 10, (as 24== 20+ 4; 0168 =60 +8.) base Cab write dowa o, 
and in the other the Number over a preciſe Number of Tens, (as 45 if it is or 8, 
if it is 68) and for every 10 in the Sum carry 1 to the next Column; 5. e. add the N Num- 
F Column to the next Column. Having thus gone thro? 


all the Columns, the N Tens in the Sum of the laſt Column is to 3 
3 3885 — —— 
ſet on a igures an 
654 1 Ex. ae be, wrough as in the Margin ing 
c e d — ALES I =" 2 75 
umbers 2 
292 Jura; 3 and the total Sum is 897. 7 e fin 
89 + Ex. 2. 897+ 968 = 1865. "ER 1 
968. | I fet downy, and carry 1 tothenext place; then 16 e and 7 -Þ 9 


| | 3 for which I ſet down 6, and to the next 
Sam then 1 920, and 10+8=18, which being Exdown, the Som 


Let the Learner Fade more Examples of this Kind ek. 


1 Scuol 10 M3. IG: rice 
F has ad AG 9 this Rule V ſup⸗ 
8 that we can readily, in our Mind, add any e ; which 
therefore might have been conſidered as a icular But, rather than make too 


' becauſe it is indeed no other than a — 2 — 
Rule here delivered: ſo chat by Fading Examples of thislit — we ſoon agquire 
che Capacity for more co 2 Fot, if the g Number has, in the 


place of Units ch Digit, as  « Sup te chan re, the 


otal is plain; thus, 64 FEZ G6; 22 1 exceeds 
eee e TIT ts of e 
part of Number. viz. 6 +8=14, . 
8 nits of the total 4=5 in the place 
of Few 3974-9406 for N Rite 5 TY. 

another Suppoſition in 11 
ae er are contain ian any Number, ot inthe any Column o and 
alſo what remains over. Now, tho? theſe do indeed to other Rules, yet the Rule 


of Notation has taught us them, in the Caſes here 1 
down Number, t Figure in the — of Units is the ber over all the Tens 
-contained in it, and the remaining Figures an the Left-hand, taken by themſclves, expreſs 
the Number of Tens; 5 8 hu been expan'd inthe Rule of Notation (ſee Corol. 4. after 
theProblem in —— E eee a — 
# 12 Tens und 4 ples the Number of e 
Korn Free the Sie, — greter 2 write ae other 
Methods of werken Addition, whereby the Number of Tens will de td 
the Operation, which Thall De preſentiy explained; but I ſhall firſt make ſotme 10 


24 Addition. * Whole and Aftraft Nambers. Book Tz 


Mis led #7 Amt 1» 2 £23 + 


or, Vs we write 
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But thus we have ſuupoſed all the 9's to be taken out of it, and conſequently the Lemma 
is true. : 
Coroll "The Sum of al the Figures in any Number, taken as fim Units, is the 
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in the compleat Value of each of the ſaid Figures (becauſe each of theſe Fi 2 
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is the Remainder after the 9's contained in the given Number are taken away : but i it is 
not leſs than 9, the Remainder, after all the 9's are taken out of it, is the Remainder of g's 
pm ven Number: For it is plain that there can be no more 9's in any Number 
t are in-the ſeveral Parts and in the Sum of the Exceſs of 9 in the ſame Parts. 
Now from this Lemma and Corollary, the Demonſtration propoſed will be plain: For 
2 GENS of any Number according to the Rule, it is evident we find the 
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Schl Tub. This Rule ſuppoſes we can readily in our Mind ſubtract any Digit from | 


the Sum of any leſſer Digit and 10; which may be eaſily admitted: but to make the 

Difficulty leſs, (if there can be any) we may do the Work thus; Subtract from the 10, 

and add the Remainder to the Figure of the Subtrabend to which the 10 ſhould have been 

added, and ſet this Sum down. So in Examp..5. ſay 9 from 5 cannot, but from 10, and 
1 remains; then 1 +5 =6; which is ſet down. _ f ; | 


DEMONSTRATIO N of the Second Caſe. 

1. Where all the Figures of the Subtractor are leſs than their Correſpondents in the 
Subtrahend, the difference of the — — in the ſeveral like places ſet in the ſame place, 
muſt all together make the true difference ſought; becauſe as the Parts make up the 
Whole, ſo muſt the differences of all the ſimilar Parts of any two Numbers make the 
total Difference of the Wholes, of which theſe are the ſimilar Parts. 

2. Where any of the Figures of the Subrrabend is leſs than the Correſpondent in the 
Subtractor, the 10 which'is added by the Rule you are to ſuppoſe to be the Value of 


an Unit taken from the next higher place, (which by Notation is equal to 10 in this 


Place,) and then the 1 added to the next place of the Subtractor is to diminiſh the next 
place of the 8 1 more than is contained in the Sabtractor, becauſe that 1 
was ſu to be ly borrowed from it, and applied to the preceding Place ac- 
cording to its Value there: ſo that inſtead of adding 1 to the Subtractor, we may take x 
from the Subtrabend, i. e. take the Subtractor from the Subrrabend Figure leſſened by 1. 
bh ly eee vp lp pr 
to be ſince it is already applied to the laſt place; which is only taking from one 
1 much to another, whereby the Total is never changed: And by 
this means the Subtrabend is reſolved into ſuch Parts e (or equal 
to) the ſimilar Parts of the Subrractor. So in order to 26 from 52, 
52 , reſolve the 16.9009 9gen Partss. 40. a9, 146-90 ens the 12 correſpond to the 6 of 
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g, 6 from 2. cannot, „ and 6 remains; then it is plain, that for 5 we 
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But there is another thing to be accounted for, which the Rule „ vir. That 
the Difference betwixt nay igit andthe Sum of any leſſer Digit and 10, will always be 
leſs than 10; the Truth of which is plain; for ſince that leſſer Digit wants at leaſt 1 of the 
„ (to make a Part equal to the Subtractor) that 1 being taken from the 10 added, 
cannot remain above 9. 777ͤͥ;ͥ¹⁰r co tofu: 
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2. The Number — be multiplied is called the MvuL TIPLICAND; the Number ber by 
which it is multi Ups (of (or the number of times it is to be taken) is called the 3 
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are alſo called the e the r e le pr diſtinction; | becauſe they 
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2. The Senſe and Effect of Multiplication (of whole Numbers) is the ſame with 4d4j- 

tion; for it's plain, that if we take the MultipFrand, and write it down-as oft as there 4 
Units in the Multiplier, the Sum of all theſe, taken by Addition, is the Number ſe 

For Ex. to multiply 48 by 7, or to take 48, 7 times; I ſet down 48, 7 times 2 in 

48 the Margin) and find the Sum 336. But Multiplication is a M of finding the 

48 a Number more eaſily and expeditiouſly. For Ex. to multiply any Number by 


43 468; what a tedious and intolerable thing would it be, to write down the Mulci- 
48 yy 468 times? But by the following Rules this is prevented, and the Number 
48 bo t is TR by an eaſy Operation. — then is only a compendious 


48 tion, limired to that particular Caſe wherein all the Numbers to be added are 
48 _ to one another, (or the fame Number:) For it's this Circumſtance that affords 
Tc us a more eaſy Method of working than by the general Rule of Addition. Yet 
33” there are ſome 5 Caſes which admit of no Compend: Theſe are the Multipli- 
cation of Numbers 10, or the * by one another; which are the primitive 
Operations in Multiplication, upon which all other Caſes depend. We muſt therefore ex- 
plain Multiplication allo in two Caſes, as we have done Addition. But whereas the Pri- 
iti ve Caſes of Addition depend immediately upon the Rule of Notanam; the privzitive 
Caſes of Mulriphratiom depend immediately on Addition.” For we need not go back to 
Notation for theſe ;- ſince we have, e N 
way As ther. | | 
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TH 
Ie 12 1. 
. 
7 
IF 


"Var dean b ü gelt c b. wee ku n 2 


it againſt the leſſer, taken in the right- ſide Column, is the Product ſought. Ex. To mul- 
tiply 8 by 4, I take 8 in the upper Line, and under it 4 I find 32 the Product. 


„to multi take in the u Ling, * d under it n the 
e 15 per 2 7 fide, 


\DzMoN;" The Conftro&5ar of the Table is being ſe do! 
in-the: ao each of chem is cor uk plican i added to 
ſuc Se Sa e e en ee an 000 ER 

FF Cadogan the Bide papinlt HS nies Bn For Example, the 
Mukiplicationr'6f 6 for the upper Line ate cartied 10 farther than 6 onthe fide: 3, and 
ſo of the reſt; This: ——— the Reaſon of the Rule when tlic 3 propo- 
ſed — 2 


as the where che Multipfcaad and Mulrip 5 where 
—— {ws rd, Jews ot * 
Was do 8 , and after- 
EEE "that 6 bines Tis the as 8 N and ſo of 


© Cars I To mſg) Hon ss into one enorer | 
8 bur ie v be 


ſcab cant —— 
. . FRE we 

Then, in caſe there are os 
then as if they were not there, 


with the firſt manic. 
Figure, amd M — toiths 3 Fr 
duct. "Ie 1 Produ@:(or;tharof the: firſt: — ire of the Multipli- 
nd cand) is leſs than 10, write it down; but if it exceeds 10, write down. what's: over any 
6 ne Fi of 10's, and carry that Number (i. e. 1 for every 10) to the Product of the 
de next 


e. If chis Sum is leſs than 10, write it down; but if it exceeds; ros write 
ou e of ann and 9 —. the Number of 10's to the Product of the next Fi- 
o on: 


— . Acer one 4 
orderly, from -the Rigs to . Having thus gone thro all the Figures 


Fe (not omitting the o's that ſtand mixt with other Figures) write down the com- 
eat Product ö of the preceding added to it. 
2 


3. Make 


«, YO ® 05 f ye "FL , v:4 ce I © | 
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3. Make the fame Operation upon the Multiplicand, with every ſignificant Figure of 
the Multipher ; Event the o's) taking them in order as th towards the Left; 
and ſetting the ſeveral Products under one another: Thus, Set the firſt Figure of the Pro- 
duct made by every Figure of the Malriplier, at the ſame! diſtance from the firſt Figure 
of the preceding Line, as their reſpective Figures in the * are; ; and place the reſt 
of the es in order towards the Left, under the prec 
4. Add all theſe particular Products into ads Shad? 3 ey are ſet in the 
Columns under one another: And if che firſt ſignificant Figure of both Factors was in the 
place of Units, this Sum is the Product ſought (Ex. 1, 2, 3, 4 50 otherwiſe ſet as many 
o's before it as ſtand before the tas eat og Figure of both Factors, (as in Ex. 6, 7, 


8, 9.) 
| I fhall next apply this Rule i in Examples. 
B. . To multiply 642 b I fay 4x 2=8, which is ſet down; then 
642 Multiplicand. 4X4=16, for ke 5 K l 5 
__4 Multiplier. =24) + 1 =25, which ROO PN OAD: the e 2105. 
2568 2568 Produd. 


Ex. 2. To multipl 8506 r I work ths 8X 5= e Lwrice 
ids. coun ran 7 10 g . ge for whe lr 
5. n 222 which I write down ; 
407 r which L write down-o,-and 4 3 chen, 8X8 

() K. which n aan r the * 


with 9 


8 — — , 
"174851027815 14. 5 


own 6 and carry 1; then 4x 


1 4 
— £Aw4 wc a wu. 


Ao om. 
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18 the four following Examples, wherein the firſt fignificant Figure of each Factor is 
not in the place of Units, the Applica of of the Rule is ſo plain, that I need make no 


more, words about it. 
ov Examp. 6. | W 8 Wee 8. Examp. 9. 
46 384 | 46000 | 376890 
| 2800 93 2700 5004.000 
JCCCW)CCCC De nents 150756 
«71-1 934 __ ''Þ - _$256 | _92 188445 > UB. 
_ 1307600 | 54312000 124200000 188595756000 


In order to the Demonſtration of the prec Rule, and for the fake of ſome othes 
8 Rules r we muſt IRIS theſe ruths, as W to * TEAR of 
Ane. . 


LEMMA I. 


KO av! Nawbit 3 mattintd:by ee the Prada. ilids the Gus. os 3246 
other be multiplied by the former; d. e. Any one of the two Factors may be made 
{Multiplier or Multiplicand, the Froduci will be the ſame. 


Romy; times 7 =7 times 4. A times B times A. 

Te {mall Attention to the Idea of Numbers will make this Truth evident; and 
Wege few Writers think it needs any F However, as it is capable ot 
wy flag and ſome ay © require it, I ſhall them. 

y Number B is only æ certain Collection of Die, wherefore A times B is equal 
to A times each Unit in B, taken ſe eparncly and aided r: but A times 1 is the ſame 
| as A, or 1 time A, (from the Definition of Num = Therefore A times each 
Unit in B * to A, . 1 45 A). n oft as chere are Units in Bʒ 4. e. Btimes A. 


times B 

en e ng be ] the Du of Aber reſe 1 
two et its o ent a Row af 
hs * oints, as 175 the Margin: R repo as of as thereare 
A Units in B, and ſet them Fe y under one another; then it is 
. pPlwKkẽin that there will be as many Columns of Points as there 
BB. . . &c. ere Points or Units in A; each of which Columns has as many 
x oO TS there ate Upirs in B. Therefore the whole Number 
Ko. of Points Which were at firſt made equal to B times A, (by 


wo: Pina, Row 0 3 1 becomes Ty 1255 0 
n LEMMA II. e | I 
If 3 or more ane are propoſed 70 be continually TS the 5 Prodet 

will ſtill be the ſame, i in whatever Order the Factors are taten. | 


| Examp. \3X5X7= 3X 7X5 =7X3X5=7X5Kj=5X3X7=5X 2x0, 
| Demon. CASE I. If there are ph A,B,C; then a te 40 Rae of 2 Factors 


is the ſame whichever of them is Multiplier; i. e. A times B=B times-A: Therefore 
the thing to be proved here. is only, That e of the 3 Factors is caſt in the laſt 
Fay the Product is ſtill. the ſane, viz;; that. 1 BC=CBA=—ACB. For ſince AB 

A; therefore. ARCazBAG. ** the Up RO: Neb and ACB= 


N ow 
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Now then, to prove chat ABC=CBA=ACB: Firſt, taking the Factors in the 
Order ABC, expreſſes the Product of A by B, or B times A, and this Product AB taken 
C times; which makes C times B times A, or A taken C timesB times; i. e. CB times A: 
So that AB C=Ax CB, or CBX A; i.e. ABC=CBA. Again, AC B ſignifies 
A taken C times, and this Product A C taken B times; which is B times C times A; i. e. 
A taken B times C times; or, which is the fame, C times B times: but this, viz. 
2 or CB A was before ſhewn to be equal to A Bx C, therefore AB C CBA 

CAsE II. If chere are more Factors than Þ then I prove the Truth propoſed thus: 

I fay, if it is true of any particular Number of Factors more than 2, it is therefore true if 
we take in one Fader more: but it is true of 3 Fa@ors, as ſhewn above; therefore it is 
evidently true of 4, and hence again it is true of 5, and ſo on for ever. What is to be 

roved then, is the firſt Part, viz. the Connection of the Truth of the Rule for any Num- 
| be of Factors more than 2, with the next Cale, or one Factor more. Which 1 prove 

us: | f IASIEIS i Oy Nen 74. 1 

Let ABCD, &«. be 2 Product of any Number of Factors, in which it i ſuppoſed to 
be no matter in what Order they are 7 cal therefore I may caſt any of its Terms laſt, 
the Product will ſtill be equal, viz. ABCD,&c.=AB c. ABD, &c. x C 
ACD, &c.x B=BCD, c. Xx A. Now, let another Term X be taken into the 
Queſtion, then it is plain, that whatever Factor of the whole A, B, C, D, X, &c. we ſup- 
poſe to be laſt e the various Orders in which the preceding Fedfors may be em- 
loyed, produce the {ame Effect, by ſuppoſition; wherefore all the various Orders of ta- 
' king the whole Factors, wherein. any. particular Factor 2 ie laſt pla duce che 
, fame Effect; becauſe the various of the preceding Terms have no different Effect 
by ſuppoſition. And therefore what remains to be proved is only this, vis. That the 
png dre ie 3 eaſily 2 wa ay og —— i 805,7 — 
t in the ce, Whi | appear Since oſition D, c. 
RBC, G. Xx D= ABD, his ew ſo om purging, Cheb Fador laſt: * refore 
ABCD. &. x X ABC, &c. x Dx X ABD &e.xCxX, and ſo on. But we 

may make X and the Factor preceding it, change places in each of theſe Expreſſions "2 

Product will ftill be the ſame by Coſts 8 it is a Product of 3 FaFors, thus; 

Ge. XD x X2 AB C, &c. XX D. Alo, A BD, Gr. CX X AB D, G. 
x X x C, and ſo on; whereby each Factor is caſt in the laſt place. Wherefore: theſe 
n being each equal to the Product of mother Order, and all theſe 
| Con ol. If two Numbers are propoſed to be lied together, itis the ſame thing to 


. 
” 


do it n 8 of r on ata 
| — two or more Numbers, then we may multi one given Factor firſt by 
one of theſe Numbers that produce the other, and then this Product by toi of then! 


and ſo on thro them all: Thus, 242 4X 6. Therefore 62x 24—62 x 4.x 6. 

*  ScnoLIUM. What an Aliquot Part is, has been already explained. And from Lem. 1. 
it is evident, that if two Numbers are multiplied gather, each of them is an Aliquor 
Part of the Product, and the other is the Denominator of the Part. So, becauſe 4. x 8 


- 


=32; therefore. 8 is 3 of 32, and 4.is f of 32. Univerſally A= A of AB, and B= 
of AB. Whence this follows, that if we multiply any Number by the Aliquot Part of 
another, and then this Product by the — of that Part, the laſt Produdt is the 
ſame as if the firſt Number were multiplied by that other Number; which is 2 Truth 
manifeſt alſo from the nature of an Aliquot Part, without regard to this firſt Lemme. 
Ag obſerve, That the Product of two Numbers is very naturally called, the Multiple 
of either of the Fa&ors; and it is ſaid to be a Multiple of it by the other Factor: So 48 
is a Multiple of 8 by 6, or of 6 by 8. Alfo if two Numbers are multiplied by the ſame 
Number, the Products are called Like-Multiples of theſe Numbers, as 3 x 4 and 3 * 7 
ars Lite- Multiples of 4 and 7. Now, as Multiple and Aliquot Part are directly — ; 
3 0 


828 Fa ww 


Z 
8 
x. 
A 
f 
e 
h 
2 
e 
8 
E 
7 
$ , 
0 
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ſo from: the nature of them, | this follows; That the Product of one Number by the 
Aliquot Part, or Multiple of another, is the like 1/;9wvr Part or Multiple of the Product 


of theſe two Numbers. Thus; ſuppoſe Bu CD; then 5 
(=ACD)) and AB SIP) is the N of AC by D. 


LEMMA 


If either or both of two Numbers are any ou diſtributed into two or more Parts; : 
and if each Part of the one Number 2 multiplied into the other Number, or into 
each Part of the 3 the Sum of all . beſt Products is equal to the Product of 
the two given N. | | 


Examp. 3 +4=7, and 6X J=3X6-4x6. Again, 15==9+6, _ $=3 
Therefore, 54 85 „itz. Abe | 9 if A= B ＋ C, 44. 
is AD=BD+CD:; Re AD=B BF+CE+CE. | 

DEMON. Thi Reg is manifeſt ; ts the Whole being 52 nothing elſe than the Sum 
of all the Parts, when one Number or every Part of it is 2 — into every Part of 
another Number, then is the one Whole multiplied into the ſo "_ the Sum of 
the Products made by the Part rauſt be equal to the Product of 


h DEMONSTATION of C UL. of the preceding PROBLEM. 


* Wien hs Brit Benet Figure of each Fae i in the place of U (Ex I. 
25 3, 4+. J the Reaſons of the Rule are theſe: ai, rae 
.. either Number may be made Mulripher or Multiplicand, is demonſtrated in 
Lemma 1. But making that one Mualriplier which has feweſt ſignificant Figures, is moſt 
convenient, becauſe it makes feweſt partial Products. 

(2. H the Mwlripher $3 Digi We e lying ever Figutes 2. . 
every art, of the ltiply the Whole; and by writing the Pro- 

Gs that ate leſs han 10, or the Exceſs 10% in the places of the Figures mukiplied, 

lace, we do hereb = 


and carrying the Number of 10's:to: the Product 1 
Wen reſpective Products; and fo do the ſame in e 

as if we wrote down the Mal, and us fe us the Kill expreſſes, and Nod hem 

up; ET of every Column is the Bro of the Fuente pe of ta 
und, w it a tion cation according to 

Rule, have the e ERV (ſee Ex. 1.) Wherefore the Rule is ang 


(55 Re re more ignifcane Figu res than one in the Mulrip lier, 20 in Ex: 3, 


5 ying them ſeparat we ref he Ne inco Part J and if the 
wo - Ie by bach of thats 


true Products le Multiplicand, are added 


together, the Sum is os Product Gade, (by (by — 30. Again; the Product made by 


each Figure of the Multiplier taken 8 eden Pee Found by the Rule; as. 
hens Þn the weretind Article; and by pla roducts with r to one ano- 
N ſo as the 1 Pre of each Protut asd, under that Figure of the firſt Product, 
5 Product of the in the Units 3 of the Mulriphey,): which is in the ſame 

place as the multi © Fi igure ſtands in whole Multighes ; theſe Products are — | 


| together . ACCor true Value they ought 9 he to have, by confi the multi 


in its com 2 e. For Examp. 75 roduct by the ſecond Figure, or 
1005, is ſet and added to the Produ of the n TS Ha Seen: 
the pie thereby it is made 10 times as much as were the tru Figure in 
lace of Units, as it ought to be, fince that Figure is in the place of Tens, and not 
Inits; (ſee Schol. after Lem. 2.) The fame Reafon holds in all he der gures of 
2 Therefore the Sum of the Products taken according to the Rule, bs 


4.0 Multiplication of 1Fbole and Abſtrat# Numbers. Book 1. 
the true Product { And the Reafon we don't actually ous theſe oss, 
becauſe it were ous as to the Sum. Pkg rt. ng 
. I. 67%. X — For enen 0 T And the Oper 
by Parts is thus: | 
4* 3 12 | 


59 240 8 6 5 
700XJ== 2100 or thus, 6784 
wi o doo 318900 dat _6784 T 
| | | 20352 "20352 ; 
Example 2. 
RAN 
Common 3 Or Thus. 
68749 68749 
| | 1 22 853 
| - $0024? © © | 206247 Prod. by 3. 
TT 343745 3437450 Prod: 8 8 b. 
5499922 34929200 Prod 00. 
| — a DR Total Prod. 


0 


II. When the gelt — han of. either or boch Feger, Pr not and in the 
place of Units: Then, 

(1.) When it is ſo only in one of the Factors, (as Ex. 6, 72 then en taking that Faifor 
a5 if the iſt Hgnifcant Figure were in the place of Unis 1. e. n in 
ſtand on the right, we indeed work only with the ro or eos Sc. part of it; 
D the total Product found is acc but che 10 or Toon Fart of what it 

t to be: n 5 ren rern. Pro- 
2 IO, Ido, Cc. (by Sc 2.) which is e eee 
the e as were before the Multiplier. 7, 

(20 When it is ſo in both Factors (as in Ex. 8, 9) there is the fame Reaſon for ſe 
before the Product the v's' that belong to the one Factor, as thoſe belonging to — 
For after correcting the Product by * os of the one Factor, it wants to be corrected 

by thoſe of the other: Th when there are 0's W e 
Its Er for before the Product. g 
* Therefore this Rue is wwe in all poſſible Cas 980 LIFE'S 


PRO OF Y MuTipiieaTion. | 


Io the ful is ce, we muſt obſerve, That the multi plying of one Digit by another has 
no other Proof than by Addition: But the Table beg examin'd and tound true, we arc 
to depend = that or Memory for theſe ſimple Operations; the Proof here defigned 
being for Caſes where either or both Fader: exceed 9: And this may be done ſeveral 
Wa 


: 1. By Mel Mult rages itſelf: For if we change the Faors, and make that the Melripher 
which Was * Multiplicand, we ought to have the ſame Product, by Lem. . 
# 2. By Diviſion: t this cannot be applied till that Rule is learned.” 
hut both theſe Methods are too tedious to be of Uſe; and therefore, 
3. The moſt convenient and 15 ak is by help of the Number 9 likey what we have 


ee 5 | 


g all the — Þ 


rr ego, y 


has 7 K % 


FT 


fo fo 


ti E. LS 28883 0 


eB 


Mg 


the Four of the — — im the like Free of cad 
is) cod 1 the Number that is under or over 9's in each; if either of them is q, 

immediately to the Product, and caſt out the 9's of it; the Exceſs ought here 
— 5 which makes the Poo: But if the Number under or over-9's is not o in 
ether Factor, then mull . together, and mark alſo what is under 
or over 9s in their Pr i Te ed e ORE 1 ee 


the Example ought tobe equa. POLO | 
476 In this firſt Example, the * 2 TY 87 2 Tn the ſecond Exainyle, 
68 | 9's in the l bends 8, in the) 26 the Excess of 9s in the Mul. 
N e ber is o, therefore I pals 
aktes .1 he Tubes of 9 is 4.3 ex aQtly equal 237 immediately tothe Product, 
 theExceſs of g's ky the Produ $2368. | — tiene Lad it is ne ff 
— e +} 


Ne renden The 1 of the Praftice of caſting out the os i in a the "OR Nan 
bers has been already demonſtrated in Addition; and the Reaſon of the reſt of the Work 
will eaſily appear, thus: 1. If either Factor is a preciſe Number of g's, (i. e. when there 
is no Exceſt) as in Example 2. it is plain the Product mult be ſo too, . it is only that 
Number ot 9's taken a number of times. But, 2. If each of them is 2 to a Number 
of 9's, and 2 lefler Number over, then let us repreſent them thus; Let one be A +6, 
where A negoplons any Number of 9's, and & the Number over: Let the other be 

NN, where Nis any Number of 9's, and c the Number over. But now, by Lem. 4. 
the Product of theſe Facłorr is equal to the Sum of the Products of all che Parts of the 
one by all che Parts of the ocher; and ſo the Product is here N, A ＋ NXs; 
++6bxc. But the firſt three Products are each a Number of 9's, becauſe one of their 
Factors is ſo; therefore theſe being caſt away, there remains 8 And if the 's are 
alſo caſt out of this, the Exceſs is the Excels of 9's in the total Product; but b, c are the 
Exceſs in the Factors, and Ne 3 3 1 the Rule i a true. : 

SchoLruu. The Obje&tion made to roof is the ſame as mentioned alread 
againſt the ke ro Wr Addition; and therefore che frre Anfiver' ſerves here. , 


| 5 . 2. Containing _ . 

f PAR TIcUr. RY Meruovs of working -MULTIPEXCATION m certain 
Caſes; wher#by it is either contratted into a ſhorter Work than the 
general Rule, or made eafier and mare bertain with as large a Mort; 
and, in ſome Caſes, with alittle more Marl. 


HE firſt five Cs Es are ſuch wherein thevery ſame Operation is performed as by 
the General Rule; only the Trouble and Time of writing down a you many Fr- 


n When af the Fache * ee 291 nei "of 

one ors Figure whatever in the place Units, 
2 en 11183 18 e h L ns 1699 hpProducy may be | 
"I ). Supp tie mbar ber of Places of be. e do dete A thoſe of the Mul- 2d 

tiplicand, then multiply by the Figure in the Units place of the Multiplier; and with every 

; , xl you come ee Protect of, chat Figure that ſtapds-oyer the laſt 1 of the 

%% have multiplied — | res a the Number uf Places in the 

; Fig e the Multiplicand 3 to the next 

bay Units place) ä 


12 . 
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ſucceeding Product exclude ahways one more in order from the right, Land when you come 
to theſe excluſions, it will be fit to ſet a Point over the Figure which is to be excluded at 
= next 11 vix. the remoteſt on the right of e that were taken in at the 
rite down at every ſtep what's under or over 0, and carry the xo's to the 

= N and when you — gone thro all the Figures of the Multiplicand, to the num- 
ber of 10's carried from the laſt ſtep add in all the Figures of the Multiplicand after the 
laſt Point, pointing alſo the laſt i this ſtep ;. then, take in all from the laſt 
Point, and ſo on till you take in the very laſt Fi igure one; ; and thus you have the true 
Product ſought; as in Examples 1, 2, 3. 

(2.) If the Places of the Multiplier extend in Number thoſe of the Multiplen, do 2 
as in the former Caſe; only, A all the Figures of the Multiplicand are multi 4 
whole of them muſt be m'd and taken in as oft, and once more, as the difference 
betwixt the Number of — the. Multiplicand, an Number of 1's in the Multiplier, 
(z. e. plainly till you have got a product Figure under every 1 of the Multiplier :) then 
| ſill at the laſt place, take in on ce fewer, (as before) till the laſt Place i is 
taken in alone. See Example 4. 


The Reaſon of this Practice will eaſly appear by . ew Exaraples wrought 
this way, and alſo the common way. 2" - 


— 2. 
Ps; j 6 S [ "40 / | 
; . © 5276 726 
: e eienr 114 
74528 27948 0 "ITT 21104 


: 
* 


% » 4 % % % 2 5 hes 
ii; aer POS Nee « 4 | 
« 32 .. n , N PE . W NN \ 35 N 3 - .de 5) AG + IIY 
z 4. 
. . * 


N nm a? 8 der Wa 
\ « % * 4 + 9 5 a 18 2 


not $4.2 2 247627 ne 0 DOB miei SH. WHO: 2147 * 1 

The Operations of theſe merge are thus; vis. 

— 6 8 8 wich is f and"earry 4; then 6% 5(=40 ge 830 

＋ 8 (che yn the right) Wh. is 2, and carry 4. 

' 2 = (on the righ right) = 45, ; Which is 1 carry 4. Wa 
5 | 


+ e its (on the right) = 345" which is 4," on Carty'3 ; then z (carri 


Exam. 2. 4X 6 2 — PAGER? then 5 228) + 2car 
bY (on theitight)''= 5 Which 1215 OE 4 S al 
is 45 


+6 (the o ges on the right) and Carry f 4 
n (223) 4-5 +7 and gn tg WED f ee 3k 


| 


"Op 5 


ried +5 * (on the right) = 10; which is o, and carry 1: then I (carried) +5 (on the 
12 mp. 3. Here I ſhall ſpare repeating what is ſet down and carried; or the words car- 
ried, 5 on the right, becauſe you know how to ſupply them. The Work is thus: 
3X 7=21; then 3x 8(=24)þ2 + 7==333 then 3x 4(=12)+3 +8 7=30; then 
{1 


3X 3(=9) £3 8+7==313 then 3x6 (=18)+3+34+4+8=36; then 
3X 2(=6) + 3+6+3+4=223 then 2+2+6+3=13; then 14+246=9; 
then (o _— | p 


Examp. 4. Thus 3X 7==21; then 3X 4(=12)+2 +7 +21; then 3x 8 (=24) 7 
1 3+8+4+7=22; then 2+ 8--4/þ- 7==31 then 2+ 8 + 4 
== 14.5 en I ==»). 3 . EA ———— 
bee To * theſe Operations with the ſame Examples at large, obſerve 
what Figures of the Multiplicand (as it ſtands written down for every 1 in the Multiplier) 
ſtand under each Figure of the firſt product Line; and theſe ſhew the reaſon of taking 
in the Figures on the Right-hand of the Multiplicand, and hoy this Rule was invented. 
' [adviſe Learner to make himſelf familiar with the Pradice of rms like the faſt 
becauſe they occur frequently in common Buſineſs. Oo 
Alſo if the Multiplier has but two Places, tho 2 is in the ſecond place, the Product 
may eaſily be made all at once, by taking in with every Product made by the place of 
Units, double the Figure on the Right-hand. Practice will make this eaſy, and it will be 
very uſeful. The like Method may be uſed whatever Figure is in the ſecond Place, (by 


taking in with every Product as many times the precedirig Figure: ) but the greater that 
Figure is, it is the more difficult; — I would = —— the Practice for 25 un- 
leſs the Multiplicand have not above 3 or 4 Places, and theſe alſo ſmall Figures; for 
then we may uſe this Method with 3, J or 5 in the ſecond Place. 
546 The Example annex d is thus done; 8X6 =48; chen 8x 4(=32)+ 4+ 12. 
28 48; then 8x5(—=40)+4 + 8=52; then'5+ ro=15. 


Acad Note, If 1 is in all the Places, the Practice is ſo much the eaſier, without 
| altering the Rule. En Ja 9280771 . | 


CASE II. If one of the Fadfors has a Ggnificant Figure in the Place of Units, 1 in 
the * Place, and o's betwixt them; make” that in Units place the Multiplier, and 
work thus. b | 


Multiplicant;-ardwith every ſucceeding Product add in the next Figure in order, (and it 
will be convenient to put a Point over every Figure when taken in, that you may more 
readily know what is to be next taken in.) er the laſt Figure of the Multiplicand is 
N ſet down all the remaining Figures of the Muitiplicand that are ade left of 


3 ure laſt taken in, after having added to them what was carried from the laſt” 
1 1 f x £ Kann E 3 enn 

. 3 23 „ | bon a a 1927 7 
4) The Reaſon, FJ 
6) in tb Weg N en 
5 ) ! ' * — 741 "1 14 ) 11 1 f * (3. 73 3 fs! . 
nj c URLS ZHIED 8 en 18 1. — — <p 

7648 1 5764 EGO 7 4653 4653 

zo) = 2 4% 25 18 1 $7 l L 63 240 , 1 A #K 5 5 * 422 2 98 10804 120 
10 £137 it „eb 17 44: 1122 6 1261 > tu Uu 175 4671612 "2k 18612 ; * 
5 1% of ere bas e of bas (anon TITER 7 Gf 20145, 
A 0 
ied — 5937744 5 4671612 


G5 - 2. Sup- 
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2. Suppoſe the Places in the Multiplier exceed thoſe in the Multiplicand; then if 


el Only by one, there is no place for a Contraction, (Exam But if there i 
one Place R ir may 3 ſmall Contraction thus; Ad 44 ELON carried at che 


Product to the whole Multi - and ſet down che Sum on n the left of the Figures a 


ready ſet down; N 5. 


Example z. Ex 2 | Exam 5 
„„ 458 0 $674 867 
e 10 | 100 lee 
320716025 758004276 87020 a 52044 
; . 1 2. 
| * —_ 44 


erve, If there are e Wa EIN e e e bebe 
Gee © ae any mor thy one x pon the H After you . 
the Figures of the Multiphicand, e e then two, and ſo on, 
9 as the number of 1's in the a rey ſtill at the firſt 


r of Figures, 
e . hand; and when W j.ns than USE 
in, fake in all 3 eee ee . more 
0 r 4 : , 
Example 6. |  Bnomple 7 7. 
Foy —— — — — 5: 
| 853467 853467 1 67853965 
- 1004 11004 5 III007 
9391550868 3413868 | - 2 
F e age LT Las 
B5 3467 / 
939155 
Example 8. Example 9. Example 10. Example 11 
_ 1 25 == . 
* ; 4 ; W DSS. 12, 19D * ne ky 
a4 70528 ; 2 1 922. 1 <0 351872 


Casx III. When one of the Tage has any 0 = ED 
| in all th Ms work thus, viz. 


as to ee Operation, you mu 
whole Multipheand till number of Operations are jor ll writing down the 

iti carrying the 10's. After this, — e ce nelt Place, 
and by it multiply the whole Mulriplicand in order; taking into the firſt Product what was 


carried from 3 W Produk ad the Sum 


* . ASA, 


—— —— 


ere. 
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| of as many of the next following Figures on the left as the Number of I's in the Mul- 


lier; and if chere are not as many, add all that are. 
Note, It will pe convenient to ſet the higheſt Place of the Uulriphier under the firſt of 
m rl 2: | 


Example 1. = TE Example 2. 3 3. 


r — ER 2 2 5 —— 2 | 
4768, 4768 | 7236 7236 86 86 
41 | 41 | 4111 5 4111 4111 
1195488 4768 29747196 7236 353546 86 
19548 ; | 
. — 23944 - |: 344__ 
1 | — 2 1 tn. 353546 


enn Iv. When one of the Factors has 1 in the fr Place; any Figure in the 
rk thus; viz. 


Place, and o's betwixt them, make that F . the Multipler, and wo 


down as many of the firſt places of the ltiplicand as are in Number one leſs 5 
Places in the Malek, (Bxamp . 1525 30 and if there are not as many: make it up with os 
ſet on the left, (Ex +). Aker this, multiply by the laſt Figure of the Multiplier, ta- 
king with every rodutt the igure of the following Place but one or two, &. according 
to the Number of os in the e, (and ſet a Point over the F Bares taken in, which 
will be a guide to the next) and you have the Product ſought. 


Examp. 1. Examp. 2 : | Examp. 3. Examp. 4. 
— 4 — [1 | - | 
6738 678 496 | 7263 
301 301 Voor | 40000r 
" 204078 - 678 3968496 | 905207263 
VV — 


les . When one of the Fattors confifts of th the 28 855 in all its Places (as 
11 2 


66, or ) make that the Multiplier, and work thus; viz that Figure, and 

T 4 up che total Product in . by che Place of Units, 
puck firſt- take one Figure, then two, then n 88 © (ern wn 5 Sums under or 
over -10's, and c e 106) repea og. ill Fan . 4. — Place, as oft 
as the Number of laces in e Mellor a 1 if there is.not anche F re to take i 4 
at every Operation, you muſt continue to tak 18 8 whole e ous, o oft till y 
Number of Operations be finiſhed. Then Tow at ace, 


ace 
ſuccehvely ; raking in from each as many on . any, Fender of hy 795 
1 3 you can find as many; ae "10s tom ey dre 
i hep ty og min ways to c e 1058 from ey * 
ration to the ner.) 30 aue ys Yu wy 


. * . * 1 
1 | 
1 Ex ap. 
* : . a w . 
: z * £ 1 7 CE I _ = L 
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Exemple 1. 4. | | Example 2. 

cc. A. mon "=_y; v {i . g 7 
8739 \þ - B79 }j 4 46 
. enn 
34956 Prod. by ] 34956 128 138 

38801x6 Total. | 34956 153371 13 
„ 349 p ce 88 5 © hl 
| , 23880716 B 4 ET 
| | 1 1533318 


ScuoLIUM. If the Multiplier conſiſts of 1 in all its places, the Practice is the ſame; 
only we have not any previous Multiplication, the ſecond part of the Work being made 
upon the Multiplicand itſell. : 

CoroL.. When the Multiplier eonſiſts of any other Figuges than 1, we may do the 
Work thus: Firſt find the Product, as if the Multiplier conſiſted of as many 1's, and then 
multi Fre. Product by the Figure of the given Multiplier; fo the preceding. Example 

ins. "MN | n 


8739 x 444 | 5 125 | GE Ie, 4 
7570029 Prod by xxx. , The Reaſon of this you'll find at Caſe 9. joined with this, 
Cask VI. If the Multiplier is a Number which has 9, in all its places, as 9, 997 9097 Cc. 
r Wei Beet i Hoes DE 
creaſed: the Remainder is the Product ſought, as in theſe Examples 

Example I. Example oy Gr Ts 1 Example 3 5 RI 
468 x 9=4212 3726 * 99=368874 7568 999 =7560432  - 
Operation, 460 3572600 10% 75680 102 
| 8 " - 3726 BE: iy WIN 92-7 10 1, I eee? ES LO... 
1 / 4 


The Reaſon of this Rule is obvious, for by the 0's prefix d to the Multiplicand, it is 
multiplied by a Number which exceeds the given Multiplier by 1, (ſo 10— 1=9, 100 — 1 
= 99, and ſo on.) Wherefore the Muiipher being ſubtracted from this Product, the Re- 
mainder muſt be the ee 4 Þ W 52 TYNTSIN 264 1273-030 Lode 10 00 
Olſer ve, This Subtraction may caſily be perform d without the-tigubls of writing the. 
 'Multiplicandoftner than once, by imagining the 0's that ought to be prefix d: Thus, take 
the firſt Figure of the Mulriphcand from 10, then the next Figure increaſed by 1, from 
10, and ſo on, till you have made as many Subtractions from 10, as the Number of 9s 
in the Multiplier: then you ſubtract from the Figures of the Multiplicand itſelf; and when 
there are no more Figures to ſubtract, write down all the remaining Figures from which 
no Subtraction has been made, after ſubtracting 1 from them when 10 was . 
9 8 preceding Subtraction. The preceeding Examples ſufficiently ſhew how this is to 
' Obſerve again, To mag Bing Number conſiſting all of 9's by itſelf; the Product 
has 1 in the place of Units, after it a Number of o's fewer by one than there are 9's 
in the Number multiplied, then 8, and laſtly, after it as many 9's as there are o's be- 
fore it. lp ; 
Ex. 999X 999 . 998001, and 99999 * 99999 = 9999800001. bas 
5 e 


% AE non Wo af end ES ad, a5. ARR 
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The Reaſon of this will Kale th to — en by conſidering one Example done in 


the manner of the 8 g οοhj“ 
99999 
3 999980000 
CAsE VII. To multiply _ Number by $5 =—_— it firſt by 16 ze. gt tori 
poſe) o before it; then take the half of it. 3 (or ſup- 


Ex. I. 6458 * ene F have Bee propoleda Dividon; tho that Rule 
32290 Prod. is not yet taught: But K was fit to put all together that 
— relates to Multiplication, tho' the Learner ſhould refer this 
36437 Prod. Caſe till he has Diviſion; yet I think it will be eaſy to 

ſee how al is cr is halved, by conſidering theſe two 

Excmples And as to the Uſe of * Rule, it's en eaſier than multi ying by 5, 


cho that is eaſy itſelf. 
GENERAL CoROtLanky to the 1 7 Caſes. "I this Parts of ihe: Multiplier 


| coincide with a of the preceding P we dey apply them ſeparately : As in theſe 


Examples. : | 
Ex. 5 7468 Ex. 2. 367845 | For a 1. Work by 9 as in Caſe 
e 1 — . — then for 15 (as Car) 0 6) 
© AS 6 77 For Ex. G Work nor 18, and 41 
3 TRIOGO 13188 = 8 8 I. er 
III © © ©» 1504785710 


Cas VIII. If one of the Factors conſiſts * two Places, ee is equal to the Product 


of any two Digits, as 28 244 7; multiply by one of theſe Digits and the Product found 


by the other; and the laſt Product is that ſought. 


Ex. 7264 X 28 | The Reaſon of this is 8 or 7 times times 8 
. fd dne. _ may be deduced Rom Lemma 3. Corol. 
"I" Por having 0 8 45 Which is onbhy the 7tu p 

8 ot (no Of e of 28, I = m _ by 7 the Denominator of the 
g Pl. racks | Part, to make the 05 Produdt by the whole 28. 


SchoLrUM. If the Meltplier equal to the Product of 

may take the ſame Method, tiplying continually by 

not in every Caſe" dt Super, nor will it always appe cally what Digits will 
produce the given Number: However the Reaſon 


= N * 432 (Sd x. 9 x6) 5 of the Practice is- evident from Lem. 3. Cor. For 


ee or more Digits; we 
e Digits; Digs; will 


486X 8X 9X6=BX 9X6X 86. =432 x 
ITE Keck 8 X9X6 yp min, 
5 . 
7 8 ITE K cd Ry 395 Sn 
1 * IT 3 * „Narr Adee 1 2 $ TA = * 


and f 5 8 


— 


"ts 3329352 Product 5 


j "Cap IX. In Muſriplication off great 8 one u wo hazard of * r 
ceeds from the too great Diſtance Ves the Figures © pur ſeveral Product Lines pro 
the correſponding 1 of he Maltiplicand; and alſo their not ſtanding directly under 

one 9 — 5 ſo that we always: look goa fr from. the one to the ther. 
In many Caſes, tho 69985 cannot contract k, eher as to the Operation or Num- 
her res written, yet we may make it more ſimple and eaſy, by help of Addition or 
t > or more A Multiplication; 3 and ſometimes with theſe Methods we may 
mix 


— 


| halve this Product (for the 3:) 


ny 
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mix ſome of the former. The —— — inſtruct you how to 
do the like in other Caſes: For the Multipher makes the 
Varzry ae and therefore there can be no genera Rl 


Ex. 1. 1-448: þ Ex. 2. 467 467 Ex. 3. $7684 | Ex. 4. 974 
76 78% EO | 3 3 : _ _ 602 
33888 3736 8 32699 |} 173052 | 1948 
4536, | $92.54. & 438%: 4 346104. | 5844 
49248 | 36426 36426 3634092 2 
* 1 3 — 8 8 r 393 A 
Ex. 5. 5689 [Ex. 6 4956 4956 | Ex. 5. $648 E. 8. 724689 
286 168 168 459 545 
7378 | 39648 3 75225 ö 0 3623445 
45512 79296. & 4 254160 } 36611005 
3308 832608 2592432 398955505 
162705 {| | 1 
A 111 — — — 
The e of theſe Ebtitaptes ; is thus : 


Ex. 1. After warn by 6, I add that Product to the Multiplicaid, inſtead-of mul- 


tip! 

Bes, lier tukiphing by 8; I fabttalt the þ 2 inſtead 
of multiplying „ace r the ochet chod, 1 firſt rukiply by 7, and ts 
this Product 1 240 2 ee he reaſon of f placing the two rea as 4 * 


1 is obvious. | 
2 After multiplying by 3 „1 double this Product for 6. 
Ire by 2, den muſe this Product by 3 . 
n rſt bee aul f for 8. 
| muliphy by 5, ths Produc by 4 TE ns ns ee Ling 
„ r the 6) cr cnn firſt Line b 
Ex. 6. 1 ly by 8, and double this Product (for 16 Or multiply by x6 end 


2 7. 1 912 and becauſe 9x5 , Tully the lat Product by 5, ae 
common way 

7 8.1 ant by 5 (Ca 79 for the laſt 53 nd this Product by 5 'UCoſt 6) for 
the AJ. 


8 


An UNWERSAL. METHop for all 1 Caſe es; ik tho there is no Cautraction, 
aud even ſome more ro do, yet it makes the Work ſo eaſy, that there is no time 
loft, at leaft in large Examples, and more Certainty in t Ogerarits, _Thus : 


Write down the gong Þ then double it; add this Sum to the Multiplicand, {wr 
card, till you have nine Numbers d 

„ hw heron e by all . 8 05 

e no more to * 


* 2 ! A — | 
„ 5 * 5 e * 1 4 
ws . fon Le - a 


wp, & Ot, & & »4 


My MH 2 
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TAB L E. te 3 294 

1 467853798( © | _ 7853798 

2 pre Lie „ 

211403561394 1871415192 

411 Lies? boon | | | 2339268990 

512339268990 J 
62807/122788 4410684182 
„„ ˙ 

8374830384 | 7” 72830384 

9 42106 4182 28071227 8 5 

| nes an 2320488628569 


1. This Method is univerſal; but we need not apply it in every Caſe, for that would 


Ex. 2. 7 : 596 by 3856. Table for Ex. 2. 
E 


by 5; | | 
add theſe Product for 3, 312359788 


Ya | a | 1798 
| 13% chen ſubtract the firſt from 965268765 
way. F | 2720 Chis far 7. <1] | PIER i thltc inal - 
MULTIPLICATION by NEPERs RODS. © 


The great and everlaſting Honour of our Country, the Lord N c ali ing U 
vaſt Advantage of che preceding Method of Tabulating the Multiplicend. © 3 = 
more up contrived following Machine, for the more certain and read 


112131415 [671819 rue Conſtruftion of this Table is the fame as thar 
21416] 8rolz2[1g]16]18} | ſhewnin Problem x. with this difference, that here there 
316 T9 [72 ſrTrffartagſae} A compleat-Column'of Products from every Digit on 
316 [91121151r8Þ2xÞ24[27] ce err + wtn nod Brag | 
4+] 8.1121x6]20 2412813213}... Factors may be found on the head, or on the left fide. 
| 5.10 15120125130] 35140145}: + Nous ſuppoſe this Table to be made upon a Plate 
6112118124130136142148]54| | of Metal, Ivory; Wood, or Paſt-board; and then con- 
7 [14|21]2$]351421409| Que the ſeveral Columns (ſtanding downwards from 
— 2514214915 21021.. che Digits on the head) to be cut aſunder, and theſe 
122124132149143156164172] are what we call Neper's Rods, for Multiplication. But 


45154163]7218x} den there muſt be good nutnber of each; for as many 


times 


[- 
A 
— 
AJ 
. 
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times as any Figure is inthe Multiplicand, ſo many Rods of that Species, (i. e. with that 
|  F-2ure on the Top of it) muſt. we have; tho 6 Rods of each Species will be ſufficient 
for any Example in common Affairs. There muſt alſo be as many Rods of o's. But 
before we explain the way of uſing theſe Rods, there is another thing to be known, viz. 
That the Figures on every Rod are written in an Order different from that in the Table; 
Thus, The little ſquare Space or Diviſion in which the ſeveral Products of every 
Column are written, is divided into two Parts by a Line a-croſs' from the upper 
Angle on the Right to the lower on the Left; and if the Product is a Digit, it is ſet in the 
lower Diviſion ; if it has two Places, the firſt is ſet in the lower, and the ſecond in the 
upper Diviſion; but the Space on the Top is not divided. Alſo there is a Rod of Digits 
not divided, which is called the Inaex-Rod; and of this we need but one ſingle Rod. 
See here the Figure of all the different Rods, and the Index, ſeparate from one another 


NE PE RS Rops. 


1 


and then 
ut in taking 
obliges 
in the 


Chaps Malice ond "I Mimbers. By 


8 * 
+ Is 7 : [#] 1 2 — 4768 by 385: 
2 | /8\/41,Y/21/6| 
- | Againſt inthe Index I find this 
Z 13 14124114124, nb norte he Rules __33%o 
Ap 1/81/45 Againſt $ this Number, — — 381 
= T4],424124132] Againſt 3'this Number, — — 14304 _ 
S 2 | Total Product, 1835680 
Z 16. A 19461; Bl... 10 
E 22 2 . 
W Us of the Reds yet more t Bert ene ing lr Gar 
Box, whoſe Breadth is that of ten Rods, and the Length that of one Rod; as Thick as to 


hold fix, (or as many Rods as you pleaſe;) the —— of the Box being divided into 


den Gels, for the di Rods.” "When" che in the Box, (eacfi 


Species in its own Cell, yea the firſt Figure of the Rod ſet before it on the 

ace of the Box near the Topy op) as much of, exe Rd Rad ſtands without the Box as ſhews 

3 Alſo „ I 
hand the de b Gaol andrew th Foe ther 3 Gl 


the Ledget, w | 

makes the Practice very eaſy. But in 2 the Multiplicand — more than — | 
that upper Face of the Box may be made broader. 

Some make the Rods with four different Faces, and Figures on each, for different 


* I 2 explained hats neceſary for e en, 
| ANW Maxon 72 nal Moveable TABLE. | | 


To TH Sho wes! I. propoſe the following Methods, which, with the bel of 
Caſe VI. and VII. and fom e Hints given in Caſe X. may, ann 0 ad 
3 as the Rods. Thus 

. Make a Table of the Multiplicand only for the Numbers 1, 2, 5; der © VII. for 
5) and make it upon a bit of looſe Paper, Adder may be always applied ly and im- 
mediately over the Place where every particular Product is to be ritten down, (for much 
of the ty lies, as I have ready Obſerved, in the Diſtance and+cro6, Polition of the 
2 the ſeveral Produdts,) and cut of this dimell Table find pour Product 


hus: 
eee | 
TABLE., een ee 3:05 5 he Jive the 
— Db 5, » of 1 2 0 Iz per wg rem br 15 
| T 1575957 Er CET ber againſt 2. For 6, add 5 and 1; or mul 
1370994 For 7 add 5 and 2. . 8 add 5, 2 and 1; for 9, uſe 


: 2427485 che l of Caſe VI. ; 
e H 2 2. We 


* 


— _ 
— ͤ ͤ ͤ AR 


7 
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2. We may alſo make the Table for 3 and 5, as here: And then for 2, double x; 
for 4, add 3 and 1; for 6, double 3, or add 5 and 1; for » double 3 
5497}. and add x; that is, to every Product add the Figure of Mulriph- 

3 | 2056491 cand. For 8, add 5 and 2; for 9, uſe Caſe VI. 


[_5 1 34274851 
* SET or 4 mathe 3 and 7: And to get the 7, I mul 
55 


— by 2, and add x. Then in uſing the Table, to get the Product 
5 792770 by add 2to 1. For 5, uſeCaſe VII, For 6, double 2; for 8, add 
> 4708470 DT”: bor 0, ole Cafe VI or multiply 3 by 3. | 


I; 685497 4- Or we may make the Table for x, 2, 4. Then for 3, add 1 and 2; 
| 2 | 137099 | for 5, uſe Caſe VII. or add 1 and 4. For 6, add 2 and 45 for 7, add 
2527980 I, 25 and 43 for 8, double +5 'for 9 uſe Caſe VI. 


4 | 

— make the Table for it, 3 4. Then for 2, double 1; 
F Gai 1 Or g or 6, double N for 8, double 
14 274.1988 1 9 Caſe VI * 


Uſe any of theſe Tables you pleaſe; and for different x Multi, one of them may, 


Subtraction one Number out 
e ay, Nutaber 8 ontainę 


haps, be preferable to another. _— its are in any Multiplier, it is 
——— which of them you chuſe; tho I x0 third | fechod has the 
Advantage. 8 {pl ; 1 155 a 1 5 55 ; 8. 8 15 : | ww = a 
Wo H A 7. VI. 


' DIVISION. , Aube Wiek Nownane 4 


DEFINITION. 


IVISION "A how oft one Number is contained in another. 
The Number divided, (or which is conſider'd * es W 
called the Dividend; the Number dividing; (or whic as 2 
is called the Diuiſor; and the Number fought, is called. the Quotient or Quote, (from 
wories, How oft 3) becauſe it ſhews the h oft ſought. © Examp. If we enquire how 
3 is contained in 12, e And 12 is e 3 the Diviſor; 


4 the 83 


e 0 0 f 
1. Every greer Number i yr.» 2 Runen lain, mies Wage 


Nase . er, nd oor vet of i, G Geraten 
finds how 


Divior ls cn in the Dividend; and alſo what remains after the 
Diviſor is taken out of the Dividend as oft as poſſible: So that in ſome Caſes there are 
four Numbers concerned in Divifien; -: wiz." the Diviſor, Dividend, Quote, and Remainder. 


_ Examp. 3 is contained in 14, 4 times, and 2 remains, 


2. As Multi 8 is only a compendious Addition; ſo is Diviſſon only a compendious 
ws another as oft as 26 poſſible : 2 is plain, that as 


ee e 
1 


— 


r , ey SOLE, 


| — | 


> 
3 
> 


w- J w Th. 
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ſo that if we find how oft the leſſer can be taken out of the greater, we thereby find how 
oft it is contained in it: but to find how oft it can be taken out, is plainly the work of 
Subtraction ; for by taking the leſſer out of the greater, and the fame leſſer out of the firſt 
Remainder, and out of every Remainder ſucceſſively till the Remainder be o, or leſs 
than the Subtractor, we have found what is required is Diviſſon; the Number of Sub- 
ü | trations being the Quote. in theſe Examples, we find that 3 is 
Ex. 1. Ex. 2. contained in 12, 4 times; becauſe it can be taken out of it 4 times, 
12 14 and o remains. NN is contained in 14, 4 times, and 2 remains; 
3 _ becauſe being 4 times ſubtracted, there remains 2. | 
0 x But tho the thing ſought in Diviſion may be found by Subtraction, 
yet it would be intolerable Labour in moſt Caſes; and therefore the 
ing Rules of Diviſion are contrived, which do that by a few eaſy 
3 ſteps which cannot be done all at once, and would be too tedious to 
— do by SubtraQtion. | js 
5 Again obſerve, That tho there are here alſo, as in the preceding 
_3 __3 Operations, ſome more ſimple Caſes, the ready performance of whic 
0 "2 is uſeful in more complex Caſes: yet in moſt Caſes we are left to gueſs 
| at the Anſwer in the ſeveral ſteps of the Work; with this help only, 
that we have a certain Rule for praying 1 Number gueſſed to be right, and when it is 
wrong, how to come nearer to it at next gueſs, till at laſt we find it; as you wilt 
ently learn. | 


3. In all Caſes where there is Renato in the Diviſion, or when the Dividend is not 


| a Multiple of the Diviſor, the Number called the Quote is the direct and ng "gt Anſwer 
t emainder 


to that Queſtion, How oft is the Diviſor contained in the Dividend? yet 
may be brought in fractionally as a Part of the Dau making the Remainder the Nume- 
rator, and the Diviſor the Denominator of a Fraction: And then we may fay, That the 
Dividend contains the Diviſor ſo times as the Integral uote expreiſes, and ſuch a 
Part or Parts of a time, (i. e. ſuch a Part or Parts of the Divifor,) as that Fraction ex- 
es. Thus, for Example, * contained in 14, 4 times, and 2 remains; which be- 
ing 5 Parts of 3, we may fay, | „ 35 4 times and x Parts of a time; i. e. that 
it contains 4 times 3, and ? Parts of 3: And this mix d Expreſſion, 4 ＋ 1; or thus, 
45 may be called The Complete Quote, in diſtinction from the Integral Quote. There 
wil be the fame Reaſon in all Caſes for completing the Quote by a Fraction made of 
the Remainder and Diviſor, and underſtanding it as we have done in this Example. Thus, 
univerſally; if any Number A is contained in another B, a number of times expreſſed by 
D, with a Remainder Rz then is the complete Quote DS : For any Number R being, 
the ſame as R times 2, and 1 being ſuch a N any Number A, as that Number 
denominates; i. e. the 4 Part; therefore Ry Parts of A. Wherefore, if by the 
— . the Definition, we mean how many times and parts of a time, (as 
now explained) the Integral Quote muſt always have this Fraction, made of the Re- 
mainder and Diviſor, annex d to it as a part of the complete Anſwer of the Queſtion. 


Hence again obſerve, That in this ſenſe, the Dividend may be a leſſer Number thin 


the Diviſor; for tho a, leſſer Number does not contain a greater, yet it contains a cer- 
tain Fraction of it, which is what we call containing it a certain part or parts of a time; 
and the 2 * is a Fraction whoſe Numerator is the Dividend, and its Denominator the 

viſor. 3. divided by 5, the Quore is 4, ſignifying that 3 contains 5, ; parts of a time; 


. 


or that it contains 3 


1 4. But again, for he ſame Reaſon, (viz. that any Number A is equal to or contains 
x Parts of any Number B) the complete Quote of any Number divided by, any other 


Number 


34 


the Dividend, thus 3) 5. A) B. 
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Number may be indefinitely by a Fraction whoſe Numerator is the Dividend, 
and its Denominator the Diviſor. Thus 5 divided by 3, the Quote is 4; and 3 divided 
by 5, the Quore is 3. Univerſelly, A divided by B, the Quote is f. 


Now, as Fractions ariſe from imperfect Diviſion when the Dividend is not a Multiple 
of the Diviſor; ſo the Conſideration of Fractions does neceſſarily begin with Diviſion of 


Mole Numbers: For which Reaſon there are ſome things relating to Fractions muſt be 


explained in this Part ; particularly I muſt here ſhew you, That the Fraction = is in all 


Caſes equal in Value to the complete * of A divided by B; and this being demon- 
ſtrated, it will follow, that if we uſe ſuch an Expreſſion of a Quote in any Reaſoning or 


Operation, inſtead of the more direct and immediate Expreſſion of the Quote, which it is 


often very convenient to do, the Effect will be the ſame. And this Idemonſtrate thus: 
1. If A is leſſer than B, there is no other Quote. 2. If A is greater than B. then is 5 


an improper Fraction; and from the nature of ſuch a Fraction, (as it is defined and explained | 


in Chap. I.) this is manifeſt, That as oft as B is contained in A, ſo many Units (of that 
kind to which the Fraction refers) is the Fraction _ to, and to ſuch a proper Fraction 
more, whoſe Numerator is the Remainder, (After B is taken out of A as oft as poſſible) 
and its Denominator B. For when the Numerator and Denominator are equal, the Va- 
jue ofthe Fraction is 1; fo 4 Parts, or = Parts of any thing, is equil to that Thing or 


* 


R times 1, or R. And if there is a Remainder 2, the Value of it isR＋ 5 or RR. | 


The Diviſion or Quore of two Numbers is alſo expreſſed by this Sign = ſet berwix: | 
b Ganifes 3. A—B ſignifies 


ifes 5 divided b 
by this Sign ), wit the Diviſer before 


Here then you have che Genera! Rule of the LITERAL DivIStoN. 
"4  ConoLlLarnms. 


I. If the Integral Quote (or Number of times the whole Diviſor is contained 
in the Dividend,) is multiplied into the Diviſor, and to the Product be added the Re- 
mainder, (after the Diviſor is taken out of the Dividend as oft as poſſible) the Sum 
is equal to the Dividend. For Example, 3 is contained 4. times in 12, and nothing re- 
mains; therefore. times 3 is 12. Again, 3 is contained 4 times in 14, and 2 femains; 
therefore 4 times 3, and 2 added, is 14: For 4x 3 12, 5 cf" ve v6 Irv Univer- 
ſally, if A B=, and nothing remainigg, then is Bq A. But if r remains, then is 


q+r= | | | ; ag 
muſt always be leſs than the Diviſor; for elſe the Di- 


The Remainder in Diviſ 
viſor is not taken out of the Dividend as oft as poſſible: and this therefore is a Mark that 


them; the Dividend being ſet firſt, thus 5 — 3, 
A divided by B. It is 5 


4 : 


the Quote is taken too ſmall: As again, if the Product of the Diviſor and Quote exceed 
the Dividend, it is a ſign the Quote is taken too great. And hence, laftly, the Product 
of the Diviſor and integral Quote is the greateſt Multiple of the Diviſof contained in 
the Di id i | . 

SCHOLIUMS. 


I. We have here learnt a mutual Proof of Multiplication and _ as theſe 
Operations are in their Effects directly oppoſite to one another. Thus, in Multi- 
plication, if the Product is divided by any one of the Factors, the Quote is the other. 
And in Diviſon, if the Diviſor is multiplied by the integral Quote, and to the Product pe 
added the Remainder, the Sum is the Dividend. Other Proofs of Diviſion you will find 
afterwards. y uw 
„ 3 : 


Unit: Therefore, if B is contained in A, R times without a Remainder, 5; is equal to | 


the 
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II. If we compleat the Quote by a Fraction made of the Remainder and Diviſor, 
then it is a general Truth, that the Diviſor multiplied by the compleat Quote, produces 
the Dividend: For being multiplied by the integral Quote, the Product is the greateſt 
Multiple of the Diviſor contained in the Dividend; and multiplied by the Fraction, 
(le. ſuch a Fraction of it being taken,) it produces the Remainder; thus, 14 — 3 = 42 
then 4X 3==12, and 4 of 3 2. And 12 ＋ 2 14. Univerſally, if ABR. oh 
A=Bq+g of B=Bq+r, as in Corol. 1. Obſerve alſo, That as in Whole Numbers, 
it is no-matter which of two Numbers is the Mulphier ; ſo, to multiply a Whole Num- 
ber by a Fraction; or this by that, has the ſame Effect, as will be explained in Book 2. 
Bur in the Caſe now before us, the Reaſon is obvious. Thus to multiply B by 1 
is only taking g Parts of B, which is A. Again, to multiply f by B, is taking B times, 
A times ; (for = is A times F.) But B times A=A times B, therefore B times 
A times ; = A times B times j = A times 1: ; (for B times Bi) or A. Wherefore- 
to multiply the two Parts of the complete Quote by the Diviſor, or to multiply the Di- 
viſor by theſe, che Sum of the Products is the Dividend. For F of B=B times 5 
=; and BT TTA. Ortaking the complete Quote frationally, then of B=Brimes 
55 2A. | h | | 

= * | PROBLE M. 
To Divide one Number by another. 


Cas I. When the Diviſor is a Dizit, or ſingle Figure, and the Dividend either a Digil, 
or a Number. of two Figures, whereof that in the place of Tens is leſs than the Divilor. 
Rule. Take ſuch a Digit as, mat into the Diviſor, will exactly Arg the Di- 
vidend; but if there is not ſuch a Digit, take the greateſt, which multiplied into the 
Diviſor, makes a Product leſs than the Dividend; that Digit is the integral Quote, and 
the Remainder (which muſt be leſs than the Divifor) ſet fractionally over the Diviſor, 
compleats the Quote. The Reaſon of this Rule is in Schol. 1. preceding. 

| Examp.1. 12 7 3==4; becauſe 4X3z=12. Examp.2. 26 4 =, and 2 remains; 
fo the complete Quote is 6 3; for 6x 4=24: then 24 22 26. Examp. 3. 8—5=1, 
and 3 remains; ſo the com 2 is 1 2: 87” 

Whoever is familiar with the Table of Multiplication, can find at firſt hearing the 
Anſwer to any Example of this Caſe. Or we may take help of that Table, thus: Seek 
the Dividend in the Table; and if it is not there, ſeek the greateſt Number which is leſs 
than it; the Digit in the fame Line on the Side of the Table, or in the ſame Column on 
the head of the Table, is the Diviſor, and the other is the integral Quote. 


CASE II. To Divide any Number by another. | | 

Rule. Set the Diviſor on the left of the Dividend, as in the following Examples; then 
take as many Figures from the Left-hand of the Dividend as are in Number equal to the 
Places of the Diviſor ; and if theſe Figures, conſidered by themſelves, make a Number leſs 
than the Diviſor, take in one Figure more, [which will neceſſarily make a Number greater - 
than the Diviſor,] this we call the firſt Di: uidual, (or partial Dividend.) We are then to find 
how oft the Diviſor is contained in this Dividual; and here it is that we are left in a great 
meaſure to at the Figure ſought: But this we know, that the Quote cannot ex- 
ceed 9, as ſhall be afterwards demonſtrated: And then alſo (by Coral. 2. pn) 

| m 


36 Divifion of Whole and Abftraft Numbers. Book 1. 
muſt be ſuch, that the Product of the Diviſor by it do not exceed the Dividual, ( for then 
it is too great a Figure;) and the Remainder (or Difference of the Dividual and Product) 


be leſs than the Diviſor, (ele the Quote-Figure is too little ;) and thus we muſt find the 


Quote by trials. But to prevent too many uſeleſs trials, we have this help, viz. Find, by 
Caſe I. how oft the firſt Figure on the left is contained in the firſt on the left of the 
Dividual, when this and the Diviſor have equal number of Places; But in the firſt two 
Figures on the left of the Dividual, when this has one place more than the Diviſor; and 
this Number limits the gueſſing, ſo that you cannot take a greater; and if this happens 
to exceed 9, [which it will in no Caſe but the laſt, and that where the firſt of the two 
Figures in the Dividual is equal to the Diviſor-Figure; for it is certain this will be found 
in theſe atleaſt 10 times,] your gueſs begins at 9. But then it will often happen that this 
Number is too great, and we have no other general Rule, or Help here, but to begin at 
this Figure and make trials, by multiplying the Diviſor ; for if the Product does not exceed 
the Dividual, that is the Figure ſought : if it does exceed, take the next leſſer Figure, and 
with it make the like trial; and go on ſo gradually till you find a Figure whoſe Product 
does not exceed the Dividual; for then the Remainder will certainly be leſs than the Di- 
viſor, which is the true Proof of the Quote-Figure's being right. Having thus found the 
_ of the Quote, ſet it down (on the Right-hand of the Dividend) and write the 

rodu 
before the Remainder/(on the right) ſet the next Figure of the Dividend, (or the Figure 
on the right of the firſt Dividual,) and this Number is the ſecond Dividual. Then in the 
fame manner as before, find how oft the Diviſor is contained in this Dividual; ſet the 
Figure found on the Right-hand of the Quote F _ laſt found; then multiply the Di- 
viſor by it: write down the Product under the Dividual, and ſubtract as before; then to 
the Remainder prefix the next Figure of the Dividend, and this is the next Dividual to 
be divided as before. In this manner proceed till every Figure of the Dividend is em- 
ployed ſtep by ſtep: And obſerve, that if any Remainder with one Fi of the Di- 
vidend Y = pr makes a Number leſs than the Diviſor, ſet o in the Quote, and 

o the next Figure; and ſo on. = IRE 

All — 6 ori es thus found, taken in order as they are placed as one Number, 
is the true Quote tʒ and the laſt Remainder is what the Dividend contains over fo 
many times the Diviſor as the Quote expreſſes. | nos 

I ſhall next illuſtrate this R e by Exam , 


Examp. | 


Dive. Div. Quote. o divide 6392 by 4, I proceed tha I ſeek how' often 
4) 6392 ( 1598. the Diviſor 4 - contained in 6, (the firſt Figure of the Divi- 
4 | 


dend) which is but once; therefore I ſet x in the Quote; then 

23 IX 4=4 (or the Diviſor multiplied by the Quote is 4,) which 
20 | I write under the Dividual 6, and ſu ing, the Remainder 
pm is 2, to which I prefix 3, the next Figure of the Dividend, and 
* then I take 23 for my next Dividual; and examining how oft 

5 4 is contained in it, I find 5 times, (for had I taken 6, it were 

32 - too great; for 6X 4 242 which is greater than the Diyidual 
32 | 23; and had I taken 4, it were too little, for 4 X 4 = 16, and 
0D 23—16, 157, which is greater than the Diviſor 4j) therefore! 


place 5 in the Quote on the Right of the former; and 
under 23 ſet 20 2 5 43 then ſubtracting, the Remainder is 3, to which I prefix the 
next Figure of the Dividend, viz. 93 then is 39 my next Dividual: and in this I 
find the Diviſor 4. contained 9 times, which I write in the Quote on the right of the 
former; then 9 x 4= 36, which I write under the Dividual 39, and the Remainder is 3, 


to which prefixing the next (and laſt) Figure of the Dividend : 2. This Number, "= 
oh ; 


of it by the Diviſor under the Dividual, and ſubtra& that out of this; and then 


( 
3 
11 
7 
it 
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next (and laſt) Dividual, in which the Diviſor is contained $ times, which 1 ſet 
1 NEL uote on the right of the prec Figures; then ſetting down the Product 32 
(=8X4s). there is no Remainder z and the Quote ſought is 1598, that is, 4 is contained 
in 5382, 1598 times. 


Examp. 2. N To divide 85609 by 36, I proceed thus: There are two 
36) 85609 (2378. Places in the iviſor, therefore I take the firſt two Places of 
72 the Dividend, viz. 85, which making a Number greater than 
[1313675 ay the Diviſor, I take them for the firſt Dividual, and ſeeking 
168 how oft 55 (the firſt Figure of the Diviſor) is contained in 
(the firſt e af the Dividual, becauſe they have equal Pla- 
280 ' ces) I find it 2 times, which I find alſo by trial to be the 
222. true Quote of 85 by 36; fo I place 2 in the Quote, and ſub- 
289 ſcribing the Product 72 ( 2 Xx 36) I ſubtract it from 85, the 
288 Remainder is 13, to which e the next Figure of the 
He a +8 Remr. Dividend 6, my next Dixidual is 136. Then I ſeek how oft 


A | (the firſt Figure of the Diviſor) is contained in 13, the fi 
two _ the Dividual, (becauſe it has one place more than the Diviſor,) and I find it 4. 
times: but this is too great for the whole Diviſor, (becauſe 4X 36 2 144) therefore I 
try the next Figure 3, and find it right; therefore. I ſet 3 in the Quote, and ſubſcribi 
the Product 108 (2 way? fn 36,) I ſubtract it from 136, and the Remainder is 28; to whic hien 
prefixing o, the next Figure of the Dividend, my next Dividual is 280. Then I ſeek how 
oft 3 is contained i in 28, ind I find 9 times; but this is too great, (for 9x 36= 324.) I. 
take again 8, and find it allo too great, (for 8x 36==288) and at laſt I find 7 to be right; 
therefore I ſet 4 in the Quote, and ſubſcrib alt Figure 0 Product a 252 (=7X 36 the Remainder 
is 28; to whic ing 9, the next and la of the Dividend, ve for my next 
and laſt Dividuall 95 95 15 Which I find as Dede thy that the Diviſor is contained & times, and 
I remains. So the true Quote is 27 78, and 1 over; which is 2378 r. 

Examp. 3. | ivide 2744597 by 465, I proceed thus: my firſt 

465) 2744897 (5903. 1 is 2744; 1 ſeek how oft 4 (the firſt Figure of the 


\ 2325 6p Diviſor) is 8 in 27 (the firſt two of the Dividual. 9 
1 Il ind it 6; but this is too great, rain 55 and find it 
218 5 -  -. = multiplying and ſubtracti 23 7 to the 

4 9 : mainder the next Figure of the ? iden next Dividua 

F is 4198; and here I find the Diviſor 8 9 times. Then 

1295 | proceeding as before, my next Dividual is 139; which be- 


2 Rem”. ing leſs than the Diviſor, I ſet o in the Quote, and then prefix 

| © another Figure; ſo that my next Dividual is 1397, in which 

the Diviſor i is contained 3 times, Sens the Remainder is 25. fo the true Quote is 59933 3 0h | 
taking in the Remainder, * * 03 2 


Examp 53 86 2. The firſt Dividual is 22 55 in 
462) e * the D ie 32351 is 6 46 7 times, and the Remain 237, 3 
3234 ' the next Dividual is 13, in which the Diviſor is not contained; 
bo oro dGoa) a therefore I ſet o in the Quote, and bringing down the next Fi- 
438 dure, I have 138 for a new Dividual, which is alſo leſs than the 
—— , Pe therefore I ſet another o in the Quote: z and bringing 
e . wn another Figure, the next Dividual is 138651 in Aich he 
VVV Diviſor is contained 3 times, and o remains. 55 
Examp. 5. A e by 372. The firſt Dividual is 1491, RT” | 
373) 91488 (% - the Quote. of this is 4, hen th the Remainder is 3, and the reſt 


of the Dividuals are 30 and 300, which are N * than, the 
1390 Rem'. Diner. and therefore the Quote is 4. rea 


1 I 2. Divide 


| 
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Examp. 6. To Divide 210809 by 62, the Sy is 3400. 
62) ar9F00 (3499 In Caſes like this, when there is no Remainder in any "ſtep, 
and that the Ren Figures of the Dividend are all 0's, we 
— = have no more to do than to join as many O's 5 to the preceding 
248 Figure, found in the Quote. 


Theſe Examp les will be ſufficient to make a diligent „ underſtand this Rule; 
and I ſhall o ** down a few more Examples, with their Anſwers, OE Operation 
for an Exec to the Student. 


Examp. TG divide 5713070046 b 678 the Quote is 8426355 
Examp. 5. To divide e b $376, the Quatre is Ts Ft 
Examp. 9. To divide 293682135936 by 8405, the Quote is 3496007 "MY 


In order to the Demonſtration of the preceding Rule, and for the fake of ſome other 
ſpecial Rules to follow, we muſt premiſe the following Truths 1 in ene of eee 


I. E MMA I. | | A. 


I. If two Numbers conſiſt of an equal Number of Places, 4 leſſer is not contained 

in the greater above 9 times 

2. Again, If the greater of two Numbers has but one * go than the leſſer; and 
ſuppoſing alſo that, excluding the firſt Figure on the Right ier Hong Number, he 
remaining Figures on the Left hay a 3 leſs Fane” the eter yen. Number 
this leſſer Number is not contained in the greater aboye 9 times 

DEMoN. Part 1. If a e pher is prefix d to the leſſer of wo Numbers, (which have 
both the ſame Number of Places) it is thereby multiplied by 19; and 6 e that 
is the leaſt Number which contains it 10 times: but the other given Number Ba ving 
one Place fewer than this Product, is a leſſer Number, and conſequently does not con- 
tain the leſſęr given Number 10 times, or does not contain it above 9 times. Exam 1 
11 6s leſs than 99; but is: not, contained in it 10 times, for 10 times 11 is 110, hic 


proper than 125 l ts Let A be the greater, 1d B the leſſer of two N — 


N of Places; BXx 10 1 preciſely 10 times, and it is a 
that yy one 1 more than B or A, and conſequently is a greater Number 
55 A; wherefore B is not contained 10 times in A. 

Pert 2. The leſſer given 3 nf (as N is greater, by ſuppoſition, than as 2 
Places (475) on the left of the N Number (47593) and muſt exceed it 
leaſt 1: therefore 10 times this ſeſſ (viz. e Bog Wart at * 10 
times the given leſſer Number, (iz. I” * whatev add to deficient 
Product, or put in the Place. of the o, (making er lee romp. Lok it cannot 
make up the defect of 10; and therefore the given leer N. umber (476) is not contained 
in "the given greater Number (4759) 10 ob 4 or not aboye 9 times. 


" $cnor. The ſecond Part «66 Lemms is but a particular Caſe (acobmmodated to 


our preſent, pu purpoſt) of 5 1 47 eral Theorem; Which is this, viz. If any Number A, 


is ter B is multi Number R, then A is not con- 
W nor yet net A Log of RB, ahd any Nader N wi ich is leſs than 
4,0; 


The Re on is; fince A is not onee contained in B, neither is R A once eontained in 
RB, whic muſt want at leaſt as propre toy: make it equal to RA; and ſince 
N is les than R, RB AN cannot be ual» ; 5.e. A, which is contained preciſely 
Nane in RA, i nor conraned R rims in KB N., which is leg than RA. 


— 


re . bebe an 
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If am Number N is reſolved into any Parts A, B, C, & c. i. e. if N=A +B+C; 


1. If all theſe Parts A, B, C, Cc. are ſeverally Multiples of any Number D, or all ex- 

cept one; then dividing A, B, C, &c. naſe By D, the Sum of the Quotes is equal to 
| 1d the Remainder in the Diviſion of that 
art h is not a Multiple » is the Remainder in the Divifion of N —D. 
2. If there are more than one of che Parts of N, that are not Multiples of D; and if 
the Sum of the Remainders, in the Diviſion of theſe Parts that are not Multiples of D, 
is leſs than D, then the Sum of the Integral Quotes, is the Integral Quote of ND; and 
the Sum of the Remainders, is the Remainder in the Diviſion of N= D. 4. 

3. If the Sum of the Remainders is equal to, or greater than D; then, 3 
by D, and the Integral ow added to the Sum of the Integral _ of the Parts 
of N, this laſt Sum is the Integral Quote of N -D; and the Remainder in the Diviſion 
and on ORE is equal to the Remainder in the Diviſion of N D. 


DzMon. The Reaſon of all theſe Articles is eaſily ſeen from the Equality of the Whole 
and all its Parts. In cke firſt and ſepond Article it is obvious: for as oft as D is contained 
in A, B, © Gr. ſeverally, ſo oft ut leaſt as the Sum of theſe times, it muſt be contained 
inthe whole N; and if che Sum of the Remainders in the Diviſion of the Parts A, B, C, &c. 
is leſs than D, then it is plain that D is contained no oftner in N chan the Sum of the 
times it is contained in all its Parts A, B, C, ec. and the Remainder in N D, muſt 
be che Sum of the Remainders in the Diviſion of the Parts, when this Sum is leſs than D; 
but if this Sum is equal to, or exceeds D, (as ſuppoſed in Article 3.) then ſince theſe Re- 
mainders are Parts of the Dividend, it is evident, that as oft as 5 is contained in their 
Sum, that muſt be added to the Sum of the times it is contained in A, B, OG. and 
this laſt Sum is che times it is contained in N; and the Remainder on the Diviſion of 
the Sum of the Remainders, is the Remainder in dividing N by D. | | 


3 7 Tramp. Is . . Scmot.. If we take the complete Quotes 
D NSA BC: ie + by Fractions made of the Remainders and 
Diviſor 4) 36==16+ 42 ＋ 8. Dividends. || Divi@orz then it is an Upiverſal Troth, That 
9=4+3 +2. the Sum pf the Quotes ofthe Parts of N di- 
| Kb $07 ee cn... K 1 is equal 
a 12 AP os res vl ole D divided by D. For the 
Diviſor 5) 48 =25 + 15 +8. Dividends. fractional Parts of the Quotes have all the 


tes 9 = 5+ 3+3. | 1 ſame Denominator D, and their Numera- 


KIACErS 3 3. tors are the ſeveral Remainders. But from 
0 4 5 411 3k) the nature of Fractions it is obvious, that 
_ ſeveral Fractiens having the dame Denami- 
nator, and being referred to che fame Inte- 


Diviſor 6).46:2=24 2 | 
3 _ | 


Res 72 4 ger, their Sum is the Sum of the Numera- 
emainders 4.== I Tors, applied as a Numerator to the ſame 
14 Denomiuator. Examp. of any thing, and 

| Examp” 4. B of the ſame thing, make 5. So chat if the 
Diviſor 6) 53 S220 2. Dividends. Sur is an . Frattion, We find its 
Quotes | = 471 Value in a whole Number, or with a pro- 
Remaigders 5= 2+ 3: er Fradtion anner d, by dividing the Nu- 
N 2 | merator 


w 
* 
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60 

Examp. 5. 18 merator by the Denominator, (as before 
Diviſor 6) 88 =46 + 29 +13. Divid. | explained.) It is plain then, that if the 
Quotes 14 „ 7+ 4 5 Fractions belongi 0 the r gp Quotes 
Remainders 4. » "W4 5+ 1. of the Parts of N divided by D, are added 


| — together, and the Value of the Sum added 
In this laſt Example, the Sum of the | to the Integral Quotes, the Operation' is. the 
Remainders is 4 +5 + 1= 10, which is | fame as expreſſed in the Lemma: for it is 
greater than the Diviſor 6; and being di- adding the Remainders; and if their Sum 
vided by it, the Quote is 10 — 6 I, and exceeds the Diviſor, taking the Number of 
remains. Then this Quote 1 added tothe | times the Diviſor is contained in it, and ad- 
Sum of the former ts, the Sum 1s ding this Quote to the Sum of the Integral 
744 +2+1= 14, the Quote of 88-6, | Quotes; which makes the Univerſal Truth 
and 8 of 88 — 6, is the ſame | here propoſed evident. ES 
as that of 10 — 6, which is 4. 1 | = 


CoOROLLARIES. 


I. If a Number N is reſolved into any Number of Parts, and theſe Parts be 
divided ſeverally by any Number D, in this manner, viz. Firſt divide one Part, and 
if there is a Remainder, add it to another Part, and divide the Sum; and ſq on, adding 
the Remainder of every Diviſion to the next Part; and if any Part with the precedi 
Remainder is leſs than the Diviſor, then we add another. Having thus gone through 
the Parts, the Sum of the is the Quote of the firſt Number N divided by the 


fame Diviſor D;/ and the laſt Remainder in the Diviſion of the Parts, is the Remainder | 


in the Diviſion of N by DP). 3 £14 
That this is in Effect the ſame Caſe as the firſt Article of the preceding Lemma, or a 
plain Conſequence of it, will be obvious by conſidering, that if the firſt Remainder is 
taken out of the firſt Dividend, it leaves a Multiple of the Diviſor, viz. the Product of 
the Diviſor and Quote; and the ſame being true in all the reſt of the Steps, it follows 
that the Caſe is the ſame as if N were reſolved into Parts equal to theſe Multiples of 
the ſeveral Quotes by the Diviſor; all which Multiples with the laſt Remainder make 
up the Dividend N. For Example, 50= 17+ 8+ 25, then 179 3 25, and 2 re- 
mains, which added to 8, makes 10; then 10 3 — 3, and 1 remains, which added to 
25, makes 26; and 26 — 3 ==8, and 2 remains; laſtly, the Sum of the Quotes is 5 - 3 
+ 8==16, the vo Quote of 50 3; and the laſt Remainder 2, is the Remainder 
of 50 — 3. . i Aer N effect as if we reſolve 50 into theſe Parts, 
15(=3X5)+p9(=3X3)p24(=3X5. . 9 
| 07 This Truth is plain indepe 4 of the Lemma, becauſe the Diviſor is taken out 
of every Part of the Dividend as oft as poſſible, by carrying the Remainder of every 
Part forward to the next. 5 | | FONTS; 
II. If the fame Diviſor D is applied to two different Dividends, whereof the 
greater is a Multiple of the leſſer, as N and Nm; then if N contains D, a number 
of times 4 without a Remainder; Nm will contain D, m times as oft as N does, or 
m q times; i. e. if N D: then Nm D n . Again, if N D has a Remain- 
der r, then Nm will contain D at leaſt 24 times with a Remainder equal tomy. And if 
mer is equal to, or greater than D, then, as oft as D is contained in r, ſo many times 
oftner than m q is it contained in N. The Deduction of this from the Lemma is plain; 
auſe N is reſolvable into N -N - N, @-c. taking N as oft as m expreſſes; ſo that 
if ND, ander remains; then D is contained in N at leaſt m 2 times, with a 
Remainder equal to r m. See theſe Examples, wherein oo. 


Exam. 


© 28 


. 


den. . e 88 . 


228 


/ OS. 


TW Yo 
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Chap 6. Daa Mite and A ira Mantle =. 


We i DN . b N= .me. 
"ans x. „ 58 6 IL 2. 23) 23 £ | 3) 2300 (Joo. 
| 21= 7. then 2100 = Dx mg. 
2m 504 N dor. 


Scholl. Theſe Examples — 0 the Kind 9 we have purticular Uſe for in De- 
monſtrating the Rule of 5 And we have this further to be carefully remarked in 
all Examples like the ſec viz. That tho? the Remainder: (r) in the ſecond Part of 
the Example, is greater than the Diviſor, whereby the Int vega Quote is not ſo great as 
the number of times that D may be got in Nn, 2 of the Number it wants to be added 
to it, (which is the ne of f 7 e 80 all the Figures will fall in the Places of the o's 
ſtanding on the right of tha the Quote which is db already found, and can never be 
of the ſame local Value — any of the other Figures. 8⁰ 3 is found in 2300 as many 
times oftner than 700 times, as the. Quote of 200 by 33 yet no Figure of this Quote can 
riſe to the Place of 100; the Reaſon of which, and of all ſuch Caſes, is exp ined in 
Schol. to Lemma I. For 3 being greater than 2, is not contained 100 times in 200. 
And which will alſo be true, tho we ſet any other Figure in the Place of the o's that 
ftand' on. "a .of the: —— BER Ay. os W than 
the Diviſor the Scholium referred to.. a 

\ on 2 wa | 

III. e 410 a M of O. then 

muſt B be. Again, if N= A TONY, &c and if N is a Walle 6 be 


— 


LE LE 11 11 III. 


Tf one Nunes ic — by FORTY and the Sets again — b y the ſame, or 

 . anyother, anid every 1 be The again divided as long as you pleaſe or can; 
the laſt Quote will 9 | | act of the Pfu Dividend * * continual 
Product of all theſe Br ela 


D E MO N. 1. We ſhall firſt ſuppoſe the Geral Dividends are Multiples of the Diviſors 3 
and in this Cle i will ell appear, as in the annex d Example. | 
The Reaſon is this. If we take the laſt Quote and all the Diviſors 
3 15 (84. in A 5 1 N and multiphy them continually, they muſt produce 
+108 "the ft vidend,, „ thy What is already. ſhewn of the mutual Proof of 
D A | Multiplication and Diviſion.) , u . f 283 2 84. 84 * 2 
then N 168. But we may take theſe Fa rs in any Order, they will pro- 
2X 3X 7=42; duce at laſt the fins Number: (by L II. in Multiplication.) And 
erefore if we order them ſo as the laſt Quote in Diviſion be the laſt Factor in 
42) 168 (4 multiplying, the Truth pr as wg will be manifeſt, thus; Becauſe 4X 7 
X 3X 2= 168. Therefore alſo 2 x 3X Xx 4168. But 2X 3X 7= 42; 


| therefore 42 x,4= 168; and 168 — = 4- acts, "Reaſoning. will hold in, all 


Caſes, which we 42 er by Uniyerf ara Thus; if AM; and 
M=c =N;'andN then A 1. For, 1 % N, Ne M; and M 6 
= ; that is, 2 of brd A But bedq=—bed=4; be. Abc d. 
uppoſe there is a Remainder in each Diviſion, 8 the laſt Quote will ſtill be qual 
to * note of the firſt Dividend by the Product of all the ſingle Diviſors, tho? the 
mainder will not be the ſame as the Remainder of the laſt Diviſion. That we may Go 
the Truth han in this Caſe, and alſo how to find by the ſeveral Dividers * 
3 ders 


2 


BY | Dad of Pol, Dn Ba Numbers. Books, 
ders, what the Remainder would be upon dividing 12 Product of the Diviſors, we 


ſhall confider the Example annex d; wherein the ſed is W er But to 
ſee the Reaſon of it, we muſt take the ME ha * ks 28 Margin on 


the Ripht. 


| | This; Thke ht now and ee cot; 
) I e ſeve iviſors, as ſo many 
* 479( We fimple Ratfors, and multiply them. Abr. 7 3-laſrem. 


3) 159 (31 — emainders with the ct. 25 E A ram. 
2% ode 8 Hh 
_ ow WW rſt 1 => 1ſt rem. 
rem. 3 2 warrior ar the rea- 4 | 
| hen becauſe fon why, That tho" n Pro." — 

S KIKA 60 (479 the'rontinadl |; 1, ; 

| — ow | Produlh of the — atters N Kg OO A 
o, ( it muſt do, becauſe cf 

rem. 59 the Numbers taken in) —— * 

nat exceed it by a Number as grea 

as the contitual Product of — ale he firſt 7, (ia. the Gren Di- 
viſors, viz. 4X 5 X 3 60 ;) which is thus ſhewn. 

The Number by which the laſt Product, or Sum n (479) exceeds the continual Pro- 


duct of albthe ſample _ p) kt Boob y-tobe' thus { vir. "Fake the Product 
of the laſt — (3) W 455 then ito this Product (15) 
add the niert p malt th Sur {x9) by te ore pro 
ding Diviſor E >) an to this 5 Pon 5 add Remainder (a,) and 


ſo on: for the laſt Remainder 3 is taken in with the firſt Multi ene hemap ; then it is mul- 
tiply d in the ſecond Multiplication by 5, with which the ſecond Remainder is taken in, 
88 I5+4= iy.) Then is all this. multiply d in che chird Multiplication by 3» 
and the firſt | er 2 is taken in, andthe whole is 593 ſoche true Remainder ſoug 
is 59. But this muſt be always. leſs than che Product ef che Diviſors, becauſe may 
ſeveral * lications the Numbers taken iri are leſs than the pondent Multipliers, 
for they are Remainders of a Diviſion wherein that Multiplier w ne Diyiſor;) where- 
che Produtt of any of the Diviſors Nine the flowing cba, (or Remainder of 
the next Divigog,) x with the preſent added, is leſs than the Product of the 
fame Divifor by 32 iſor, A he conſequently che continual Product of all 
the Diviſors is y ied than os u& of all. the Deller ce Te che laſt,) With the 
Remainders taken as directed. This being once clear, ruth con the laſt 
e is manifeſt ; for — elle can make it different from the laſt Caſe but theſe 
Remainders, or Numibers added in the Multiplication, which can never make the Quote 
leſs: and, by what is now ſhewn, they cannot make it greater, becauſe all the Inc 


Naters) the laſt Dividend is lefs tis The Sei Pe. or W of the particular 


| f fraftiond! Part of he Quoes > wi he Shs fr Ts, the? ot of the 
fame Expreſſion. But the Truth of ee FAM we n learnt the 
Dottrine * Where as I End i SHA 
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| DEMONSTRATION 1 preceding Rule of Cas E II. DFI KI S'T O N. 


As to finding every one of hs Figures of the Quote ſingly, as the true tes of the 
Diviſor into the Gan Dividuals conſidered by themſe ves, we need ge De- 


monſtration; becauſe each of them is found by trial, and proved to be true by a certain 
and infallible Mark, (diſcovered in Corol. 2. to the Definition) before it is admitted. All 


that I have more to add, is to obſerve, That you have in Lemma 1. the Reaſon that the 


ge can never be found in the Dividual,” (or Partial Dividend, a5 it is to be taken 
r above 9 times. 
only thing —— remains to be provedis, That che ſeveral Figures of —.— 
* — as one Number, according to the Order in which they are placed, is the trye 
of the total Dividexd by the Diviſor; and this will be eaſily ſhewn, thus: It is Plain, that 
in this Operation we have reſolved the Dividend into Parts, and divided ho —.— 
in the r in Corol. x. Lem. a2. For we have firſt taken one Dividual, then 
added the R of chat to another Part of the Dividend, and after dividing this, 
we have added tothe Remainder another Part of the Dividend, and ſo on. But we have 
conſidered the ſeveral Dividuals without regard to the Places they 2 in the hole 
Dividend, and thereby taken them in a leſs than their true Value; put if that Defect is 
ſupplied by placing the ſeveral Quotes, (or Parts of the total Quote) 10 28 they have the 
true Value they ought to have from the complete. Value of their * Dividuals, (or 
Parts of the Dividend,) and that by ſo placing them they make one Number e qual to the 
Sum of their complete Values; N chat Number the true Quote ought, (b 
we 1. Lem. 2.) But thus it actually ys: for Saat ich Sn gh You of the firſt Nay 
is 10, Or x00, C, times the 1 which it is taken in the Operation, acco 
as there is one, two, &c. Figures ft 18 it: Alla u u th | — i 6 
on the Left-hand, there are as many = of other Qu Quotes ſet — as the Number 


of remaining Figures in the Dividend; ecaufe for each of theſe there is, bÞ the Rule, a 
Figure put in the Quote: therefore, uote Figure receives by its Place, a Value 
. times its ſit 175 Value, accor as there are one, or two, or 
$  befbre it, correſponding to "ths ay glue. of che (ag 

ought. to be Sons b 2. Lem 3) Therefore Ty fir ſt quote F Wenn its com. 
105 Value from eee it fans | "is the true Quote of the — in che complete 
alue of the firſt Diy For the e reafon, alt the reſt of the Figures 1 in the = wig 


taken according to their Places; are” th on true Quote of the Diviſor in the complete 
Value of their Dividuals ; becauſe a8 f re on the right of each 3 Db. | 
vidual, is one ther mare. 8 righ ht of the 255 (or has one Figure fewer 

o are they alſo orderet:—Conſe 
1 iced by Rule, they make one um- 
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SETS E 5:2 vt; 
Diviſor Dividend. EE | 

D 0 no or m1 accbid | 

1ſt dividual $5000 ( N 2000 ö | In the af. Mere * N | 
| N $5609 is re- 
e \ ſolved into theſe Parts, wiz. 8500+ boo 00+ 9. 
uſt remain. -13000, 1 r x For tho the firſt Dividual is rr as 85, yet 
e Sr. n lis truly 85000; and therefore its Quote inſtead 
24 dividual 13600 ( 300 0 2, is 2000, and the Remainder 13000; and ſo of 
36 x'300=T0800 dhe reſt; as you ſee in the Operation. But if we 
2 rr ttcke the Multiples of the Diviſor by the ſeveral 
s 1 8 ir Quotes, with the laſt Remainder, and conſider the 
„ Dividend as diſtributed into theſe Parts, (which are 
3a dividual 2800 ( 70 here 2 Iz): then the 
36 * 70= 2520 .. Work is reduced to ee L 2. 

n N 280 < IH > as $7.3; \ vis 1 75 L314 In Dl ' 


n dividual 259 K 


| 426 8=_ — 
71 2. N He Ls le, ww we nude the 
e te > 2 2c5 

2744897 pad $2 igures o becauſe 

1 t di wr. Pe om 4 * of the Quote taut be of the ane local Va- 
Te X 5600 — ue as the laſt of theſe Figures: For ſince 465 is 
; — — nct contained in 139, it is not contained 10 times 
iſt rem. 3 2 in 13903 and fo the next Figure in the f after 
3 L. | ” 98 ts 9 008 ie, pe cant Figur e Quote 
2 div 2 0 ö of 1390 465 is theſerond Place r 
465 * g00=_413500 . e 9 the the preſent ple Jn the Place of Units: 
24 rem. ; 130⁰ a 8 an and e We 8 * alſo the F igure „Which is 
add 7-1 at 5 + = ns, fo 1 5 | chat Þ art 
— 1 uote whic ongs to ace of Units; 
ng GUY 0299 . der had we divided 13900 by 465, the Quote is 2 
— 5903 mucke Remainder 460) t to which adding the laſt Fi- 
laſt rem. KEE re of che Dividend 7, the Sum is 467, in which 


viſor is contained once, and 2 remains; and fo 


hs es wes . bn viz. 2+1. 3 Which is more con- 
 veniently found, as in the Operation in the e like reaſon you'll find in all 
Caſes where there are os in the Quote. And for the laſt Example, take 113764 — 28 
== 4063, the firſt Dividual is 113000, the Quote 4000, and the Remainder 1000; to 
which if we add 700, che Sum 1700 does not contain the Diviſor 28 ſuch a number of 
inns a 1 2 fall in the Place of Hundreds; therefore we take in another Figure, Which 
60; and the Quote 6 falls in the ſecond Place after the preceding Quote 4. 

igure of the — is 3. 
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g. I. PARTICULAR RULEs for contracting the Work of Diviſion in 


certain Caſes : And, for managing it with more Certainty, tho 


with more Work, in all Caſes. 


'$ As E 1. When the Diviſor is a Digit, the multiplying of the Diviſor and Quotes, and 
alſo the Subtraction of the Products from the Dividuals, may be eaſily performed 
without writing down any thing but the Remainders; and theſe, with the Quotes, ſet 
more conveniently, as in this Example; wherein 37546 is divided by 4. Thus, 4 in 37 


is 9 times, and 1 remains; the Quote 9 J fet under the Dividend, and the remainder I 


above; then this Remainder, with the next Figure of the Dividend 
prefix d, makes 15; the next Dividual, in which 4. is contained 3 times, 
4 37546 and 3 remains; the Quote 3 is ſet after the preceding Quote, and the 

| Remainder 3 over the 5 of the Dividend. Then is the next Dividual 
34, whoſe Quote is 8, and 2 remains; then the laſt Dividual is 26, and the correſpond- 
ing Quote is 6, and 2 remains. Again, in this Caſe it will be very eaſy to do the Work 
without writing down the Remainders, only conceiving them, in the places where they 
ought to be. And the Conveniency of doing it this way, you'll ſee in Caſe 3. Obſerve 
alſo, that you may eaſily uſe the ſame Practice, if the Diviſor is 11 or 12. 

CASE 2. If the Diviſor has o's in the firſt Places next the Right-hand, take no notice 
of them in the Operation, making the Diviſor only the remaining Figures on the Left; 
and exclude as many Figures, whatever they are, from the Right of the Dividend, as thoſe 
os of the Diviſor; making the remaining Figures on the Left the Dividend. Having 
finiſhed this Diviſion, you have found the integral Quote ſought: And for the fractional 
Part, to the Remainder of the Diviſiog prefix all the Fi excluded from the Divi- 
dend; that is the true Remainder that would happen if Tt Diviſion were done by the 
common Method: This Remainder,, with the given Diviſor, makes the Fraction. But 
obſerve, that if there are any 6's ſtanding clear on the Right-hand of this Remainder, you 
may omit them all (in making your Fraction) if they do not exceed the Number of o's 
excluded from the Diviſor ; or as many of them, as are equal in Number to thoſe in the 
Diviſor; and omitting the ſame Number of o's in the Diviſor, of the remaining Figures 


on the Left make your Fraction. 


Example 1. To divide 84700 by 4600, I divide 847 by „the Quote is 18, and 19 
remains; but the true Remainder is 1900: Making this Fraction 3838, which is equi- 


Ex. 2. To wide 3640 by $00, I divide 364 by & the Quate is 45, and 4 remains; 
n 2 is 42 : 


bur the true : 4294, equal to this $5. 
Examp. 3. To divide 68704 by 2400, I divide 687 by 243; the Quote is 28, and 15 


remains; but the true Remainder in the Queſtion is, 1504, and the Fraction is 2188. 


Examp. 4. To divide 3678 Zoo, I divide 3678 by 8; the Quote is 459, and the 
Remainder 6; but the — aider is 654, and the Fraction 283 

The Reaſor of this Rule is contained in Lem. 4. Thus, if an equal Number of o's are 
excluded from Diviſor and Dividend, the remaining Figures on the left expreſs like ali- 
quot Parts of them, viz, a tenth Part if one o; a hundredth, if two o's were excluded, 
and ſo on. But like aliquot Parts of two Numbers make the ſame Quote as their 
Wholes, (by Lem. 4.) Ex. 46 and 847 are the hundredthParts of 4600 and 84700, and 
ſo have the fame Quote 18, with a Remainder 19, which is- che hundredth Part of the 
Remainder in dividing $4700 by 4600 ; and therefore the two os cut off from the Di- 
vidend are to be prefix d to it, to give it the true Value. Again, if the Figures excluded 
the Dividend are not all o's, yet if we ſuppoſe them ſo, the Quote is right: And that it 
cannot be increaſed by the Value of the _ cut off, whatever they are, is plain; 5 

. | cau 
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| Examp. Ed 15 £240 5 vt vm * ö 
Divilor Dividend. . 2 
r an 
rſt dividual 85000 ( 2000 n we firſt Example, the Dividend /8ig6og is 
ls | re- 
e ſolved into: theſe ere the 8500+ e i 
Iſt remain, 13000, / 1, Tor tho the firſt Dividual is conſidered as 85, yet 
add... o lis truly 85000; and therefore its Quote inſtead 
| 20 dividual 13600 ( 300 ha is 2000, and the Remainder 13000; and ſo of 
36 X 300 = T0800 ies? oft. the reſt, as you ſee in the Operation. But if we 
20 A take the Multiples of the Diviſor by the ſeveral 
N _ e te 75 Quotes, with the laſt Remainder, and conſider the 
; — in „ 15 Dividend as diſtributed into theſe Parts, (which are 
3a dividual 2800 3 7 Mn: 5 bee ——ů— 10 then the 
36 * 70= 2520 Work is reduced to the Conditions of e 4 
za remain. 20 we Lie a. lit 1hainrne A 540 b 
2 2211 5 
4 dividusl | - by 7 8 | 
al remain. SK of Ge. e 3 
Exa 1 ae 5 u ; 5 705 we ger 1 
Pn 1 r | nain ten we bar gr th 
465 ) 2744897 Quotes: | of che . becauſe the 
1 dividual "2744000 ( 5000 e of TE —— muſt be of the fame local Va- 
465X 5000 =2325000 œfl lue as the laſt of theſe. Figures : For ſince 465 is 
| 5 —— not contained in $39 i, it is v contained 10 times 
wo]. 1 f arſine f wa the 2 ft the 0 
| | 9 m Oy e 5 e Quote 
7 dividual ao % 9 5 5 47 . 85 Ein 1 199 155 after 9, 
5X 900 — _ 2 ple, in e nits: 
2 rem 5 . the Figure ch 
add — 3 - He The La prong bets find 29 Þ | chat P Part 
— | py O uote WIC ongs to ace of Units; 
5 | EY for had we divided 13900 by 465, the ote is 2, 
— 1 | . and the Remainder 460; to. Vt e laſt Fi- 
laſt rem. : "I 17 of the Dividend 7, the Sum is 4 75 in which 


iyiſor is contained once, and 2 remains; and ſo 
r. 21 take 35 Which is more con- 
veniently found, as in the Operation in the rgin. Ake reaſon you'll find in all 
| Caſes where there are os in the Quote. And for the laſt Example, take 113764 — 28 
== 4063, the firſt Dividual is 113000, the Quote 4000, and the Remainder 1000; to 
which if we add 700, the Sum 1 5 does not contain the Diviſor 28 ſuch a number of 
— ” 2 fall in the Place of Hundreds; therefore we take in another Figure, Which 
60; and the Quote 6 falls in the ſecond Place after the preceding Quote 4- 

u of the Quote is 3. 


ieh e n f 
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6. Il. PARTICULAR RULES for contracting the Work of Diviſion in 


certain Caſes: And, for managing it with more Certainty, tho 
with more Work, in all Caſes. 88 


C As E 1. When the Diviſor is a Digit, the waking of the Diviſor and Quotes, and 
CA alſo the Subtraction of the Products from the Dividuals, may be eaſily performed 
without writing down any thing but the Remainders; and theſe, with the Quotes, ſet 
-more conveniently, as in this Example ; wherein 37546 is divided by 4. Thus, 4 in 37 
is 9 times, and 1 remains; the Quote 9 I fet under the Dividend, and the remainder x 


1 above; then this Remainder, with the next Figure of the Dividend 
ö 3 prefix d, makes 15; the next Dividual, in which 4. is contained z times, 
4 332463 and 3 remains; the Quote 3 is ſet after the preceding Quote, and the 


Remainder 3 over the 5 of the Dividend. Then is the next Dividual 
34 whoſe Quote is 8, and 2 remains; then the laſt Dividual is 26, and the correſpond- 
ing Quote is 6, and 2 remains. Again, in this Caſe it will be very eaſy to do the Work 
without writing down the Remainders, only conceiving them, in the places where they 
ought to be. And the Conveniency of doing it this way, you'll ſee in Caſe 3. Obſerve 
alſo, that you may eaſily uſe the ſame Practice, if the Diviſor is 11 or 12. 

CASE 2. If the Diviſor has o's in the firſt Places next the Right-hand, take no notice 
of them in the Operation, making the Diviſor only the remaining Figures on the Left; 
and exclude as many Figures, whatever they are, from the Right of the Dividend, as thoſe 
os of the Diviſor; making the remaining Figures on the Left the Dividend. 1 
finiſhed this Diviſion, you have found the integral Quote ſought: And for the fractio 
Part, to the Remainder of the Diviſion prefix all the Fi - excluded from the Divi- 
dend; that is the true Remainder that would happen if Ja Diviſion were done by the 
common Method: This Remainder, with the given Diviſor, makes the Fraction. But 
obſerve, that if there are any o's ſtanding clear on the Right-hand of this Remainder, you 
may omit them all (in making your Fraction) if they do not exceed the Number of, O's 
excluded from the Diviſor ; or as many of them, as are equal in Number to thoſe in the 
Diviſor ; and omitting the ſame Number of o's in the Diviſor, of the remaining Figures 


on the Left make your Fraction. | : 
Example 1. To divide 84700 by 4600, I divide 847 by 46, the Quote is 18, and 19 
remains; but the true Remainder is 1900: Making this Fraction 3838, which is equi- 


Ex. 2. To divide 800, I divide 364 by 8, the Quote is 45, and 4 remains; 
Marian, np af my wp this Fra N is 25. 

Examp. 3. To divide 68 704 by 2400, I divide 687 by 24; the Quote is 28, and 15 
remains; but the true Remainder in the Queſtion is, 1504, and the Fraction is 2138. 

Examp. 4. To divide 367854. by 800, I divide 3678 by 8; the Quote is 459, and the 
Remainder 6; but the true Remainder is 654, and the Fraction 249 

The Reaſon of this Rule is contained in Lem. 4. Thus, if an equal Number of o are 
excluded from Diviſor and Dividend, the remaining Figures on the left expreſs like ali- 
quot Parts of them, viz, a tenth Part if one o; a hundredth; if two o's were excluded, 
and ſo on. But like aliquot Parts of two Numbers make the ſame Quote as their 
Wholes, (by Lem. 4.) Ex. 46 and 847 are the hundredthParts of 4600 and 84700, and 


ſo have the ſame Quote 18, with a Remainder 19, which is. the hundredth Part of the 

Remainder in dividing 84700 by 4600 ; and therefore the two os cut off from the Di- 

vidend are to be prefix d to it, to give it the true Value. Again, if the Figures excluded 

it we ſuppoſe them ſo, the Quote is right: And that it 

ue of the —_ cut off, whatever they are, is plain; wy 
| ca 


the Dividend are not all o's, yet 
cannot be increaſed by the Va 
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cauſe being prefix d to the Remainder found by the Rule, they muſt make a leſs Number 
than the given Diviſor; ſince that Remainder is leſs than the Diviſor without its o's, 
which are as many in number as theſe Figures prefix'd to the Remainder, which therefore 
can never make up the Defeat. So in Ex. 4. when 3678 is divided by 8, the Rerhainder 
is 6, which being leſs than 8, no Figures prefix'd to it can make a Number equal to 8, 
with as many o's prefix d. But theſe Figures being a part of the Dividend, belong to the 
Remainder ; which, inſtead of 600, as it would have been had the Figures cut off been 
O's, is 654. | 8 | > 

Tho is is the proper Demonſtration of this Rule, yet you may be ſufficiently ſatisfied 
of the Juſtneſs of it, by conſidering any Example wrought at length; wherein it will eaſil 
appear, that by excluding the os in the Diviſor, and as many Figures in the Dividend, 
we only fave the Trouble of writing many ſuperfluous Figures, and yet bring out the 
fame. Quote. As in theſe Examples. . 


600 84.700(18 | 800) 3678540 59 As to that of the Rule for con- 
5 4600 2200 , | tracting wit Fraction, you'll find the 
38700 85 Reaſon of it explain'd in Book II. 
ao: '. 4000 a > 
1900 * 7854 
ö 7200 
654 


CAs 3. If the Diviſor is the Product of two or more Digits, and that you can eaſily 
diſcover theſe Digits; then divide firſt by any one of theſe, and the Quote by any other, 
and ſo on: the laſt Quote is that ſought. And for the Fraction, 8 the Diviſor by 
the laſt Quote, and take the Product from the Dividend, you have the Remainder, whic 
would happen by dividing after the common way. Or find it thus; Multiply the laſt Re- 
mainder (of the Work) by the preceding Diviſor (or the laſt but one) and to the Pro- 
duct add the precedi emainder; this Sum multiply by the next preceding Diviſor, 
and to the Product add the next preceding Remainder, and fo on, till you have gone 
thro? all the Diviſors and Remainders to the firſt. But when there are no Remainders 
in any of the particular Diviſions, the Dividend is a Multiple of the Diviſor. | 
Ex. 1. To divide 9048 by 24, I divide by 4 and 6, becauſe 4x 6=24. Thus, 
9048 — 4 = 2262, then 2262 —6==377. . | 

Ex. 2. To divide 754683 by 42, i divide by 6 and 7, becauſe 6 x 7 42, as in the 

Margin; wherem the firſt Quote is 225730, and 3 remains, which ! 
6 | 754683z have ſet over a Line after the Quote; then the ſecond Quote is 17968, 
7 | 12578? and 4 remains, which multiplied into the preceding Diviſor 6, pro- 
1796832 . duces 24, to which the firſt Remainder 3 being added, makes 27; ſo 

- | that the true Remainder is 27, and the fractional part of the Quote 53. 

Ex. 3. To divide 18472 by 32, I divide by 4 and 8, becauſe 4x 8=32; the firſt 
Quote 1s 4618, and nothing remains; the ſecond Quote is 577, and 2 
+ 18472 remains, which multiplied into 4, produces 8, the true Remainder. 
4618 Burt in this Caſe, where there is no Remainder in the firſt Step, the 


57755  * Fraction may be made of the Remainder, and Diviſor of the ſecond | 


| Step. So here it may be 3 | 
Ex. 4. To divide 48767 by 15, I divide by 3 and 5, becauſe 3 x 5 =15 : the firſt 
255, and 2 remains; the ſecond Quote 1 I, and no- 


| Quote -is 1 is 32 
3 | 48767 thing remains; wherefore there is no Product to be added to the firſt 
5 | 16255= Remainder: and ſo that is the true Remainder, and the Fraction 
3251 57 is 27 8 2 | — | 


Ex. 


SFR. B= FT 8. T LH NT = 


w Py 


SD. 


3 7. = RRQ ' rea 


Chap.6. Diviftor of Whole and Abftratt Numbers. 67 


Ex. 5. To _— 3428689 by 126, I divide by 3, 6, 7, becauſe 3x 6X 7126: 
the firſt Quote is 1142896, and the Remainder 1; the ſecond Quote 
2 | 3428689 is 190482, and the Remainder 43 the laſt Quote is 27211, and the Re- 
6 | 11428 6 = miinder 5, which e into the pr * Diviſor 6, produces 
7 | 190482 4 30; to which the preceding Remainder 4 added, makes 34.3 which 
272115223 multiplied by the — and firſt Diviſor 3, produces 102 ; and the 
ERemainder 1 added, makes 103 the true Remainder, and the Fraction 
is T0 

| The Reaſon of this Kule is explained in Lem 3. and as to the Contraction of the Frac- 
tion in Ex. 3. you'll learn the reaſon of it in Boo II. : 

This Practice is of very good uſe, eſpecially where the Diviſor is the Product of two 
Digits; becauſe when it is ſo, they are eaſily diſcovered : and the uſe of it you'll find more 
remarkably in the next Chap. f. 5. Obſerve alſo, that if the Factors of the Diviſor are 

II or 12, it's eaſy to divide eee as by a Digit. Thus to divide by 144, chuſe 12, 12, 
becauſe 12 X 12 = 144. 5 take 35 11. For 84, take 7, 12. ä 
CASE 4. One who is 3 acquainted with the Practice of Diviſion, according to 
receding general Rule, — contract the Work, by omiting to write down the 
Probe of every 5 Finn of the Quote by the Diviſor; doing it in mind, and gradually 

as the Product is made, ſubtracting it from the correſponding Figures of the Dividual; 
ſetting the Remainder either above or below the Dividend, in the manner of the follow- 
ing Examples: For it's no matter wh the Figures of any Remainder or Dividual ſtand 
all in one Line, if they are duly ſituated with reſpect to one another, from Left to Right- 
hand. Alſo, inſtead of ſetting the Quote on the Right-hand of the Dividend, it may ſtand 

as conveniently under or over the Dividend. 


Ex. 1. 72849 —46=1583, and 31 remains. 
That you may perceive the manner of working without Confuſion, 1 ſhall repreſent it 
as it 8 ſeparately at every Step. 


3 3 
Px. | += 00S ©: 3 2255 | 
I 46072849 | 2 4697284 
15 1 3 347 hes 


The arſe. Dividual is 72, the Quote 1, and Dena nder 26. The ſecond Dividual is 
268, the Quote 5, and Remainder 38; which is found gradually; Thus, 5 x 6== 30; 
then o (the firſt Figure of the Product) from 8 (the firſt Figure of the Dividual) re- - 
_ 8. Again 5 27 4 = 20, and 3 (the Number of 10's carried from the laſt Product) 

: then 23 from 26 (of the Dividual) remains 35 whence the next Dividual is 38 
the Quote 8, and Remainder 16; Found thus, 8x 6 = 48, then 8 (of the N 14) 
from 4 (of the Dividual) cannot be taken, but from 14, and 6 remains: 22 
and 4 (from the laſt Product) is 36; then 36 from 37 2 of 38 of the 852247. * 
cauſe 1 was taken from the 8 in the laſt Step to make 14) leaves 1. Or it comes to che 
ſame thing, if to the Product we add 1, for the 10 that was borrowed in the laſt. ſte 
ſo the Product 36 and 1 Bo ——— — 75 which taken from 38, there remains x. The 


next Dividual is x69, the emainder 31. - 
By this * you may | how to do, or examine others. See the fol- 
owing. | | 
** ; 3 ap 23 
— Or it may 304 Ry 2 
Es. * 6892478 ſtand thus. | 68324786 . | 5545 
| — n H d. 3% E. 3: „ 
; HI ie, uote. 6954475 


"Ka. : | Voſeroe, 


' | 


68 Diviſßon of Whole and Aiftraf Numbers. Book 1. 


Obſerve, When in any Step there is xo borrowed in the Subtraction, then the Re- 
mainder will be always greater than the Subtrahend, (becauſe if any Digit is taken from 
the Sum of 10 and a leſſer Digit, the Remainder muſt be greater than leſſer 

git.) And when you come to the next Step, look back upon the laſt Remainder, 
its being greater than the Subtractor over which it ſtands, is a certain ſign that 10 was 
borrowed in the laſt Step, and conſequently that 1 for that 10 is to be taken from the 
Subtractor, or added to the Product in this Step: And this Obſervation is very uſeful, 
becauſe, we are _ to forget this 1. So in Ex. 7 the laſt Dividual is 2243, the Quote 
4, and ainder 375 : found, 4x 7==28; then 8 from 13 leaves 5. Again, 
624, and 2 (carried from the laſt Product) is 26, and 1 (borrowed, becauſe 5 is 

greater than 3 over which it ſtands) makes 27; then 7 from 14 leaves 7. Again 4x 4=16, 


and 2 (carried from the laſt Product) and 1 (borrowed) makes 19, which taken from 22, 


leaves 3. | 

In the common way of DR this Method, they daſh a Line thro every Figure of 
the Dividual, — as Figures of the Remainder are ſet over them, in order to 
prevent Confuſion; becauſe the next Dividual appears the more diſtinctly from the Fi- 
gures of the preceding Dividuals that are thus cancelled. As in this Example, repreſented 
in all its Steps ſeparately. | | | 


9 2 21 Obſerve, As it is to the fame Purpoſe whe- 


24/26 1 98 ther write che Remainders over or under 
2 - aL ee 8 the Dividend, ſo the Method of placing them 


23 - 23842 has a little Confuſion in it, which is helped by 
de | daſhing the Figures. -But I think it a more con- 
venient way to ſet the Remainders under the Dividuals, and fo as the Figures of the ſame 


Remainder be in a Line; leaving the next Figure of the Dividend, which makes up the 
Dividual, where it ſtands, and Sting the Quote over the Dividend, as in theſe Examples. 
238 Quote. 3 E 
245726 Dividend. I ſhall recommend this Method of Diviſion only to 
9 5 ſuch as, by Practice, have acquired a Habit of cloſe and 
20 P Remainders. careful Attention; otherwiſe tis too difficult. But there 
14 21 & are ſome particular Circumſtances wherein tis very eaſy 
r and convenient, as in che two following Caſes. 
364 Quote. rand 4 dont e way 5 
68) 24786 Dividend. | 
„„ | 
| 30 Fananden. 1 , BY 
33 a I 
Cass 5. If the Diviſor has the Figure 9 in all its Places, as 9, 99, c. then 
Quote i ether 1, when the Dividual to the Diviſor; or if Dividual has 
'more than the Diviſor, n on the Left of the 


the 
one 
Divi or the next greater Figure: Thus, if the firſt Fi to the remaining Fi- 
a Makes a Sum leſs than the Diviſor, that firſt Figure is the 
Quote, and that Sum is the Remainder, after the Product of the Diviſor and Quote is 
taken out of the Dividual. But if that Sum is to, or greater than the Diviſor, the 
Difference is the Remainder, and the is the Figure next greater than the firſt Fi- 
gure of the Dividual. MN 8 | 

Thus the Quote and Remainder oy eaſily found, (without the Product) we may 
chuſe the Method of the preceding Caſe ſor placing them; and we may alſo make it 
ſhorter, by not writing down ſuch Eigures of the Remainder which are the ſame with 
their Correſpondents in the Dividual, but leaving them where they ſtand. 5 


S 


”; 
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"Fx. x. 35 Here the firſt Dividual is 468, the Quote 4, and the Re- 
72428 . mainder 72 (=68+ 4.) The next Dividual is 727, the Quote 
990468793 | 7, and Remainder 34 (= 27 +7) The next Dividual is 3492 
Quote. 473595 the Quote 3, and 1 52 (249 7-3 The next Dividual 


1 $23> the Quote 5, and Remainder 28 
Ex.2. © *© 4 ere the firſt Dividual is 6793. the Quote 6, and Remain- 
92 Aer 799 (=793 +6.) The next Dividual is 7994, the Quote 
99167934582 38 (=7+1)) and the Remainder a, (becauſe 994 + 7 = 999- 
uote. 68002358 +a 2.) The next Dividual 25, and the next again 258, being 
each leſs than the Diviſor, the Quote Figures are o; 5 the lat 


Dividual is 2582, the Quote a, and Remainder 584 ahold 


By theſe Examples you may eafily do or examine any other; ſee the following. - : 
Dz Mons T. The to be demonſtrated in this is the way of finding the Quote 

f and Remainder whenthe . one place morethan the 8 a little 

) Attention, will be very obvious. For 9 e any; Names expreſſed. 

; thus by 9's, wants 1 ed by 1, and as many ©) —— — 


100 is contained in an Number of ſame Number of places, (which is always as oft 


as the firſt Figure on the Left expreſſes, the re Fi es on the Right being the R | 
mainder ; 463 190= 9 Gee! 2 e contained i i: 


> and the Neun eg e-Sum of- the Remainder o, and of the 
T uote or firſt Figure; which is the Remainder when 9 09 is pd out on fs Number of 
n Hundreds. Thus, 468 99 =4, and 72 remains, viz. 68 ＋4; for in 40 99, the 
7 Remainder is 4. And re, ſince 4 ＋ 68 is leſs than 99, it muſt be the true Remain- 
* der in divi 8 by 9g. Again, 69 + 99==7 and 4 remains; r 99 1s contained in 
le 600 fix nds, Bl and 6 remains; then ==99 +4, in which 99 is contained once, and 
e k bolts in a ro Ab Reg in 69% 7. times, and 4 . 4 * ſame 
: caſoning holds * 2100 % br 3 FF 
_ 1 * | Hom 4 | 7 _ op 
73 3 
7622. 99)39976 CE 
F 999)746985 Gs 403 vote. 6 
* Quote. 225 
* 2 e 200 o c: ait It GIN. Sen r 
Examp. 6. Examp. 7. 1 8. g, A 
199467 ON IN 4 00% 674 
. 1 cali 8 99 G 7419 
| Quote, i | ote. ee Quote 41056 ore. 68x 

zen 
nas [The Uſe KEE 7 of this Caſo oa find chit in Chap. A 55 where 
the ſuch Diviſors frequently cc 
Fi- Cask 6. TE rhe Divice has an any rhe Figs thn 9.in all its Places, as 44; 6 . 
the doing the Work, in the. manner. © wil he es; Fr if. the By 14 dif- 
> 18 ferent : But it will be 1 a little more Work. Thus, divide by 11 or KTI, *. g 
the wich as many Places as che Diviſor has; and here che en | 
Fr the firſt Figure on the Left of the Diyidual, or the next/lefſer Number; or o, if the Di- 

vidual has the ame the wr of Places as the Diviſor.,. Le if the Di 1 has one Place 
nay more than the, Di viſa the Quotes is. 9. Then the: Product of. 1 D 5 2d Quote 


2 It boring 88 fame all its Places, the * is eafily fo 
yith = * 745 {o may be diſpoſed in the manner = Pop 4: Then, 
Lan able this Quote by kr _ ot w which the * conſiſts, by caſe 1. 


\ 
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70 
Examp. 1. 4462387. Examp. 2. {fat 
11261 1 10 
11562357. 230872 
4) 51126 — | 1114672869 
n „ SOOT 
| 5 10524 575 
A Or zal. Mero to make pers ION tertain and eaſ). 
S be made more certain and eaſy with the writing a few 
more ST 2 8 able — the Products of the Diviſor by all the Digits; as 
was done in G. 2 ap. for Multiplication. To be uſed thus; Seek the 
we dont in de 07h Num 7, Þ he Table en ir i the Nen e, and 
that Number itſelf is the Product of the Diviſor and * By this means Work 


may be done as faſt as Figures 


can be written. Nor the the Poducdts be copied out of 


the Table, but taken where they ſtand. The Remainders may be found and written under 
the Dividual: And here alſo we may chuſe to write the Dividuals and Remainders under 


the Dividend, and without ta bee down the 


eon 7 — 


een 


- them where _ ſtand, as ſhewn in "Es 
| Example: a + | 
| — z] ns 274725Gout} 5 
240 . | Here the Gt Dividualis 3526; the neareſt Number to 
1469 15 it in the Table is 128 againſt 7, which is therefore the 
1952 986 Quote, the Product. The next Dividual is 
2435 "2727 1258, whoſe — Number in che Table is 986, G c. 
2918 2431 + toned K a 
3401 292 65 7 Ei 
3884 291 BY 825 
4367 | 5 EY 7 208 
But the Work may be made withour writing the + Prod oof te Tie; andir 
will ftand thus. 
483 eee 
986] 125 _ a 'SctoL1uM., As to this Method of Pragilthe Rea- 
1469] 272 dineſs with which the Quote and Product is found, may 
1952] 292 | _ be reckoned a ſufficient Balance for the Time and Trouble 
2435] w of making the Table, in all Caſes where the Diviſor exceeds 
2918 c two Places, and the Dividend is ſo large a Number thar the 
3401 Quote will conſiſt of ſeyeral Figures; and efpecially too, if 
3884 n 5 we ſubtract the Products as they ſtand in the Table, with- 
43671 out Writing chem under the Dividual: And this part will 


ee 


each Product und the Dividual. 75 1 
And, laſtly, in ſuch Queſtions and Calculations where the _ Number muſt be fre- 
quently uſed as a Diviſor, this Mcthod of 1 Tales lpecially 4! moveable onez is _ 


convenient; as you'll 


12000: 


find 


Fo 
> 14 4 
rt 


* * 2 Oo £\ 
e871; * O 4 8 


afterwards. / : 
NE EE Rovs dd be ſed or mand os Table of de Due. 


4%. * 14 14 dt X te 


Fw; Remainders, YEE 
e 


OO» 4A 4 £A 1 (eſe © 


| Of te PROOFSIf DIVISION. 


We have alread lained one Proof of Diviſion by Multiplication, which is this; 
al The Product of * iviſor and Integral Quote added to the Remainder, is equal to 
Dividend. _ 1 8 | . 
* But it may be alſo proved by Diviſion. For the Dividend being divided by the Inte- 
gral Quote, the Quote of this Diviſion will be equal to the former Diviſor, with the fame 
Remainder. Thus, 3 is contained 4. times in 14, and 2 remains: But 4 times 3 2 3 
times 4; therefore 4 muſt be contained 3 times in 14, with the ſame Remainder a; as it 
actually is. The fame Reaſon is good in all Caſes. 7 | f 
3. Laſtly, Diviſo® may be proved by caſting out the g's. Thus; Subtract the Re- 
mainder out of the Dividend, what remains here ought to be the Product of the Diviſor 
and Quote; which you may prove by caſting out the 978, as was donè in Multiplication. 
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* | CHAP. VII. 
OF Ar IIC ATE NUMBERS. 


Explaining the preceding Fundamental Operations, as they 
are Applicable to Queſtions about Particular Things, 


with their Circumſtances in Human Affairs. 


(. 1. Of Applicate Numbers ; and their Diſtinction of Simple 


un Mixd. | 
With TABLES of the Variety of Cows, Wrichrs, and Maasuxzs 
| | .f GREAT BRIT AF" oe „ 


XIV HY Numbers are called Applicate, we have learned already. But now we are 
| | to conſider, That for the Uſe of Society, it was neceſſary that certain greater 
* Quantities ſhould be ſubdivided into other leſſer ones; and theſe again into 
ers leſſer; each having its diſtinct and proper Denomination; but all conſidered as ſub- 
ordinate Species of the greater; in order to the giving and receiving more or leſs of any 
Goods or Commodity, as occaſion ſhould e. As for Example, One Pound (of 
Money) is divided into 20 Shilli one Shilling into 12 Pence, and one Penny into 
4 Farthings. Theſe ſeveral leſſer Quantities, as they have diſtin Denominations, are as 
really Integers of their own kind as the greater, of which they are a Part; and aNumber 
of each Species conſidered by itſelf, is called a ſmple Number; as 48 Pounds, or 56 Shil- 
lings, G c. But when we take together a Number of ſeveral Species, taking till leſs of 
each inferiour Species than what makes an Unit of the higher, and conſidering it as a Part 
of that Unit, this makes a mix'd Number. For Example; 487. 14s. 9 d. 2f. is one 
mix d Number. Again conſider, that as the Numbers of the inferiour Species that make 
a mix'd Number are lefs than an Unit of the ſuperiour, and have always a known and 
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certain Relation to chem, (as 1 Shilling is a 20** Part of a Pound;) ſo they are in effect 


Fractions, and being ſummed up with à regard to that relation (as we ſhall learn) they are 


truly conſidered as Fractions, (or Numbers related to one another) in the Operation. But 
the relative Denomination. (which in every Fraction is a Number) being ſuppreſs d and 


wa odd tho conſidered in the 8 and each Species diſtinguiſhed by pro- 
: es We LNG. which of themſelves 2 no ſuch . they are all NES 
lered as H bole Numbers: as indeed each Species is in the moſt ſtrict and proper ſenſe, 
-conkidered: as an Integer with rei to the lower. So that each of chem, except the 
* and loweſt; is conſidered hoth as a Whole Number and a Fracłion. 
his Account of the Nature of mix d Numbers might perhaps be ſufficient ; yet there 
are ſeveral Reflections, uſcful to ſuch as would have complete Notions of Things, con- 
cerning the Nature of the various Kinds of mix d Numbers, that may be very proper in 
this Place: for tho? it may be thought a Digreſſion from the buſineſs of Arithmetical 
Nr. yet it van never be impertinent to make uſeful Reflections upon the Subject 
of theſe Operations. | . 
"The Nature and Deſign of Society has introduced un Men a Neceſſity of ex- 
ing ſuch things as are the Product of their different Applications and Labour; for 
every does not produce, nor every Man apply himſelf ro every thing: Now, 
whatever way this Exchange is made; whether things are walued by their real Uſe, or by 
Fancy, there is always ſome Equality — 8 or made by agreement of Parties, betwixt 
certain Quantities of one 1 another. And that Commerce might be regular and 
certain, it was neceſſary to conſtitute ſome fixed and ſtandard Quantities under certain and 
conſtant Names; otherwiſe Men could never be able to treat about theſe Exchanges un- 
leſs they were together, and the Subjects were immediately before them; and even then 
not without great Inconveniency. = becauſe Men need leſs and more on different 
vecaſinns, it was neceffary there ſhould; be various Quantitys. of every Kind, which 
differing only as /eſs or more, it was convenient that each (or ſeveral) of the greater 
ſhould contain a preciſe- Number of the leſſer as diſtinct and certain Parts a them, 
. Whereby ſubordinate Quantitys coming under one general Name, conſtitute one kind of 


mix d Number; the ſeveral. Parts or Denominations of which we call the ſeveral Species 


of thay Kind. Drag BLAST Tt, 0 
The more common Subjects of theſe N Numbers are the external ſenſible Objects 
which we ſee and feel, and which in general we call Bodies. 
Now the Quantity of Bodies can only be conſidered. in two reſpects, either as to their 
Bulk, i. e. the external Meaſure of Length, Breadth, and Thickneſs ; or their Weight: 
And to compare different Bodies in theſe reſpects, there muſt be certain common ſtan- 
dard Meaſures and Weights to which all others are compared. In ſome Bodies only one 
Dimenſion, which we call Length, is conſidered; becauſe the other two are either incon- 
fiderable in themſelves; or rather, becauſe in a compariſon of more and les of theſe 
things, the other Dimenſions are equal, = ſuppoſed to be ſb 3) and the Dimenſion choſen 
3s that which admits of moſt Degrees: fo that the more and leſs are here according to 
the Length. Hence proceed what we « 1 of Length. See the following Tables 
of mird Numbers. in, in ſome, Egth and Br are both conſidered; and from 
this proceed the Superficial or Square Meaſures. Others are meaſured. in all their three 
Dimenſions; hence the Solid and Cubical Meaſures : under which may be comprehended 
what we call the Meaſures of Capacity, by which are ed the ct of Liquias, 


and of all ſuch things as conſiſting of Particles either altogether diſtinct, or cohering 
very looſely, cannot be meaſured ſingiy, nor given out by Number; bat are conſidered 
according to the Bull they make, when being laid they as one continuous 


Body; for Example, Corns, and Meal, or any ſolid reduced to Powder. 


other things are more conveniently meaſured, by their Weighr. 105 
In the next ow we mult obſerve, That ſome things are exchanged by Number, the 
ich muſt all be of one Species of things) being really ſeparated and di- 
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ſtinct; and which having neither ſuperiour nor infericur Species, are not valued by | * 
or Meaſure; or one of them being fo valued, the reſt are ſuppoſed to be equal; or the 
ings are ſuch, as cannot be weighed or meaſured. In this manner are Cattle, and in- 
numerable other things bought ſold by Tale, (in the common Phraſe;) and for theſe 
there is no diſtinct Order of mix d Numbers. But there is alſo a kind of mix d Nuthbers 
conſtituted for ſome _— that are exchanged by Tale; the Species of which are called 
Groſs and Dozen, &c. Now here the Species are not any real continued Quantitys, 
but certain Numbers inguiſhed by r Denominations, which therefore re- 
ve a true Idea of the Number they are affixed to. Whereas 
in other things, the ſeveral Denominations give us immediately the Idea of ſome con- 
tinued Quantity; and we apply Number to them only by an arbitrary Subdiviſion into 
Parts: So that we may conclude, that nix d Numbers attfe more generally and properly 


from the imagined Parts of continued Quantitys, either Solids, Superficies, or Lines. 


As to CotNs, obſerve, That they RR meaſured by Weight: But the Weight 
— aſcertained by publick legal Marks, their Species have not the proper Denomination 
of Weight; and therefore we don't ordinarily talk of them as things weighed; yet when 
there is any ſuſpicion of falſe Weights, they ate compared to ſome ſtandard Weights. 

As Numbers are not only applied to Bodies, and their imagined Parts, but alſo to 
every thing that is capable of more and fs as to the conceivable Parts of Time; ſo we 
have alſo from this laſt a particular kind of mix'd Number. * | 
Again obſerve, That for different things we have different kinds of Weights. and Mea- 
ſures; ſo we have Troy Weight and Averdupoiſe Weight, Gc. We have different Mea - 
ſures for Corn, Beer, Mine, &c. Wherein theſe different Weights and Meaſures coincide. 
and agree, or what the Relation betwixt them is, and by what means their Standards were 
firſt Fatled, is not ſo ſtrictly. the buſineſs of this Work to conſider. The Statutes 

_ and determine theſe clas; and perhaps Cuſtom only is the Foundation of ſome 

The laſt thing I ſhall obſerve upon this Subject, is, That of the Denominations of Coins, 
Weights, and Meaſures, ſome are merely imaginary, i. e. are not Names of any one 
real diſtinct Quantity, but of ſome poſſibſe Quantity ſuppoſed equal to a certain Number, 


or a certain Part of ſome real ſtandard Quantity. So for Example, a Pound of Money 


s an irnaginary Quantity equal to 20 Shilling, A Lt is an imaginary Quancry equal to 
12 Barrels. — — muſt obſerve, that there are many more Denominations 
known, and uſed upon different Occaſions ir treating or ſpeaking of theſe things, than are 


convenient or ordinarily uſed in ing Accounts. In the following Tables I ſhall give 


you a full account of all the Kinds and Denominations that are commonly known; and 
qiſtinguiſh thoſe that are uſed in keeping Accounts. Mr: rh 
TABLES of the moſt common Coins, WEIOHTS, and MEASURE "'B 


. ©, , -: Engliſh Money. I The Real Coins now Current and com- 
4 Farthings 1 x Penny. I. Of Copper-Money; a Farthing, and a 
4 Pence 4. * x; Groat..:.4 H FE 
6 Pence 1 Teſter. 2. Of Wan a Penny, T wo- 
5 eee ; 1 x Shilling. | - pence, Four-pence, Six-pence, a Shilling, 
J dhillings  , Y=21 Crown. alf a Crown, a Crown. —_— 
s 6 Shillings - ＋ 8 Pence | : 1 Noble. 3. Of Gold-Money; Half a Guinea 
10 Shillings [1 Angel. J 3oShillings+6Pence; a Guinea = 21 Shil- 
13 Shillings 4 Pence | 1 Mark. kings, or rod f leg e —__ 
. 20 Shillings I Pound. | ere. are many other Gold-Coins, and 


ſome Silver, but not very common. Fey 
Ac- 


104 |: Of Abflicate Numbers. Book'r, 


d: 4 or f. Whoſe Relations I & over them, thus; 
3 T3 i.e. 4f=1d. 12 d= 1. 20s=1l. | 

Qb/erve, In Scotland they uſe the ſame Denominations, exc Farthings, and 1 Pound 
r, = 12 Pound Scorch Bax tey begin no 0 ule Zug RT Accs 


12 | ENGLISH Werenrs. n 
n Weigbt. | | Apothecary's Weight. 3 
Grains x Penny-weight. | 20 Grains 1x Scru | 
28 Penny-eight= 1 Ounce: Scruples __ ; Dr. 
1342 Ounces + Pound. ---- - - 8 = Ounce. 
12 — x Pound. 
Accounts are kept in the ſame Denomina- | 
tions, marked thus | Marked thus. | 
| A. | we ol Mrs eee 
„e: aw: gr. - + *: 3: 5:0: gr. 
Averdupoiſe Weight. | In keeping Accounts, this Weight is fub- 


* a x Dram. The C comprehends theſe Denomi- 
16 Prams 1 Ounce. nations, Tun. Weight. Quarter 
16 Ounces 1 | 120 71.245: 28 
14 Pound =—1 Stone I Pound. Marked thus; T. C. Qr. ®. 
28 Pound 1 Quart. ofa Hund. But the laſt 3, viz. C. Qr. tt, are ient. 


thus: St. 5. oz. dr. qr. 
| Obferee To Scorfend the Swe is commonly reckoned 16 Pounds | 


4-: © The Original of all Weights in England was a. Corn: of Wheat taken out of the Middle 
of the Ear, and well dried; of which 32 —_— — ——— inſtead of which, they 
| made afterwards another Diviſion of the Penny-w Grains. Mr. Haid (in his 
Toung Mathematician's Guide,) cites a Statute of E ward 411. which there ought to be 
Nee e an a I But Cuſtom, ſays he, afterwards prevailed in giving 1 
Weight to coarſe and Commodities, and- thereby introduced: the Weight c ed 
Tun bf 2 And as to 3 Proportion betwixt Troy and Averdupoiſe Weight, he . 


Experiment he found that 1 Pound 4 jſe is equal to 14 Oun 
fee e 15 and au r Grains Trey. So that NO the nor Pound a 
Tray Weight are weighed Jeu Fewels, Gola, We il and Ni 
1 28 Weight are wei en all 2 b4 2 
ea Pond is Troy V bur inflead of ſubdividin the Ounce into 4 

they r it into Drams and Sc 

2 _ eight has theſe ine Pounds = x Cloye: l 
Stone: FI: Frogs We * re 


1 = Lrevro 


n Shillings, Pence, A gs; which are marked ty | 
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5 Liqevid Mzaouny, | 
| mne Meaſwe. | . Ale and Beer Meare: 1 
2 Pints 1 Quart. 2 Pints 1 Quart. 5 AFirkin | 
4 Quarts 1 Gallon. + Quarts 1 Gallon. . | of Soap 
42 G ons 1 Tierce. Gallons Ale - x F ;thin © er- 
15 Tierce I Hogſhead. 9 Gallons Beer 8 rings are 
| 4; — x Punchion. 2 1 = dune Sms 
11 Punchion or | , 2 er 1 Barre with that 
2H 1 Butt or Pipe. I + Barrels 1 Fogſhead. J of Ale. 


2 Butts or i x Tun. | 7 
5. Mr. ard Gays, This DiſtinQion of the Ale 
Which may for Accounts be atodto and Beer Meaſures are now uſed only in Lox- 
Hells Tun. 1 Gallon. Quart. don; but in all other Places of England it is 
Thus Marked: dy a Statute of Exciſe made in the Year 1689, 
1 4 > without diſtinction 8 4 Gallons to 1 Fitkin. 
T: hd: gal: And this Meaſure may „ere bo Sele 
752 63 8 Denominations, viz. 
eee, BB 


- hd: gall: qt: 1. for Ale. 
Wee alſo, That all Spirits, Mead, 5 Le 
8 Oil, and Honey are d: wy for Beer. 
neared „ 18 Gallohs Or, acco to * K Accouñt for both, 
make 1 Rees nd 314 Gallons make B 1 5 
a Wine or Vinegar Barr hd : gall : qt: pt. 


There is alſo another way at Keats y in the Affairs of thi Meeder; 
as the Exciſe; where they 42 loweſt 8 Cubical Inch, ( e. 4 Mea: 


ſure x Inch lo "Ih bro, ad x lick & ) And thei © 5221 
Cubick Inc * 1 Gallon. In Ale and Ba” Meaſure, 282 daes Inches 4 

1 Gallon; and you may chuſe as many of the ſuperiour Denominations i in your Accounts 

as you leaſe. 5 

A co the Original of Liqui al N iris from Tho 9 e 8 t Tr 

of Wheat gathered out o the Middle of mite cf and wel 8. A Sr 

of Henry III. c. ordained to be a Gallon of W rife e 9 
N allowed, tho Time and Cuſtom has 4 others. Ward meritions an 
Experiment he was witneſs to at Guildball, before the Lord-Mayor of London — ere 
whereby it was found that the old Standard Wine Gallon cont hint exactly 2 abical 5 ; 
Inches; -—— 2 fays be, for ſeveral Reaſdns, the IF Content of 233 "Inches was 
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2 Pints 1 Quart. For Accounts, theſe Denominations are ſufficient; 
2 Quarts 1 Pottle. Ss 08 4 16 | | | 
2 Pottles 1 Gallon. Ch: qr: buſh : pk: 2 | 
2 Gallons 1 Peck. I have taken this Table as it is in Wingate and 
4 Pecks 1 Buſhel, Corn. others; but Ward fays, 10 Quarters= 1 Wey, and 
5 Pecks r Buſhel, Water. 12 Weys= 1 Laſt of Corn. | 

4 Buſhels x Coomb. As in Liquid Meaſure, fo in dry, the loweſt De- 
2 Coombs 1 Quarter. nomination uſed in the Calculations of the Revenue 
4 Quarters 1 Chalder. is a Cubic Inch, whereof 268 +# make 1 Gallon: 


For the Wincheſter Buſhel with a plain round Bottom 
and equally wide from Top to Bottom, is 18 + In- 


| 1 Tun or Wey. 

n A | 

| ; | | ches wide, and 8 Inches deep; whence follows by 
Calculation, that 268 ? Cubical Inches make 1 Gallon. e 5 
| 10 

The colntrion Denodhinations of Corn Mieaſure in $coelend, are Chaldron. Boll. Buſkel. 


Peck. Quarter, Bur they are different Meaſures from the Engljb of the fame Name. 


Mz a5urEs of LENGTH, 


; 1ſt. "$5 | BPRS 2d. 

12 Inches 1 Foot. | | 4 Nails 1 Quarter 
3 Fer 1 Tard. » For Accounts uſe theſe Deno- 4 Q I Yard. 
45 . ds £5," 1 Fab ine at | 55 3 1 2 | Markel | 

2 Yards 21 , 220. 2. | | 
54 Yards 1 PoleorPerch. Mile: furl: yd: feet: Inch} 4 4 
40 Poles 1 Furlong, | 33 „ qr-: m4 

8 Furlongs 1 Mie nes Wo 
: The Original igi of Long Meaſures is from a Corn Barley whereof z taken out of the 
Middle of che Ear, and well dried, make 1 Inch; and therefore 1 Barley-Corn is the leaſt 
Meaſure, but not uſed in Accounts. Ee aa Þ Od Loh; Ein 

60 Seconds 1 Mlinute m any Number of Days may. be again 

60 Minutes 1 Hour. reduced to Tears, 9 Ting ſhow by 

Hours: . - .-\.'--=='1; Day. 36, Days, 5 Hows, 45 inutes, - 57 Seconds, 
365 Da+ de 8 1 Year 2s will be afterwards taught. In Aſtrono- 
A c. Sy...  _ _ - mical Calculations there is a neceſlity to be 


Becauſe aſe 1 Day is not an liquor Part of 


a Year, therefore all theſe Denominations Seconds, and make 
cannot conveniently be mixed in Accounts. alfo 


Days the may 


And we may chuſe to make 
greateſt Denomination in Accounts; and 


thus exact: But for common 


l ut we 
may neglect the 5 


Hours, 48 Minutes, x7 
— 8 mw Or 
away 1 Hours, exc. we 
call 36 —— 2 


Il Tear: And make 
this Divi \ of the Year, vis, 3 
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60 Seconds 1 Minute. But to make 365 Days = 1 Year, and uſe 
60 Minutes 1 Hour. no Denomination betwixt Year and Day, is 
24 Hours 1 Day. the better way in Calculations of Intereſt, 
: 7 Days — 1 Week. where it occurs moſt; as you'll find after- 
5 Weeks, or "PROTY wards: yet Months and Weeks make a con- 
7 Days 5 e e e venient Diviſion of Time. Fr 
i 13 Months, * 1 Year. 3 * f 
: Of SUPERFICIAL or SQUARE MEASURE. 
e uare Goon | Obſerve, Square Meaſure is that which 
F wy — ch $ 2 Square Inch. is as long as broad; and therefore as 4 
n 144 Square Inches I. Square Foot. Quarters make 1 Inch in Length, & a 
- i 9 e Feet =1, Square Yard. Surface 1 Inch long and 1 Inch broad is 
Y 30 1 Square Tards .1 Square Pole. diviſible into 16 Parts, each g Inch long 
40 Square Poles 1 Rod of Land. and broad; and ſo of the reſt. The Rea- 
4 Rods | 1 Acre: fon, of which will be underſtood after 
l. 5 5 | | 7 u.know what Multiplication is. 
For ſmall es the Denominations of inch. foot. yd. are enough. And for Land 
theſe of Acre. Rod. Pole. Alſo when we fay ſo many ſquare Feet or Yards, &+c. it 
were the ſame thing 82 ſo many Feet or Yards long, and one broad. And thus a Rod 
is 40 Poles (or 220 Yards) long, and 1 Pole (or 5 E Yards) Broad; which is alſo 1210 
r .. 1-1-7; cn e 5 
ScuoL1iVUM, relating to the following Applications. | 
- | Thoſe who would be very nice and ſcrupulous as to the Method and Order of bringi ing 
in the following 4 5 would firſt explain all the four fundamental Operations of 
Addition, Seb, Multiplication, and Diviſion, as applied to ſimple Numbers, before 
they fay a word of mixed Numbers, and they have this Reaſon for it, viz. Becauſe the 
. ddirion of mixed Numbers is indeed not the fimple Effect of Addition, but of wat and 
Diviſion too: and therefore, according to the ſtri 


mixed Application of both. It is true, that according to the 


Method, ought to be brought as a 
Order we have hitherto” 


followed, (the general Rule of Diviſion being already taught) we may propoſe any Rule 
bo with a Bien to be performed; for this cannot be called the propoſing to __ the 
doing of a thing which he has not yet learned: yet {till it will have thus much of Diſorder 
in it, that we anticipate ſomething that does more immediately and properly belong 
to the Application of Diviſon. But that being imple, and the Reaſon of it very obvious, 

ce 


1. have choſen rather to explain the Practi 


have alſo explained the 
1 £44 


Simple and Mixed Numbers one immediately 
the Addition of Applicate Numbers before they learn Diviſion of Abſtract Numbers, 1 


- 


1 5 
14 11 14 N 7 F k * 
* * s 
; ; > Wh? 17 8% 8 A — — 4 th 6. : * 
2 1 A \ 2 . . * k * * + 2 
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8 $: 2. ADDITION of APPLICATE NUMBERS. 


Cas I. To add Simple Numbers all of one Denomination. 


.R VEE- This is done in all reſpects as Abſtract Numbers, theſe being u deen 
Numbers applicable to any kind of thing. So that a particular Application can never 
alter the Rule and Reaſon of Operation. And that they ought to be all of one Deno- 
mination, is Wo pon * Dur Fe the following Scholiums. : 


1-1: seno runs | 
L. Sterling. j Years. | 1. That h called Proper Ane whe Num- 
2468 e e Ven ar wud together as that their Sum is a 
7999 {| 235] new Nutnber dſtinck from either of them; and 
5678. 789 chat Applicate Numbers may be added in this man- 
224. F et, He Ser of each that art us be adde 
L. 18381 Sum 2 7 muſt be of the fame Value and Denomination, or 


| lied to the fame Species of things, elſe * Sum 
Tan have no particular Denomination, an 4 fo be of no uſe in Practice 4 * f 
Books make 7 chings; bur are not either 7 Men or 7 B 

Again, Numbers of eee 8 to be added i 


Abs as © mm 


Number is W ed by itſelf with ſome Kg or Word for 
2 31. and 2 or more ſim 45. and fach Additions eonſtitar 
mixe 1 zut 1 1 5 


is to be minded, 2 Numbers cannot be added, 
even improperly, i. e. to make one mixed Number, have certain Relations to 
one 3 a certain Number of one kind is to one of another. And 
for the ſame Cs cage OY ſeveral oper orgies be added, the Nutnbers of 


fol Caſe: 
Eoneeng hich, cal cre the lowing 7 Arice. Crack 858 =. 


whic 
rent manners. 1. e ma the Numbe | — | oY, 
romp Ws 11 . a ſeveral diſtinctly and ſep | 


m4 r dt 62 + pw gd A ami od. 


P 


<p e Mol and. is i 


fimple ihe gre added, without any 0 


1 1 e e e ee bee 
3 85 | ſhallbe taught immediately) is the moſt Simple and Uſe- 
335 ful in Buſineſs; becauſe ic expreſles the Whole inone Spe 
* 1 e 0 . . Cies (and that che higheſt) 2s neag as poſſible; and ſo 

; 16 + 97 | makesthe Compariſon of different Quantities more fimple 


32 T and eaſy: yet the ation is more complex; for it is 

467: IE : 08 che mixed Effet o Addition and Diviſion. 1 have in 
Iſt Method 971 911 : 48 : 38 | this Example — the Sum both ways. How the 
2d Method 913 : 11 02 ſecond is * learn in the following Rule. 
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Obſerve, That tho the Numbers to be added are all of one 8 
425 belong to the firſt Caſe; yet if they are of ſuch kind of things as have ſupe- 
5 Species the Anſwer may, in ſome Caſes, be found and expreſſed two ways; ei - 
in their own Species by ſimple Addition, as in Caſe 1. or regard may be had to the ſy 
Species: And then, if their Sum taken 'in their own 5 greater than an Ur of 
the Superiour, the total Value of the given 9 wy be exprefled in the ſuperiour 


Species, as far as it reaches. And ſo it will be either 2 Number of 2 one 15 


periour Species, or a mix d Number of Ken 85 85 (the Rule for the 

Ates is contain d in that of the next Caſe) For Example, ſeveral Nu 4 way of orgs 

& bog ropoſed to be added, we may find the Sum all in d. or .. NET ft 

NS revel 80 if we take the Shillings' of the preceding Examp. for the 

pes Numbers of a Queſtion, the Anſwer is either 125 s. or 21. $5 s. which you'll find. 
_ to it by che Rule given in the following Caſe. | | | 


Cass U. Tv add MIX'D NU MBERS. 


* 1. In every Line of mix'd Numbers let the Species be diſtinctly ſeparated, 1 
order to this, write firſt down the Names (or Characters): of the Species, [the higheſt 
on the Left-hand, and the reſt in order toward the J and then write every Line of 
Numbers in order under under thelt, $ho Nlraligr of: each Freves under is un Nat; and 

in every, Species-obſerve duly the Order of places of each: Figure. ets 

2. Beginning at the — 1 e aid all ne Numbers of chat Column toge- 

ther (as fimple- Wegen ng ben you have found the Sum, 3 find how many 
Units of the next ſu enomination it's equal to: Thus; Divide it by that Number 
of the Species added, which is. — — 99 what remains in the 
Divißon write down under the bers added, as a Part of the total Sum which be- 
longs to that Species, and the Number of the take and add to the Numbers of 
the, next Species. But if the Sum is leſs chan an Unit of the next, ſet down what it is, 
and there is nothing to be carried to the next. A every Denomination, till 
En or higheſt, the total Sum of that as it is, becauſe it 
as relation to no higher; and all theſe Numbers, fer down under every Denomination, 


make the total Sum. 
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n Farthings, and the Quote 
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2 * 15 ER 2 written under ſb 3 to the Pounds, whoſe Sum 
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the following is a convenient Method. | — — 
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80  ApvirtION of Applicate Numbers. Book 1, 
To add MIX'D NUMBERS without the Rule of Diviſon. 


Rule. Begin at the loweſt Species, and add the Numbers thereof together; not by 
ſingle Columns, as you do {imple Numbers, but take the whole Number that is in every 
Line together, and add them to one another, pointing when you come to ſuch a Sum as 
is equal to, or greater than an Unit gf the next higher Species, (but leſs than two ſuch 
Units) and carry on the Exceſs, it to the next Number; and ſo thro all that 
Species; ſetting down in the total Sum what Exceſs there happens to be after the laſt 
Point. Then for every Point carry 1 to the next Species, and go thro all the Species in 
che ſame manner; but the higheſt you are to add by ſingle Figures, as ſimple Numbers. 
In 8 The Operation of this Example is thus : Beginning at the 
1 Pence of che loweſt Line, I ſay 8+ 10=18, which is 12 +6; 
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I The Reaſon of this Practice is plain, for two To's make 20; and we may eaſily ſup- 
pole any body, the leaſt acquainted with Addition, can take the half of an even ber 
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will be very obvious, by conſidering the following W wnlggor which it made by 
| | | 22 417 2:--" ition. Thus; ** at 4 F. write 
TABLE for the Addition of Money. againſt it 1 ſb. then 4 4=8, and againſt it write 

f 4. d. fb. fb, l. 2; then 8+4=12, and ſo on, ſtill adding the 
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The Uſe 6f theſe Tables is plain; for under eve ee x, and 
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this Reaſon, that it were impoſſible to remember all theſe Tables, and too much trouble 
to turn to them upon every occaſion; / whereas the gradual Relations of the ſeveral Species 
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kept in mind. And laſtly, the Reductions that moſt frequently happen, are of 

ar Nun der which neceſſarily 7 aſt be done gradually ; as in the following Article. Bn 
II. If a mixed Number is propoſed to be reduced to the loweſt Spegies expreſſed in 

begin at the higheſt, and reduce it to | 

adding to the Product the given Number of that Species. Then reduce this Sum to 

the next ies, and ſo on thro? them all, taking in alwa —_— Number of every - 

feriour AA in che following Example; whic I chink, no further 
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14497 B. by Figure to the like places of the Product, as they are found. 
1 „ . in the Multiphying. ou'll eaſily underſtand the Method by 
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entiy; and we need give no other, but leave 
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ifference betwirt multiplying a mixed Number, and 
Multiplication For multiplying it, is a Repetition 
2 Number which contains every Part of the given 


1 netic alſo the great Di 
it; tho” tl is performed b 
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mixed Number ſo many times; but reducing is finding a Number equal to the given 
Ng Number in the loweſt Denomination ; his br every part of it is differentl — 
* and che laſt part not multiplied at all. So in the firſt ple, 724 J. is multiplied 
2 and 12, and 4 continually, that is by 960. But 17 ,b. is only multiplied by 12 
ner. . only by 4. The er of being 69589 F. Whereas 
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RLE. Begin at the loweſt — and having multiplied that 
Number, reduce the Product to not Species i. e. fin . [in the manner 
already in Addition of Mixed how many Units of the next ſuperiour 
Species it is equal to, and what remains over; ſet what is over as a Part of the Anſiver of 

the Denomination multiplied. Then multi y the given Number of the next ſuperiour 
Cs ds he Pa adder to which the Product of the preceding 
Species was reduced; and reduce this Sum to the next ſuperiour Species; marking the 
Remainder, or what is over, as a Part of the Anſwer of the Species e and go on 
thus thro? all the S of the Multiplicand. 

Examp. To multiply 2361 : * 3g d. by 26. 

In the annex'd Scheme you ſee the the Method achod of the Work 8 
Effect of the Reduction of the ſeveral Products is ſet down without the jon by 
- Which it was done, theſe being ſuppoſed to be done a-part by themſelves, and transferred 

to this Scheme. But you'll find another way immediately, wherein ier ad, and 
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| 1 3x 7 8213 which is 1 F. over 20, or 
on e J i: 5 f e I write down 1, and carry 5. 
Ex. 1. 68: 14: o: 3 8 7X 9=63, — 5 carried, is 68 4; which is 
9—7⁊ 7 8 cover 60, or 5 times 12: fo I write 8d. and ca 


n 
Is . e is 103; for which I 
: + EL PLA KORS — and carry — us (or 5 mes 20 & 100.) Then 
: 55 OF een Vat, 5 ' multiply the 687. an and add 5 from the Shilling. 
4 C: ar: 8? Por the 2d Exanp. I reſolve the Multiplier into 4 
0 Ex. 2. 37: 3 : 18 by 28. and 7. Then beginning with 4; I fay, 4x 18 Na, 
OE Po en on which is 2 times 28 (256) and 16 over; or re- 
"143 2 16 ſolving the 4 J fay 2x 18 = 36, which is 28, and 8 
1 „ over; conſequ in 2 e there are 2 
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4 1 — NO Then for the 7 8 that 7 being the 

d 


4 Pur of 2b, and 4 the 4 4 Part of 16; therefore 
7x16; or 16 times 75 is equil to 4 times 28; for which I'write oo, and carry 4. Then 
72 Se for which I write 2 37. and carry 4 C. 
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ume time? Anſw. 13 3 346 4/6. Here the 346 is applied to. in the Propoſition, 


I ſb. vis. 90 times, (for 4.1: 10 ſþ=90/þ.) which makes 360/b= 90 x 4/5. But this 


Anſwer is 6 /b. equal to 705 taken as oft as 41 : 10 /b. contains x J which is one and a 
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18 Drawers; and in each of theſe are 6 Diviſions ; in each of which 


-* LX | | | 
16: 6: : ft. 3. There are 5 Cheſts of Drawers; in each of which are 
0 


98:0: o there is 16 1: 6/5 : 8 d. How much Money is in the Whole? Auſu. 

1 It is plain there muſt be a. Sum of Mon y equal to ＋ i 
ab}. © e Continual 
1200 | Product of 16 : 6% : 8 d. by 6, 18, and 7. + 2 


Que ſt. 4. If 11. give 4 /. of Intereſt in any time; How much will 346 . give in the 


but is an abſtract Number in the Operation; which is not multiplyin 'b I 
but by the abſtract Number 346. 3 | <plying 4/7 Y 346 

If this Queſtion be propoſed, viz. If 1/5. a Intereſt; How much will 47: 10 fh. 
yield in the ſame time? It is plain it muſt be 4. /5. taken as oft as 4/: 10 fh. contains 


is not multiplying 4. /5. by 41: 10 /b. which would be an abſurd Propoſition. 
Again, Su d Queſtion were; If 1 J. yield 4/6. what will 4/: 10 fh. yield? The 


half. But this, and all Queſtions where, Fractions come in, are not ſimple Queſtions 
of Multiplication. And as either of theſe Queſtions have an equal right to be called the 
Multiplication of 45s. by 4 /: 10s. it ſhews us how unreaſonable ſuch Propoſitions are, 
ſince it is the mixed Circumſtances of the Queſtion that determine how the Multiplication 
is to be made, which is different in different Circumſtances 
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(. 5. DIVISION of WroLE and APPLICATE NUMBERS. 
INTRODUCTION. 


be put upon Diviſion. | o 

In the ition, Chap. 6. there is but one Senſe expreſſed; but there are other three 
ways of propoſing a Queſtion in Diviſion, ſo dependent upon that in the Definition, that 
the ſame Number ſolves the Queſtion in all che in which it is a poſſible Queſtion. 
Tbe firſt Senſe is that in the ition, viz. To find how oft one /Number is con- 
tained in another. The ſecond is to find, What Part of the Dividend the Diviſor is equal 
to. The third is, To find a Number which is contained in the Dividend as oft - as the 
Diviſor expreſſes. The fourth is, To find a Number which is ſuch a Part of the Divi- 
dend as the Diviſor expreſſes or denominates. ® . 5 

Now it will eaſily appear, That the Anſwers to all theſe Queſtions, or the Impoſſibility 
.of ſome Ro mow —_ Caſes, is diſcovered by dividing according to the precedingRule 
taken in : 2 Thus, | e „ . e = mag rpg) 275 1 
I. Let us firſt ſuppoſe, That the Diviſion is without a Remainder, and all is plain: For 
the Number ing how oft one Number is contained in another, (which is the firſt 
Senſe,) does, from the nature of an aliquot Part, denominate what Part the Diviſor is of 
the Dividend, (which is the ſecond Senſe.) Again, the ſame Quote is a Number con- 
tained in the Dividend at oft as the Diviſor expreſſes; (which is the third Senſe,] as has 
deen ſhewn in the Proof of Diviſion. And hence, laſtly, it is ſuch a Part of the Dividend 
2s the Diviſor denominates; (which is the fourth Senſe.) Ws 1 
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14% becauſe it is contained in it 3 times 


* 1 4 
* 


_ 
- "Examp. 12 3 = 4, and no-hing remaining; that is, 3 is contained 4 times in 1 

the rl Sense) And it is the 4** Part of 12, (the ſecond ſenſe.) in, 4 * 
Number contained 3 times in 1a, (the third Senſe.) And it is the 34 Part of 12, (the 


fourth Senſe.) „ | | 
2. Suppoſe in the next That the Diviſion has a Remainder; or, that the Divifor + 
is not an Atiquet Part of the Dividend, | which includes that Caſe wherein the Diviſor is 

greater than the Dividend.) Then the Queſtion is Poſſible or Impoſſible, according to 
different Views and Limitations; as I ſhall here explain. | 

Let the Diviſor be 3, and the Dividend 14; the Queſtion is poſſible in the firſt Senſe ; 

and the Anſwer is 4 times, if we confine it to the number of times that the whole Diviſor 


is contained in the Dividend: but taking it in a larger Senſe, the Anſwer is 4 +5. And in 


this View the Diviſor may be greater than theDividend : So if we ask how oft 14. is con- 
tained in 3, the Anſwer is pr Parts of a Time; the plain Senſe of which is, that 3 con- 
tains £ Parts of 74. oy ah rodents f ; . | 

In the ſecond Senſe, the Queſtion ſuppoſes the Diviſor is an Aliguot Part of the Divi- 
dend; and is therefore impoſſible when it is not ſo. But if we take a Part more largely 
for Part Aliquot or Aliquant, and ask what Fraction the Diviſor is of the Dividend, the 
the Queſtion is ble. But there is no new Queſtion, ſtrictly ſpeaking ; for it coincides 
with the firſt Queſtion, changing the Dividend and Diviſor, and taking bow oft in the 
largeſt Senſe. Thus; if we ask what Fraction 3 is of 14, the Anſwer'is ; which is alſo 
the Anſwer, if we ask how oft 14 is — in 3. And therefore I had rather in this 
Caſe call 3 the Dividend, and reduce it to the former Caſe; eſpecially for this Reaſon, 
That the ſame Quote may be the Anſwer to all the really different Senſes of the Queſtion, 
while the Names of Diviſor and Dividend are applied to the ſame Numbers. 
In the third Senſe, If we ask what is ee. ber contained 3 times in 14; 
then if we limit it to a Whole Number, the Anſwer is 4. And if the Diviſor is greater 
than the Dividend, the Queſtion under this Limitation is impoſſible; as it alſo is if we 
ſhould ask, what Whole Number is contained without a Remainder 3 times in 14.; for 
this is contrary to ſuppoſition. But if we the Senſe of the *. and ask 
what Number, Whole, or Fraction, or Mix d, is contained in the Dividend preciſely as 
oft as the Diviſor —.— (fo chat the Product of the Diviſor and Quote is equal to the 
Dividend, ) the Queſtion is always poſſible. Thus, as 3 is contained in 14, 4 4 times; 
ſo 4 f is contained 3 times in 14; that is, 4 times any thing, and + Parts of that thing is 


contained 3 times in 14 of that thing. For it has been already ſhewn, (in Chap. 6. 


Schol.4. alter the Definition of Diviſor,) that B times gj Parts of any thing, is equal to 3 
Parts of B times that thing; therefore as 3 is contained in 14, f times; fo ꝙ is contained 
3 times in 14. Or, becauſe 4 4; therefore as 3 is contained 4 f times in 14, fo 
4 7 is contained 3 times in 14. | 2 | | | 7 1 I] 

In the fourth the —— nge in Pure and Integral Numbers, when 
the Diviſor is not an Aliquot Part of the Dividend; fo becauſe 3 is not an Aliguot Part 
of x4, there is bo Number which is a third Part of 14; for if there were, 3 would be 
fuch-2 Part of 14 as that Number expreſſes. rp es Queſtion: more largely, and 
admitting Fractions, it is in all Caſes poſſible: So 44; Parts of any thing is a 3d Part of 


As to the Circumſtance which makes the: third and fourth Senſe poſſible, when the 
Diviſor is not an Aliquot Part of the Dividend; it is remarkable, That the Subject of the 
Veſtion is not pure — but ſuch Quantitys expreſſed by Numbers as are diviſible, 
either really or imaginarily, into Parts or leſſer titys: for in pure Numbers 14 has 
not a third Part; but conſidering the- 14 as applied to ſome diviſible Subject, the uantity 
expreſſed by 14 has a third Part, which is expreſſed by 4 x3 therefore the Queſtion is 
pollible in Applicate Numbers. | | 
. ; k 3 * | From 7 - 
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From what's explain'd we ſee evidently, that as all the four Queſtions or Views of Di- 
viſion, are poſſible when the Diviſor is an Aliquot Part of the Dividend; ſo when it is 
not an ot Part, there are but three really different Queſtions ; and which are all poſſible 

when the Subject of the Queſtion is not pure Numbers, 1. e. When we admit another 
Conſideration than chat of the Number of Things expreſſed, viz. their Divi into 
Parts or 221 Quantities: For then a Fraction cornes —— ef the Anſwer, and makes 
a com Quote. 

Now, from theſe different Views and Senſes of Diviſion, v we learn what Verſe there, 


1. To make a Queſtion in the firſt or oat Senſe, the Diviſor and Dividend muſt 
both be applicate, and both to things of the fame kind: And mutually, if the Diviſor 
and Dividend are ſo applied, the Queſtion admirs only the firſt or ſecond Senſe; and 
the Quote is an abſtrack Number, ſhewing how oft oe Diviſor is contained in the Divi- 
dend, or denominates what Part the Dil is of the Dividend, if there is no Remainder. 
reer ern 
- i contained in, or what Part it is of another of the ſame kind of Thing; ſo 2 Queſtion 
being propoſed in this manner, and either Diviſoror Dividend being applied to a icular 
kind of P and to 

of Thing; fince it's abſurd to ak, How oft a Number of one kind of 
I op on 
v — — be an Applicar 
what Part of the Dividend the 
> is a Number a — 22 
NN se tho Nature as the 
whole. Again, mutually the Dividend n the Diviſor a 
abſtract, the Queſtion can admit only of the third or fourth Senſe. 
"That the A ication maſt bs ordered in the manner nom explained, may be alſo de- 
duced from Connection and Dependence of Multiplication and Diviſion ; For, ſince 
in Multiplication the Product and one Factor muſt be —.— n 
the other Factor — Am and in Diviſion che and Quote produce the 
Dividend: pats th Dividend, wid he Dine or Quo are wie aplic, ti 


other b 

, Bs 1 2 8 it will happen chat two Numbers which in the 
Profle 3 hr the News made Divi | one 2 But in 
chis Caſe, > you. ways. and that —— made Diviſor is confi in the we nt 
tion, as abſtract, denominating what part of the other the Nature and; Reaſon 


requires to be taken. So that in all Caſes it's. tru, ther the Divo bete 
9 or applied to the ſame kind of thing as the Dividend: 


ſhall next explain the ſimple Practice in e 


3 The Diviſfor and Dividend both a n 
Nule. Reduce, (if need be) the Diviſor to ſimple Numbers of one Name, 
(che loweſt expreed in ai che Terra; } then divide theſs Numbers td, or wins Pre 
The Quote ſhews how oft the Diviſor is contained in the or what Part the 
CT Pa rr nt e ee e 
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The Reaſon of this Rule is plain; for the Diviſor and Dividend expreſſing Things of 
o_ er in bg 


the ſame Value and Name, it is evident the Operation is to be m 
Numbers, by the General Rule; ge. The Quantity expreſſed by the Diviſor is contained 


in the Quantity expreſſed by the Dividend, as oft as the Diviſor is contained in the Divi- 
dend, — purely as 4 Again, if the Diviſor and Dividend expreſs Things of 


the ſame general Nature, which can be faid to contam one another, then tho they are 
not of one particular Species or Name, > Jer the Queſtion is poſſible, 3 it requires that 
they be reduced: to Numbers B TEN one _— ame; and then 
it is manifeſt, that the Diviſion of theſe Numbers by the Rule, gives the true 
Quote. 80 in Exe. 1. 3 J. is contained in 247. as oft as 3 in 24. But in Exemyp. 2. 
35. is oftner contained in 12 J. than 3 in 12; for it is as oft as 3 in 240, the Number 
of age; Hf equal to-12/. And, becauſe the Diviſor and Dividend are chen only in a 
State to be managed as pure Numbers, when = roms both fimple Numbers of one 
Name, this ſhews the Reaſon: of reducing mix'd Numbers. ——— 
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The Reaſon of this Rule is evident, when the Expreſſion added has all is Terms + as 
in Examp 1. And if are ſome + ſome —, as in Ex. a: the Reaſon is this; we are 
to add b c; but to b would be too much by , therefore out of the Sum 2 +6, 
we muſt take away c: ——— ere 28 if the c had been firſt taken from , 
and the Difference added to 4. e that tho a Line is drawn over the 
e e Þ de nov c . So 2 ＋ e is the fame in Effect as 


E. Difference of b and « is added to 4, as bas been er- 
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over the complex Terms, and join them by the Sign of Multiplication x. 
Example, T To multiply a- bys+ the Product is x Taz or, a+b-by c—d' 
males bx c—d. Which would be very different Expreſſions, if any of the Som- 
plex Terms wanted the Line (or Vizculum, as the Algebraiſts call it;) thus a6: * c 4. 
would be the Sum of a, and the Product of b into Te; and I —4 is the Dif- 


ference of A, and the Product Pi x c. 


* $0 that we are to underſtand the Sign of Multiplication'to refer only:t9'the firlt of the- 
le Terms on either hand, unleſs two or more of them are joined by a Vinculum. 
Ani here too. obſerve, That when r „ withz or without the. 
Sign of Multiplication, (whereby N reſs the Produ of theſe Letters) this is to 
be feckoned but one Term, with reipect to the following or preceding Sign, whether of 


Multiplication, Additions ok as 4b. Id, r x cd: And mind alſo, that all the 
Terms joined together by Multiplication or or Diviſion, upon the Right-hand of the Sign of 


Addition or Subtraction, make but one Term to which that Sign refers; as SN CTA 


which is not to be underſtood a5 if a + bd were mukiplied by e T which then would: 


eee r x7 Pa; eee ee eee EE by JZ. 
Obſerve, this general way of ex Soy eſenting the Products of complex Expreſſi ions is 
convenient, yet there is another Rule more uſeful, whereby the Product is not ex- 
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"LEMMA TD: 


The greater « or letter the Num bf a Fraftion is wich the e fame Devo, dee bree 
or leſſer is the Value of the Fraction. Or thus, 3 Ns 

Two Fractions with the ſame Denom#: — different Num, \repreſent quantities 
of different Value; and the greateſt Numt makes the greateſt Fraction. - Examp.4 is 
greater than 3; (of the fame thing :) For the Numr being the direct Number of things ex- 

preſſed, and the Denomr being the ſame, che Value of each Unit of the Nur. is 
I * the fame, and therefore the greater Numr makes the greater Value in the: whole. 

But more particularly, if the one Numr is Multiple of the orher, that Fraction is 
Equi- multiple of the other; ſo $ is double of 5 becauſe 4 is double of 2. For the Value of 
each Unit of che Num being equal, the compariſon of them is the me 25 if they 
were pure abſtract Numbers. * 220308 10 


CoRoLL. A Fraction is multiplied or divided by as 2 if we Nunn, or divide 


its Num, and this is a proper Multiplication or r Number of things 


repreſented: W prany od $4.2 Tarte eee n . 

the = part of 2 == 1 T2359 i 437! . . os dds 27 6 

| Obſerve That the Divifign is f. all hee e. ring nainder, ebe 
| Fee cannot be divided by 9 9 — 1 the comple: Quore bei 

a mird Number, it cannot eue g kreten n proper be b e 

that when the Nuri of a Fradtion is 1, it is multiplied b an 


Number inſtead of the 1: thus '» times +" Part is Parts; the ——— not 


1 


this Lemma, but is —— 5 a Nu and Idea bf 4 Frackion. "So 2 401 
3 4 Parte, is an equivalen 
ar tings ies many Urns er ths kid. 0 4 65 170 
f Fo PONY: * LR. MA; 1 + U. ITN G32 8 . 3 
urge of NDS, 1s "equal di o the Sum of * of the like Fradion of all al the oe 
Num which Whole is com or. Examp., 20,== 12 erefore z 0 
20 (=5) =; of 12 (=3) +4.0f $(=2), Allohof 20 (==15)is=4of 12 65 


4 of (=6). Or Univerſal, If Mz=A+B+C, &c. chen 2 of N 1 = 2 of 


A2 of B44 of C. 5 85 5 of I = 2 of A Z of B 44% cof:Ccp (Howl 
veral 1 ow! added rogrier in one "ſimple ST 5 learn re zl 
that is is a al Tru a num actions; Whatever 
b th TD expreſſed, the general lee he Ke 
Ave K eaſon of this Truth is very plain; for che ing e 


Parts, when you' have taken the 1 or 2, (or ge 


Member of the Whole, you have taken the like Part or Pare of 8 
Scholl. We alſo expreſs this Truth in this manner, bir. If one . 
= a 2 \ Agony . — 2 . another made up of as wy 

4 Ce, W are I ve er. e 211775 
Beg > og Fraftion of their Corre Y ptr cheo the, O (908: WE IF 250 
then i is the Whole 8 &c. equal to the ſame Fraction of the —— AA-BÞC, 
c. that is, the Sum of ike Fractions of any two or more Numbers, is the like 
Fraction of the Sum of theſe Numbers. 


/ e c o- 


SO s ZNS K = 
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_ General De — of Bact. 105 
. e "COROLLARTES. VEE 
1. Any Fraction of any Nünnber k. equal to that Number of times the like Fraction 


of 1; Een. Z of 2 is =2X*+ of 1 r of 1 corol. „ Alſo 4 of 2, is = 
2x3 of 1(=$of 1) Or Univerſally, 5 of 4 is 4 times £ of 1 ( of 1, by 


Cor. Lem, 1.) For a7 ft 3s the Sym of the — _ Parts of everylelſer Number, which 
makeup a, 7. e. of every | e 2 of 754 oi akenas ther re Unit, 


in 4, or times of 15 chat i 2 aht % d. =" of 1. (cor. Lem 1.) . [And 


let it be alwa s minded e that when ohe Fraction- of a Number is propoſed which has no 
ſuch Faction in pure mbers, we muſt have recourſe to a applicate Numbers, ſo that 
the Number props: ＋ conceived to repreſent a Mn en as to have the 


Pup eee int; | 
$cno L. 12 this 09 Jy th we — 3 compleat Deihollkrasda * wha: ** ive in 105 


ſuppoſed in Diviſion of whole applicate Numbers, and referr'd to this Place, vix. That any 
Part of any Number e 6s is. —_— to age fande of Times the like Part of one of 


l 9 1 4 
193 te Kok — N $ 5 A 


. — 4 1 7 — 


* 


Alen fene to ) any | Nitmber is 3 to a 4 Fradion Weg | Name 1 is that 
62 We and its Dent the r one,” and which is referred to the given Numr 


te weer Dan AIP a. gn 5 of wn, © of For 


= of nis of 23/006 — f of 13 . © of m 
= . & 1 + - 


C ks ens Num 
A quot Fraction having the fame Dent, and referred . _ Product a7, wer 


eee 66 Be WAIT Thus, 20f 5==2 of 10. "pg En. of 2 of ab. 
For = of b=b times 2 ö © 15.00 Pobonſb 6 e e of tis = & ofbs, 


by che laſt 3) — of be g of 1 
4. The Sim of two'or mote Frations Having 6 fame Den, ene e Fran of 
the ame Dent, whoſe Nurgr is che Sum df the given Num? - Exam. — + > + 73 * 


e era of 2 ＋ of „: fue, vag of += g er | 
And ſo Of the reſt: Therefore, &. 


ere now we have a further Demonſraon of that general Truth cd in Schol. 


| hx 2. for demon Divison of Whole Numbers; viz. That the Sar of the 
complete Quotes of apy Num is equal to the ere Quote of the Sum © theſe 


AB EL ES ag 


whatever theſe Quotes are, Fieber Whole N: urnbers or Mixa, theſe fractions expreſs the 
Quotes of theſe Numbers by the Den* a. But again, we ſee here this more genqualTruch, VIZ. 


N umbers, being all divided by by the —. Divifor? Fo 


| 2 85 Numbers, ole or Fractional) any Number (Wholeor Fractional) is re- 
ed in eee by the ane 


106 .Gmeral\Principles nu Theory of Pradtears t 
Integral Diviſor: For whatever kind of Num ee eee it is true, that 7 of A= 


of B＋ 2 of CS of A+B+C; and the - of any Quantity is the Quote of it 

divided by a2. Afterwards when we learn what the meaning a Fracti 
we ſhall fee the ſame truth hold in 8 Tad SE al Cate? 
Ee Examples of when you 


whatever the Dividend and Diviſor is; as you may eaffly 
8 art of one Quantity or Ne be Whatever Wudle or Fraction, is 8 


GA 71 ed the af FEratiens. 
Aue Feen of the like Hliquot Part of anothery as the ane .of the 
= any, two Numbers or fuantitys are the ſame ENS TR + of f the other: O their 


| | Examp. If = + of any Quantity is equal to of the ; of another; chen the 
firſt Whole is 4 of the other: Or if c of one Quamity'is = 8 af f of another, the 


Firſt Quantity is , of the other; For each Whole being compoſed of equal Part 


ch reſented thus, A - AA, Ge. and 2 2-4, & c. And the Number of 
Parts being equa, 4 A gre the like {ger Parts of. their Wholes; and is the like 
Fraction of A, as the Sum i« e, & KTA, 8. 


7. It we compare any Fractio, as > — — Number mhaver A, 
the like Fration of another Number B; then is 2 — Adern tothe fare pra of 


of B, A's of B which bun been the lab: . Az and.»x of B. ar 
Equimultiples of = = of A, and 2 6f B: And by che laſt, Equimultiples, or Vke Align 
Parts of any-two Quentitys ere te like Fractions one of another as thele Quantities e; 
i. e. 1x — | wi (== lk is the fame Fraction of »x 2 of B (== of B,) 28 


ck A of + „ of Br Allo = * S of 2 of B, ef n Hene | 


rover; 


hah, f cba us. Fain n of = ot 2 A bf B. Eta 
| 7 | 


& 130; 57 5 . E N . II. 2 en B44 


The Difference betwixt the like Fractions of tw/ o Quantitys or Numbers whatever, is 
equal te e like Fractions of the Difference of theſe Number. Ex anp. doffrg lc 


== i 564564) or en i of A E of B 2 of 
E Or thus, if's, b are like Praftions of A3B; vis Z- =, Parts, then &—b== of AB. 

_DgMo N8T- Let AB be=4; then s A=d-+B: Wherlore 2 of A= - of 
3 1 2 N= f 3; which ue 2) ofa 5, of B, (by ſt " Cor 
neee, A of +4 of ber er of Fei 2 z "then i 
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Chap, r. Generwl Principles and They of Freftioys. 109 
Coro L. The Difference of two Fra f che ſame Dent i 0 a Fr action 
of that Den-, Wa Num is che 5 Difer ao of © 1e 3 — e 
5 a-b 


F * a | 
of 1: , Therefore = = == —e EO ks 


IL. E M1 1 A I. ** b 

The more {equal) Parts any Nininiber is divided into, the ſmaller debe are; and 
the fewer the Number of Parts, the greater is the, Part. For Examp. 2 Part. i is greater 
than 3 Part; and ſo of others: For it is plain, you cannot divide the Whole into more 
Parts without the former Parts into Pieces or ſmaller Parts. Bat more parti- 
cularly, if the Denr of one Part is wh py of the Den* of another, then this Part is 
Equimultiple of the firſt. For Examp. 5 of any is donble of 3 enge e 
of 3. Andd it is evident that che ſame reaſon muſt ho in all Caſes. 

Or we may expreſs it Kerry: tne Quantity is divided i e nde of equal Parts, 
and the, — (or 28 3 15 divided into 25 it See. times as many Parts, 
then the Part of this laſt Dive on is but 2, 4, 4, ec. of the Part of the former. For 
you cannot make 2, 3, &c. times as many Parts, otherways than by Gs whe or dividing 
each of the former Parts ſnow — 35 G. whereby they will become z c. of the Pact 
divided; and reciprocall mocny the laſt Diviſion is into 3, 2 5, e. of the Number of Parts | 
of the firſt, then is the rt of the laſt Divifion-2, 3, 467. Me as great as that of the 


firſt. 'Univerſally, = Part. e ing, e to r times = Part of that! thing; ap 
Reciprocally, = Part is but the = = Part of = Part: So Gn # the Den of an Alguor 

Frattion is the Product of two Numbers, that Fraction is equal tothe Compound of 755 
2 TE whoſe eden neee ban if 6==0 15 in ===" 


Cj 2 off; 


LEMMA v. 5 
15 — 11 py $5 D 


Ik two Fractions have the fame Num- with different Dee . bp 
RI Vowel. and that which has the greateſt Den! is Fer gt in Na 


# is leſs than 
more accu, e greater Dent is equal to 2, 
Erattion is but = or 2, ere WE. e ; 5 


1 


122180 anf 


2 or 3 times the former; oz * £ N 1 | n 

7b 3 of 3, becauſe 73 : of 28. rn, > 7 —. 5 e ot 
. * 75 ane“ E 61) * * ++ 5 I 

becauſe 1 xis = = of 7. | A600 3 b i © gu, wid d I aut 


An eden keen; Thus, e hn WES 2 * 5 eee 494. e 
f = of 2 > 2 il. 3 7 

5 of ex gf of a; but 2 of = F, keen 91 e % (en 3. 
Lem. 2.) therefore ß of 1 times = of 1. vs to 118 1 SVER 10 dnn 


M$ 508 ti £9 er 870 d 1 e 


. Or we N75 e 15 Truth of hi dome what otherwiſe; thus, 7 _ 0 e.the like 
1 3 1 538: > Net Hr ao if 200 13 
Ik 1 nd g big, the =. Partz, (far, 8 T5757 gear 2 25 and 
W tans of 2 3 1.) But = == of. 2 (by Lew, 4) There- 


110 General Principles and Theory of Fractions. Book 2, 


fore that W. ole of which ER the = = Part, ( vis. =) is alſo the = Part of that Whole 
of which. — „ ische = Part, (vi. 2505 = is the = of = 7 ben, Len. 2) And 


| Reciprocal, © is 7 times . 


CO ROL LARI EVS. \ 


ix A Fradtion i is multiplied 2 divided (Up any Integer, if we divide or multiply its 
ber; „ ee T0 and 7 = === > For * of =, (by this Lemma.) 


r 


Bur the 4 - Parr of any Quantity mukipled bps produces che ee, me. 
© ramets. whence again === 7 == 5, 


And take. notice, That the Diviſion is "Trppoſed: Wa eben ber is 


otherwiſe the FraQtion cannot be multiplied” by Diviſion of its Dent, bechuſe the 
complete Quote is a mix d Number, and d cannot be the Den? of a Traction. * 


Scho. As to chis — obſerve, That by multiplying or dividing the Den* of 2 
Fraction, what we call the fractional Number is not multiplied; or divided, br 
chat is the Num; 222 Value 3 uantity expreſſed by the Fraction is maltipl 

or divided; ſo that it is Rill proper Fraction (i. e. the Quantity expreſſes by 

it) is muldiplicd or divided — it is manifeſtly the ſame thing in effect, to pus 

or di a 2 of things, keeping the ſame Value of each; or to increaſe or di- 

miniſh the Value of each, keeping the fare Number; for either way the Quantity or 

mix'd Value of the Whole is equally increaſed or diminiſhed. Hence, 

2. If the Numr and Den? of a Fraction are equally multiplied or divided by any Num- 
ber, the Products or Quotes (where there is no Remainder) make an equal Fraction : 

Or thus; two Fractions are equal if the Num: and Den* of the one are Equimultiples, or 


like liquor Parts of che Num* and Den* of the other: So = ==» For by mult | 


Phying or dividing the Number, the 32 . mul — or divided in 5 2 umber of 
W ee eſſed⸗ Cor. Lem. y, multiplying or div enr by the 
oF; 28505 5 is contrarily as much divided or multiplied i in the Value of 
of things Spee, (aft Cor.) ſo that what the Fraction gains or loſes in the one Mem- 
Sontrariſy or gains as much in the other; r 
We rye Fraction, only in di 5 
we find 2 Number. Which will exattly divide, the Num and Den” of a Fraction 
we can thereb reduce i it to lower Terms, (7. e: find another Expreſſion in leſſer 15 
Peng which is an equal eve); hare K 8 dividing the Num: and Denr of 
Tis by that Number, and tak otes in place of the former 2 7 4 
Tr by dividing 6 and 8 both by 3. 


Scholl. Such Dibices wil be eaſih 2 eee — 

of Numbers or a Number which will div! 
bg Sd Nia Numbers, (i. e. ce Numt an Doe of a Fade vix. 1. If both are even 
Numbers, or have in place of Units 2, Seay 85 or 6 75 they are both diviſible by 2; 
- © =. And after one Diviſion by "ave, divide N. by 25 an 


2. If any one or both of them wp or o in _ FAY e than will 5 divide them 


Bk or if EW TI os inthe firſt Places on . 50 N 
: um- 
„ * (e - 20 — 1 7 B5 bs N 13 JI id9) = 22 40 — 8. c 


S I A __ 


© 7 & C5 Soars _ 


Chap r. General Principles and Theory. of Fraftions. 111 


Number of os from both, (which is fant them both equally y 10 or 109, Sc. 
according to the Number of Os cut off;) aſter theſe ars cut off, apply ſome of the 
other Diviſions, if the Caſe admit it 


E I. . (vis. ny and 240=5=48) | Ex. 2. ener 
E ;. K „ B. g N 


When none of theſe Caſes occur, yet in ſmall Numbers you will eaſily diſcover a Num- 
ber which will divide both; if there is any ſuch; and tho 2 will divide en veryon U fre- 
fang =o; at firſt, a 45 Number which will divide them: 125 27 


80 4; 17 4 . 1 32 2 34 ◻△ 34 5. 


Fe 1. Two Fractions are ſaid to be reverſe or edu to one . 
when the Num na Denr of the one is the Denr and /Numr-of the other, as & and 2, or 


generally . and becauſe any integral Number is made an impro- 


per Tran —— hug the Dent: Therefore a whole Number has alſo its Reci rocab 
Fraction, men Whale een e So 2 a 25 or 


aha] are Reciprocals. 


2. Two Fractions, hy Terms of the one are * 2 CRE, yy 5 . of 
the other the two Dent GC other two Fractions, are called, The Alara Fradtionsofthele 


other two: Thus 2 and 5 e 5. ied theſe 
Aenne of thoſe. ou — 
| LEMMA VI. T | 
„ two. Fractions are _ 5 theſe Truths follow. © Nats | 
1. The Products — of the Numerator of each — into , the Damm. 
the over ae equal Thus, if Z=—= then is am=be. 
Examp. 1 = ) therefore, SXEWETRY (=12. Y 
DzMoNsT. Since +== multiply each by m, the Produts muſt the via IM 


2 (by Cor. Len. 1) and g x w = = or , (Corol. 1. Lemma 4. that is, 


72 „. Again, multiply each of theſe by b, | the Produdts are allo equal, viz. am =, 


which alſo follows from the Proof of Diviſion. 
5 Hence we have learned a certain Rule for trying the Equality or Inequality of two 


The Reverſe of this Article i allo true, vir. That if the Products made of the Nu- 
merator of each Fraction, multiplied into the Denominator of the other, are equal, theſe 
Fractions are equal. „Thus, if am = by, then J== . For, divide am and bu both by 6, 


he Quotes are oqu wi =»; — oa ON ee? 
vis, == bt ent SE | 55 


Con ol JF. == x pt 1, m both le or bithgreatie,* or boch 88 0 cler 


Coneſpondents 45 13 [for Me am = bus if u is leſs chan 4, ö muſt be greater than an, elſe 
it's OR impoſſible that 6 »ſhould be = EF: and if 21 is oy ay # male we 1 
Laſtly, if 4, then bm. 


% 
at F . 


2. 


112 Goreral Principles und Thewy: of Fradtiuw. Book 2, 


WA "> equal; thats, if cen. Ex. if t 
| het i s $= 
BF Rug a. Becauſe = therefore an b, (Are. 10 Divide e. by 4, and the 


Quotes are * divide each of theſe . in the Qyores are equal, 
5 m 


wn, . > nt Fi q * 2 


| eee A N of e equal REY are equal, we ma 
uſo ſay, that the rr of one of wo equal Fanden, is a ons are q to desde 


S0 if = then are - = and © Reciprocals, alſo · and! > 7. But then it will be convenient 
abe dee immodine and remae Reciprocal, "Thus 7 and 2. fre immeds 


are Reciprocals and 2 fate remote Reciprocals Bur when we ſpeak of Reciproeas 


75 75 


general. without diſtinguiſhic then either of the kinds may be ſuppoſed. 
| N Fa 0 two reciprocal Fractions are multiplied. rogerher, and 


alſo their en. the Products make a Fraction equal to 1. S0 if F > „ e Re. 

arent then Fe i ber f g and n le, Gt. bende Tr, 
35 rue Alternate Bradtionsarc/allo- Shas: Thar ith K f EIT 
and = = >. Examp. if 1 , then 5: St. | 

\Danp rar. Since . = g then. an = be —— 10 divide boch by 5 and the 
10 ene 4 z. viz. = =b; again, divide bork choke by. my and the "A are 

equal, © = 2 (for © =: and b— uz >. :) And becaiſe ? 7 2 therefore 


Iz 


© 


= By Art. 2. 1 | &J 112130 2 


Cox ol. 1. If two Frations are 3 2 = = © hs eee 


like Fractions of the correſponding Terms of the 5 5 Thus 1, m, are like Fradtion of 


a, b, or 9, b, like Frations of », ». For #= 7 of e, and n f f b but 2 f. 


17 
k Allo at of u, arid þb=- x of v but ow 2. sss | 18 % 15 e 


14 


2. If two Fractions are equivalent, as e FO JUS DAT NEL 
of an equal Diviſion of the rad — ef 
aer e 1 2. Lem. 2. L or = Sof 1 1. f of a, and g is = 
of b. Suppoſe then 2 i ebene of is wle Number or Fraction, 15 
plain, that » 1 18 01 conſequently d is contained in a, times, or a d 
Again, 5 = , therefore, = 0g. for the Ga Mn 66. belge, d is contained 

! 
Dee erben. In the fame manner, i wo Gps = 4, then » —4 


=; and becauſe 2 = F. therefore, 7 =< and w =4=b. 


1 
Tm 


Obſerve 


py 


„% 0 


8. 2 


chaps . "Reduftinn of Fraftions. 113 

AF bn lad Beens tar th note of any Number (Whole, 
or ow. divided by any other Number, bs ſuch a . — of 2 Dividend, as — 
Reciprocal of the Diviſor expreſſes, (i. e. the - = Part, if the Diviſor is a whole Number 


, orthe'2 Parts, K the Diviſor is the Fraftion 5) then it will be plain that the-one of 


theſe two Corolleries is contained in the other, ſo as either af them may be deduced from 
gk _ | 


LEMMA VII. 


umber A (whole or or Sree) is equal to an ny Fraftion ( roper or impro 
ele eg Number * to the reciproC if Fraction 0 gin 5 2 
42 then is B aches, ono We if A of B, hens Be f of A. 


Duos r. If A= - of B, this ſuppoſes, that B being divided into » Parts, A 


contains # of theſe P which infers reciprocally, that A being divided into # Parts 
B contains „ of fuch 
Cox ot. Hence we © avs another Proof of the 24 Article of the preceding Lemma, 


viz. That if two Fractions are equal, their Reciprocals are alſo equal : For cn 
2 then ls P f of A ud if 5 == f, d A = 57 of B, and Bax = of A. But 


fince alſo B = = of A, it follows that = = = . elſe B would be equal to two different 
Fraftions of * which is OR. | 


— 


he a ; n 3 ; l 

— — — — — — . — _ 
re Lit 1 
» Wa E555 0 H A P.. . 

| Repuerion of FaactiONs 

are | 
of Ts = | PROBLEM + | 
75 T? reduce an improper Fradion to its eqtivalent Whole or Mix'd Number: 
ule. Divide the Num' by the Den?, the Quote is the Anſwer. © 
hs +. , Examy. 1. 1785 Ex. z. 4, (the Quote of 24 by 6.) 
"A Px Ex. 3. 23 or 34, (becauſe $==3, Cor. 2. Lem,4.) / I 
* 
5 DEMox sv. The Dent repreſents. the relative Integer or Unit, e refling it a 
it's Number of Parts; therefore as oft as the Num? contains the Den?, it's 3 to ſo ya 
Is, times that Th a of te CCG makes 
nd a Fraction of en, Dee . 
4 8 | R OLE N U. TIE 

| "+ feln 4 mix 4 Number, to an equivalent 2 1 FraGion. 
ruh Q 


114 Neducrion of Fraftitn. . Books, 


Rule. Multiply the integral Number by the Den* of the Fraction, and to the Produ 
add the . the Sum a Num to the given Dent, and that is the _ 


tion ſought. 1 
| Examp. 65=*2; thus, 6X 3=18, then 18 2 =20. 
DEMoNs r. This is plain from de iaſt, for it's only the Reverſe of it. 
PR OB L E M III. 
To reduce 4 Whole Number to an improper Fraction, having any given Denominator. 


Rule. ＋ the given Number by the given Denr, and the Product is the Nume 
of the Fraction ſcughht. | | 
Examp. To reduce 8 to a Fraction, having 6 for its it i. 
DEM ONST. This is alſo plain from Probl. 2. being e Reverſe of it. 
CoRoL. Every Whole Number is reduced to th 
ScHOLIVUM. The fame or equivalent mix'd Number, 3. e. the ſame integral Num- 
ber, with the ſame or equivalent Fraction, will always make the ſame or equivalent im- 
proper Fraction, cnly in difterent Terms, according as the fractional Part is. And Re- 
verſely, The fame or equivalent improper Fraction will always reduce to the fame or 
equivalent mix'd DONT, S 1 
E xamp. 45=E, and 417 2 ; auſe , therefore 45 47, conſequently, 
E = 75 75 from this 15 tollows 1 that 4 By (=) ce =) | en, 
Hence we ſee the Demonſtration of a J ruth propoſed in Schol. 2. to Diviſion of whole 
Numbers, viz. That the ſame Quote will always be expreſſed by the fame Fraction; & e. 
That if two Numbers are propoſed to be divided by other two, if the int Quotes are 
the fame, when there is no Remainder ; and when there is a Remainder, if the fractions! 
Parts are alſo equivalent, then the Quotes taken fractionally (i. e. by ſetting the Dividend 
as Num* over the Diviſor) will always be equal; and if the integral or mix'd Quotes are 
unequal, ſo will theſe fractional ones be: And, in fine, whatever Part or Parts the leſſer 
mix d Quote is of the greater, the ſame will the equivalent fractional Quotes be. So that 
in the Compariſon of one Quote to another, it's the ſame to all Intents and Purpoſes to 
expreſs them fractionally by the Dividends and Diviſors, or to reduce (i. e. divide) and 
expreſs them —_— and properly. But the Uſe and Conveniency of this way of expreſ⸗- 
ſing Quotes, we learn more particularly afterwards. | 


PROBLEM IV. 
To reduce a compound Fractiom to an equivalent ſimple Fracrion. 


Rule. Multiply all the Numr* continually, the laſt Product is the Numr fought; 
and multiply all the Denr, the laſt Product is the Deny ſought. 


| Examp. 1. 7 of $= g (for 2x 4=8, and 3X 7=21.) _ 
Examp. 2. x Of 5 of As, (for 2x5 x8=$0, and 5X 7X 9=315) == 30. 
DzMONST. 1. If the compound Fraftion conſiſts of two Parts, as f of f,; the 


Reaſon of the Rule is this: Since 5 Parts of any thing is = a times = Part, (Cor. Lew. I) 


— 


e Form of a Fraction, by making 


err AT... 
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or alſo = = Part of a times that thing, (Cor. 2. Len. 2.) Thence it's plain, that if we 
take firſt 4 times E, which is = = and of this take = Part, which is = 2 or firſt 
rake £ Part of =, which is = =. and then 4 times this, which is = : We have either 
way taken = Parts of =» which gives the ſimple Fraction according to the Rule. | 
2. The ſame Reaſoning holds if the compound Fraction has three or more Members; 
for the two firſt being reduced to one, that one and the third make the fame Caſe as that 
of two Numbers; which being reduced, gives the ſimple Fraction equivalent to the Com- 


pound of three given ones, (which will be 2 according to the Rule, viz. the con- 
tinual Product of Numrs and Denrs) and fo on for four or more Members. 


t | - SCHOLIUMS. | 
; NF a - J 

1. It's no matter whether the Members of a compound Fꝑction be Proper or Im- 
proper, the Reduction is done che ſame Way and for the ſame general Reaſon, wherein 
there is no Regard had to the Diſtinction of Proper and Improper. | 61% 

But this is to be obſerved, that if all the Members are Proper Fractions, their equiva- 
lent ſimple Fractions will neceſſarily be Proper; and if they are all Improper, it's Improper : 
But if ſome of them are Proper anchors Improper, the ſimple ones will in ſome Caſes be 
Proper and in ſome Improper, according as the Value of the Proper and Improper Members 
happen to be. But it is not to be known what it will be, otherwiſe than by applying the 
Rule, and actually finding the ſimple Fraction ſought. ' So here, 

19 2 of ? of 2 = but. 3 of 4 of F = N 


2. Fractions which are referred to a Number greater than Unity, as 5 of 3, may be 
alſo conſidered as compound fractional Expreſſions (by putting the whole Number in 
form of a Fraction, as 3 of 4, reducible to a Fraction of an Unit (of the ſame things) 
by the ſame Rule, (and for the fame Reaſons as before;) where it's plain we have no- 
thing to do but multiply the Numr of the Fraction by the given whole Number, and ap- 
ply that Product to the given Denr; ſo$ of 3 2 , and 3 of 2 24 (== ). But the more 
original Reaſon for this Caſe, we have already learn'd in Cor. 2. Lem. 2. Obſerve alſo 
that here, as in the other kind, the ſimple Fraction will in ſome Caſes be Proper, and in 
ſome improper, even tho? the given Fraction is Proper; but muſt always be Improper, if 
the given Fraction is ſo. Again, We may have a Fraction referred to a mix'd Number, 
28 J of 5 5, and the Reduction to a ſimple Form is pry this; Reduce the mix d Num- 
ber by 6 5 45 apply the preſent Problem, thus, 5 7 . , and then 4 of 2 
S (=353, Prob. 1. . 754 ; | 2 

3. Some Authors propoſe as a kind of compound Fractions, ſuch Expreſſions wherein 


* 
* 


3 | r 
the Num and Den” are themſelves Fractions pure or mixed; as theſe, — or 2 
e 25 8 ; ; 52 

| 5 


or - But, in my Opinion, we cannot call any of theſe a Fraction with any Propriety 
for they expreſs not a certain Number of determinate. Parts, which is the true and pro- 
per Notion of a Fraction. They are, indeed, reducible to an F Expreſſion in 
the natural Form of a Fraction; but that does not make them Fractions in the pro 

Notion; more than a Number of Shillings can be ſaid to be an Expreſſion of Pence, 

cauſe its reducible to ſuch an Expreſſion, A becauſe a Number of Pence can be af 
eee e eee ads ab Ye + br oh D. 58 7e G 1 


* 


\ 
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ſigned equal to the given Number of Shillings.) For this Reaſon I would never conſider 
theſe Expreſſions as Fractions, but only as a manner of fignifyi ing that the one is to be 
2 7 the other; or at moſt, as an indefinite wa way of expreſſing the Quote of the 
upper Number divided by the under: The finding of which _ (or the Reduction, 
if you pale to call it ſo) muſt therefore be leart d from the Diviſion of Fractions. And 
ivifion of Fractions does alſo depend another Problem, which ſame Authors 
in among Redydfians, viz. To find of whar Number any one given Number (Whole, 

= Radien, or Mix d,) is another given Fraction. Exanp. To find of what Number: 
5 8 or to find of what Number 6 is the 5: But theſe we mult leave to the Rule of 


5 2 
ok I preceding Rule is general, and finds the true ſimple Fraction required in al 

es, as has been 8 ; and that 2 Fan may be again reduced to lower 
Terms, in the manner ſhewn in Cor. 3. But you ma ay more eaſily, in many 
Caſes, find the ſimple Fraftion required. in proach, Terms, at the firſt, than the Conus 


Rule gives; by this Method: Firſt, ſee if the of tha imple Fractions can be expreſſed - 


S Lem. 5. and E eee ce of the 


former, which muſt the true Fraction ſought; becauſe ractions are 
the fame Fractions, only 72 5 ſled. -\ NEW. 1. J of (2) is the ſame as + 
of J () becauſe 1 Buy 29s Whe cannot reduce the given Fractions, 
or after you have dove is 3 e the ſeveral Numrs and Der to- 
Eve under (wich may form one Fr en* of another are diviſible by the 

ſometimes be de ede of that two Numbers themſelves) 


IN in woot ty | te pt Numbers divided; and do this with as many 
2 8 ye! then apply the General Rule, which will give the Fraction ſought in 
lower Terms. The Reaſon of which is, that by this Method you have done the fame in 
effect, as if you had found the fimple Fraction by the General Rule, without ſuch previous 
Work and then divided both Num“ and Dent by theſe Numbers which were made 
Nees iy in. ag previous Work. 

Examples will illuſtrate this 1 I 97K made Buenpber only 
ft two 9 but you can eaſily do the fame when there are more Mem- 
bers: And as for fuch Examples as theſe, where there mn but two Members, there will 
be no need to ſet down the Effect of the prepar E Work, but the Anſwer of the 
Queſtion all at once; the intermediate St Ca; rags done without writing. The 
fin the ente Feen in the ſioalle Numbers poſſible, depends upon the next 
Probe „ Which you, are to apf f to the Faden Found by tae proceding Rule. 
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COROLLARIES. | 


"9 "32 Þ ano Order the Members of a Compound Fradtion are taken, it is ll 25 
So 4 of 7 5 HSE and 1 of of F=7 of 7 of 2. 0 
Or alſo exct the Nutr" and Dein of any to of the Members, i 2 6 

80 3 of += In tore elem Number of Sun ple Fractions make an e 

pound one, if ide um of the Sim les © fe each, and alſo Þ the Dexr are the ee 
tho' in fuch Order as not to make * . Tie Reaſon b, ber 
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ple Fraction to which each of theſe Com unds is adac, will Wande fan 
— 3 dy che ame Numbers. 1 7 1 
= lence! wre learn how to diſſolve a Fraction (E bath ed or more 
1 Parts; i. e. to reduce a Simple Fraction to a Compound one: Thus, if we can di- 
cover two, or tliree, or more Numbers, which multiplied er will produce a 8 
ber equal to the Num? * of the given Fraction, and as many which will produce a Number 
15 the Den; then, of umbers we may make as many Simple Fractions, 
h connected as the Members of one Compound: Fraction; pf be equal to that 
N Eramp. 1. of 4; Examp. 2. 18 2 Of . Exam. 3. 24 22 
or 2 of 4 of . Examp. 4. =+ of , of 3. And this Reſolution does not de- 
— upon the Simple Fraction's being -reducible to lower Terms; for this Fraction g, 
which is not reducible to lower Terms, is — to ; of g. In ſhort, as many Num- 
_ 2 * are which will produce the Dent, the Fraction-1s reducible to a Compound 
Members, whereof theſe Nn are the Den; and tho the Num is 
a Product 1 but 1 and itſelf, yet that will afford as many Num“ for the 
Members of the Compound Fractions; as in Examp.2,] and 4. 
DEFPTN IT an As one of two equivalent Fractions — be in leer Nutmbersthan 
the other, (by Lem. 6. Cor. to Part 1.) S0. that bie which i expreſſed by the leſſer 
Numbers, Ba ener Terra than che other: And à Fraction is ſaid to be in its 


h or laweſt Terms, when there cannot be another ual to it 5 e n 
eee ee: Dil i 
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Aer Nene des things W be here dennarſtieied; wx: A. That the hs. 
Remainder will divide the Numr and Denr cunt (or without a Remainder.) 2, 
* 


Thar it is the greateſt Number that will do ſo. 3. 


the Quotes make the leaſt equi- 
For the firſt, I muſt premiſe theſe Truths, wiz. 1. If any Number does meaſure (or 


divide without a Remainder) each of two or more Numbers, it will alſo meaſure their 


Sum; for it is contained in tune Sum preciſely as oft as the Sum of the times it is contained 
in each of the Parts, (Lem. a. in Diviſion of Whole Numbers.) Therefore the Number 
which meaſures another, Will alſo meaſure all the Multiples of that other. 2. Every Di- 


- vidend is the Sum of the Remainder, and that Multiple of the Diviſor produced by the 


Integral Quote, (by che Proof of Diviſion.) Hence, 3. If the Remainder of any Diviſion 
meaſure the Diviſor, it will alſo meaſure the Dividend; for it meaſures the two Parts of 


. 
o 


| the Dividend, viz. the Remainder itſelf, and that Multiple of the Diviſor produced by 


ae eg tete 3 72 
From theſe Truths we have a clear Detmonſtration of the firſt thing propoſed : For in 


the Operation, every Diviſor and Dividend (upward: from the laſt) is the Remainder and 


Diviſor of the laſt Divifion: Wherefore fince the laſt Remainder exactly divides the laſt 
Diviſor, it will alſo meaſure the laſt Dividend; bur theſe being the Remainder and Di- 
viſor of the preceding Diviſion, it muſt alſo meaſure the preceding Dividend; and for the 
ſame Reaſon, the Dividend preceding that; and ſo on it muſt meaſure every Diviſor and 
Dividend to the firſt, which are the Terms of che given Fraction; the thing to be proved. 
For the ſecond Article. The laſt Remainder is the greateſt Number that will meaſure 
the Numr and Denr. In order to prove this, conſider, That if a Number meaſures 
the Sum of rwo Numbers, and alſo any one of them, it muſt meaſure the other ; for 
the Sum and one Part Romy Multiples of that Number, ſo is the other Part, (Corol. z. 
Lem. 2. in Diviſion of Whole Numbers) and every Number meaſures itſelf and its Mal. 
tiples. But that Number which meaſures the Diviſor, meaſures any Multiple of it, viz. 
bat Mullin produced by the Integral Quote, which is one Part of the Dividend; and if 
the fame Number alſo meaſure the Dividend, it muſt. meaſure the Remainder, which is 
the other Part of the Dividend. Now then if the laſt Remainder is not the greateſt 
Number that meaſures the Num? and Den? of the given Fraction; ſuppoſe another 
cater will do it: Then, by what is now ſhewn, that other will alſo meaſure the firſt 
mainder, (which is the ſecond Diviſor ) and becauſe the firſt Diviſor (which this ſup- 
poſed Number meaſures) is the ſecond Diyidend, it will alſo meaſure. the ſecond Re- 
mainder; and ſo on every ſucceeding Remainder :, Conſequently it will meaſure the laſt 
Remainder, which is abſurd; for this Number is ſuppoſed to be greater than the laſt Re- 
mainder: Wherefore the laſt Remainder is the greateſt Number which meaſures both 
the Numerator and Denominator. 1 81 18 
For the laſt Article, viz. That the Quotes make the Equivalent Frafion in loweſ 


Terms: Let the given Fraction be expreſſed 1 5 and any Fraction in lower Terms be 73 
Theſe Terms 2 and-b are Quotes of an equal Diviſion of A, B, (by Cor. 2. Lem. 6.) But 
the greater the Diviſor is, the leſſer is the Quote. Therefore the greateſt Number which 
meaſures A and B, makes the leaft Quotes, apd conſequently the leaſt Terms of an Equi- 
valent Fraction. SLES. TOE | 

Cox 0L. If a Fraction is not in its leaſt Terms, the Terms of it are Equimultiples of 
its leaſt Terms; and theſe like Aliquot Parts of thoſe. Hence again, Equiyalent 
Fractions in different Terms are different Multiples of the leaſt Terms. 
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PROBLEM VL. 


© "Ty reduce tuo or more Frattions to one Denominator; i. e. 0 find as many Equi- 
valent Fractious having all the ſame Denominator. 


RLE. Multiply all the Denrs 8 into one another, the Product is the 
common Denr ſought. Then multiply each of the given Num into the Denrs 
of all the other given Fractions continually ; the Product is the Numer of the Fraction 
fought, equivalent to the Fraction whoſe Numer was multiplied. 


Examp. 1. 5, H = 5%, 35. Thus, 3x 7 =21, the common Denr : Then 2X7 
=14, Which makes 43 =. And 3X5 =15 makes $5=5. 0 

Examp. 2. 3, 32, 2, gt, pg. Thus, 9X15 X 13==1755, the common Den. 
5X15 15 2115 the OED 13X 9X 13 =1421, the ſecond Nun. 8x 15 X 9 
1080, the third Numr. 5 Te 


DzMonsT. The Numr and Denr of each Fraction is equally multiplied, viz. by 
the Denrs of all the other Fractions; conſequently the Fractions produced are equiya- 
lent, by Lem. 4. Cor. 2. ä 9 1 e 335 ' Hes 
e D » . | . 5 
D SchoL TUM. If it is propoſed to reduce any Number of Fractions to as many 
Yr equivalent Fractions in the loweſt Terms that can be with a common Denr; it is 

plain, that having reduced them firſt according to the preceding Rule, if we can find 
j greateſt Number that will meaſure the common Dent and all the new Nuns, theſe 
K being divided by it, the Quotes will make the Fractions ſought. But the Demonſtration 
if of the Rule for finding that greateſt Number muſt be referred to another Place. o 
is which I ſhall therefore. refer this Part of the Problem; and here only obſerve, that tho 
ſt the given Fractions are in their loweſt Terms, yet being reduced to a common Denr b 
er the preſent Problem, the new Fractions will not always be in their loweſt Terms that ad- 
rſt mit of a common Denr. Examp. S, 73, are both in their loweſt Terms; and being 
p- reduced, they are FF» Tit) Which are again reducible to theſe, 33, 32; for 3 meaſures 
10 75 by 255 (i. e. 325 =75) and 117 by 39, and 135 by 45. 
ce 
och 


Cox ol. Hence we have another Demonſtration of Article x. Lemma 5. viz. That 
two Fractions are equal when the Products are equal which are made of the Nur of 
each multiplied into the other's Denr: So n , becauſe 2 * n 3x6. For when 

vef the. two Fractions are reduced to one common Denr, by the preceding Rule, theſe 

1 Products are the new Num; and it is certain, that when two Fractions are reduced to a 

75 common Denr, if the new Numr are alſo equal, theſe new Fractions are equal, and 

But conſequently ſo are the Fractions to which — are equal; ſo in che preceding Fxample, 


lich 2 and © . reduced are each =42*: re ? and £ which are each vie . eh 
i le, mut allo be-equal to one another. A TIS 5 15 | 7 O tne 
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: To reduce a Frattion to an Equivalent one of any other. given Denr- (i . 
- e. to find a Numt which with that given "Drone will make _ 2 
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RuLE: Multiply the given Denomr by the Numr of the Fraction, and divide the 
Product by its Denr ; hs Quote (if chere is no Retnainder) is the Numr fought. 


Examp. To reduce 4 to an Equivalent Fraction, _— 15 its Ln 12. It is 
Thus, 3 x 12 . 36, and 36 4 = 9, the Numr- fought. - \'Y 15 


DEMONET: This follows from Corel. to the laſt. Fon les dhe gived Fraction be 
3.x the Dent to which ir is to be reduced be 4, ſuppoſe the Nur ſought i iS 0 
er r 74 by frppoſtion then e; therefore TIES both by b, it ih 


— c, according to the Rule. 


ScnoLIUM. If the Diviſiort has a AVAPY Foy e is pay i por 
yer the given Eraction is equal to the Sum of two F N one of which has gi 


Dene, and its Nurtr is the Integral Quote of che Dividendditedted, bythe preceding eding Rule: | 


aud the other has for its Num* the Remainder of the on, and the Den; is the Pro- 
duct of the gi ven Dent and the Denr of the Fraction reduced. For Examp. if 3 is pro- 
poſed to be reduced to the Denr 5, Itake 4 5 =20; then 20+ 7==2, and 6 remains. 


Whence I conclude, that $=2 -r. -Univerſally; Let it be propoſed to reduce - 
to the Dent . And let WS, Wenn then the Problem is pont 
| But Liay, that 22 4 Þ+ a” Nu VAR benen 75 1 mor 


— 1 


DEMO N Sr. ee e 4 % 8 b 5 420 
Lemma 2. For meg Sug, of, 27 Hog en d WH the Sum, 
ar Ste 4 4 1 85 


PROBLEM VEL 8 
1 reduce a Fracht on to an Equivalent one, Having 4 Sow „ (F poſſible.) 


RWI. E. Maltiply the gien Num- by the Der- of the given Eraction, and divide the 
Produdt by as Name, the Wo (i there , 00 Remainder) is the Correſpondent Der 


ſought. 8710 
Examp. To lane e its N of i is done {hus, 196 
are — to the 


= r08, and 108 4 7 So the Fraction ſought * Univ 
Nun e take cnc ce then is 4 f. 8 | | 
. By reverſing 8 civen Fraftion;/wil h 4 GN as 4 Dec, it 


becomes the ſame Caſe with the | Prececln Problem; — it has been ſhewn, that if two 
Fractions are equal, they are ſo But we may argue for this the fame way 


as l hie r 51 . Thus, if 5 i then nen * 6) A 8 


Sc OLIUM. If there is a Remainder, the Problem is e ble; yet wh can find 
two Fractions, the one of which has the given Numt, and whoſe Difference is equal 10 
che given Fraction. For which, this is the Rule; viz. Having multiplied the given = 


4H 
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into the Dent of:the Fraction, and divided the Product by its Num, take the Int 
te'as a Denr to the given Nunv. - And if from this Fraction you ſubtract an 
Quo Num? is the Remainder, and the Denr is the Product of the Denrs, (viz. of pr 
given Fraction and that laſt found) this Difference is equal to the given Fraction. 
Examp. If its propoſed to reduce $ to a Fraction -whoſe Numr is 9; work thus, 
7 9 sz Then 63 ＋ 5 = 12, and 3 remains. And then I fay, Ems ON (84 
being X 12.) Upiverſall, If it's propoſed to reduce < 7 to the Numer u; and if 12 = 


97 nne then 7 : i not roduciblto ucha Pans But Lay, 2 7 i. 


Dauoker. Since 4 = 4; nd. remaining, chin is Serena e (by the Proof of 
Dirihog). Hence viding equly In ov n= And age RC by 2 


ww 

85 it 1 —. Ar Gee, (Len. 20) 11 f. ce b. 5) Where- 
: 91 3 5 W by equal Subtraction 6 = 2 - Ty 1. ne 
„ The Probleras velate all x Waden 1 4. dh Function 


reduc 8 and that to which it is reduced, are ſuppoſed to have the ſame abſolute Deno- 
mination, or all to be applied to the ſame Integer; therefore there is none mentioned. 
— Problems concern Fralfjons as they ee Applicate. 
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„ PROBLEM IX | 
w. 5 : 9 32 Prattion of A Value, to oalex radi of an 
S EE CA, th its having + kobes Re 10 to one another, i. e. 
\ the eſis being equal 16 dg, uf in, Part of the other. \1 
RL E. Take the Reciprocal of the Fraction which expreſſes what Part or Parts the 
lower Unit is of the higher, and making that with the given Fraction (of the higher) the 
two Members of a Compound Frattion, reduce it to a Simple, [by Prob. 4] i. e. multiply 
oe tro Mug” tos ether and the two Den“, che Praduls make the Faction ſought. 
the erve, if N is an Aliquot Part "of the higher, we have no more to do but 
Yen? 15 the Num? of the given Fraction of the by the Dent * . Part. | 
| ER 27 zof x/ wa Freon of, it is of 1 ſb. for:1 /b. is Part 
3x6 FOE. . by the wit age Yo | 
8 are ; To romce $0 of 1 Na raction « 1 FE | This x Meck | 
is of x . is 1 0f 1 2 I l. 6 8 4 
Mek, which, de mate f, . 
„ b-ener. ee 15 8 5 Realan oho. But to 
225 demonſtrate jt more: Tiverſally; let it be propoſed to educe b :120omefn 
e v Fration of # lower, which i. f of the higher, 4 bit i 5 of = of the lower: for 
ſince the lower is, = — of che higher, this muſt be — Z of the other, (Lew. 7.) Therefore 
A zander f of ff un OR And if 
ual to 
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Fracticn of the next lower Species, (by Prob. 9.) which being improper, reduce it 


Bock 2. 
the lower Unit is an liquor Part of the higher, all we have 00 do, is to multiply the 
Nume of che gryen Fraction (of the higher) by the Dear of the Aliquer Pat. $0 
ws . 0 17 en F ae od er e e 
Scho. If a Compound Fraction, or a Fraction of a Number greater than Unity, is 
propoſed, firſt reduce it to a Simple Fraction, and then proceed as above. —— 

To reduce a Fraftion of a lower Unit to a higher, (the louer having a known Res 
lation to the higher. FFC © „ 
Rur k. Make a Compound Fraction of the given Fraction (of che lower.) and the 
Fraction which expreſſes what Part or Parts the ho 2 * 
Compound to a Simple, you have the Fraction ſought. 


" Exam.1. To reduce 3 of 1 f. to the Fractiom of 1 L. it is. L =(&) For TA 
R i 


ding 
The: ſex of this Rule is obviouſly the fame in all Caſes, and needs not be farther 


"1 


„„ 


| * , So 8 d. is E of 1 /b. or 142 of 1 "th 
A 


SE 2. For a mixed Number, reduce it to the loweſt ies expreſſed in it, and 
make that the Num*; and the Number of: that lower Species which is equal to r of the 
given ſuperiour Species make the Den, and that is the Fraction ſought. 

Examp. To expreſs 12 ſb. 8 d. 3 f. by the Fraction of '@7.'it is 5 J. for the mixed 
Number i 611 f. and 1 . is. sl. therefore 611 . is 611 times L = 5. 


"PROBLEM XL. 


To find the Value of a Fractios of any Unit' (or other Number) of a wen Nam, 
in Integers of 2 Species, e there are any ſuch.) _ ) 7 1 85 5 

+4 bl Bhs l p - % . ; a 8 
RLE. The given Fraction being (or made) a Simple Fraction, reduce it to 1 


(by 


wer is of the higher; and reduce this 
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(by. Prob. 1.) and ban d, Quote is the Anſwer in that Species, if there is no Re- 
mainder; but if there is a .emainder, it makes a Fraction of that Species; with which 
you are to proceed to the next Species, and reduce as before; and ſo on to the loweſt: 
then the Integral Number found in each Species, with the Fraction of the lower, if there 
is a Remainder, make up the complete Anſwer. [And obſerve, if the Fraction of the 
firſt, or any ſucceeding lower Species is Proper, it is plain you can have no Integer of 
that Species; and ſo you muſt proceed, and reduce it to the next continually” till you have 
an Improper Fraction: And if you never find ſuch a Fraction, then the given Fraction is 
not expreſſible in Integers. ] 8 | | 35 = 

Examp. 1. 1 of 10. is = 13/9. 4 4. which I find thus, 312 (Prob- lo.) 2213/5. 


* 2 (Prob. 1.) and L.ſh = - d. (Prob. Io.) —— 4 d. (Prob. 1.) 


The Reaſon of this Rule is evident of itſelf. 2 
|  SCHOLIUMS:/ --, 8 8 
| $ | 

1. This Problem ſuppoſes the given Fraction a Proper one; but for an Improper, firſt 
reduce it, and the Intime is the firſt Part of the Value ſought. Then ned with 
the Remainder according to the Rule. | | : 

2. This Rule is. accommodated to all Caſes, whether the lower. Units be Aliquot or 
Aliquant Parts of the biber But becauſe in the Caſes which moſt commonly occur, 
they are Aliquot Parts, therefore the Operation is the more Simple; and the Rule may be 
expreſſed thus, viz. Reduce the Numr of the given Fraction (as an Integer) to the next 
lower Species, till the Product be equal to, or greater than the Denr; then divide by the 
Dent, the Integral Quote is the Part of the Anſwer in that Species: Reduce the Remainder 
to the next Species, and divide as before (by the Dent) and ſo on to the loweſt Species; 
and you have the Anſwer either in a Simple e Number of one 1 or Mixed of 
different. And if there is a Remainder the laſt Species, it that Part of the 


BBC 8 


— 


| 20 < : ... 3 
F =, Tr os 
* his way of ordering the Operation is diſtinct and eaſy; and it 
130 is exactly according to the General Rule of the Problem, which you 
82 „„ read ily perceive. by comparing. For this Reduction of the 

"25 Rem. | Remainder, and then the Diviſion of the Product, is exactly the 
12 Operation whereby the Fraction made of that Remainder is re- 


— — duced to the Fraction of che next Species, and that again reduced 
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2 6 Pin . Fg kr : Whale Numb grate theo 

or to a Md Fraction, as 4 of 64 J. let the Expreſſion; be reduced to a {imple Fract 

and then find the Value. It that e Fraction is improper, reduce it to its equivalent 

Whole Number, and then find the Value of the Remainders i in inferiour Species. For 

the valuing 1 Fraction of a Mix d Whole Number, as g of en He 14%. $4. it is to be 

dons by mult the Mix'd Number by the Num: of the action, and dividing the 
er Hoke Gocer of Quantity is the ſame as J of 2 times that 


| Quantity. — I of any A ee 
Pn | | 
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C EA FP. 
AppIT ION of FRACTIONS. 
DEFINITION. 


Fractions taken 


PROBLEM. 3 er 
Rule. F e e ee wif ee Der 


| A DDITION of e. is ante 2 e el t to al the given 


li are not ſo ) then the the Num being made 4 Num to the 
an: ee De are rice as the 
'Scn LIUM. In the 1 1 ſuper n 

eee eee 


the down the 
them TT ine the Mark of Equality, — 
to what precedes; — cls the ſame Had — Gren Glow on 
i | i the Direction of the Rule: Which therefore being com: 
pared with the Rule, all will be clear and manifeſt. 
Examp. 1. 344 =. Ex. 2. nnn 5 13 
. N SMA 
Ex. 4 ter = = 


In the preceding Examples angle the Imager are bs. fame al the vel 
Fractions, therefore I have named none; bus in the toll th "re ſhall mak char cs 


2 4 . 
Examp. 3. Lg fight 10 45 
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\ | pain, when chere are mix d ang an 47 74, we. may either reduce theſe to 


Fractions, and proceed by the wej or, add fractional Parts 
= Goes, and the int ceo by the fe be de op, ad Thar wn ps by 


| ample, the Fractions E 11 N nos 

pour Again, take this E 505 add a 7210 bY: 102/h. The Sum of the two 
N vis, 14 and 1/8. n 9 . „The Sum of the whole Numbers 
is 404. 10ſb. * 524 1b. 4d 3 3f. © Obſerve allo, that if the relative In- 


regen of ra Fractions eee ature, 1 28 to have ſome relation, there 
be no a 


| DEMO Her. It is already ſhewn, in Cor. 2. Law) that if ſcyers Fractions have 
one Dent, the Sum of their Num applied to that Denr, 8 equal to their Sum ; 


but without that Lemma, this Truth will a very eaſily thus: The given 
Fractions being fuch, or reduced 70 fuch & . 12 
8 abſolte and relative, Ii. e. © ſame and Value 
in all reſſ ] their Sum is therefore a Number of of the Game — 
ber of ſuch Parts as this commen'Dety expreties of the common * 
* . 1 A P. 1 1 1 
i 206 BA | SunTRACTLON of PIA * 


DEFINITION. 
Sa is che finding a Frattion equal to te Dee of two given | 


PROBLEM. To 1 — E br, 


—ͤ—ẽ:ñ̃ ̃ͤ— — 


Rale: ee eee Ha. and one Denz, (if 
1 and make the Remainder a — 
to the common Denr, and you have the fractional -Difference { 


The = ox of this upon the ſame Principle ag. thek Addition, which 
need no ECT m alſo, be be deduced from 3. e it's _— that 


ow pi puny n= = 2 ==, ; been of A 2 „ and 
Jo —— — Fs 83 = — 


- — — mug » 49««õõÜ—ñ OSD $04 er „„ wa ar. 2 4 . 
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5 55 gle = cl. — $5. Kr = y bee. 


d. When there is a Whole Number ee either in the SubtraFor or Subtrahend, 
1 ** eee eee 


126 Subtract jon of Fraftions. Book 2. 
od Mix'd Numbers to 1 Fractions: But ſuch Caſes may be ſolved Saag by 
only che fractional Parts according to the Rule, and then ſubtracting Fraction 
fom Fran and Whole Number from Whole Number. See Ex. 6, 7. below. 
erving this, that where the abſolute Denomination is the ſame, and the fractional Part of 
— 8 Sabersclor is greater than the Subtrahend, borrow Unity; 3. e. add the Denr (which 
repreſents the integral Unit) to the Numt, and then ſubtract, and for 72 carry and add i 
to the Whole Number of the Species to "which the Fraction refers: And. if there is no 
Fraction; in the . . 5 mw one, whoſe, Num. and, Dent: are equal each to the 
Dent in the Subtractor, and the Fraction therefore equal to 1; and ſubtract: from it 
(that is, ſubtra& the Num”: of. the Subtractor from its 2 and for that add 1 to the 
Whole Number of that Species, (Ex. 8, 9.) And if there is no Whole Number of tha 
Species in the Subtrahend, or leſs than that to be ſubtracted from it, (Ex. 12.) you mu 
ſupply it as in Subtraction o& Whole Numbers. And laſtly, mind that the Vows bor- 
rowed for the integral Fart, 2 12 repaid, to, che Integrals N Ex. 11) 
and alſo the Unity. which may happen to be borrowed for Rs of Thar pen 
Species, (Ex. 13.) But che lowing Exemples will make all l clear. T3: » @: wu 


Examp. 6. | Examp. 7. Examp. 8. 
btrahend. 8 8 — 7 | 
Su 72272 % v1 1 1 * 9 1 
Subtractor. 43 24 194 e * 
Differ . 3 3 %o Diff. n Diff. 55 
2104.33 - e . 
Examp. 9 | Examp. 10% | X  Examp. 11. 
46 222 - . 
— A 16 . 32 3 . 81 
Dif- 55 — 2 
# | 6 5 | ſv 95 ITT > 1 
| 9 | ES > 27) 4 5 asser 8 ' : = 
_ ; - ; 7 5 wo 8 # ; 
8185 FO abr . 8 . + 
Examp. 12 4 . Examp. 13 
24 1 „„ M0 e 
28 : 14% „— 82: % = $2: 0997 00 
6 : 10% : 25 : 60 t-147 : o8$-== 69 L457: off 
Diff. 22: 477: 65 © 2 2 S 
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Such Examples 2s the 129 204 ge may pcbps nope 
fineſs, yet they are a - uſeful Exerciſe to 
Fractions. 
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"CHAP. v. 


Morrirziea rio of Fractions 


L ei!Q 


OG: DEFINITION. 


| Number or Quantity by A Fraction, i no he thing han taking 
aber — | 


355 8. nod PROBLEM. To multiply one Fraction by another.” 
wh duc boch bs fil ic Fraftions (if they ate not ſo) and then mut + aro 
Wark) R er, and the oe Bern; their P Products male a Fraction, 55 the Pro- 


2 5 K OÞ ww: BY: bw:o dy 


duct fo 
19 1. 2 = . Es. 2. Aer Ext (= +7 3 
- When either of the two 5 V Wee Number, and the other a Fraction or 
Mid, or boch being Mir d; thelc Caſes come alſo under the preceding Rule, if the 


Whole or Nur d Nu Numbers are — to che Form of ſimple Fractions, (as in the 

following Examples.) So that when there is a Whole Number to be multiplied into a 

5 7 71 + plain we have e no more to do but multiply the Numr by that whole Num- 

ber; That : And the Reaſon of this we have alſo learn d before, Cor. Lem. 1. 
bs 


. 18 times IEF 3 © chat it's no matter Which. of theſe N call the Mul- 
a ee 24 ⁰ 22 (=142).. | 
| Ex: Y 37. 46. 8 4 


\ _— 2 


Ex. 5. e Feste = 22 a Ger r 


e "After the Product is found by. the General Rule, it- may 8 

to lower Terms: But this Multiplication being nothing elſe than the Reduction of a com- 

d Fraction to. a fimple, we may apy he Directions i in Schol. 4. Probl. 4. Reduction, 

or finding the Product in lower Terms than the General Rule gives it; of which ſee the 

Exempler there ex "Irs map which will be needleſs to repeat here. 

oNsT. To m raction ſigniſies no more b the Definition than to 

Bu: be A Part on: Þ wr eee e 2 mare by he D i.e. plainly taking 

TCTCTCTTTT1ßͤõÄ0ĩà᷑kẽ 
ä — — ove ely according. to the. Rule. here given: So 


; of 2= Probl. 4. and this Rule.) 
ſong And becauſe it's equivalent in ws Onder — b gdok. of comp d Fraction are rake, 


Tenge it's the ſame which of them is called the Multipli ultiplicand. 
ui; the Proof of this Work, it cannot-have any whic bs A * firaple or eaſier than 
but. gy. an, eg in NEON as we _ —_— when we come 


\ P 8 ve 2 5 For 
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For APPLICATE NUMBERS. 


Any abſolute Denomination may be applied to one of the Forms; bat vhe-other-mut 


be abſtract by the Definition; for it can ſignify only what Part or Parts of the other 
are to be taken, and the Product is Applicate to the ame, Things, which is to be further 
reduced as the Caſe requires. For Example, 31. x = 341. = 12/b. 6d. 
If the Multiplicand is a Mix d, Applicate, W hole Number, and the Multiplier a Frac- 
tion, then reduce the former to the lower Species; and if there 5 in the erm a Frac- 
tion, make the whole an improper Fraction, and then apply the Rule. 


Examp. 6. To multiply 24 J. 125. 8. J. by 45. By Reduction they are equal to 
591244, * 45 — 9 — —4 =26934 +54. = Gc. 
But here if the Multiplier is a Whole Number, and a ſmall one, ſo that the — 


cation can eaſily be med without previous RN let it i done that Way; 


with the Fraction in the low Species. Examp. 7. 
= 792 116. 544: Thus eee which 1 is carried tothe Product of Pence. 
| Examp. 8. 78. 14.5. 6d. by Multipiy the Mix d Number by 1 a divide the Pro- 

duct by 9; and is a Guettion of that ſame kind which we have ſeen aUready a 
Schol. 3. 28 12. Raductiou. 5 | | 
| Se, "GentwaL ScuoLIVM © « 


LG KD more ppl an ly any, ne acrin 


wii geg eben he 
RT Rene LEES CPE 
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* Oo TE 


rather divide than But more particularl nice Kel lier is an Al- 
quot "Fraction, as J, the K of this Operation is b Ale but Diviſion, 
viz. of the Multi by 3» no roy Again, is a Fraction 


the 
of any other 8 is mix d, whereby the 
Multiplicand i is firſt m müdplied and 3 4 2X Þ divided; for we take a certain Part of 
—_— 1 * iple of it. But-this Difference is remarkable, wis. That if the Multiplier b 
« pope ion, the Divifion prevails, and the Nutnber ſaid to be multiplied is really 
1 — if 1 Im R Fraction, the Multiplicatiog prevails, and the Multipl. 
cand is encreaſed is:therefore in ſome ſenſe maze properly = Diviſion, and 
the laſt a Mpications tho acco to the Definition, they are both called Mult- 
plication ; (nor does the firſt agree to Definition. in Diviion) xs. we ſhall Le in th 
next 1 Again, Take notice, I if a Whole Number and a Proper Fraction 
- pork tiplied es he the Fraction is, in a ſtrict and proper Senſe, multi Fiolied; .bu 

Is - Jellnsd;-and is Only rrilti in that Senſe in which-Mutryhi 

— n defined. 2 ft #'you enquire, How the n 9 
Multiplication comes to be to a Work which really di diminiſhes ? it ſeems to be 
from this Confideration, viz. That whether the Multiplier is aFraftion or Whole Number 
the Number found has the fame relation to che one Factor as the other has to 1; 7. . i 
contains it as oft, or as 'many Parts of it, as the other expreſſes, or as it contains Uniy 
or Parts of Unity; which is plain from the Definition.” So in Whole Numbers, 2 
(or the Prodact of # by 6) contains a, h times, and ſo ddes 5 contain 1, þ times. Þ 
Fractions the Product of a by = cis 7 Pars of, 4, a = expreſſes 2. Parts of 1: Aud 
becauſe of this — i in the Eſfoct, Doch are called Multiplication; which 5 
alſo defined in this general manner, viz. Finding a Number which haye the farie 
relation (above explained) to one of the to given Numbers, as — has to Unity: 
tho the Effect of s is in ſome Caſes reall + Diviſion, and in all others, is mix d of Mu- 
9 and Diviſion, taking theſe in ele more ſtrict and proper Senſe. CHAP 
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CHAP. VL 


DIVISION of FrRacTions. 


DEFINITION. 


IVISION is taken here in the ſame Senſe as already explained in Whole Num- 
| bers, viz. finding how oft one Fraction is contained in another. x 


GENERAL SCHOLIUM. 


We ſee now by comparing the General Nature of Multiplication and Diviſion by Frac- 
tions, as it a in their Definitions, that they are the ſame way oppoſite in their Effects, 
as in Whole Numbers. For, let any Number A (Whole or Fraction) be multiplied = 
any Number B, (Whole or Fraction) and let the Product be repreſented by D; then 
contains A, B times, or ſuch a Fraction of A as B expreſſes, (according to the Nature 
of Multiplication by Fractions;) conſequently, if we divide D by A, i. e. enquire how oft 
A (or what Fraction of it, if it's greater than D) is contained in D, the Quote muſt be 
B: And reverſely, if any Number (Whole or Fraction) is contained ſo oft (or ſuch a 
Fraction of it) in D, as B expreſſes, then muſt ſo many times (or ſuch a Part of) A, as 
B L. Lege be equal to D. Therefore, whatever be the Rule for finding how oft any 
Fraction is contained in another Number, this is certain, that the Quote multiplied into 
the Diviſor (according to the Rules of Fractions) muſt produce the Dividend, or its 
equivalent; for it may Wiſe in different Terms, as we ſhall preſently ſee. 5 


PROBLEM. Tv divide one Fraction by another. 


Rule. Reduce both to ſimple Fractions, then take the Dividend and the Reciprocal 
of the Diviſor, as Members of a Compound Fraction, and multiply them together ; -the 
Simple Fraction produced is the Quote ſought ; 3. e. the Quote is equal to ſuch a Frac- 
tion of the Dividend as the Reciprocal of the Diviſor expreſſes: Or thus, (which is the 
B Multiply the Numer of the Dividend into the Denr of the Diviſor, then the 
Denr of the Dividend into the Num? of the Diviſor ; make the firſt Product the Num, 
and the other Denr of a Fraction, and it's the Quote ſought; which is to be further re- 
duced according to the Circumſtances. and Senſe of the Queſtion. 


nay! oe) oh en» 5% ph RES 
Ex. 3. 4) T ( Ex. 4 offt) Ar; or ) vp (53, 


K there is a Fraction any way concerned in either of the Terms, ;. e. if either of them 
5 a whole Number, and the other a Fraction or mix d, or both mix'd Numbers, they 


come both under the preceding Rule, if the Whole or Mix'd Number is firſt reduced to 
the Form of . Fraction, (as in the following Examples.) So that when either of 
them is a Whole Number, we haye no more to do but multiply the Numr or Dent of 


the other by it, according as that whole Number is the Dividend or Diviſor. 


8 Examp. 
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Examp. 5. 24) 368& or *# —. (3213 = Ar. 


Ex. 6. 8) % (Fr Es. 7. 2406 fr ©) Y (PS =244. 


Obſerve. The preceding Examples are all in abſtract Numbers; and for the Manage. 
ment of applicate Numbers, where Fractions are concerned, I ſhall conſider them by 
| themſelves, becauſe of ſome things that require to be particularly explained as to the 

Senſe and Meaning of Diviſion applied in ſome Caſes; but I ſhall firſt demonſtrate the 
preceding General Rule. | | 


Degmonsr. The Reaſon of this Rule may be variouſly deduced thus: (I.) That is the true 
Quote, which, multiplied by the Diviſor, produces the Dividend, (by what's ſhewn in the 
preceding Gen.Schol.) Now if 7 is divided by > the Quote * to the Rule is be 
which multiplied by the Diviſor 5 (i. e. take 2 of 2) the Product is equal two 
But this being reduced to lower Terms, viz. by dividing both Num* and Dent by at, 
(or ba.) becomes equal to 7 the given Dividend; therefore > is the true Quote. 
| Or, 2. We may prove it thus: Suppoſe 5 = 5 = l., thatis, 5 is contained in 5 
— times; wherefore — times F> or — of 7 = >: But — of = rot =, which is 
therefore= 75 and hence (by Lem. 7.) === of 75 which, according to the Rule, is 
7 ww 3 3 ” ng; 0 

Now, tho either © two is a {tri onftration of che Rule. yet being deduced 
only from the Oppoſition betwixt Multiplication and Diviſion, it will be uſeful to ſee the 
Reaſon and Invention of it more directly and immediately from the Nature of Diviſion 

3. Let it be required to divide 5 by F. If we firſt enquire how oftis @ contained i 
7 the Quote is 2. (by Cor. 1. Lem. 5. Chap. 1.) But becauſe we ought to enquire, hoy 
oft 7 or F of a is contained; and this muſt be-b times as oft, therefore multiply the 


| 3 3 b c Ry 85 
laſt Quote 42 by b, the true Quote is . (= ot 7. according to the Rule. 
4. We 2. a more ſimple View of it, thus: Suppoſe the Diviſor and Dividend hare 
ſor are reduced to) one common Den”, then it's evident that the Dividend contains the 
iviſor as oft, or as many Parts of it, as its Num? does the other; for having one Dent, 


Z 


are in the ſame State with reſpect to one another, as Whole Numbers: So that the 


they are in 

Num? of the Dividend, ſet fractipnally over the Num? of che Diviſor, expreſſes the tre 
Quote. For it's evident, that = contains — as oft as 4 contains h, ſince theſe Number 
expreſs Units of the ame Value. Now, tho? there is no word in the Rule of reducing to 
one Dent, yet the fractional found by the Rule, is plainly the ſame as that now mien: 
tioned; for the Operation is the ſame as that by which the Num** are found, when the 


are reduced to a common Den”. Thus, if 5; and -7 are. reduced to a common Den) 


a . 


S 
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they are = and E, and the Fraction made of their Num; 3. e. the Number of times 
2 v contained in 7p is truly expreſſed by 2, which is the Quote of + divided by 5. 
according to the Rule. | | 

CoROLLARIES. | 


If the Diviſor and Dividend, being ſimple Fractions, (or reduced to that State) have a 
tommon Derr, their Quote is the Quote of the Numrs taken by the Rule of Diviſion of 
whole Numbers. So 3) 3 (T and $)3($=2: | | 

IT. From the General Rule this plainly follows: That the Reciprocal of any Quote 
will be the Quote when the Diviſor and Dividend are changed. For Example, = — 7 
=, and 5 — 7 = Or dus if F 7 = 5, chen is f of 5=5,and 5 = 
* of 5; therefore 5 — F = = And the ſame thing being true in whole Numbers 
alſo, we learn this general Truth, viz. Thar if any two Numbers are divided, either by 
the other, the Quote of the one by the other, is the Reciprocal of the Quote of what 
other by the former. . ü e 


ScuoLIUM. When the Quote is found, it may be reduced to lower Terms; but 
if you conſider, the Dividend and the Reciprocal of the Diviſor, as Members of a com- 
pound Fraction, (according to the nay Big you may apply the Directions given in 
Scbol. 4. Probl. 4. Reduction, for finding the Quote in lower Terms. But the Rules for 
the more of theſe Caſes, applied to Diviſion, may be expreſſed in this manner, 
2 | | | | 

(I.) If the Nurnt and Den of the Dividend are Multiples of the Numer and Dent of 


the Diviſor, divide them, and make the firſt Quote Numr and the other Denr, and that 
Fraction is the Quote ſouggrtrt. | , 


(2.) If the Num of the Dividend is Multiple of the Num? of the Divifor, but not 
the Denn, then take the Quote of the Num and multiply it into the Fraction made by 
ſetting the Denr of the Divi over the Derr of the Dividend. : 8, 


Examp. 3) 1 (2x K =. 


(3) If the Dem of the Dividend is Multiple of the Denr of the Diviſor, but not the 
Numrs, then take the Fraction made: by „ the Numr of the Dividend over the Numr 
of the Diviſor, and divide it by W the Denys; 3. e. multiply its Dent by that 


 Examp. T) K (4=2=4=12. 4 


(0 If me Num: of the Dividend is Multiple of the Numer of the Diviſor, and the 
Denr of the Diviſor Multiple of the Denr of the Dividend, divide the Num one by.the 
ther, alſo the Denre, the Product of thoſe Quotes is the Quote ſought. 


Examp. I) r, for 6+3=2, and 39—13==3. 


The Reaſon of all theſe Rules is contained in what is explained in the place aboye re- 


ferred to;, and were ſuperfluous to repeat. 


S 2 11 | For 
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Fr APPLICATE NUMBERS. 


There is the fame Variety in Diviſion of K Numbers where Fractions are con- 
ſidered, as when all are Whole Numbers. But before we make any Examples of this 
kind, it will be proper that we firſt reflect upon the four different Senſes explained in 
Diviſion of Whole Numbers, and confider hdw they are to be applied with Fractions. 
| Firſt, If the Diviſor is a Whole Number, the Dividend being a Fraction either pure | 
or mixed, the different Senſes are Applicable the ſame way as if the Dividend were alſo i 
a Whole Number. For we may enquire, 1. How oft the Diviſor is contained in the 
Dividend. 2. What Part it is of Dividend. Or, 3. What Number (Whole or 
Fraction) is contained in the Dividend as oft as the Diviſor expreſſes. Or, 4. What is 
that Number which is fuch a Part of the Dividend as the Diviſor denominates. In al 
which there is no matter what the Dividend is; for the Anſwer of the Queſtion in the t 
firſt Senſe will anſwer it in them all; except in the ſecond, when the Diviſor is not an 
Alquot Part of the Dividend; as has been already explained. 
In the next Place, let the Diviſor be a Fraction pure or mixed; whatever the Dividend 
is, the firſt two Senſes are applicable without _ ariation : for we may reaſonably ak, 
_ 1. How oft a Fraction is contained in any Number. Or, 2. What Part it is of any 
Number. Obſerving this, That whether the Diviſor is an Integer or Fraction, if it i; 
not an Aliquot Part, yet we may ask what Fraction it is of the other. 3. We may enquire 
what is that Number which is contained in the Dividend ſuch a Fraction of a time (4. . 
of which the Dividend contains, or is equal to ſuch a Fraction) as the Diviſor expreſſes. 
It is plain, the Quote taken in the Senſe will anſwer this alſo; becauſe [the Quote 
and Diviſor produce the Dividend. For let 5 + 5; be = 5 which in the firſt Senſe 
ſiznifies that 7 is contained in 5 , = Parts of a time; i. e. that J = = of 5. But > 
of 5 =5 Of =, (by Cor. 1. Probl.4. of Reduction) Therefore 4 = 7; of Sie. 
J contains =, J Parts of a time. Wherefore > is the Quote in this third Senſe alſo 
And this Queſtion applied to a fractional Diviſor, is parallel to the third Senſe applied to an 
al Diviſor. And to comprehend both without diſtinguiſhing, we may. ask what is 
the Number which is contained in the Dividend ſo many times, or ſuch a Fraction of 
time as the 1 | | | 
4. The fourth Senſe in Whole Numbers is finding a Number which is ſuch a Part of 
the Dividend as the Diviſor denominates; which is in effect makiphying by its reciprocal 
Fraction; for it's plainly taking ſuch a Fraction of the Dividend as the Reciprocal of the 
Divifor expreſſes. So to divide by 4, in this Senſe, is to take 4. And to make a Queſtion 
like this with a fractional Diviſor, we muſt ſeek a Number whick is ſuch a Fraction af 
the Dividend as the Reciprocal of the Diviſor expreſſes; which is the immediate effet 
of the Rule given for finding the Quote in the firſt Senſe: So that it is plain, the Quote 
which anſwers the Queſtion in the firſt Senſe, does fo in this Senſe alſo ; i. e. is a Num- 
ber which is ſuch a Fraction of the Dividend as the Reci of the Diviſor expreſſes 
This therefore is a general Truth, that whatever the Diviſor and Djyidend be, the Quote 
found 1 Rule, is ſuch a Fraction of the Dividend as the Reciprocal of ti: 
Diviſor expreſſes. 5 : i : 
But laſtly obſerve, That if a Queſtion is thus propoſed, viz. to find + Parts of 711 
is directly in the Form of Multiplication, and fo does not appear as a Queſtion of Divi- 
| Gon; nor is it fo in any other Senſe than as the Anſwer of it is equal to the Numbers 
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times that its Reciprocal 5 is contained in 3. Or, as it is the Anſiyer of a Queſtion 
of Diviſion made with the Diviſor I in the third Senſe. 2 

Now then, as in Diviſion of Applicate Whole Numbers, ſo here in Fractions there are 
e ens hack: Ap ching 

1. The Diviſor and Dividend are plicate to the ſame kind of thing; and the 
Queſtion is always in the firſt and ſecond SO Therefore the Quote is an Abſtract 


Number. And to find it, you muſt reduce the given Numbers to one abſolute Denomi- 
nation or Integer, and then apply the preceding general Rule. See Examp. 8, 9, 10. 
58 The Dividend is Applicate, and the Diviſor Abſtract; then the Queſtion can be 
propoſed only in the third and fourth Senſe. Minding that the fourth Senſe is to be 
called Diviſion only as it is the Anſwer of the Queſtion propoſed in the third Senſe, with 
the Reciprocal of the Diviſor, See Examp. 14, 15, 16. below. 3 

, * 


1 Examples F CASE I. 
Ex. 8. T4 571 (=I Ex. 10. 35 n. Or, 7 .) 2,5. 
Ex. 9. 206.) +0 . Or, ) 255. (As- 


"lp e 4 5 5 Or, & ſb.) FEEL 
3%) + þ (= =225: * PT WR = 
If either Diviſor or Dividend is a mix'd Whole Number of different 


both to a 77 1 Number of the loweſt Species; and if there is a Fraction Pecles, reduce 


they muſt alſo be reduced to one , and that the ſame to which the bord — 


bers are reduced. But this will be beſt done by. reducing to an Improper Fractio 
then reducing this to the Integer required. , m_ en 
Ex. 1a. 4 lb.) 481. 38s. 9d. By Reduction, 225 40 22145 2( 9155 
1 ; My er aps: 
TN | | 
Ex: 13. 31. 45.) 381 12h. 83.4. 
X 52 £210: <:Bby Redutiod: 8 1 
64 2 . 2 2d. 242 ETI 450. 46361. SJ, 
. e rpg e e 6 ll) oo 
= 12 757550» Xen od oats oc 
© Where the Dividend is Applicate, and the Diviſor Abſtra®; i. e. wherein i 8 
:. 3 HI Se Dijon vom 
Examp. 14. 3) 4 (TI L= 6b. 8d. 


np. 13. 4) 241. 165. 9d. Or, % ) A a (2224 gm 1295 2 
3 , 4 MO . — ä Aa 3. T 
31.75. 11 IT d. | 


= ld; = 
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If the Diviſor is a Whole Number, you need not always reduce the Dividend when i 
is a mixed Number, but carry on the Diviſion by degrees to the loweſt Species, where 
the Fraction is; and what is Remainder upon dividing the Integral Part of that Species, 
annex to the Fraction, and reduce them to an Improper Fraction, and then divide as is 
done in the following Example. | | „ 


Examp. 16. 4) 18 J. 13. 94d. ( 41. 13/5. 5 2 d. 
: 4 GENERAL ScHOLIUM. FS 


As we obſerved before upon the multiplies by a proper Fraction, that it diminiſhes the 
Number multiplied by it, contrary to the e of an en bp Multiplier, and to the more 
limited Senſe of the word Multiplication; ſo here, to divide by a proper Fraction does al. 
ways quote a Number greater than the Dividend, contrary to what is done with an Inte- 
gral Diviſor; and contrary alſo to the more ſtrict Senſe of the word Diviſion, which im- 
pores the leſſening of a _ and ſo the Quote will in ſome Caſes be a Whole or Mird 

umber, tho the Dividend is a Fraction; becaufe one Fraction may be equal to another 
taken once, twice, or any Number of Times, or Parts over. Now, that the Quote 
muſt be always greater than the Dividend, is plain from the Rule. For the Divifor bein 
a Proper Fraction, its Reciprocal is an Improper Fraction greater than Unity, by which 
the Dividend is multiplied, Which s therefore taken more once to make the Quote. 
Again more particularly, if the Diviſor is an Aliquot Fraction, the Operation is in effect 
a a proper Multiplication ;©{d to divide by 2, is no other thing eee by 4. And 
the Diviſor being a Fraction of „ „ kind, the Operation is mix d of a proper Mul. 

tiplication and 3 in which Multiplication prevails, if the Diviſor is à proper 
Fraction; but the Diviſion prevails, if the Diviſor is an improper Fraction. Now, becauſe 
the Quote may be in ſome Caſes greater than the Dividend, we may enquire, How the 
name Diviſion catne to e an Operation which really increaſes a Number: 
And the Reaſon of this. is probably, (as before we alledged in Multiplication, ) the general 
ikeneſs in the effect of dividing by a Whole Number and by a Fraction, vis. the 
Quote has the fame Relation to the Dividend that Unity has to the Piviſor, 7. e. that the 
Quote contains the ſame Part or Parts of the Dividend as Unity does of the Divifor. This 
is manifeſt in Whole Numbers; for if B is divided by A, the Quote is A of B, and 1 
* J of A. In Fractions the fame truth will exactiy appear; Thus, let the Dividend be p, 
either a Whole Number, or Fraction, ) and the Diviſor 3; by the Rule, the Quote i 
—=+ of D; but 1isa=+ of 3 (cheſe being Reciprocals, Cor. Lew. 5.) And 
from hence 3 3 ae in this manner, Viz. Finding a Number which. ſhall have 
the ſame Relation (as Fe explained) to the Dividend, as Unity has to the Diviſor— 
But we have alſo this Difference to obſerve, in the Definitions which I have. applied to 
Multiplication and Diviſion : That in Diviſion, the Definition is the ſame for Fractions and 
Numbers without changing one Word, viz. finding how oft the Diviſor is con- 

is repeating talei 0 it a Times; but wi 
2 Fraction it is only taking a Part, or certain Parts of it. Yet this is ſtul true, That the 
Operations of Multiplication and Diuiſom are reverſe to one .anather; ſo that the one 
undoes what the other did, whereby they prove one another. And hence we have this 
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GENERAL COROLLARY, To the Rules of Multiplication and Diviſion 
vbotb by Whole Numbers and Fractious; Viz. 


Jo multiply by any Number, Whole, or Fraction, and to divide by its Reciprocal, 


have always the fame effect, or brings out the ſame Number; ſo 8x 3 = 5 or 

generally, Ax A2 each being (by their proper Rules) An; or, 5 * 

2125 each being = 52. And AX=>=A —2; for each is = == Allo 5 
* Nw | | 

x5 =5 — =, each being 12. 


The laſt thing I have to obſerve, is, That ſome may ask, the finding, for Ex- 
1 * of a thing is not called Diviſion, ſince 1 no b 3 (vis. with 3.) 
The Anſwer is plainly this, Dividing by 3 is the {me as multiplying by 3. So that to 
fnd 3 we do multiply according to the Rules of Fractions, which makes the Product a 
Fraction ; and when this happens to be an Improper Fraction, (as it is —_ when the 
Dividend is a Whole Number greater than'3) the Divifion by 3 is only theReduQion of 
that Improper Fraction. And for the ſame Reaſon to find 4 will alſo require a Diviſion, 
if the on roduced be Improper : But to make the Compariſon aright, let them 
conſider the Difference betwixt divi ED 3 and by 7; theſe cannot have the ſame Effect. 
And if rig, by 2, finds + of the Dividend; dividing” by 1 does not alſo find 3 of it. 
Indeed, the finding 4x is in fome ſenſe Divifiox; but it is not Diviſion by $, bur by 3. 
Or it is not finding how oft 2, but how oft 3 is contained in the Dividend. In the ame 
manner, finding 4 is in a ſenſe Diviſion, but it is not Diviſion by 4, but by 2 its Reciprocal; 
in the fame manner as 1 is found by dividing by 3, the Reciprocal of #. In ſhort, we 
muſt take Multiplication and Diviſionaccording to their eſtabliſhed Definitions; about which 
have hid ah that” is Wert to make them be clearly underſtood. 


** 
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CHAP. vn. 
| Of the, more. ſpecial A 


Have in the ing Chapter not only explained the general Principles and — 
tions in Fractions, but alſo made Application to particular things by Examples in all 
the Operations. Theſe Examples are indeed Simple, and but pary Suppolitions : 
And if we confider that — m more Operation than abſolute Numbers, it is 
unreaſonable to bring them into Buſineſs without neceſſity. It remains then that I make 
2 few further Reflections, and ſhew you how) they — occur in Buſineſs. the 
fiſt place obſerve, that in what we call mix'd Whole Numbers, the inferiour Species are 
indeed Fractions, but ſuch as we may call racite oxes; becauſe their Denominations are 
never d, it being thought more corivenient to diſtinguiſh them by common 
Names by numeral Denominations; yet theſe are always underſtood, and really 

plicd in all Operations: And the Rules given about them in the firſt Book, are either the 
SOS or deduced from the general Rules of Fractions explained in this Saat; and 
© lave the fame effect: For ſince cach of theſe Rules is demonſtrated to be true and 
25 2 f | t 3 - ' . right, 


„ 


plication of Fractiont. 


9 


— 


right, the Effect of each muſt be the ſame, when applied to the ſame things. But I ſhall 
o ſhew it by a ſhort Compariſon, thus: | | SD 
In Addition» of mix'd Whole Numbers, we add the Numbers of each Species by 
themſelves without any further preparation, becauſe they are Fractions o fame In- 
teger, viz. the next higher Species, having all one common Denominator, (or numeral 
Relation to the next Species,) which is exactly the Rule of Addition of Fractions ; and 
then if the Sum is greater than that Den*, it's an Improper Fraction, and accordingly 
we do in effect reduce it to an Integral Number of thar s * in the very Addition, 
(which is equivalent to dividing it by the common Denr) leaving the Remainder in the 
- loweſt Species to which it belongs. So Pence are 12" Parts of a Shilling, and therefore 
yo carry the Number of 12's contained in the Sum of Pence to the Shillings ; and 
© on. | FRF; + 
In Sabtraction we do the ſame in effect as the Rule for Fractions requires; for the like 
Species are Fractions having the fame Denr, (with reſpect to the next above,) and when 
the Number in the Subtra is leaſt, we borrow Unity from the next Species, i. e. 
the Dent, (as in Examp. 7, 8, 9. Subtraction of Frattions.) 8 : 


In Multiplication, which is but a reiterated Addition, the Compariſon is the fame as in 


Addition, if the Work is performed b ung inning at the lower Species, and multiplying 
upwards; and if we reduce firſt the Mix d Number to a Simple Number of the lowelt 
Species, then it is a Fraction of the higheſt, whoſe Dent is the Relation betwixt the 
loweſt Species and higheſt. And = Fraction is multiplied by ; multiplying its Num", 
(i. e. the Number produced by Reduction) and the Product makes an Improper 
Fraction; the Reduction of it being nothing elſe but finding its equivalent Mix d Num- 
ber, and again reducing the Integral Part to the higher Species. | 
In Diviſon, if the Dividend is a Mix'd Whole Number, and the Diviſor a ſimple Ab- 
ſtrat Number, the Compariſon. is the ſame as in Multiplication, if we take the Method 
of reducing the mix'd Number to the loweſt Species; and if we divide from the higheſt 
Species gradually, then it is the ſame as if we expreſs d each Species as a Fraction of the 
next above it, and divided each Member by itſelf. Again, if the Diviſor and Dividend 
are. both Applicate, whether both are mix d, or only one, the Reduction of both to the 
ſame loweſt Species, is making them both Fractions of the higheſt Species and of one 
Dent, (viz. the Relation betwixt the higheſt and loweſt,) and then dividing their Num, 
which is according to the Rule of Fractionss. | 
But again, as in Whole Mix'd Numbers each Species has a Relation to all the reft, 
ſo the ſeveral Members of a Mixd Whole Number may be expreſſed as Fractions of the 
igheſt Species; and then if theſe are all added together, they will make with the Number 
of the higheſt Species, a Mix d Fractional Number. For Example, 87. 6/5. 4 d. is equal 
to 1.8 £1: ＋ 23 JL. and this reduced, is equal to J. 8%. And when ſeveral Mixd 
Numbers of one kind are thus expreſsd, the Addition or Subtraction by the Rules of 
Fractions, will bring out for the Sum or Remainder, a Number equal to what will arite 
from expreſſing the Sum or Remainder got by the common Rules, inthe ſame fractional 
manner with reſpect to the higheſt. - And the fame thing will hold for the Products and 
Quotes in Multiplication and Diviſion ; for if this were not true, either the Rules given for 
fractional Operations, or thoſe for Whole -Mix'd Numbers muſt be falſe. But each of 
theſe are demonſtrated to be true. | | | 


But again, Obſerve, that the common Rules for Mix'd Whole N umbers do make eaſier 


and diſtincter Work than what would ha by that way of expreſſing the inferiour Spe- 
cies, except-upon certain Suppoſitions of their mutual Relations, as we ſhall immediately 
explain. But keeping to the common Subdivitions % 1 inſtituted, it is better to 

expreſs them as Mix d Whole Numbers, and uſe the R {SER about theſe in the firlt 


* 


Bool, and never bring in Fractions When they gan be avoided: But this cannot always 
8 l — Imperfe& Diviſion, therefore oy 
W 


be done; for ſince Fractions neceſſarily 
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will unavoidably happen upon the Diviſion of Numbers of any jowelt Miles or of things 
for which no inferiour 8 are inſtituted. 

ow, tho the Operations with Mix d Whole Numbers, according to 2 eſent Sub- 
diviſions, are eaſier thafl „N e be if wo * of their i pecies were 
expreſs d fraftionally of Fractions applied; x there | is a Sup- 
polition in the Sab hien of Ar i. e. a certain Species of Fractions, according to 
eee = » being made, it would be more eaſy = gory . the 
lefler alw . and that Species is the Decimal Fractiom already 
mentio 10 Principles and Operations I ſhall EG and then more * 
their Uſe and Application. | | 


G H A P. VIII. 
Of DrCHMAL Fractions. 0 
$1. DEFINITION. 

F we ſuppoſe ſuppoſe ary age Integer divided into 10 Parts, and each of theſe agairi into to Parts 
I. aking of the 100 Parts; and each of the laſt Parts again into 10 Parts, ma- 
— the Whole 1000, and ſo on: theſe Parts ate called Decimal Parts; and any 
Number of them is called a Decimal Fraction: Whoſe Definition is therefore this, viz. 
a Fraction whoſe Den* is 10, or 10X 10, or 10 & 10 K 10, &c. i. e. 10, or 100, or 
1000, &c. 5 | 
| Examp. es Te; 12 &c. 


1 plain therefore that the Den? of Decimal Frafiox is 1, with one or more o's 
ofi the Right Dand of it. And in this lies the eſſential Difference betwixt Decimal 
Fractions and all others. But there is alſo another Difference, which is in the Notation 
Cem: Dex? we bare + Mend written in the Vulgar Form, yet from this Property of 

we have 2 of Notation en rom end cafjcr than the Genet of 
Common Way uſed in the — Ad hence. as we have Operations as 
Simple and Faly a thoſe Whole . 


g. 2. Notation of D&criMALs. 


11 Nameratr and. Deyaminator of a Decimal FraZion, whether Proper or Ake 
| being known, write firſt down the Numr, then conſider 

or en belong'ts the Dent: A Hoghninge Oe. hand or Place of Fai of he 
Num, reckon towards the Left-hand one e for every o And 
if there are not as many, f ply the Defo@t wtho's fe on the Leſthand: 1 1 


them e Point, Ef = ee how the Lene ante wo een 
is therefore the A chal aFion: As in . written 
8 imal Form. 


2 4 + *. a > , . 8 - . * 
| - | Ex- 
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Examp. 1. og is .3 Examp. 2. is 24 Examp. 3. SALE! is Saad 
Exanp. 4. Tow ib 0023 Examp.5. 4 i846 Examp.6. IS) is 34.6) 


This Noration is arbitrary, and requires no Demonſtration, but only to ſhew that the 
Num? and Derr are thus diſtinctly marked, tho not altogether ſeparated from one another: 
And this is very obvious; for the Num is completely ed. (what Cyphers are in 
ſome es, ſet on the Left-hand of it, changing nothing of its Value,) and becauſe the 
Denr conſiſts of a Number of o's on the Right-hand of 1, we want only to know how 
many are of theſe os: and this we know by numbering the Places that ſtand on the Right- 
band of the Point. Therefore | 3 


To read a Decimal which is written in its proper Form; 


Take the whole Rank of Fi which together make one Number, (7. e. the whole 


Rank excluding the o's that ſtand on the left of all) for the Numr ; and for the Derr, rec- 
kon as many os as there are Figures before the Point on the Right-hand. So .o5 7 is 1228 
and .004607 is rs | 

ScHoL. The fame Problems and Rules of Reduction bejong to Decimals as to any other 
Fractions, which need not be repeated. There are only theſe few. particular things to be 
remarked, which are conſequences of the Nature and Notation of Decimals, and the 
general Rules of Reduction of Frattions already explained; and which will ſerve as Prin- 
Ciples for the Demonſtration of the following Rules of Operation. E242 


COROLL ARIES. | 

1. A obo. Fraction in Decimals can have no Figures ſtanding on the Leſt-hand of 
the Point, but all upon the Right; for the Der muſt neceſſarily have more Places than 
the Nur, and fo * Point muſt fall without them on the Left-hand: And an Improper 
one muſt have Figures on both hands of the Point; for becauſe the Denr cannot have 
more Places than the Nur, therefore the Point cannot fall without. Examp. .046, i 
Proper ; and +62, is Proper. 5 * | 

2. A mixd Decimal Number and its equivalent Improper Fraction have the ſame N. 
tation in Decimal Form, and therefore require no F. to reduce them; and ſo the 
Diſtinction can only be made in the reading them. For Example, , = 34 ＋ T hie 
the ſame Decimal Notation, viz. 34.67. For this is the Reduction of the improper 
Fraction, by the General Rule; and it is plain the mix d Number can have no otber 
Notation, except that a Mark of Addition may be put betwixt the Integers and Fraction 
thus, 34.67. But this Mark is ſuperfluous. Hence any Decimal Expreſſion, where 
there are Figures ſtanding on the Left-hand of the Point, may be read either as an Impro- 

Fraction, or a Mixd Number; thus, as an —_— Fraction, taking the w 
as it ſtands (without minding the Point) for the Numr, and for the Derr reckons; 
"many Cyphers as ſtand on the right of the Point; or as a Mix'd Number, by taking al 
the Figures on the left of the Point as a Whole Number, and thoſe on the right a z 
Decimal Fraction. So this other Example, 234-08, is either 222, or 234 +; 

3. It is manifeſt, that all Expreſſions wherein there are no Figures, but os after de 
Point, are pure Whole Numbers compoſed of the Figures. ſtanding before the Point 
So 34-00 is 34. Yet ſuch Expreſſions are equal to, and may be read as an improper 
Decimal Fraction, whereof the Num: is all the Rank of Figures on each fide the Point 
and the Dent has as many 0's as ſtand after the Point; fo the preceding is S which 
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according to the Decimal Notation is 34.00. Wherefore a Whole Number is N 
in Decimal Form = tting any Number of o's after it, and a Point between; which is 


ſe 
to be read asa Fraction in the manner explained. 


Cyphers ſtanding in Places next the Right-hand of a Decimal, make the Fraction 


4 l | 
the ſame as if they were not there; ſo .3400==.34. Becauſe theſe Cyphers 1. rec- 
koned both to the Numr and Derr, if — are taken away, do equally divide both; ſo 
3400 being sse divide both Terms by 100, (or take two Cyphers from each) it 
18 75 OT . 3. 7 8 ! 8 : 2 8 

oy Decimal Fractions having the ſame Number of Figures on the right of the 


24 


Point, have the ſame common Den? ; fo .34 and .o6 have the ſame Denr, wiz. roo. - 
Hence two or more Decimals are reduced to one Denr by adding as many Cyphers on the 


right of thoſe that have fewer Places, till they have all an equal Number of Places. So 
theſe, . 4 . 255 067, are equal to, .400, .250 wes: having a common Denr 1000. 

6. Every 4 Fraction is eq he Sum of ſo many leſſer ones, whoſe 
Numts are everal D Figures of ee Num, their Dent having as many 
os as there are Places from the Point to that Figure. For Examp. 1. 34.3 +.04, 
for. 3 . 30, which has the ſame Denr with. o4; and therefore that Sum is. 34. Ex. 2. 
04608 04. — .006 — .00008 8 | | 


(. 3. ADDITION of DECIMALS. 
1 <a 


e R UL E. N + BR 
Hether the Numbers given are pure or mix'd Decimals, or ſome of them Whole 
Numbers, write them down under one another in ſuch order that the Decimal 
Points ſtand all in a Column, and the Figures all in diftin& Columns, in order as they 
are removed from the Point eirher on the Right or Left-hand; then beginning at the 
Column on the Right-hand, add the — in every Column together, and carry forward 
1 for every 10 in the Sum, as in W Numbers; placing a Point in the Sum under 
che Points of the given Numbers. „ 5 SA . 


Examp. 1. Examp. 2. | Examp. 3. 


24 | ++". SOS | 36.24 
378 693 9 40.58 
057 | 4067 378.62 
eee 
6827 235 22.007 
2.2933 1.6253 288.8 


I fome of the Numbers given are Whole Numbers without a Fraction, the Work is 


9 


the fame, ſetringygh z.theſe Whole Numbers on the left of the Column of Points; and if the 
Sum of the firſt Column in the decimal Part is a Number of 10's, the o need ho 


7 
- 


ritten down, but proceed; and do the fame, if the Figure to be ſet down in the next 


Column ha alſo to be o. But mind that after a ſignificant Figure comes in the 8 
belonging to the following Columns muſt not — * 


* 
ö by * T e L _ Te. _ 
b a A , a 4 "= 2 
9 . 5 ? : 2 N : ; _ _— Examp. 
» 5 2 — — 
* 9 i | am « 
* - 
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3 2, ws 
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[1 
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67.004. 


- 8.206 
37.604. 018 
478.26 F 

WWW 
II. | : TOC 


DemonsT. If conceive as _ — — of the De. 


cimal Point in each I an equal Number of Figures 

aſter the Point, they are thereby reduced to l er) having 
common. Den”, (Coral. 5) and them of the Nuns i the Nh "> 3 00 an fought to 
be a to. that common Den* ; but theſe o ——— 


filled up, and therefore the Sum of the Num is truly by the Rule; and by ſetting 
28 Sum under the Column of Points in the Numbers added, the common 
Deni is right ied, therefore the Rule is | 

Or we may deduce the Reaſon. of this Rule thus: All the Fi ures of the fractional 
Parts ſtanding in one Column, are Numm of Fractions having the fame common Den, 
(by Corol. 6.) and from the nature of a Decimal Pens, Gd 25 in the Sum of any Co- 
lumn is equal to a Fraction whoſe Numr is 1, the Den? having one o lefs than the Der 
of the Column added; i. e.. oIio . oi.  Therefaxe it is plain, chat adding and carrying 
uy 1a from the ſeveral Columns according to the Rule, gives the true Sum. 


n "har far an i dong tes ene , . — ec 
> Or uced to m a er 
to.the aer, by muſtip lying the Numerater, or the lower to a higher by divi 
if it can be 1 3 be a Decimal. 7 
| — uce any other way, the Fraction be a Decimal. Tg. .6 Yards 
＋ os Quarters, are, by Reduction, pang age .o8 qr. Or, ad uy” But i 
inſtead of .o8 — . 4 LE then if you reduce this to a Fraction of a Yard, it wil 
not be a be made 355 Yards. And therefore reducing the Higher 
Denomination — — is = General Keule that will keep the Expreſſion in Decimal. 
But ſuch Examples ſeldom occur 3 uwe ſhall ſee afterwards in explaining the Uſe of Decimal. 


9. 4. SUBTRACTION of Dzctmas. 


RULE. 
Ras bo Hants and tart fs ern 
tract as in Whole Numbers, every e or from what over it 
Of endow i Wh „„ e in chat Place of the 


— — int in the Remainder, in the ſama Column with the Points of 
8 n they need 
= 


Ex. 2. 68.28 Ex. 3. Ms Ex. 4 94 


Ex. 1. a 
42 24.057 027 
"= 44-223 5 14 47 7.963 
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Examp. J. 82.0642 Ex. 6. 234-075 Ex. 7 28.24 
29.7762 | 3.94 Rs 16. 
52. 308 3 . 22424. 


The Demonſtration of this Rule ſtands upon the fame Principles as chat for Addition 
The fame Scholium is alſo applicable here, which men f 


9. 3. MULTIPLICATION of DECIMALS. 


ARE the Numbers propoſed (i. e. the Rank of Figures in each) as Whole Num- 
bers, and multiply nw by the other as ſuch, negloing the o's that ſtand next 
e Number of Places or Fi- 


the Left-hand, as uſeleſs in 887 breeds then take 
gures, whatever they are, — ſtand the Point, both in the Multiplier and Multipli- 
cand, and num any Places from the Right-hand of the Se, ſet a Point 
before them; and i — are — as many, ſupply the Defect with Cyphers, and you have 
the Product duly e which, according to the Circumſtances of the Factors, may 


be either a Pure on, (Exanp. 1, 2 or a- Mix'd one, (Ex 6.) ora 
Whole Number, (Examp. 7) us n 


Exemp. „ K Ex. 3. . 5 Ex. 4. 
46 4. 78 d 00048 6.08 
28 W 47 


72 246 6 . 4 56 
ö 45.003 . 8 2 
2 169 738 231328 2286 
3785 wh 34699 2 3192 

28529 84 3271012. + + x fon 
 24717.977 7428 * e — 


Druo nsr. The Reaſon of die Rule 3 is obvious; for if you conceive the two given 
Numbers as Frackions, Proper or Improper, the Work of the Rule is plainly multiplying 
or Ce W [which are the Rank ef Figures propoſed, talen as whole Num- 

the Product a Decimal Derr, equal to the Product of the given 
7 s done. by taking as weng Places from the Product of the Num?* for 
"3s there are in the Der Tf both the Factors; for the Sum of thele is 
the? Nunber of Places in the Product. J. Aud this Fraction i is che Product ſought, by the 
general Rule of mu xg Fon 05 5 


Nash 10 m e 10, or 200, Ge. G.e. any 
. pa, "by 1 ER © ar 
Bay the 3 (ARE 


in de no more, t dos but re- 
t as many Places ee t-hand, as there are pans 5 in the Multi - 
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Examp. 1. 4 x 10 4.6 Ex. 2, .004.X 100 2. 4 Ex. 3. 82.0375 X 100 8203.75 


It is plain that this has the ſame Effect as the preceding Rule; according to which we 
ſhould ſet as many o's after the Multiplicand as there are in the Multiplier; and then 
taking from the Product as many Decimal Places as are in the Multiplicand, (for we now 
| ſuppoſe none in the Multiplier) the Point will be removed as many Places to the Right, 
as the Number of o's annex'd; and theſe being ſuperfluous on the Right of a Decimal, 
need not be ſet down. . But if there are not as many Places after the Point, the Defect 
muſt be ſupply'd with o's, and the Product will be a Whole Number. So 4.6 X 100 = 60, 

Or the Reaſon of this Practice is alſo clear by conſidering, that by ſetting the Point a 
Place nearer the Right, every Figure is thereby 10 —2 Value it was; and conſe- 
quently, ſo is the whole. V | . 


1 


105 How to Co NT RAcr Multiplicatiun. 


When, betwixt the Multiplicand and Multiplier, there are mote decimal Places thari | 


we incline to have in the Product, then we may find the Product true to as many deci- 
mal Places as we pleaſe, (or very nearly true) without producing all the reſt of the Figures 
which will in many Caſes make a great Abridgement of the Work. For which take this 
Rule. Conſider how many decimal Places you would have in the Product; ſet the Figure 
in Unit's Place (viz. of Integers) of the Multiplier, under that decimal Figure of the 
Multiplicand, whoſe Dent is what you would have in the Product, (i. e. under the itt 
4, or 34, G. Place after the Point, if you would have only one, two, or three decimal 
Places in the Product.) Then ſet the other F 2 of the Multiplier in the reverſe Order 
from that; and multiply by every Figure in the Multiplier: In doing which, begin only 
at the Figure of the Multiplicand, under which the multiplying Figure ſtands, neglecting 
all towards the Right. But at the ſame time conſider what would have been carried from 
the Product of the preceding Figures on the Right; (which will be found in moſt Caſcs 
by multiplying the two next preceding Figures) that it may be added to - the Product 
which is firſt written down. Again, lt the parti N be ſet under one ano- 
ther, ſo as the firſt Figures in each ſtand in one Column, and the reſt in the ſame Order. 
Laſtly, In adding theſe partial Products t „you muſt judge as near as you can 
what would have carried from the preceding Coloming if we neglected none of 
the Figures of the Mulfiplicand ; ſo as to add that to the firſt Column Written down. See 
the following Examples. 98 0 de N a 


i >” * q 


Examy. To multiply 47.32685 by L. 463, and have three-Places of Decimals in the 


Product. — | . 
Operation at lage. Abridged, © 
„%% V% 15 Ap The "AlbWlhce "for 
LEG, 3648 | | what may be cared fon 
Ii Ne; - 378614; the Columns neglectedisa- 
r 3 vec ay together a Guels, we may 


ry often make the Pro- 
leſs than it 7 4 to 


* , 18930 740 . El S851 £ 2.83 920 v4 5; 5: 
be, by x or 2 in the lat 


Fe ; (fo 7 ls GT | 1 

{I 400-527 13155 _ 400.527. 
be help'd otherwiſe than by tgaki | 

_cimal Places you would have in t 

Places from the Product. 


g one or two more Columns than the Number of De 
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| Examp. 2. To multiply 463-25639 by 67.864, ſo as two Places of Decimals ſhall be 


” 


5 true in the | 8 
e Operation at large. Abridged. In this Example 1 


n | ada En 62.256 | have ſet the 7 which is 
, . 67.882 5 ; 1 * 3.789 | ” * Unit's Place of 
l © 185302556 r 
& 27 795 38 34- - e tide Multiplicand, tho* I 
o. Z70 605 112 3 wanted only two Places 
2 | 3242 734 73 . 2 A in the Product, that 
& 27795 393 + — | by that other Place, the 
2438.43 1 65 096 3143 8.43 two firſt Places may be 
| ; true. | 
Obſerve, If there be not as many deciggl Places in the Multiplicand as are wanted in 
the Product, you muſt ſupply them with'o's. As if in the preceding Example the Mul- 
att tiplicand were 463256.39 and I wanted four decimal Places in the Product, then I write 
di- the Multiplicand thus: 463256. 3 900 (or with one o more) and ſet the 7 of the Multi- 
GG) plicr under % nes i | 
: Again, If the Multiplier is all a decimal Fraction, imagine a o in the Unit's Place, 
ob and ſet the other Fi in order from that on the Left. 5 | | 
he For the Reaſon-of this Practice it is ſeen in the Compariſon of the Work at large and 
1 abridged, which you fee is but the former reverſed. 1 6 
hy 9 9. 6. DIVISION of DECIMALS. 
ns : | 
- | | RULE. dns 
uct 1 the Numbers propoſed as Whole Numbers, #. e. ſuch a Whole Number as 
10- 1 the Rank of Figures would make, without regard to the Point; (in which View os 
er. next the Lefr-hand will be altogether uſeleſs) and as ſuch, divide the one by the other. 
an If there is a Remainder, which is neceflarily lefs than the Diviſor, ſet a Cypher after it, 


of and then divide again: But when the Remainder, with one o added, makes a Number 
ee leſs than the Diviſor, ſet o in the Quote, and add another o; and fo on, till the Re- 
mainder, with the o's added, make a Number greater than, (or equal to) the Diviſor. 
And thus continue, adding Cyphers to the Remainder, and dividing, till there be no Re- 
the mainder. But as this will not 2 in every Caſe, the Diviſion is to be thus carried on 
to a greater or leſſer Number igures, according as the Circumſtances of the Queſtion 
require, as ſhall be further explained in the uſe of Decimals,” Obſerve alſo, that if at the 
beginning of the Work, the Ryidend makes a leſſer Number than the Diviſor, when 
both are conſidered as Whole Numbers, then ſet as many o's after it, till it be greater 
than 8 equal to) the Diviſor; and then begin the Diviſion, proceeding with the Re- 
mainders, as before directet. | * 
When che Diviſion is finiſhed, or carried on as far as you think fit, the Quote muſt be 
qualify'd in this manner; viz. Conſider how many Decimal Places (or Figures after the Point 
on the Right · hand) chere are in the Diviſor, and alſo in the Dividend; (among which laſt are 
to be reckoned all the o's added to the Dividend, and to the Remainders: and if the Dividend 
isa Whole Number, the o's added are reckoned the Decimal Places of it.) Then, 1. If the 
Number is equal in both, the Quote is a Whole Number, (EA. 1.) 2: If the Number in the 
Dividend · is greateſt, take the Difference, and ſeparate as many for Decimal Places from 
the Right of the Quote, (ſupplying the Defect with os) by a Point ſet before them; — 
M IND DER 74 0s 2. SFEY S112 . "1 17 $0199 7 Tha? PO? Boe 2 el 
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Then the Quote becomes either a Proper Fraion or 


* 
Of V alting the Remainder, ond compleating the Quote: 


.) 3. If the Number in the 


after the Quote, and take all for a 
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he Diviſor taken alſo in its true Value, the Rule of Chap. 6. and that Quote is the 
55 ſought. Or thus: Firſt make a Faltin of the Remainder and Bie e Whole 
Numbers, without reſp their true Value) and then ſer 'as many Os after the Dent as 
the Decimal Places of the end _ in number thoſe of the Diviſor ; or if thoſe 
in the Diviſor be moſt, ſet as many Cyphers as the Difference 1 75 the Num: But if 
Foy ey are equal in Number, you have ki more to do. And thus you have the thing 
p =D which wilt be che fame as that found by the Rule of 2 6. only in lower 
erms, as will eafily appear by comparing then. N 
Da . 2 80 eat — BE 1.3 243 7 redes mn Ex 6. it is gos 
arb ie in E 8. it is 4860 385 ING the tollowing e where 1 have | 
only written ten down the x Gs without the e Operation 7 


Obſerve again - Hh this EP OED . 


E 2 $(18 22 © to the Qu te n ag de roper Fracti 
_ 9 B. 0 e r when che Number of Decimal Places in the 
Ex. 2 8 ivi W eater than that in 
10. 043 5 3 „ 8 1 1 25 . ee 3 is the 
Ex- 008 2.6 Num, is iviſor which is the 
9 11. ) Gel. Den?, and the o's are added to the Den* : But 
Ex. 12. 0 webe. "Firs leſs, then ir wilt be an improper Fraction 
0 in ſome Caſc Se (EX. Io, 11 12.) which ſhews, 


come greater 5 I. e you reduce that aue nad ee then, 2 5 
2 8 7 its equival Wage d " 85 aal dear any, more vi- 
the 2 wo ve in it. e W um can Oy 7 . to _ 15 
i being ne Me Os Dees OP b 
p uote *3:> 5 and this Fra 22 g = 357i; makes the compleat 
G * Again NS additional Member is an improper Fraction, equal to ſome. 
— Nanbe, ews, that after ſo man - more Steps as that Who Number has Fi- 
Diviſion would have been without a Remainder. in Ex. II. the 
Ado ber of the Qs 2 z and the compleat Quote is 335 3 and in Ex. 12. 
the additional Member is = 85, making the compleat Quote 34275. 
= Wherefore, that the additional Member of the Quote: may-be always a proper Fraction, 
is (and fo the firſt Part never want an Unit of the compleat Quote) carry on the Diviſion 
to till the Number of Places in the Dividend are equal to, or than that in 
ing the Diviſor ; unleſs the Diviſion is finiſh'd without: a Remainder re you come to 
: of OR AR WC Or RO LO EY, 


mes bruenezrnar ies of the preceding Rule... rte 

* The Diver aa Dividend being conſidered 2s Whole Numbers in Ks CR: 4 
the 0's added to _ e Dividen N os belonging. to the Dividend; then the 
Quote being found by: the „e Nals of Whole we have to account for, is the 
n of the Quote and Remainder, and the additions Member for compleating che 


The Reaſon of which will eaſily it wo Multiplication: 
We 3 firſt = ſe there is no 3 — en the Produ f he Quote and 
Dividend; bur the: decirhal Plates of arm Pwpdud are equal to the 

—— of the decimal laces in the Mukipher nd U Nie . of decimal 
Places of 25 one Factor is the Difference of the Number in the Product, and in the 


other Factor, 1. 6. the Number of decimal Places in the Quote, muſt be equal to the 
e of the Numbers in the Dividend and Diviſor, when the Number in the Di- 

vidend is greater, or equal to the Number in 20 apa: (which accounts for — 
e, 
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Caſes, ſee Ex amp. 1, 22 3.) Again, When the Number of decimal Places in the Diviſor 
is greater than in the, Dividend, then the Quote found (without any Qualification) being 
multiplied into the Diviſor, there would be more decimal Places in the Product than in 
the Dividend; wherefore that is not the true Quote: But now let as many integral Places 
of o's as the Difference of the Number, of Places in the Diviſor and Dividend, be an- 
nex d to the Quote; and this multiplied into the Diviſor, there will be the fame Number 
of decimal Places in the Product as before. But as many of theſe Places next the Right, 
as the foreſaid Difference of decimal Places in the Diviſor and Dividend, being o's, be- 
cauſe of the o's annex d to the Quote, they don't increaſe the decimal Part; and there- 
fore being cut away from the Product, they leave no more decimal Places in the Product 
than in the Dividend, the Product being the very ſame Rank of Figures: therefore the 
Quote is truly qualify d. So if 48 is divided by 24, the Quote is 23; but if the given 
Numbers are .024 and .48, the Quote muſt be 20, for .024 x 2=.048, which makes 
| one more decimal Place in the Product than in the Dividend; therefore that is not the 
935 true Quote; but eas, x 20, the Product is 480 = 48 * 8 
In the next place, ſuppoſe there is a Remainder ; then, that the Quote and Remainder 
are duly qualifyd by the Rule, will eaſily appear thus: The Product of the Quote and 

Diviſor is equal to the Dividend, after the Remainder is ſubtracted out of it, (taking them 

all as Whole Numbers; )' therefore the Remainder added to that Product, makes the Di- 

vidend. But now the Quote being qualify'd, as in the Rule, (i. e. with regard to the 

number of decimal Places in the Dividend and Diviſor) the Product muſt neceſſarily 


, have as many decimal Places as the Dividend, otherways the Quote (which is qualify'd 
5 with a Regard to the decimal Places of the Dividend) would not be the true Quote out 


| of that Product; which ſhews the Reaſon of the Rule for qualifying the Quote in this 

EF Caſe. Then for the Value of the Remainder, it's plain its Fi es muſt be of the ſame 

N Value with the Places of the Dividend of which its the Remainder, which are che laſt Places 
on the Right- hand: Or alſo thus; That the Remainder added to the Product of the Di- 
viſor and Quote (in their true Values) make up the Dividend, it's evident it muſt be 
of the ſame Value with the Places of the Dividend to which its added; and theſe are the 
laſt Places on the Right-hand, which make the Num” of a Fraction, whoſe Dent is that 
of the Dividend; wherefore the 8 muſt be ſo alſo, (which, according to dif- 
ferent Circumſtances, will be a Whole | 5 


” 


umber, or a Fraction, or Mix'd.) 


4 — . 
: . 
4 — 


due DEMONSTRATION. _ 18 
The Demonſtration of all that relates to this Rule, (viz. for both Members of the com- 
leat Quote when there is a Remainder) may alſo be eafily deduced from the General 
Rule in Chap. 6. and ſhewn to be the ſame. Thus, When the Diviſion is finiſhed, or 
ou have put a Stop to it, conſider the Dividend and Diviſor as Fractions, Proper or 
mproper, as they happen (reckoning always the o's, added to'the Dividend and Remain- 
ders, to belong both to the Num. and Den? of the Dividend.) And let =. be the Diviſo 
and z che Dividend, (wherein the » and n are both decimal Den-, or the one of them 
ſuch, and the other 1, as happens when there is no decimal Place in that Term, but al 1 
a Whole Number.) Then by the General Rule, the compleat Quote of = divided by I der 
| — Is 2 equal to 2 Now ä is the Quote of the two Num, which if ir's a Whole ther 
Number (there> eing no Remaintigr) call it 3, and if there is a Remainder, let it ber; be a 
then is 2 P (che very thing ound by the Rule of Diviſion of Decimals:) Bu f con 
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p $6 


this muſt 1 multiplied by = — Ve. back Parts; 75 and 7. if b en which 
is the fame ve — thing in effect that this Rule directs to be done, for ualifying the Quote 


firſt found, then completing it. For it's plain, if 2 m (i. e. if the decimal Places 
in the Diviſor and. Dividend are equal in number) the Quote found is not thereby al. 


ter d, and therefore a+ 7 — is the compleat Quote. 


Again, Suppoſe u and unequal, then by cutting away 0 Number of O's Hom 
» and m, Fo due equally divided. Now ee 8858 if (he Denr of the Dividend) hag 


more 0's than z# (the Den: of the Diviſor) the Fraction -. is. equal to a Fraction whoſe 
Nun is x, and its Dent a decimal one, having as many 98. as the Difference of the Num- 
ber of os in „and m. For Examp. = = e But to multiply by ſuch a Frac- 


bon i s to divide by its Dent; ay Wee 9+< (che Number found by 


4 tion) by a decimal Denr, having as many o's as the 1 imal Places of the Di- 
exceed in Number thoſe of the Biviſor. And this Divition is done by ſetting, 


oy many. decimal Places in the Part 9; ad the Part — 27 _— . after 
the Den? „Which is the 2 Cale in che Rule. e ö 


Again, let u be greater than m, then is = 3 to a Whole Number conſiſting of 1, 
ul dler it as many os as thoſe in 8 exceed. thoſe in m. Exam. = = "22% = 100. 
But q + < ©, is to be multiplied by oh ae e eee 


. Places of o's both after 4, and after 7, as there are in - ſo reduced; z. e. as the decimal 


c 2 3 the Diviſor exceed in Number thoſe of the Dividend. Which i Is the laſt Caſe 
e 0 e. 

"a e have here demonſtrated the Reaſon for qual __ and compleati 5 5 
|. but have not conſidered the true Value of the * itſelf, which is that in w 


it muſt be added to the Product of the Diviſor and — taken in their true © hp - 
Demon u — ! (according to its was e But this is done in the former 


1 . 1 1 " 
» Z 8 - * © F 4 
1 * » - f £ f > EY #4 
; . 1 1 44 
l — 


al # 

or of the Vie and Application if Dzcrar FRACTIONS. | 

or e 

N- E Ge alread Oberes that the MAES propos by Decimal Fractions, 
W 2 more fi mple and ealy Operation than what Vu . 0 taken either in cer 
proper Form, or as mix d Integers, do require. We ſhall conſider how the Application 
s made for anſwering that End, and how far it's a real Advantage, 


In the firſt” place, this is very evident, that if inſtead of th Subdiviſion; of Coins, 
4 0 and Mars (and one kind of 3 131 in 9 77 1 e now oben 


nations, it were the Game t 5 N ee then the — — S — ; | 
ons of which are, 


com En Ain the were ſo, yet either 3 
ould 50 not ho: Ar avoid che — 'of Ge N. or we muſt adrait of fome 


— 


*7x 48 Of Decimal Fraftions. | Book 2, 


Inaccuracies in Calculations, which are unavoidable. with Decimals ; and which will be of 
more or leſs Conſequence- in different- Circumſtances. . For we have ſeen that Decimals 
will haye Remainders (becauſe every Number is not Alper t Part of every other) 
and then the Quote is not compleat without bringing in 22 Fraction; and therefore 
if we take the Quote without Correction, it's leſs than according to the Value of 
the Remainder, or rather the Value of the Vulgar Fraction that's . to compleat 
it. Now, if the Number found by this Diviſion is the — — of a Queſtion, which 


eee. ht ſo low as to be leſs than 


any Quan atity of that kind that is uſed, (ns Sn the ſmalleſt real Coin or Weight, &« 
that has any Name or diſtinct Being 0 ) then the Defect is not to be complained 
of; becauſe if you do compleat che Qu e additional Part is of no uſe: But if a 
te is to be further emp d in Calculation, eſpecially if ic's to be multiplied, the De- 
fect may. become e and it will be the more ſo, as the Multipli er is greater, 
and alſo according to the Value of the Integer. Now the only Remedy for this, while 
we uſe none butdecimal Fractions, n i. e. carry it on till the 
Denr be very large, and conſequent! r r 
ACCOr to the Ci — above-mentioned ; for which more 
icular Rules afterwards. But then this Tnconveniency will TE 
this means we ſhall have v large Numbers to work with, which will - Poms 
troubleſome than the Method of — Fractions. | Theſe things we 1 — 
ticularly exemplify'd afterwards. | 
Again, Tho decimal ere are not in common uſe, they may be applied 
by a Reduction of the common Jos to Decimals, and — ain to the other: 
I ſhall therefore explain this Redu ON, and _ by icular Examples s ſhew the Ap- 
plication, with ſuch Remarks as may give a iew of the Conveniences and In- 
conveniences of Decimals, and 0 3 0 to judge where they are preferable or 
not to the e IRIIeS, < e 


— 


N 
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RULE. To che Num- of che given a Fraction add one or more 0's, as Deeiwal Place 
till it be greater than (or I 8 its Den; then divide by the Den*; o'sto the 
Remainders, and 2 iviſion pa directed in Diviſion of Decimals, till o re- 
main, or as far as you pl on make uote a Num, and apply to it a Decimal 
Denx, D — 8 = th 7 of £ 's ed ro the ere and Remainders. 
This ex to the given there is no er in 
the Diviſion; but if there is ſtill a Remainder, that Decimal is deficient by a Compound 
Fraction, the on one Member of which is a 82 ae whoſe Num: is the Remainder, 
and its Dent the Diviſor; and the oth 175 9 8 is 2 Fraction ,whoſe Numr is 1, and 
its Den*-is that of the Decimal Or it iv aSimp le F whoſe Num? s 
the ure and its Dent the Dots multiplied by the Den: of the Decimal Fraction 


| 4. e. ha o's prefix d to it as be * '3 Wherefore: the more 
Rr cms Wed lels is the En ng Pet's 

The Reaſox of this Rule you. habe in the Diviſion of Decimals ; for the Dividend wit 
the o's wr . Rn. ial. Of you. may rake Bern Prob Frob. 7. Chap. 2. for 
the o's added to um” and belong to the Denominator of the 
Fraction „ 0 the — gg the given Fraction is multiplied, and the Diviſion 
made finds 0 Cc eſpondent W wanne e ene e Deus 2 


1 
- . 
— Y ; 18 4 1 
, ; 
+ 3 by - - * # K 
x * _— 4 . 
, . 
oh 


4 © „ fu px + icy, os _ 
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lied according to the Notation of Decimals; and what this Deci 1 
b alſo found according to the ſame Rule. > ecima] Fraction is deficient, 


Ex. 1. 4 =.5 Ex. a. 4 | Ex. 3. r. =.0625 Ex. 4. A 5384, c. 


—— 


2 „„„„%öͤͥĩX˖ ?;ỹ;v e. 
| +) 30t: 1 16010 (62 1 0 
e 4 2 5 _ 
20 40 30 
— 4 — Fe | 
80 110 
— 104 
— 
2 
: Ren- W 


In theg®*'Examp. there is a Remainder B; and ſo the Quote wants 2rgrss of the com- 
plte Value of the given Fradtion; 4. e. Z= 5384 + rer; this being the true Va- 


ue of the 1 - 
Obſerve, The Decimal may be found all at once in the Diviſion, byfirſt ſerting a Point 

| to Den, 
ſer o after the Point; and if another o makes it ſtill leſs than the Dent, ſet another o in 


in the Place of the Quote; then if one o does not make the Num 


the Quote, and ſo on: That is, ſet as many o's after the Point in the Quote as the Num- 


ber of ois, which being ſet on the Right-hand of the Num, leaves it {till leſs than the 
Den*; and then after theſe o's comes the Numr of the Decimal, found by ſetting one o 
more on the Right-hand of the Numr hich gives the firſt ſignificant Figure of the Quote, 
and by O's gradually annex d to the Remainders, the Work is carried on, and the Num“ 
and Denr of the Decimal ſought are thus both formed; the Reaſon of which is 


manifeſt from the way of finding and applying the r to the Numr. See this Example. 


Ex. 1h =. 0078125 - CoROLLARY I. In — any Whole Number by 

cf” 3 another, when there is a Remainder, inſtead of making a 

Operation. Vulgar Fraction of it, we may turn it into a Decimal equal or 
128) 1000 ( 078125 nearly equal to it, by carrying on the Diviſion with 0's added 
11 - to the Remainders, (in the manner taught in Diuiſon De- 

. cimals, or in the preceding Problem,) till o remain; then the 
NS Bee e 26 the Vulgar Fraction: or till there be 

- mamany Decimal Places, and then it is nearly equal to it. But 

abs 1 far it ought to be carried on, 1 upon Circum- 

a ces of the Application (See the wing Scholium 2.) 
And after the Integral found, ſet a Point; ſo that all 

the Figures that come after, are Decimal Places: As in the 


r | 285 
4 2 : * 3 
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28) 7645 (273.0357 
56 3+ 


_ Conor.2. When of a ſimple 3 Whole Num- 


198 | ber ir is propoſed to find certain art, inſtead of redu- 
85 cing the Remainders in the Diviſion to lower known $ 
84. cies, we may carry on the Diviſion decimally; and ſo all 

311 the Numbers of inferiour Species that would ariſe by re- 
1 ducing and diyiding are thus turned into a decimal Frac. 

8 | tion; (the Deſign-and Uſe of which you will hear of more 
"RP particularly afterwards.) If the Diviſion does not ſoon come 
142 to an end, carry it on as Ciroumſtances make it neceſlary, 

—_ See the Rule in Schol. 2. following. | 
19 | N a 


Rem. _4 wh 
true Value is .0004. 
x08 8 0: ScHoLiuM I. 


That every Vulgar Fraction is not reducible to a determinate Decimal; (i. e. where 
there is no inder in the Diviſion,) we know in fact by Examples; in which we 
find this certain Mark That the Diviſion will never come to an end, viz. that there hap. 
pens a Remainder which is the ſame with a former Remainder; in which Caſe it is not 
only certain that the Diviſion will never have an end, but this we know alſo that the re- 
maining Figures of the Quote muſt neceſſarily be a continual Repetition of the fame Fi- 
gures (in the Game order) that ſtand. already in the Quote from that one which pro- 
ceeded from that former Remainder ; as in theſe Examples. 5 


amp. ** | 
3) 20 (66, G. Io reduce 3 to a Decimal, it is . 666, &c. (the 6 being always 
18 | repeated,) for it is manifeſt the ſame Figure 6 will always ariſe in 
"20 . = — the Quote, becauſe it is the ſame Dividend 20 


— 


Examp. 2. To reduce 324, it is. 42626, &c. the 26 being ſtill repeated; for the Re- 
5 which the Operation is ſtop'd being the fame as a former which was the very 
firſt RemainYer, it is plain that carrping, on the Work, we ſhould have for the next two 
Figures in the Quote 26, and fo on ſtill 26 in infinitum. Therefore whenever this happens 
in any Caſe, we need proceed no further, but obſerving what Figures in the Quote would 
be repeated, take as many of them, or the whole of them, as many times as we think fit. 

ation of Ex. 2. Such Decirnals are very properly called Circulating Deci- 

e — Ar &c. mals, becauſe of the continual Return of the fame Fi sf 

43 1 44008567 5-5 and may be called Indeterminate or Infinite Deci be- 
cauſe they can never come to an end: as we alſo call thoſe 


Penne nm en 


1300 


990 which are the Effect of a Reduction which has no Remain- 
„e der, Finite or Determinate Decimals. _ Obſerve alſo, that 
3100 theſe Infinite Decimals may be reckon d as complete, becauſe 

22 tho they are compoſed of an infinite Series of Fradiions, yet 

Rem. 130 there is a certain and known Order in the Progreſſion of the 


Series, from the conſtant Repetition of the ſame Figures, 
- i | wheteby 
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| they are capable of being managed in Operations ſo as nothing ſhall be wanting. 
n of the Theory and Rules of Operation with Ruch Fractions re- 

ires other Principles than have yet been explained, and muſt therefore be referred to ano- 


er place: (See Book 5. Chap. 4.) wherein you'll find it demonſtrated, that every Vulgar 
Fraction will reduce to a Decimal, either finite or circulating. 


| | | SCHOLIUM II. 


Tho? ſome bs, -» Fractions will become finite Decimals, yet if theſe have a great 
many Places, the Uſe of them will become very inconvenient and tedious in Practice. 

Allo, tho we have Rules for managing Circulating Decimals without any Defect, yet 
the fame Inconveniency will ariſe in theſe, when they circulate upon many Figures, or 
when the Circulation begins at a great diſtance from the Point; therefore it is ſufficient 
for common Uſe to carry the Reduction ſo far only, as that the Defect be inconſiderable; 
(for the further the Reduction is carried, the Defect is the leſs :) in order to which, I 
ſhall here ſhew you how | 24, bo! | 


PROBLEM IL. 


To carry the Reduction of a Vulgar Fraction ſo far, that the Decimal found ſball want 
" teſs than any aſſigned Fraction. ee Lap 7 


RuLz. Let the aſſigned Fraction be repreſented by 37 if a Decimal is carried to ſo 
. many Places after the Point, as are expreſſed by 5, the defect of that Decimal cannot be 
equal to 5 For it cannot want a Fraction whoſe Numr is 1, and its Dent that of the 


decimal Quote already found, which we may expreſs ——5> the Den- having as many 
os as b has Figures. Since in that Caſe the Figure in the laſt Place found would neceſſa- 


8 rily be greater than it is by 1; or, becauſe by the preceding Rule of this Problem the 
1 defect is only a compound Fraction, whereof one Member is this Fraction — Fe. 
which Defect is therefore leſs than gg. and this is evidently leſß than 4 ; ſince 
1005 Ge. having as many 0's as b has Figures, muſt be a greater Number; and @ is not 
5 leb than 1: Wherefore gg muſt be leſs than 7. EE 
ry To apply this more particularly: Conſider to wha Tos teger any. Decimal refers; reduce 
v0 that Inn Nev the loweſt merge reve" ag rave if the Decimal has as many P bie after 
ns the Point, as that Number of the loweſt Denomination which is equal to the Unit to 
1d A which the Decimal refers, then the Decimal. does not want the Value of an Unit of that 
. loweſt Denomination. And if the hy ine? Decimal were again to be multiplied by any 
L Number, then to make it ſo that the Product ſhall not. be. deficient by an Unit of the 
i- bweſt Denomination, make it have as many Places after the Point, as the Sum of 
es; Number of Figures in the propoſed Multiplier, and in the Number of Units of, t 
5 "_ Denomination which makes an Unit of the Denomination to which the Decimal 
oe „ ee. . y DILDOS SARA 
in- For 'Examp. If a Decimal of .1/. has 3 Places after. the Point, it does not want 
hat 777 Of it, therefore does not want 1 Farthing, which is 38 f it. And if the Decimal 
uſe u again to be multiplied I of 5 Blaces, let the Decimal have 8 (=5 +3) 
yet Places; and the Product ſhall not want 1 F. For being carried to 8 Places, it cannot 


Wat vv vv of 1. which is roooes of xd. But Tous * 
' n 7 5 8 1 
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hence 8 of revel is leſsthan 555 of I f. Conſequently if the Decimal Car« 
ried to 8 Places is multiplied by a Number of 5 Places, (which is leG 100000 
the Product cannot want 1 . The 3 this Reaſon for Woaks is eſt. 


PROBLEM II. a 
To reduce Integral Numbers of inferivur Denominations to the Decimal of a higher. 
Rt eas I. To reduce a Simple Number. | 
Rus E. Kap it firſt as a Vulgar Fraction of the higher, by making ieſelF the Num, 


and taking for the Den* the Number of the inferiour Denomination that is to 1 of 
the higher. Then reduce this Vulgar to a Decimal Fraction, by the laſt Problem 
| \Examp. 1. To expreſs 5 /b in the Decimal of a Pound: Furſt, it is £0. and this a 
gain is reduced to . 25 l. 
Operation. Jo 3 i Averdupoiſe Weight the greater, to the 
112) 300 (. 0267857 of « hundred Weight. It is z C. and this is again 
224 8 6566 Here the Diviſion is imperfect, and we are to carry 
172 it on leſs or more as Circumſtances require, according to the 
672 „ 
880 
734 
640 
A | 
1 784 b 85 ther 
ta 16 „ 
Another lu Je will be in moſt Caks eaer to divide gradual from one Species 
to another, as in the Margin; where 3b is di 28, (at two 
» Mi Steps, viz. by 4 and 7.) to bring it to the Decimal-of 1 qr. and 
2 I, ee e eee 
0 | 
1.267857 


c n. We , 


on Redece: een e ee Gol e l hos He 


mals together: FCCFFCC ne Sher pEchs Jowyll 5 
r . 


. 64 to a Decimal of 11. it is 475 L. by. addi 459 (te 


to 9 fþ - EEE e by reduc n 
— to r e.. | * ein 9. $ 


Another Method to find the: Des- of sed Number. Reduce the Number of ti 
loweſt Species to the Decimal of the next above; (whether there be any Number of that 
Species in the Queſtion, or not,) add to it the Number of na 0 


x 


ann Sen 


— 65 0 FX. tm » A 


oo Sd) rd = I. Io 
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oo 
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is any) and reduce the Sum to the next higher Species; adding to the Number 
1 3 of that Species given in the Queſtion ; and go on ſo till you come 
to the propoſed Integer. | EL a 


Examp. To reduce 4155 74 7 F. to the Decimal of a Pound: Makes . 2322916 L 
| us, 3 J. 


00 3 F. is. 75 d. to which add 7d. Then is 7.75 equal to 
2 3 645 8333, &c. 7 to which add 4/5. and then is 4.645833, &c. 
20 46458333, &e. equal to. 232291666, &c. J. 


2322916, G. 
| * bit 5 SCHOLIUM. ** 2a 
Concerning the Conſtrultion and Uſe of DE CIMAL TABLES: . 


| | In * to the Application of Decimals, we ought to have ready calculated the Deci- 


mal of any Integer of Money, Weight, Meaſure, &c. anſwering to every Number, Simple 
or Mix'd;” of inferiour Denomination, and of leſs Value than that Integer; which Deci- 
mals being orderly collected and diſpoſed, make what we call Decimal Tables, by which 
any Decimal required may be- readily found, or alſo the Value of any given Decimal in 
known inferiour Species. 5 k Sri 
As to the Conſtruction of theſe Tables, it would certainly be a very tedious Work to 
find every Decimal by a ſeparate Application of this Problem, tho this is a complete 
Rule.] There are other Methods to ſhorten and make chat Conſtruction eaſier ; 
which I ſhall here explain as far as the Principles already taught do permit. 


Ru LE. Find the Decimal equal to an Unit of the loweſt _— and if that is a 
determinate Decimal, then from it, as the Root, the Decimals of all the reſt may be 
found accurately by Addition. Thus, double the Root, that gives the decimal Fraction 
for 2 of that loweſt Species; then add the Decimal of x and a, the Sum is the Decimal of 
3) and ſo on by adding till the laſt Decimal to the firſt, till you come to a Number of 
that Species equal to an Unit of the next Species above; then make that the Firſt or Root 


of all the Decimals of that Species, making them up the ſame way as the laſt, i. e. doubling 
A (of that 4 : 


the firſt for the Decimal Species,) add the Decimal of x and 2 for 3, and ſo 

on in this manner go all the Species till you come to the Integer itſelf; and if 
ou add the Decimal of the Number next leſs than the Integer to the Root, the Sum will 

Unity in the Place of Integers. ah...” 5 

If the Root, carried to a certain Number of Places, is not determinate, then is it a de- 
ficient Decimal; and if we make up the Table from that Root, all the other Decimals in 
the Table are ſo deficient, wanting gradually more and more from the Root upwards, 
ſo that the Number that comes againſt the Integer will be a Decimal. But the more 
Places the Root is carried to, the leſs is the d in that and every other Part of the 
Table. And that there may „ of theſe Decimals an Unit of the 
loweſt Species, or any Part you pleaſe of ſuch an Unit, follow the Directions already 
given. 


Obſerve again, That as all Vulgar Fractions become Decimals, which are either de- 
terminate or Circulate, ſo there is an eaſy be of making up the Tables by Addition from a 
Root Which has one or more circulating Figures, (and that by uſing only the firſt Period 
of them) ſo as all theſe Decimals which would be found determinate by a ſeparate Re- 
duction, ſhall come out ſo in the Table, and all the reſt circulate upon the ſame Num- 
ber of Figur _ the fame Filices as the oor Joon But as the 6 8 

N 80 6 , * - . 

| 1 = ; | « : : 
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depends upon. the particular Doctrine of circulating Decimals, and both the Method: ani 
Reaſon. will be eaſily underſtood when you learn that Doctrine in Book5. Chap. _ 
ſhall fay no more of it here. And only obſerve theſe few thing. 


1. That to bring ſome Vulgar Fractions to a Decimal, determinate or Circulating 
will be fach a long Work, that it's more convenient to take it imperfect with a leſs num 


2. As to the following Tables obſerve, That the Roots of ſome of them are determi. 
nate; whence all the other Decimals of ſuch Tables are alſo determinate; and are known 

by their wanting this Sign, + after them. In others the Root circulates, and the 
Table is made up not by the Method of Addition fimply, but with a due regard to that Cir. 
culation; ſo that the Decimals in the Table are theſe which would be found'by calculatins 
each ſeparately, and carrying it to the ſame Number of Places. | pes 


3. But again obſerve, That the Roots of ſome of the Tables circulating upon a ſingle 
3 char Decimal s taken 2s far as PT by Ar OY ny and what Devi. 
mals in ſuch Tables do circulate, are marked by the Sign + after the circulating Figure; 
thoſe which want it being determinate. | pre 5 are 


4 In thelaſt place obſer e, That fot che Tables of Averdapeiſe Haight che greater, wi 
of Time, the Root was carried on to a Circulation, and the Table made up with a regard 
to that: But theſe Decimals running to many Places, you have here only the firſt (even 
Places, which are enow for common Uſe. And for Money, I have made two different 
Tables; the Manner and Delign of which. | have explained: with the Table. 


D F. 
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8 4 
f DECIM4 A L 74 B LES f Monxv, Waours, and Mzasvnzs. 
_ e x Pound. | | aun TABLE of Monr: 
Us Farth: 1 1.00 | Farth. 1 J 0010416660 
— „ 020833332 
0 5 LE: 12 | 
. Penny 1 Penn 
ny c Fur * 4 y 
2 | 
| 4 
F : o 1 
re; ö g ee. 0 . 1 
wi oy r b 14 PF 
ind ; ET * FT; 19 SELL -- 6 2 
ard „ HAN 2112 — IM o 
pg 2 T0 9899999938 
3 3 | 11499999904 
4 41499999987. 
5 5 | 249999984c 
6 6 | 2999999808] _. 
8 0 3 | 
9 d | 4499999722 : 
15 10 999999680 0 
11 T 11 | 5499999648] _ 
12 * * 12 885 . V.. 7. 
13 Si 13. 10499999 
14. t 14 68358 1 
15 4s. 1.71 By 26995599 
15 16 7999999488] 
1 I (3499999456 5 
x. K I 
ec) 1 19 19 
231 92 20 
D 3 12 


Obftrae, Thisdecond rel of Money I have made for no ch 
2 yet being takey tc 

will be very Aittle ; for the ble being here catried to 20% is i 
9 3 Root been determinate, or th 
firſt Table, ] it is a Decimal 


leſs as they ſtand nearer tb 
„ TABLE 
5 DS 


286 
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12 
13 
144 


15 
16 


| 2916 
025 
027083 
2916 


2083 
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0312 co 
{14 | 91 
ZEL Ii 

1 
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. Of Decimal Fract ions. Book 3 
TABLE IV. Averdupoiſ 
_ INE the 3 Weight the Greater, 
The I; ntezger 1 ts. The : nteger I Dag. 
; of an 
A $1 | 00097656 al 1 * 0001395 
a 2 | 001 2 | -0002790 
. 2 Ton Hl | 55 — 
ram. -2 1 - 62 Ounce 1 | -0005580 
* 2 2050 * | 4 0011160 
3 * | 310016741 
4 | -015625-- _ 4 | (9022321 
'5 | -01953125 JJ 5 | -0027901 
6 | 0234375 | ||. 6 | .0033482 
| 02734377 7 | 0039062 
q 8 03125 3 8 0044642 
| 9] 03515625 | 9 | 0050223 
10 0390625 5 x0 | .0055803 
Ii | .042 ip II | .0061383 
84687 12 . 0066964 
85078115 5 131.0072744 
0545875 „14 e 
[ 55 e. 
1 | | Pound T 089285 
125 20178571 
2876 3 oy 2 | 
2 4103571 
a p 5 | -2446425 
375 6 | 0535714 
4375 ö 7 | -0625, 
3 : 8|. 3 
5625 9 | 803371 
627 10 | . 0892857 
6875 r 111.0982142 
| 12 | .1071428 
| 13 8125 a 131160714 
8 14 27 0 
| "9.8 9375 |; 16 . 
171.1517857 
18 1607142 
f 19 Faw 
20 | .178571 
21 2 4 Exact 
abt 22 1964285 
SIE 327 - 23 2053571 
2 f 24 0 ae N 
Saru 1590 100 993 246i: 3% 18 
A1 4 T mn 262321428 
2 ½n Entf VIC 1 25 N new] 1197 511 27 2410714 | 
nr 
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| TABLE IX. Of Time. 


* 1 2 
hi 5 | The Integer 1 Tear. 1 1 "2x El 
The Integer 1 47 Chald. oo In this Table of Time, the. 
Pint 1 001953 - 0054794 Decimal for 1 Day is taken by 
2 003906 | 3 | -oo82191 ＋ 5 Part of a Year; and 
5 .oo5859 .0109589 6d Table is carried on to 
Pt 0136986 12 Weeks, or 84 Days. Then 
0078125 | 6 1 .0164383 as 1 reckon 13 Weeks to I 
015625 10191780 uarter of a Year, ſo after 12 
034375 20383561 3 2 . * 3 
.O et Mal and tne fol- 
En WEEDS 
er 0 C not. happen i 
wy * ware 8 | 12708 they were continued from the 
1001 | 7 1724706 p So that as the De- 
Win 1534246 Cimals from js ms Jen, I2 
— : 9 | lng bor Bop to 7 Places; 
101917808 e uarters are accu- 
erg. of Lan | 112109589 rate, tho a Quarter is not a 
8 | 12.220129 4 Days, but 
r x 5d. + [Quarter 15 di. Days and 2 of a Day; rec- 
d, ee, 
4710 I 5 3 . 55 ations of Intereſt, 
| 2 | | : for — chiefly it is deſigned, 
Nals 1 8625 [you m muſt W 91 Days to a Quarter; by which means 
242. ll che Decimal will Pe a little greater than what vere ds 
31-1375 Io Days. But if we continue the Table, then the Deci- - | 
crofYardi | 27 mals for 13 ö * 87 21 Which are leſs than 
„ Ne 1 Day,) are as in the 
3 7  * [113 Weeks 45 3150 Margin. 2 if we reckon 13 
Ee — 2s 1; 6301 ny 2 * 
439 7479472 the Decimals for 1, 2, 3, 4 Quar- 
neee e | 87 5 | 9972602 ters; but deficient -for the exact 
ge per Il! GO er of a Tear, & c. And per- 
The Integer 1 foot.” | [raps it may be beſt to uſe theſe Numbers. So that if 
baba £1 the time is within 13 es oe x Days, take the Deci- 
lunch | e 3 able; and 2 
5 191. $-(= 13 or 182 Days 
TI(=2 10 / ; Days (==39W.) he Dorum in the 
1]. laſt Part; taking for what Days are over any I 
2.1- 16 J Iſcheſe Numbers, pa 9 91, in the former Part; 
327 and add all „ oh Woaber of ; 
41% + - + 1Pays to Quarters, Weeks, 2 wer at 91 Days to a 
N 416, 1 Þ { Quarter,) and take their corr er imals and add 
8s Ilccgetber. TY ſhall ſee the Application e af⸗ 
97 83 ; 5 ＋ terWardss. ,. 
Irie .6 cri! + of 7 Tos let. 7 . ' 
i 91 17 1 29 * £117 a. ad} i. an Sg, 
10 2 2 15 2 2 A Or eco; boi hes 
IT 3 .916 


USE. 
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N USE of the preceding TABLES: 


I. To find the Decimal 8 (which is in the Tables) anſwering to any Num: 


r e eee 
(1.) If it is a fimple Number, ſeck it in che Left Column of the Table rela 
3 ud nt you have the Decina ugh: So for 7e. (in the Table of 


Money) we find 
(2) If it is a Mixd Number, ſeek the Decig anf 20 the foveral Memben; 
. 8d. is 483 (the 


- their Sum is the Decimal ſought. Examp. 
_ culating for ever) which is the Sum of .45 and 03 37. the Decimal of 9 and o 94 

Obſerve. Decimal Tables would be more comp they were made up for ever 
Number, Mix d as well as {im de 16s hun he kee! . 4 
a grea Bull, Go thſe for the fi — n Seer tay ran 


w 


can be got eaſily as there i Or if any bod 
nr r Parts or by the ſe 2. Probl. 3 


Il. meg che Decimal of any Integr to find the cortelponing Number, Gm Or 
mix d, of known inferior * 
- Nole. 42-d-Back. the Dec 35 abi Table; if yon find ic there, againſt it ſan 
the Number ſought: $0 againſt .75 in the Table of Mon _ nnn 
(2.) If the given Decimal is Hound in the Table, take the next leſſer found 
there, the Number againſt it is Part of the Anſwer ; then rake the Difference :berwitt 
that Decimal and the given one; and ſeek it or the next lefler in-the D 0 
it you have another part of the Anſwer in a lower Species than the part. 
85 thus as long u you can, and you'll find the Anſwer es near Fele b hn 
ies 
1 1. To find the Value of 6875 1. 1 ſeek this in the Tabl but the neareſt to 
t Ceſſer) which I can find is .65, to which anſwers 13. then the Difference of 687 
65 is. lb » Which I find in the Table, againſt 9 d. therefo 


n 

Ex 4768 J. the neareſt leſſer — * , Maggs gs. then. 3 leſs 

47 is 0268, and the next leſs than this is 6d. part leſs . o25 L .oorh, 

the next leſs than which is 8 Ge. a n So the Anſwer is 9s. 6d. if, 

| with 2 Fraction of a F. 

3 That if any Decimal gi 1 * t found exactly in che Tubles, the Value 

. ee e ho roving Ts i — 

an in it t io 

= 3 — after 3 Bur the 8 e 
by ſuch compleat Tables as are already menti 


As the Decimals of Money are of th fo ab mot 
ama e 29 
the Value of Decimal ofa Pound 6 de the Dacia Neg 
24. without T + ina Hs # — 


I. 2 fal the Value of ty Diinatif 44 beer rubles . Fe. 


Rule. Take the firſt three Fi s after the Poltn, radlodting the reſt; ther, double 

that Number which ſtands in the 1 5 Rar the Point) it is ſo many Shill 

the Anſwer. And if the Sone in te econ lace is 5 or greater, add 1 * 

already found; then take what the Figure in the ſecond Place exceeds 5, with the Fi 

in the third Place, (and if there is no Figure in the third Platt, ſuppoſe 6) conſider 
iwo Figures, in order as they ſtand, as one Number. If ee © Ng, F hot ener 


ing 23, take ſo many Farthings (and reduce them to Pence IIB: of 02 


Bock 2. 


ts ſuch Tables, they are xally 


Az 25 


E ue T3143 Tp ATT FF 8 . 


80e .S. 


Chap. 3; if Decimal Fratftions, rig 
Anſwer: But if that Number exceeds 2, take 1 from it, and the Remainder is ſo many 


Farthings in the Anſwer.” Thus you ſhall, have the Anſwer r its OR 
Species; or fo, that the * not be 1 Farthing. 


Exanp. 1. 4 .. . K | Examp 5. 089 l. 1. 9d. 2f. 
ing 2 351 = x 6G. 1% 
of 3. 248/41. 114. 3f. 7. 038. 94 15 
13; 4. 3174. =6s. 44. . 8 o 4. 94. 37. 
d. or erte, te Bom i th Baby th mam of indi he Vat ll 
to e Reaſon of this Rule is thus: 
hers 1 : Parr of « Pound, and double any Number of roth Pa 


makes fo many 20. Parts; 0 85 = fg) therefore double the Figure in the 1 Plac 
wy (wlioſe Den? is 10 Parts) is equal to ſo 2z0t® Parts, or Shillings Again, N 
2 Since 45 re therefore 5 in the 24 Place (whoſe Den* is too? Parts) is 1 Shil-- 
Then, 


7 The Figure in the 3 Place has 1000" Parts for its Dent, and this with the Num- 
ber over 5. in the 24 Place; makes ſo many 1000®" Parts; which is little lefs than fo many 
bangs ;. becauſe: 1 Farthing is 535 Part of a Pound. But when we make upa Decimal 
Table for from 1 to: 47 8 11 d. 3, ] we find this true in Fact, That 
from 1 to 23 F the Figures in the 2%and 30 laces of the Decimal are: the fame 
with.the. Number of Farthings: But from 24 to 75 the Figures in the 24 and 34 Plates 
make, a Number more than the Number of F And tho in all 1 — 


1 6d. or 247) there are Figures after the 34 Place, yet their Vr not 
l Farthing, becauſe = hy not make 01, which i is lef than I Farthing, | 


U. To d the Decimal of @ W a 


5875 fevering o any bs of Shillingr, Pause, and. | 


d. Farthings, leſs. than 4 Pound, without Tables or Pen. 

le Rule 1. If the Number of is even, takeits Half and ſer in the firſt Place mY 
o1s, hoPoin, (08-1) IF it's odd, ſet the of the next leſſer even Number in the firſt Place, 
1. ind 5 in the 24, (Ex. a.) then reduce the d. and f. to and if they are fewer than 24 


(3. e. the d. | Ao. than 6=24.f:) ſet that Number in the 24 and: 34 Places (i. e: in the 


Value 30 Place if its but one Figure, (Ex. 3.) and if. it has two, add that which is in the Place 
n of . 
nt 1 in che 36 Place Ex. 4.) But if theſeFarthings exceed 23 (i. e. if the d. exceed 5) add 1 to 
m is dem; and fer that Niamber in the 25 and 3* Places as. (Ex. 5,6.) Thus you have 


the. Decimal ſought, true to three Places, which is ſufficient for common uſe. But, 6 
2. If you would compleat the Decimal, then if the Number of f. ro which the “ and. 
Fin the Queſtion are equal, do not exceed 23, take that Number of f or, if they ex- 
Foc. take the W ee that Number 
or ene, * (vix. b y prefacing ois to it) by 24 (which is eaſily and readily 
ing hr te, which will either be determinate; or CS: SPE 55 
tree the Pius e fun, de Decimal s compel r 


kaun 1 5 1 1 Ka. 6. gs. 3 


| 2. 137. . 65 „ 3f =.0322916 G %, | 
1,5 Ne 38 8. 45. 84. 3f,=.2364583 Ge. 
1 Bo. tar, 5 . 44. .1f.=:2677083: &. | 


n og , 


- -»& 
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3 The Bal ef 4 Number t 2 fag ( . E. of any N 
5 or any Num 20 z. e. umber 
8 Shillings) makes ſo many 1c*Þ Parts; Led if there is an odd it 505 to 2 
the 24 Place, Or reg Parts, becauſe 158 is 27 
2. For the Pence and Farthings: If we make a Table of Decimals for any Number of 
Farthings from 1 to (equal to 11 4% 37) then for any Number leſs 8 24 (or 64) 
che Decimal has that umber in the 30, or 24 and 34 Places, (i. e. it will have o many 
1000 Parts. And if theſe Farthings exceed 23, the Decimal has 1 more 1oootn Pans 
Again, For any,Number of Farthings leſs than 24. (or 64.) conſider, that becauſe 1 Far- 
F ching is ze Part of a Pound, which is greater than ren ars ; therefore beſides ſo many 
1000 . Parts, there muſt be added ſuch a Decimal as Oat ual to the Difference of ſo many 
560. Parts and ooo Parts. Now, if we ſubtract v Fer from züs the Remainder is 2777; 
wherefore any Number leſs than 24, of 24000 2 will make a Decimal, wnoſe 
firſt Place will — the fourth Place after the Point: — — Which 
3 to pomgles eat the Decimal ſought, falls after the * — already | 
„If the Number of Farthings exceeds 23, it is either 24. ; and 1 youll 
| —_— to the Number of 1000 * Parts already ſet down: Or it's Eg as 
And what's more, being leſs than 233 the Decimal to be added f for that, comes under 
the ſame Rule as the laſt Article. 


UESTIONS, a gs þ the Application of Decimals in Maltid Bren and Diviſen, 
* — 92 1 each of 6 Bags: How much is in the rows 
po xa i 115. Thus, 147: : Vo: 64 is 14. 4251. which multiplied by 6 produceth 


$6.55 equal to 867: 11. 
45 If x Yard of Cloth coſt 147 84 whar the Value of 1 2.07 bd 


Anf 181: 3. Which male Thus, 14s : 84 is .7 718 Cc. I. and 24 16155 
— 6 han by 7333 r 9 which s x F ze: 


mn If 307. 124 yes: 1 47: 224. er How much will 1 J. Ys 
1215 9955 =o 32 ae Thus, 1 Ar 2 *. is 124.375, Which 
r 5 9405 Zone? Way. 

WIE Jr 8 37:95 :4.. buy ed Weight: 1 qr; and 1 Pound of Sugar, 

may be bought for 1 /? Ache 1 qr: 17 W and. 1 nearly. Thus, 8 J: 9%: 4. 

| 2 and 3 C: 1 qr. 18 tb. is 3.410714, which divided by the other, quotes 
ox c. which is 1 qr: 17 tband ..x near 

* Obſerve, The Uſe and Application of Decimals will more appear in the remain- 

ing Parts of this Work; 8 by app e in Book 6. to which Application, 


this in al That any confider'd a 
the hi e all Numbers or Quantitys leſs Arey. nk 25 0 be expreſſed 
decimally by taking the Decimal of thatInizger anfvering to that lecker ; and in 


tw Hinds ueſtion uſing Decimals of the fame Integer for all Numbers of the ſame kind, 
(3. e. for all Numbers of Money, uſe the fame In 28 17.) Then multiply and divide 
by theſe Numbers according to the Rules of And in Multiplication you 
wha aſe the manner of Contraction explained in Ch. 8. 5. 5. | 
['enuſt ſerve in the lſt place, that | Queſtions in common Buſineſs are ſooner 
done without Decimals, the common 'Mcthods of Reduction; but when to uſe De- 
cimals, or the common Methods, muſt be left to every body's own choice: and indeed 
2 good deal of Practice will be neceſſary to enable one to chuſe judiciouſty. And per- 
ticularly as'to the preceding Examples, obſerve, That the firſt is eaſier done by the com- 
mon Method; becauſe. it can be done without Reduction, the Multiplier being ſmall 
The ſecond and fourth j cannot be done by any Method hitherto exp id, (except by 
n of Reludion they. uire both Mulciplication and 
as you will afterwards underſtand in the Rwle:of Three, (Book 6.) The third 
nay be eavily done, the common way: Bro BOOK 


s 3 * 5 $f | "I 
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4 

a If Power! is 4 Number which i is OR product of certain Nn of Factors, 

f ; wh. e. of the ſame Number multiply d into itſelf continually a certain Number of 
imes. , 

H Il. A Root is a Number, by OY continual Multiplication into itſelf another Num: 7 


ber (which is called the Power) 4 * 

Example. Let any Number 2 multiplied into itſelf, the Products are 4 (Sax) 
$(=4X2) 16 (=$X2) G. Then is 2 called the Root of theſe Products, which are 
called the Powers of that Root. ; 

Hence it is plain, that Power and Root are relative things. Every Power is the Power 
of ſome Root, and every Root is the Root of ſome Power: So that by calling one Num- 
ber the Power or Root of another, we mean that it is the Number pr uced, or the Num- 
ber producing that other by continual Multiplication. 

But the ſeveral Powers, and the Root in relation to theſe, are allo diſtinguiſhed by parti 
cular Names, which ſhall next be ex 


wry III. 8 that „ eee ultiplied by nat) is called the Square 
11 of the Number multi which in reſpect + the other is ed the Square Root. So. 


48 the Square of 2, r, 2 the Square Root of 4, becauſe 2x 22 
The ſecond Product (wiz. of the Square by be Lac ) is: called he Cube, and the Root 


in reſpect of it is called the Cube Root: 80 8.is.the Cube of 2, and a is the C On 
of 8; for 3X2X2, or 4 2288. 


mer and burthenſome to the Memory, and tend no way to the Improyement or Ea- 
of. the Science: Whereas it is obvious that we have no more to do, but diſtinguiſh 
them by their Order in the Series of Products, . the firſt Product the firſt Power, 
ne ſecond Product the ſecond Power, and ſo on; whereby theſe Names do of themſelves 

2 very ſimple and eaſy manner diftinguiſh oth ſeveral Powets, in conſequence of the 

fi of a Powers: opicticy * the Number of Multiplications "Root the 
oot 


Others of the Powers had alſo particular Names among the Ancients; but they are very 
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Root in the Production of each Power; which the ancient Names do not. For the 
Names Square and Cube, of which the reſt were compounded, are Names of geometti. 
cal Quantities applied to Numbers, only from this Conſideration, that the Meaſures of theſe 
Quantities are found by ſuch an Application of Numbers, as do produce the Numbers 
_ — hence called Square and Cube. | 
ut obſerve again, that tho' in conſequence of the preceding Definitions of Power 
Root, theſe Terms ought always to be contradiſtinguiſhed, gl a the Products only . 
be called Powers; yet for the fake of a particular Conveniency, which we ſhall preſently 
_ underſtand, the Root is called the firſt Power, and the Products in order are called the 
ſecond, third, G c. Power, as here: | . 


a.. àꝛK 2, 4K 4. 8K a. tb &c. 


\ 1 8 16 32 Gc. 
I 
Se SQ 88 5 0 
. E 


In which Method the Root is the ſame with the firſt Power, and contradiſtinguiſhed 
only from the ſuperior Powers, with reſpe& to which we call it the ſecond or third, Gr. 
Root; tho more commonly we uſe the. Names. Square and Cube. and Square Root, Cube 
Root; uſing the Names fourth, fifth, & c. Power and Root, for the degrees above the Cube 
or third Degree. 5 1 9 | 


Of the univerſal Notation of Powers and Roots. | 


I. Of Powers. | X | 

ARE any Number, A for a Root, and the Series of its Powers according to the 
2 Definition will be th THAT EATS 15 68, © , | 2 
1 A. AA. AAA. AAAA. 6. f 
1 8 5 

: E £2 5 5 5 
JJ. OL COTS : 
Each of theſe Terms. expreſſing the continual Product of A, taken ſo oft as it is placed in i * 
each of them, which being once more at every Step gradually from the Root, we have ac 
alſo this more convenient Method of expreſſing them, viz. by writing only the Root wit ur 
a Number over it, to fignify how oft the Root is to be taken, or placed as a Factor in 10 
producing that Power. Thus the 47h Power of A is AAAA, to be written, according 10 th 
this __ 3 thus, A4; and ſo of others, the whole Series of the Powers being e. D 
When a Number A has no Figure or Mark of Power, it's ſuppoſed to be the firſt, ſo tut Pr. 
Ar or A are equivalent. thy 


ors, they ſhew what Power is ſignified by that Expreſſion, or what Tem Bl mit 


_ Theſe 1 we call Indexes or Exponents of the Powers; becauſe by ſhewing ile 
Number of Factors hew v b 
in order of the Series; for the Numbers of Factors increaſe gradually in the Seiles wh 


* 
-+ D 4 
„ 


ly 
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Root ſtanding alone in the 1ſt Term, twice in the 2d, and ſo on. And fince the Deno- 

minations of the Powers are taken from their Places in the Series, they do alſo expreſs the 

Number of equal Factors, or the Number of times the Root is placed by Multiplication 

in every Power, and conſequently the Index is the Denomination ; ſo if AZ2 then A. 
AA2X2X2==8. . | | 5 | 

7 Again: By this Method any Power indefinitely may be expreſſed by a general or inde- 

finite Index thus, A.; which is any Power of A, according to the Value we put upon the 
dex “. Andy e B | | 

110 any Series of Powers decreaſing ſrom a given one down to the Root may be ex- 


ſſed thus: N 
12 An, Ar 1 Ec. 


Still ſubſtracling one more from the Index till it become equal to I and then you have 
the Root. | 0 2 N 


L 
II. For Roors. 


The Root of any Number conſidered as a Power may alſo be conveniently expreſſed 
by that Number with an Index; thus, over Number which is the Denomination of 
the Root, ſer , in form of a Fraction; this is the Index of the Root: For Example; The 


Square Root of A is AF, the Cube Root AF, the 4th Root Ar, and ſo on; ſo that if 


AA, then AT =2: Or if A==8, then AT=2; And an indefinite Root thus, Ax. 

There is alſo another way of marking Roots by this Mark /, ſetting the Power before 
it, and the Index above it: Thus the Square Root of A is / A, then Root is / A. 
And now, to underſtand the Conveniency of diſtinguiſhing the Powers by their Order 
in the Series, i. e. by the Number of Factors or Indexes, Conſider that the various Powers of 
the ſame Root differ only by theſe Indexes, or Numbers of Factors; and the Rules for their mu- 
tual Application to one another by Multiplication and Diviſion, (by which chiefly their different 
Properties are diſcovered,) depending upon the Conſideration of theſe different Numbers 
of Factors, it is a more {imple and eaſy Method to make the ſame Number expreſs both 
the Number of Factors, and give a Denomination to the: Power; which would not be, if 
we ſhould begin the Numeration of the Powers at the firſt Product, calling AA, or A= 
the Firſt Power. Ir is true indeed, that by this Method the Denomination would always 
be one leſs than the Index or Number of Factors, and ſo would be a certain regular Me- 
thod of ſhewing that Number; but till the other is more ſimple and eaſy : Which the Ap- 
plications to be made afterwards will make appear more evidently. 

There is one thing more you may obſerve upon this Method of denominating Powers, 
viz. That tho' the Root is not a Product of itſelf multiplied into itſelf, and fo is not a Power 
according to the general Definition; yet we may always contra-diftinguiſh Root and Power, 
underſtanding them according to the general Definition, and at the fame time take the De- 
nominations of Powers from the Indexes or Numbers of Factors; provided we underſtand 
theſe Denominations or Indexes to expreſs no other thing but the Number of Factors, i. e. 
a Power compoſed of ſo many Factors as the Index expreſſes, and not as ſignifying the 
Degree and Order of the ſeveral Powers from the firſt Product, which, according to the 
. Definition, is the firſt Power, tho the Index is 2; ſo for Example, A“ is called the 
ourth Power, not as being the fourth Term in the order of Products, for it is only the 3d 
Product, but as being compoſed of four Factors; viz. the Root ſtated as a Factor four 
times; fo A#=Ax AAN A. 5 | : 

But now after all, it's to the fame Purpoſe in which of theſe Views you take the Deno- 
Ration ; for the whole Conveniency lies in having the Number of Factors expreſſed, 


waich is done either way. Others again ! as a Factor in every Power, and then 
7 | 2 4 


they 


/ 
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they make the Index expreſs the Number of Multiplications by which a Power is oduced: 
Thus A. IX Ax A; in which are two Multiplications, 1ſt IKA, ad IX A by A. 20 
D E FIN. IV. Powers or Roots are called Like or Similar to one another, whoſe Pens 
minations or Indexes are the ſame; fo A*, B', or A", Bi, are ſimilar Powers, and theſe 6. 


gur Roots, A, Es. Such are alſo ſaid to be Powers or Roots of the ſame Degree or 
rder. | | 


And when the Indexes are different or unequal, they are called unlite or of a differen 
33-23 | | N 
Order: As A”, Bu, alſo Al, B=. | | 20 

v. The finding any Power of a Number is called Raiſing that Number to ſuch a Power: 
as finding the 4th Power of A is called Raiſing A'to the 4th Power: And this is alſo call 


bs general, Involving, or the Involution of that Number, according to the Index of the 
ower. ER | 


VI. The finding any propoſed Root of a Number, is called the Extracting of ſuch a 


Root from that Number; as finding the Cube Root of A is calld the extracting the Cube 


Root of A; and this we call in general Evolving, or. the Evolution of that Number, ac- 
cording to the Index of the Root. 


VII. As any Number may be made a Root, and involved to any Power, ſo if a Number 
Cis a Power of another B. which is again a Power of another A, then may C be called: 
Compound Power of A, i. e. a Power of a Power of A, (as with reſpect to B it's a fim- 


ple Power,) and may be generally expreſſed thus: Nn, that is, the ® Power of Am. Ex. 
ample: 64 is the Square of the Cube of 2, for it is the Square of 8, which is the Cube of 
5 The * may alſo conſiſt of more than two Members, as then Power of the 
m Power of A“. = , 


VIII. If any Number A is a certain Root of another B, which is alſo a certain Roo: 
of another C, then may A be called a compound Root of C (as with reſpe& to B iti 


a ſimple Root) and may be expreſſed thus, Ca a, that is, the n Root of Cs. Example: 2 
is the Cube Root of the Square Root of 64. : 

ScHoLIUM. That theſe Compound Powers and Roots muſt be equal to ſome im- 
mediate or ſimple Power or Root of the Number to which they are referred, will eaſily be 
underſtood from the Nature of ſuch Nunbers; that is, the n Power of the ® Power of f 
is ſome immediate ſimple Power of A; as A“; and fo of Roots: How ſuch ſimple Expret 
fions are found, ſhall be explained in its place. | t 

IX. A Number which is firſt conſidered as a certain Root of another, as the a Root, 
may be itſelf involved according to ſome other Index *, and this Power being referred to 
the ſame Number to which the preceeding Root was referred. may be called a miri 


Power of that Number, ſo if B=4", then the ® Power of B, that is, the m Power d 
the Root of. A is a mix'd Power of A ( which referred to B is a ſimple Power) and mij 


> Kh | 
be expreſſed Ann. Example: 9 is the Square of the Cube Root of 27, for it is tl! 
Square of 3, whoſe Cube is 27. | | | 

In the ſame manner, a Number being conſidered as a certain Root of a certain Powe! 
( whoſe Index is different from that of 4 Root) of a Number, it may be called a mird 


Root, as the m Root of then Power of A, repreſented thus: K. Example: 9 is the 
i for'the Bane "" 28-725 "WIR IO * 
9 2 5 N 


Chap. I. 
Obſerve, For either of theſe Kinds, viz. a mix'd Power, or mix'd Root, we may inſti- 
tute this manner of Repreſentation Ar, which may fignify either the m Root of A, or 


then Power of As. But then obſerve, that we can't make it repreſent either of theſe in- 
differently, till we have firſt demonſtrated that they are equal; which ſhall be afterwards 
done; and till then, I ſhall only uſe it for the m Root of the n Power. 
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 ScCHOLIUM. Every Number is a Root of any Order whatever, becauſe it may be 
involved to any Power, but every Number is not a Power of any Order; ſome being 
Powers of no Order but the firſt, which is only being a Root; i. e. there are ſome Num- 
bers which cannot be produced by the continual Multiplication of any Number whatever; 
and ſuch are 3, 5» 6, 7, and an infinite Number of others. Some. again are Powers of 
one particular Order only; as 4, which is only a Square; and 8, which is only a Cube. 
Some, in the laſt place, are Powers of more than one Order, but limited to a certain 
Number of different Orders; as 64 is both a Square and a Cube; its Square Root being 
8, ana the Cube Root 4; for 8 & 8=4x.4x 4=64: The Demonſtration of theſe things 


you'll learn afrerwards; to mention them in general is enough here, which was only neceſ- 
ſary for the fake of the following Definition. 


DEFIN. X. When a Number A is propoſed as a Power of any Order a, and yet is 
not a Power of that Order, i. e. if it has no determinate Root of that Order, or there is no 
Number which involved as the Index * directs, will produce that Number; yet it has 
what we may call an indeterminate Root, (as ſhall be afterwards explain'd) and this ima- 


gin'd Root, under the Notion of a true and compleat Root, is called a Surd (i. e. inexpreſ- 


ſible) Root, and is repreſented in the general Form A*; and ſuch Roots as are real, are, 
in Diſtinction from Surds, called Rational Roots. Exam. 8 is not a Square; for there is no 
Number, which multiplied into itſelf, will produce 8. No Integer will, fince 2 x 2284. 
and 3X 3 9; and that no mix'd Number betwixt 2 and 3 can do it, will be afterwards 
demonſtrated. | 2 | 
But now as to Surds, don't miſtake, as if ſuch Roots or Repreſentations were nothing at 
all, or ſo merely imaginary as to be of no Uſe in Arithmetick; for though there be no 
{ſuch determinate or aſſignable Number, whoſe Power is equal to A; yet we can find 
Numbers mix'd of Integers and Fractions, that ſhall approach nearer and nearer to the Con- 
dition required, in infinitum; i. e. we can find a Serfes of Numbers decreaſing continually, 
whoſe Sum taken at every Step is a Number, the Power of which approaches nearer and 


nearer to the given Number; and this Series conſider'd in its infinite Nature, as going on 


by the ſame Tenor and Law without end, and thereby approaching 36 near to the 
Condition of a true Root, is truly and properly what we call a Surd ; which, tis plain, is 
ſomething real in itſelf, though we can't expreſs the whole Value of it by any definite Num- 
ber; for that is contrary to its Nature: So we find that the Surd Roots of different Num- 
bers have certain Connections and relative Properties the ſame way as rational Numbers 
have; (all which thinzs ſhall be demonſtrated in their proper place.) 

Therefore we conceive Surds as Quantities compleat of their own kind, and ſo uſe the 
ſame general Notation for Surds and rational Roots: And hence the following wry} rela- 
ting to Roots are to be underſtood generally, whether they are Surds, or rational Roots, 
cor cerning the Reaſon and Application of which to Surds, you'll learn more Particulars 
afterwards in Chap. 3. | Th 


XI. The Powers and Roots of Fradions are to be underſtood the ſame way as of whole 
Numbers; that is} any Fraction 1 multiplied into itſelf, is a Root or firſs 
Power, with reſpect to the Products w ich are the ſuperior Powers. 


Exam- 
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Example. * g, and g is therefore the Square of +, and may be univerſally ex. 
preſſed thus, ; or thus, - and the Root thus, Jy ; or thus, 77 
Obſerve, That onl is the proper and immediate Power of a Fraction, whoſe Terms are 
the Powers ot the Terms of that Fraction; yet as the ſame Fraction may be expreſſed in 
various Terms, ſo all equivalent Fractions may be taken for the Power or Root of the ſame 
Fraction, becauſe they have the ſame Effect in all Operations, if any one of them is ſo, 
according to the Definition. Thus, becauſe + x +=, and becauſe #=3, therefore 4, 
Which is the Square of Z, may be alſo called the Square of 4; alſo r (=#) may be cal. 
led the Square of + or g. 


'SCHOLIUM. When a complex literal Expreſſion is conſider'd as a Root, to expre 
any Power of it we draw a Line over the whole Expreſſion, and then annex the Index; 


thus, AB is then Power of A+ B, and AB is the * Power of the Product Ax B: Bur if 


there is no Line over, then the Index is applied only to the Member over which it is im- 
mediately ſet, as A+ B is only the Sum of A and Bü, and A B the Product of Ax B.. 


” a 


v1]: AXIOMS. 


If, LIKE Powers or Roots of equal Numbers (however differently expreſſed) are equal. 


Thus: If A=B, then A*=B", and A= BA. But unequal Numbers have their ſimilar 
3 and Roots unequal; the greater having the greater Number for its Power or Root. 

Ence, : 

Co Rol. If the different Powers of ual Numbers are equal, the Power of the 
leſſer Root has the greater Index. Thus: If Ar Ba, and A be leſs than B; then is ; 
greater than m: For if 2 = m, then is A® leſs than Bu; and much more is it ſo, if z is lels 
than m. Exam. 8 = 43 =64. 


112, If a Number is involved to any Power, and from this Power a Root of the ſame 
Denomination is extracted, this Root is the fame Number which was firſt involved. So if 
A is involved to the » Power, and of this Power, vis. A®, we extract the Root, it is 


equal to A, 5. e. A FU And reverſly extract any Root of a Number, and then in- 
volve that Root to a Power of the ſame Denomination; this Power is the fame Num- 


ber from which the Root was firſt extracted; ſo the * Power of At, or A: A. Hence, 


Cox. 1. An Expreſſion of this Sort Af, where the Numerator and Denominator 
of the Index are equal, whether it is underſtood as then Root of then Power; or the" 
Power of the Root of A, is no other thing in Effect and Value but A. Hence again; 
2. Involution and Evolution are directly oppoſite, the one undoing the Effect of the 
other; whereby they are mutual Proofs one of the other. a 


Tn On NM TJ. 


Ir two ſimilar Powers of different Numbers or Roots are multiplied together, the Pro- 
duct is the like Power of the Product of theſe Numbers or Roots. Thus, the Product of 


two Squares is the Square of the Product of their Roots. Univerſally A" x BAB. 


Demonſir. 
6 


>| > & 


DDD 
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Ar 2, A = Demonſtr. In the Product Aux Ba, A and B are applied as Fa- 
B=5, B= 25 ctors equal times; ſo that in the whole Product there is a Num- 


AB==10. A X Br = ber of Factors equal to 22; and conſequently the Product AB. 


JODI | y || conlider'd as one Number or Factor, is applied in that Product 
; times | for in whatever Order the Factors are taken, the Pro- 
duct is till the ſame]; ſo that the Product given is AB raiſed to the » Power, or 


AB. Thus particularly, As x BB =AAAx BBB =ABx ABX AB AB. 
CoRoL. Hence we learn, how the Product of a Number expreſſed as a Power, and 
another not expreſſed as ſuch ( but ſuppoſed to be one) may be reduced to ſuch an Ex- 


preſſion. Thus, An x B== 4 x 6] ; for the » Power of A is A", and the » Power of Hr 


i; B. therefore A®xB=AxbT.. WES 1 
Scho. This Theorem is true alſo, when the Roots are the ſame; as A A®= 


AA. But J have not taken this Caſe into the Theorem, becauſe it falls within another (ſee 
Theqr. 6.) where the Product is expreſſed in a more ſimple and convenient way. You are 
to underſtand the ſame of the Theorems 2, 3, and 4. 


: 
1 
* 


Ir two ſimilar Powers of different Numbers or Roots are divided one by the other, 
the Quote is the like Power of the Quote of the given Roots. Thus the Quote of two 
Squares is the Square of the Quote of their Roots «univerſally BY = A®=B A]. 

Az. A3=27 Demonſtr. 1. Suppoſe A,B are Integers, then B+ A expreſ- 
2 2 B. _ ſed fractionally is To whoſe » Power, according to Defix. 11. is 


b=A=8. Bu > 


=P A. 


THEO RE M II. "I 


2. Suppoſe B and A fractional; thus, B= and A = 4 then is = and A = 25 


n 3 „ — I 
Alſo B N et ia (Theor. I.) But rr = A, ** 1 


* 
Power is —, Which is BA . 
od 
SCHOLIUM. I have not here conſidered, whether B* An is a whole Number or 2 


Fraction; for which ſo ever of them it be, you ſee plainly that it is equal to BA. In 
another place you'll find it demonſtrated, that according as B. — A® is integral or fraQtional, | 
lo is BA; and reverſly. | 5 | ; 


The following Corollaries 2, 3, 4, and 5, are deduced from this and the firſt 
|  __ Theorem ſointiy conſidered. , 

CoRoLL. 1. The Quote of two Numbers, whereof one is expreſſed as a Power 
and the other not, (tho ſuppoſed to be one,) may be reduced to ſuch an Expreſſion 


thus; A. B= A Ff; for A" is the ® Power of A, and B is then Power of F. 
2. If any Product and one of the Factors are ſimilar Powers, the other is alſo a ſimi- 
ar Power, and its Root is the Quote of the Roots of the other two Terms, Thus, = 
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Ax B n, then is B=D" A DA whoſe n Root is D A. In another Place 
it ſhall be demonſtrated that D —A muſt be integral if Da — A® or B is ſo. | 

III. If the Dividend and either of the other two Terms, 'viz. Diviſor and Quote, + 
ſimilar Powers, the other of thoſe Terms is alſo a ſimilar Power,” whoſe Root is the Pro. 
duct of the Roots of the Dividend and the former of the other two Terms. Thus if 
B A= Da, then A=B" x DBB“. 

4. The Product of two Numbers being a Power, the Factors are either both like 
Powers with the Product, or neither of them is ſo. Alſo, if one Factor is a Power, and 
che other not a like Power, the Product is not a like Power. Let AB = ps, if Ais x 
Power of the Order , fo is B, for if A an then is ax B pn, and conſe gently B is of 

the Order * (by the 2d) whence alſo if the one A or B is not a Power of the Order", 
neither is the other; for one being ſo, the other would be ſo too. * if An x B=D, 
and B not a Power of the Order *, neither is D; for if D were ſo, B would be fo too. 
J. If the Quote of two Numbers is a Power, theſe Numbers are either both Power; 
like the Quote, or neither of them is ſo: This is the Reverſe of the laſt. | 


SCHOLIUM. In theſe Corollaries you are to underſtand Rational Powers; for other. | 
wiſe any Number may be repreſented as a Power of any Order. 


. : . Taurorel III. 


If two ſimilar Roots of different Numbers are multiplied, the Product is the like Root 
of the Product of theſe Numbers. Thus two Cube Roots produce a Number which is 


the Cube Rost of the Product of their Cubes. "Univerlally, At x FAB. 
Example: 


8 12 23 Demonſtration This is but the Reverſe of the iſt Theorem, and 
= BE T 1 follows eaſily from it. Thus, Let A B be any ſimilar Power, 
— 2 2 


A rd . 6 then is Ax B= A * Fr by Theor. I. and by Ax. I. AxXB= 
Frs | Af x BY, which is then Root of A K Ff. i 
Cox oL L. The Product of two Numbers, whereof one is expreſſed as a Root and 
the other not, may be reduced to ſuch an Expreſſion thus; Ab x B= FEST - for A 6 
then Power of A®, and B* of B; therefore, by this Theorem A* x B AEF. This is 


alſo the Reverſe of Coroll. Theor. 1. 


THEOREM IV. 


Ir two fimilar Roots of different Numbers are divided, one by the other, the Quote 
the like Root of the Quote of the one Number divided by the other. Thus, two Cube 


Roots give for a Quote the Cube Root of the Quote of the Cubes. Univerſally, D- 
DA. | 
Example: | * 8 . | So 
I | , * £1 
D=216. D = 6 Demonſtr. 1. Suppoſe Di, A" are both Integers, then ate 
A 27 1 ; D, A alſo Integers, (viz. the Powers, or Products of integril 
D—A=8. * A3=2 Factors.) therefore D obs A or * is a Fraction in Terms 


* 173 
R J 2 a ＋ ; * a 

og NWD. 55! 3 ; | þ FIG © tt I 95 

whoſe n Power is 7; #. e. the" Root of A is — or DÞ + AF. 


An 


2. If 


Chap. "YH of Powers and Roots. * 145 
2. If D, K. are fractional, then are On allo bee. (according to a — Ob- 
ſervation.) Suppoſe P dA 7. then is D=Z — and 42 2 = (M8. 1.) Alſo 


| be 3 
be == 


— 
*. 


CoRoLL. The Quote of two a whereof o one is > as a Root, and the 


other not, may be reduced to ſuch, thus; D ABU Wifi. For Di is the n Root ot 
D, as A is of . 


— 
— 


SCHOLIUM. From the two laſt Theorems jointly confiderd, we have four Corol- 
laries 11 the ſame manner as the 2d, 3d, 4%, $tb- Corollaries, deduced from Theorem 
Ila and I | 


THnroREM V. 


Dot HE Product or 8 of any like Mixt Power (or Roe) of two different Numbers, 
11s s the like Mixt Power of the Product or Quote of f -theſe two Numbers: Thus 

5 x B = Lp" and A” „ e 
and 


Demonſtr. 1. An x = KB ( Theor. I.) and If x F = BE -( Theor. III.) 
But = As and Fh =B= mes b and ſince ** KB. hence AK 
x Bn" =L Bm. . 

2. A. — B. KE (me-) And N R £5 ( Theor, IV.) = 
Tg, (Ax. I.) That is, AS ＋ BY == AI Bu. | 

Example. The Square Root of 16 is 4. and the Cube of 4 is 64. . 0 the cube ck 
the Square Root of 16, or 165 is = 64. In like manner, the Cube of the Square Root 


of $1, qr $17 is = 729. Then 81 x 16 = „1296, whoſe Square Root is 36, and the 
Cube of this is 46656 =64x 729; that is, 16* x $15 = NIR. 


THEOREM VI. 


Ir two Powers of the ſame Root are multiplied the product is ſuch a Power of the 
ſame Root, whoſe Index is the Sum of the In xes of the Factors. Thus, The Product 


of the 24 and 3d P of . "XL 
en ate — _ 2 Number, is the 3h Power of the ſame Number. U 


nregral 
Example. | | 
Terms _ 3. R 9 Demonſtr. An and An being each a Product of A 
| 27. A*X A 243 | continually multiplied by itſelf, their Product muſt be a 
* „ Product of A 9 y by it ſelf; i. e. a Power of A. 
8 ; | Alſo 
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Alſo it's plain, that in A x An, the Root A is applied as a Factor as oft as the Sum u- Ly, 


ſo that A x Am Ann. Particularly, AX A3, the Product is AA x AAA 
= AAAAA SHA. 

SCHOLIUM. What's here proved for two Factors, holds equally for three or more: 
Thus A® x Am x Ar = Anm fr. 

CoROLL. Hence-we learn how to find any Power of a given Root, without finding 
all the intermediate Powers; viz. by multiplying together two or more Powers of that Ro, 
the Sum of whoſe Indexes is the Index of the Power ſought: Thus, having the 34 and 4b 
Powers, their Product is the 7th Power. | 


THEOREM VII. 


Ir one Power is divided by another Power of the ſame Root; the Quote is equal ei. 


ther to another Power of the ſame Root, or to a fractional Power whofe Numerator is 


1, and the Denominator ſome Power of the ſame Root. Thus, particularly, If the 


Dividend is greater than the Diviſor, the Quote is a Power of the ſame Root whoſe In. 

dex is the Difference of the Indexes of the propoſed: Powers; and if the Dividend is 
lefs, the Quote is a fractional Power whoſe Numerator is 1, and the Denominator is 
ſuch a Power of the given Root whoſe Index is the Difference of the given Indexes 


Thus A — An js either A -, 8 8 
Example 1. : Lxample 2. Demonſir. This is the Re. 
3 yo yoni | Az=g A243 verſe of the laſt Theorem, and 
Ar q. A#— A:=9 Az — AS=g — 243 = the Reaſon of it contain'd in 
A! Ar 1718 — 8 that, from the reciprocal Na- 
2 * ture of Mukiplication and Di- 
viſion, with that of Addition and Subſtraction. Or, this ſubſtracting of the one Inder 
from the other, is only the taking out Factors from the Diviſor and Dividend, i. 
dividing them equally ; which makes the Quotes till the ſame: Thus, As — Az= A3—1 
== A3, and A — AS=1 — A3. 
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EvERy Compound Power (or Power of a Power) of uy Root is equal to ſuch 2 
Simple Power of the ſame Root whoſe Index is the Product of the given Indexes: Thus 
the 34 Power of the 24 Power is the 6h Power. Univerſally, the Power of the 
Power of A, or Amo js = Arn. 


 Enample. - Demonſtr. Am x A= Aw (Theor. 6.) and involving or multiplying 
Amz=2. A= Am by itſelf: onee more, the Index of the Product contains once 
AS GA =; more; ſo that however oft An is employed as a Factor, as 2 times, the 

* Index of the Product will be ſo many times m, or Xx: But An em- 


ployed as a Factor 2 times makes the » Power of An; which is therefore equal to the 
mx Power of A, or Ann. 5 | 4 | 
a 1 5 SC HOLIU MS. 

1. The fame Reaſoning is when the Compoſition conſiſts of more than two Steps: 
Thus the » Power of the * Power of the r Power, is the m ur Power of A, or A. 


2. If the Index of any Power is the Product of two Numbers, it may be conſidered u 


a Compound Power; or if it is the Product of more than two Factors, it may be redu- 
ced to 4 Compound of two, by taking any one of theſe Factors for one Member, and 
the Product of all the reſt for the other. Thus, Amr is the r Power of Aum, or the ” 
Power of Aur, or the m Power of Mr. In ſhort, if the Index of a Power is the Produc 


BY = 


as an Index to the given Number, we have an Expreſſion for the Root 


61 A 4 : | 
lore W B*; conſequently N . : 


A 
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of other Numbers, whatever Variety is in the Compoſition of that Product, there is the 
ame Variety in the Compoſition of that Power: 


COROLLARIES. 

1. Here we learn to find a Number, which is a Power of as many diffe- 
rent Orders as can be propoſed, viz. by multiplying the Indexes of all theſe propoſed Or- 
ders continually into one, another, and raifing any Number to a Power, whoſe Index is 
that Product. Thus: To find a Number which is both a Square and Cube, raiſe any 
Number to the ſixth Power. Univerſally, to find a Number which is a Power of the Or- 
ders u, m, r. raiſe any Number A to the # mr Power, and A*m" is the Number fought: 
for it is the r Power of Aum, the » Power of Amr, the m Power of Aur. . 

Obſerve alſo, That if one of the Indexes is an aliquot Part of another, we need not 
multiply that Index which is the aliquot Part. Thus: To find a Number which is both a 
ſecond and, fourth Power, we need only to take ſome fourth Power, ſince every fourth 
Power is alſo a ſecond Power. For becauſe 2 x.2==4, therefore A“ is the ſecond Power 


of Az. By this you'll underſtand any other Caſe. 


2, If out of a certain Power of a 2 Number, à Root is to be extracted of a diffe- 
rent Index, and if the Name of the t is an aliquot Part of the Name or Index of the 
Power; by dividing the Name of the Power by that of the Root, and appiying the Quote 

ought. Thus; 
the Square Root of As is As, becauſe 6 2 =. 3. And univerſally, let ar. Then 


is A”= Ar, 5. e. where there is a mixt or fractional Index (which expreſſes a certain Root 
named by the Denominator, of a certain Power named by the Numerator) if the Deno- 
minator is an aliquot Part of the Numerator; then dividing the Numerator by the Deno- 
minator, the Quote is an Index, which applied to the ſame Number, expreſſes the Value 
of that mixt Root. 


| T HE OR EM IX. | 
EvzRy-Compound Root (or Root of a Root) of any Number, is equal to ſuch a 
ſimple Root of the ſame Number, whoſe Index is the Prdduct of the propoſed Indexes. 
Thus; the Square Root of the Cube Root is the ſixth Root. Univerſally, the » Root of 


the m Root is the 2m Root, or A = A, 


Example : - Demonſtr. The Reaſon of this is contained in the preceding, be- 
=64. AF=4 4 cauſe extracting of Roots is Wr to raiſing Powers. Or it may 
AA A. | be demonſtrated thus: A =, then A==Bwn (Ax. 1, 2. 


for A is the a Power of its »m Root) and A"=B"=B" (Cor. 2. Theor. 8.) Again, 
AB (Ax. 1.) But B An; therefore Arft Arn. 
| THEOREM X. 


Anv Power of any Root of a Number is equal to the fame Root of the fame Power 
of that Number. Thus, the Sguare Root of the Cube of any Number is the Cube of 


— 


the Square Root of that Number. Univerſally, AJ'= A st. : 
any DCE. pw 7 | Demonſtr. Suppoſe Ang, then is A= Bu 'L ar. 10 
2 9. | and A = Bun (Ax. x. with Theor. 7.) Again, Ni = n 
(Ax. x.) Ba (Cor. 2. Theor. 8.) But ſince An=B, there- 


J 2 SCHOL. 


| 
| 
| 
ö 0 
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SCHOLIUMS. 


1. When Ar is rational, ſo alſo is Fm, becauſe this 1s equal to An”, which 
2 
is the Power of a rational Root: But tho' AP is rational, it does not follow that A* i 


ſo, as one Example ſhews. Thus: Let A= 3, then A —A+=8r. But AF is Surd, 
for 3 has not a Cube Root. | ö 


2. Here we learn, that A® may indifferently be taken for the » Power of the M Root, 
or the Root of the » Power of A, ſince theſe are equal. So that henceforth we hal 
take ir either way, as ſhall be moſt uſeful. Hence alſo we have a Rule for expreſling the 
Involution of a fimple Root, or the Evolution of a ſimple Power. | | 


2 1 0 R E M XI. 


IF the Index of a mixt Power: (i. e. which has a fractional Index) has both its Mem. 
bers, Numerator and Denominator, equally multiplied or divided, the Products or Quotes 
ut in place of the others make an equivalent Expreſſion, or expreſs a mixt (or ſimple) 
ower or Root of the ſame Number equal in Value to the former. Thus 223. and 


therefore Ac AF. Univerſally, let »= ab, m=ad. Then is A (or AT) As. | 


. * ; 
1 7 Domonſtr. Ai is the ad Root of the ab Power of A (by 
=16777216. A*=16 | the Notation) which is the d Root of the « 8 9 

Irn of the a Power of the b Power (Theor. 8.) Now the 
: F 533 Power of A is Ab, and the a Power of this is Arb, (Theor.8.) 
2256. A =65536. | whoſe 4 Root is Ab, (Theor. 8. Cor. 2.) and the d Root of 


this is A ( per Notation) i. e. A Ai. Or the Demonftts 


tion will go on the ſame way by taking Ar for the ab Power of the ad Root. 


Tuzorzm XII. 


Tat Simple Power of a Mixt Power, or Mixt Power of a Simple, of any Numbe, 
is equal to a Mixt Power of the fame Number, whoſe Numerator is the Product of the 
Simple Index by the Numerator of the Mixt one, and its Denominator that of the Min 
one; or, in ſhort, whole Index is the Product of the two given Indexes. Thus, ther 


power of A® is A®; which is alſo the = Power of the Power; J.. Ila. 


, * 2 Demonſtr. Am is the 2 Power of the Root o 
A = 4096. AT=8. A = 512 | | " 7 

20 DES A; therefore the r Power of An is the r Power ol 
Squ. of AFor A%= 32768 | the » Power of the m Root: But ther Power of the 
Power is the 71 Power, ( Theor. VIII.) therefore the r Power of Am is the r Power 0f 
the » Root, 5. e. A®, (per Notation.) Again, This is alſo the > Power of Ar: For th 
Index is the m Root of the » Power; wherefore Ann is the m Root of the u Poye! 
m | — 


of the r Power; i. e. the m Root of che r Power, or ar Power of the m $2 


Xt, 


he 


Chap. I. 


of Powers and Roots. 
TuzorEeM XIII. 


Tax Simple Root of a Mixt Power, or Mixt Power of a Simple Root of an 
Number, is ſuch a Mixt Root ot the ſame Number, whoſe Denominator is the Produ 
of the Simple Index into the Denominator of the Mixt one, and the Numerator that of 
the Mixt one. In ſhort, whoſe Index is the Quote of the Mixt one, by the Name of the 
Simple one, or the Product of the two Indexes, taking the Simple Root fractionally : Thus 
= — .. A. FE] | ” F 
the r Root of Am, or the - Root of A,, is Amir: For * =* === 
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* 


ey 4 Demonſtr. Ar is the m Root of the z Power of A; there- 
A=65536. A*=256. fore the r Root of Ax is the r Root of the n Root of A®, 
4 1 8g. Root i. e. the ym Root, (Theor. 9.) or Arm. Again, this is alſo 
of Al, or Af = 4096. | 3 | 


the 55 Root or Power of A*. For 15 expreſſes the » 
Power of the m Root, and ſo the Root of Ar is the » Power of the = Root of the r 
Root, i. e. the » Power of the mr Root, or Arn. 


IT, THEORE M XIV. 


Tus mixt Power of a mixt Power is equal to a mize Power whoſe Index is the Pro- 
duct of the given Indexes. Thus, the 7 Power of the - Power is the _ Power, i. e. 
As. 5 | 1 - aa * 

Demonſtr. The r Power of A® is A, (Theor. 12.) and the s Root of this is A 
(Theor. 13.) which is therefore the s Root of the r Power, or the r Power of the s Root 
of Ax. © | BREA WAFS: | 

THEOREM XV. 


TRE Product of any two Roots Simple or Mixt, or of any Power and Root of the 
fame Number, is equal to ſuch a Power or Root of the fame Number whoſe Index is the 
; - 18 | 13S rn n 1 
Sum of the given Indexes. Thus A x A= N AN and AN A= 
n + L ns+mr | | | 


Am A 8 Allo, A* AT= An Fo A 4, 


Denonſtr. The moſt univerſal Caſe or Expreſſion is A* x A*; for by ſuppoſing » 
or 7, or each of them, equal to 1, you make them Simple Roots; and by making m or s 
equal to 1, you make that Term a Simple Power: And ſo all the Variety ſuppoſed in the 

corem will be demonſtrated in _ one Form; thus: The Thing to be dana 
n ns+wr „BT err 1% ora Dit ag] . 
is, that Au K A's TA * : In order to which, ſuppoſe A = B, and Amr 


r n c 


— 4 * BESS: | \{-D - M3 +£2.37 Mo 28 mr At 
=D; then is B. = A. (Ax. I.) = Am (Theor. XI.) Alſo D* = A = A; and 
een e . ihe : 7: 
BD=Ans x Anr = Ante (Theor, 6.) Hence X D = Brox Dis = 
n o D 5 5 2 | 
Anx AT 


TA EO- 
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TREOREM XVI. 


TAE Quote of any two Roots, Simple or Mixt, or of any Power and Root of the 
fame Number, is equal to ſuch a Power or Root of the fame Number, whoſe Index is 
the Difference _ the af oven Indexes, when the Index of the Dividend is greater than chat 
of the Diviſor. But i 


found, or divide 1 by it, and this Fraction or Quote, is the Quote ſought. Thus ATi 


N = A A ms when = is greater than >; but it is x — AF” if - i 
leß than © 7 All other Caſes are contain'd in this Form. 


Demers Suppoſe A. B. and Anr=D, then is Dk AZ om = Am, and DR. 8 


Am = ak alſo. B 5 D = AB — An = A— , (Theor, VII.) Hence 2 = 


I n 3 
nn 


But if = is leſs than , then alſo is »s leſs than mr; and therefore Al. — Amr jg a pro- 


per Fraction. Let us ſuppoſe mr .. ＋ a, or mr -n, then is A's — Au 
APs — Anf; but Au Y A x As, (Theor. VI.) wherefore reduce the ee 
Ave Amr, Or AAL Ans to lower Terms by dividing both by Abs, the new and 

valent Fraction is 1 —A*=1 Aur— s, but A =B—D, m_ is the bo 


— U 


: Hence . 2 f bb ** . 


General SCHOLIUM « relating to ths 8 Theorems. 


FR oM the preceding Theorems we have Rules for the Multiplication, Diviſion, Invo- 
lution and Evolution of Numbers expreſſed in Form of Powers or Roots of other Num- 
bers, i. e. for a more ſimple and convenient Expreſſion of the Products and , Powers 
and Roots; and the Subſtance. of the whole may be repreſented in four General Rules, 
which being articularly exemplified, will ſhew in one mort View all the preceding Theo- 
ry. Ando I obſer erve, That in order to reduce it to ſo few Rules, any Expreſſion made of any 
Letter A, with any Index, Integral or Fractional, may be called a Power of A; for it's 
ſuch a Power as the Numerator Hh ns , a certain Root expreſſed by the Deno- 
minator. 


RVvLE 1. Add de Iadetes of any two Powers of the ſame Nunbe A, and the Sum 
is the Index of a Power equal to the ep on of the other two. ,. , 


Ru l E II. The Difference of the Indexes of two Powers of A. bake Index of 2 
Power equal to the Quote of the other two; minding, that if the Index of the Diviſor is 
greateſt, 1 is to be R over _ n eas wad that n Expreſſion is the true 


; Quote. . W | : == 4 3 


RuLE III. If the Ei Bi 185 1 . Fae of A is multiplied b — another Index, the 


the given Power 3 
that 


Product is the a Power is equal to ſuch a Power 


by 


the Index of the Diviſor is the greater, ſet x over that Number ſo 


rb ov 


Chap. I. of Powers and Roots. 1 
chat other Index denominates. And becauſe the Word Power does here fignify both what 


is in a more particular Definition call'd Power and Root, therefore this Rule comprehends 
both Invoiution and Evolution. | ; 


RULE IV. I to the Product or Quote of two Numbers any Index is applied, the 
Expreſſion is equal to the Product or Quote of the ſame Powers of theſe two Numbers. 


ExAMPLES of theſe Rules. 


RuLE 1 c  RuLn 3 Theor 
MaeezA®+r „ 2 „„ hf Amp=zAm'..-- - 3: ﬆth. 
hM ER 1 M 0h 
MN A E roth 
N NN hl. ag 
*.. A q Fl . a - = 12th 
N. NA - | AF 

RvLrE 2 | E - = 13th 
A A ie or A i : "Hh. 1. K 7 | 
„ S 5 wt 
Ne ASAT, or i- A | RU LE 4 | 
W A= A or -A 16th, | a - 5 5 ot 
AA ork N [| par .. - - 2. 


HNA rA A N i 


| | THEOR E M XVI. 
Ir the » Power of one Number is equal to the m Power of another, then is the m 


Root of the firft equal to the 2 Root of the ſecond: Thus if Au Bp, then is A® = F. 
Demonſtr. Since An = Bn, then is An B, (Au. 1.) and AN, (Ar. 1.) A 
(Theor XI.) | | | 


The Rev 1 | 3 1 3 22 
therefore — wee den e e en then Oe B= and 


81 * 


— 


0 a 


SCBOLIUM. 


= - Thi aroas | B oO O EI. 
SCHOLIUM. This Theorem may be made yet more univerſal by taking any Min 
Index, and making the Theorem thus: if F-— 3 then is Aus Be; ang: dende ain 


£5. For the firſt, ſuppoſe * = and Br =6b, 3 is 8 Sd Em 


wherefore an 5 1 and hence, (as is already ſhewn ) * bn. But . and 5 
Br, therefore a* = A"s, and l- B; that is, A* Bea; whence again, 2 . 
Conor. It A*= =Bn, and if A is Rational, ſo allo is F. bars they are equi 


TrtoRremM XVIII. 
Ir ** BÞ, call — =. Then is A* a Power of the Order m, and N a Power of the 
Order 53 1. e. 5 and 5 are both Rational, tho” they are not always equal. | 
Demon| Since An = Bu. = B* +4, (for m=x ) multiply both by Al; and then 


AA 0 +4 XA*; therefore Al is a Power of the Order » ＋4 or m, (by Coroll. 2 "Theor II) 
Divide both by BY and it is A" —B4==B"; therefore N is a Power of the Order =, (cori 


3. Theor. ) i. e. A* and R are both Rational. 
CoroOLL. If 4=1, that is, = -I, then Ahas an 2＋ 1 Root, and B an 1 Root: 


i. e. Ar andBa are both rational, as they are alſo equal by the Theorem. 7 
| E A u A | 


In 1 


If any Fracton? is in its leaſt Terms, or is not G, then, accordingly, ay th 
Power of this Fraftion , as BY al is alſo in its E Tan or is not ſo. And the bo 


n 
Converſe, if + — is or is not in its loweſt Terms, accordingly © © is or is not ſo. thi 
The Demerſratio of this Truth muſt be referred to dr Place, becauſe it depend the 
upon Principles not yet explained: You'll find it demonſtrated in Book V. Ch. I. Theor. 1, ry 
Corll In the mean time we muſt ſuppoſe it to be true, for the fake of ſome things be- | 
longing to this Book, whoſe Demonſtration depends upon this Lemma, and which could 6 
not be ſo regularly referred. 4 
THrEroRE M XIX. | | 16 


1 Int A has not a propoſed Root in Integers, it can have no determine a 
Root 2 Thar Wh i. e. it is a Surd Power of that Order. Or thus: If an Integer A Sq 


the Power of a certain Order of an integral Root, it cannot be fo of a fractional. 721 

. Example. 8 7 has no Square or Cube Root in Integers, and therefore bas no ſuch deter- 
minate Root in a F 3 i 
Demonſtr. Let = = be any Fraction in its loweſt, Terms, and ſuch as is not equal to ay Wl in” 


Inreger, i. e. let r be greater than 1; that by the Lemma, = is alſo a Fraction in its 125 
Terms: and conſequentiy, yp. is not an aliquot Part of A®; nor, conſetuently, is - _ wy | 
Integer; for in this Caſe; would * be in its loweſt Terms: Hence again it's clear, te 


8 Chap. r. / Powers and Roots. —. 
R no Fraction (ſuch as is not equal to an Integer) can be any Root to a Whole Number: 


- 


For ſuppoſe = to be the 1 Root of A, then is 77 A but if = is bs its leaſt Terms, ſo 
| is = therefore = not an Integer is equal to A an Integer, which is abſurd. Again, if 
Eis not in its leaſt Terms, let - be its leaſt Terms ; then, becauſe — === therefore = 


"=A, But; being in its leaſt Terms, ſo is pt whence the ſame Abſurdity as before. 


na 


15 Containing the PxAcrIoR of Involution and Evolution. 

roll, | 1 8 1 | | | EET 9 
9. J. Probl. Of IN VOTLUT TON, or Raiſing of Powers. 

ot! — ? 


* 1 7 


nition, and is nothing elſe but a continued Multiplication of the Root * ſelf, 
whereby, to come at any higher Power, we muſt make up the Series of all the 
interior Powers: Thus; the Series of the Powers of 3 is'3:9:27: $1: 243, Cc. By 

9 this Operation 3 x 3X 3X 3 * 3, &c. | E 2 

But there is a particular Method whereby all Powers above the Cube or 3 Power may 

the be found, without actually finding all the inferior Powers: Which Rule is this: 
RLE. Find, by the general Rule, two or more ſuch Powers of the given Root as 
that the Sum of their Indexes be equal to the Index of the Power required; then multiply 
<4 theſe Powers continually into one another; the Product is the Power ſought. Or find any 
= one Power whoſe Index is an aliquot Part of the Index of the Power ſought, and involve 
be. chat Power to an Index equal to the Denominator of that aliquot Part. | 

ory Example 1. To find the 7th Power of 4, I find the ad, 3d, and 4th Powers; viz. 16, 

: 64, 256; then the zd x qth, or 64 x 256= 16384 the 7th Power; becauſe 344 T7 Or 
inſtead of finding the 4th Power I find the 5th, by multiplying the 2d and 3d; viz. 
16X 64 10243 then the ad x th, or 16 x 1024 = 43 7th Power. 

inate Example 2. To find the 12th Power of 3, I find Square, viz. 3X3 ); the 


14 E General Rule for the Practice of Involuzion is plainly contained in the Defi- 


er A Square of the Square, or g 9=8r is the 4th Power; again, the ad x 4th, or 9x 81 

jonal. 79 the 6th Power; then 6th X 6th, or 729 x 729=531441 the 12th Power. | 

deter- need infiſt no more on this Practice; the Reaſon of which is plainly contained in the 
preceding Theor, VI. But I muſt obſer ve, That it does not in every Caſe give any Advaa- 

Fa age either of Eaſe or Expeditiouſneſs to the Work; yet as it will do ſo in many and 

0 20 2 re can it make the Operation more tedious, it will always be a very convenient 

oweſt ©. n a 4 | . 6 , . 

4 Of the Practice in Univer/al Characters. 

= u | | | 5 


As to the literal Practice, or 3 of Numbers repreſented by r and todas, 
this is alſo ſufficiently explained in a ANNE, ng hs and Theore ms. | 1 | 


. 
* 
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Bur obſerve, That when a Root is repreſented as a complex Quantity; for Example, 
inſtead of S we put A+B, its —— be repreſented two — Ways; kh, 


ITB AFB or AFB ; which Method is in ſome Caſes ſufficient ; but in others i 
neceſlary to have the Operation performed, and the Power expreſſed according to the Re. 
ſult of the Multiplication ; fo that the Index be applied only to the ſingle Letters: Thus 


XÞB =A: +2 ABT. The moſt conſiderable and important of all theſe Caſes of 
complex Roots, with their Powers, is that wherein there are only two Members in the 
Root, as A B, called hence a Binomial Root; or A—B, called a Reſidual Root; the 
© Conſideration of whoſe Powers, i. e. of their Compoſition by the various Powers and 
Multiples of the different Members of the Root, has been found of very great Uſe in 
Marhemaricks, and in Arithmetick, efpecially for the Bufineſs of the Extraction of Roots; 
in order to which I ſhall here explain it. | 


Of the Compoſition of the Powers of 4 Binomial and Reſidual Root. 


In the annex d Operation you ſee the ſeveral Powers of A B' raiſed by Multiplying, 
according to the common Rules, each Member of the Root into each Member of — 
ſeveral Powers, which produces the next Powers; in which theſe Things are remarkable. 


Obfſervations on the Table of Powers © © 


L. In the Expreſſion of each Power there are as many and no more different Member, 
{which contain different Powers of the Parts of the Root A and B) as the Index +1 
of 1133 | "1 145 expreſſes ; Lge each Member 
ABLE of Powers raiſed from the Root AB. of any of the Powers being multi- 
IT Ly * i 7 | plied by A and B bn hy do 
Root. wake in all twice as many Produds 
| as the Terms in the Power multi 
_ plied; * each of the Series of Pro- 
ducts A and B have all their 
Terms fimilar, exeept the firſt Pro- 
duct by A, and the laſt by B; for 
theſe two are An and Bu; ;. e. the 
two Series of Products by A and 
B contain in their ſeveral Membes 
the fame Powers of A and B, &- 
_ * cept the firſt Tertn of the Line of 
Jn  Produdts by A, which is A", ad 
LON ASE B+ 3AB> the laſt Term of the Line by B, 
ach Power. A+ +4 A3B 6 A- 4 A B3 which is B*; conſequently, thele fr 
| Gr. 1 milar Products are reducible to 
| 55 | FE Tn more fimple Expreſſion by adding 
them together, ( i e. addding the Numbers by which they are multiplied, and joining tte 
common or fimilar 5 with their Indexes) thus, A*B ＋ 3 A3 B= 4 A3B; alſo 34 
BZN RG AB.; which explains the Reaſon of placing the Lines of Products by 
A and B, as is here done, viz. in order to the Addition of ſimilar Products. That th 
Obſervation will hold true however fat the Powers are carried, is eaſily ſeen from the Ni- 
ture of the Thing; which will yet farther appear from the next Obſervation, in which de 
have a joint Demo ion of this | 11 


II. Each Power ef A. J. B contains a Series of gradually different Powers of A and of B 


Square. 


Cube. 


Thus, The Index of any Power of AT being u, the firſt Term is ſimply A”, and 


” 


yh ta = ha = > „ 2 


2 2 


- | 


r 


5 


al D> > 


Index is », theſe Terms, in as far as they are compoſed of the 


Chap. 2. or Rai fing of PO w R RSG. 15 5 
lat is Ba; the intermediate Terms containing each a different Power of both A and B, 
multiplied together; the Index of A decreaſing gradually by 1 in each Term from A® to 
the Term preceding the laſt, or B*, in which it is ſimply A; and the Indexes of B increafing 
the ame way from the Term next after Al, in which it is only B, to the laſt, or Bu; fo 
that in all the intermediate Terms there is ſome Power of A and of B; and the Sum of their 
Indexes is equal to », the Index of the Power propoſed of AFB. Therefore, omitting the 
other Numbers, which are Multipliers in the ſeveral Terms of any Power of a Biyomial, whoſe 
Powers of A and B, may be 


thus; | = { 
ATA xX BTA -x Boos A- XB3 + hc. AK B- ＋ AX B- +BY 
wherein there are as many Members as 2 ＋ 1, according to the firſt: Obſervation; and the 
Index of B, or the Number taken from * in the Index of A, is the Number of Terms 
after An to any Term. 5 2 „„ 
This Obſervation we ſee to be true ſo far as the Table of Powers is carried; and that it 
muſt be true for ever, is eaſy to perceive. Or it may be demonſtrated, hut: Suppoſe ir's 
true in any one Caſe or Power of AB, as the » Power, it muſt be true in the next 
Caſe, or the a＋ 1 Power: becauſe when each Term of the given Power is multiplied by 
| boy 3 ö : A, r roducts 
4 — . | RG muuſt have A once 
7 7 B+ AXBi+ Ax Br oo: FAXBXE TY more invalved in 
D F . n-1 < erm multiplied: 
A+ Ax Bj AX B+ AX - 1 gh : wo Ax B TR. Aha anc the k 
A*xXBB+AxXB: + AxB +, @&c, + AX Ax BTB. exes of A decreaſe 
TOTS * he gradually from An 
in the Terms multiplied, conſequently they will decreaſe gradually from Aut“ in the Series of 
Ronde he Portre off cena . ey were. Again; The Series of Products made by B 
muſt have B once more involved in each; and conſequently increaſing gradually from Bto Bu-, 
leaving the Powers of A as they were: But again, Theſe Products made by Bare all of them, (ex- 
cept the laſt B*+*) ſimilar to the ſeveral Products, (after the firſt Ar made by A; becauſe 
the Indexes of A in the given Power decreaſing from the firſt Term A", which has no 
Power of B multiplied into it, and thoſe of B increaſing from the ſecond Term A- x B 
do the laſt Term Bn, it's plain that A multiplied. into any Term except the firſt An, and B 
mukiplied into the preceding, , muſt make fimilar Products; for A multiplied into any 
Term raiſes the Index of the Power of A by 1, which makes it equal to the Index of A 
in the preceding Term, without changing that of B; and B n in the preceding 
Term, 'raifes the Power of B in it to the Index of B in the fo 5 Term, without 
changing that of A; 2 theſe Products, are ſimilar, . which makes the thing ob- 
ſerved manifeſtly true in any Cafe, in conſequence of its being true in the preceding: But 
it's true in the Root or 1ſt Power, and as far as we have carried the Powers, there- 
fore it's univerfally true. And this alſo is manifeſt, that the Sum of the Indexes of A and 
B that are in any Term, is always equal to the Index of the Binomial Power, viz. a. Add 
ao this Obſervation, that the Index of A or Bis always 1 leſs than the Number of Terms 
non &* br: ro wha Tera, „„ we: | 4a | 
SCHOLIUM. If any one Member of a Binomial is 1, as A+ 1, then the Powers of 
I — all T. the Powers of ſuch a Root will conſiſt only of the Series of the Powers of 
V 
III. The Numbers which in e ee are multiplied into the ſeveral Terms are called 
Means (i; jolut Muliplizts or Factors ) of the@Tetms ; and from the Manner of raikng 
OE Dat N en 1 T3 WIOKIVY ee een, ,,, ef 0h SISTESLES R the 


N 
| 
| 
| 
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the Powers this is to be obſerved, That the Coefficients of the firſt and laſt Terms are 1, 
and thoſe of the intermediate Terms are each the Sum of the Coefficients of the corre. 
ſponding and preceding Terms of the preceding Power; thus, The Coefficient of the 
third Term of the 4th Power is 6, equal to 3 + 3, the Coefficients of the 3d and 2d 
Terms of the 3d Power, ( ſee the preceding Table of Powers.) Now that you may per. 
ceive the Reaſon of this, and that it muſt continue ſo for ever in all Powers, conſider 
theſe two Articles: 15 | 8 

(1.) The Products of the ſeveral Terms of any Power, made by A or by B, do not 
change the Coefficients of the Terms multiplied, becauſe A and B have no Coefficient 


but 1. Then 


(2.) The ſimilar Products made by A and by B are theſe, viz. The Product of the 
ad Term, (of the Power multiplied ) by A, and the Product of the iſt Term by B; the 
d Term by A, and the 2d Term by B; and ſo on. Which ſimilar Products are added 
— the adding of their Coefficients, and annexing the ſimilar Parts or Powers of A and g. 
Now from theſe two Things the univerſal Truth of the Obſervation is manifeſt; and 


the anner d Table, fo far as it is carried on by this Rule, ſhews the Series of Coefficients 


of any Power of a Binomial. 
TABLE of Coefficients of the Powers of 8 
| | Coo LL. From the two laſt Obfer: 


Coeffcients. vations we learn a new and eaſier Way 

— =. than the common, for raiſing any Power 
2& [1:2: 1 of a Binomial Root. Thus: take the Se. 

E 3 3: 3:1 | | ries of Products of the Powers of A and 
l: 02 | B, according to the ſecond Obſervati- 
© $1t:5:10:10: 5 1 - | on; and to theſe apply the proper Coef- 
n 0:51:  ficients, as they ſtand in this * and if 
e you have no ſuch Table, you muſt raiſe 
th]1;8:28: i 70: 56:28: $:x one, as far as the propoſed Power; which 
gth}1:9:36:84:126: 126: $4:36:9:1. being done by ſimple Addition, is much 

95 7 c. ec. eaſter than the common Rule. Thus, for 


Example; The 4th Power of A Bis 


But, again, to make this yet eaſier, ſee the following Obſervation, and its Corollary. 
IV. Any two Coefficients in the Series belonging to each Power are the ſame Numbers, 
if they are taken at equal Diſtances from the 3 which have both 1) for tte 

Jocthcients increaſe from the one Extreme to the Middle Term, where there, is one Mid- 
dle Term, and decreaſe from that to the other Extreme by the ſame Series by which they 


increaſed; and if. there are two Middle Terms,. theſe, are equal, and they decreaſe upon 


A+ + 4 B＋s A. B. +4 AB3 BY, 


each hand by the ſame Numbers to the Extremes. The univerſal Truth of this is manifef 


from the way of conſtructing the Table: For being true in any Caſe, (as we ſee it is as fat 
as the Table is carried) ir muſt be true in the next Caſe or Power, and ſoon for ever. And 
hence again, if we call the Place of any Term from the one Extreme a, the other Term 
whoſe Coefficient is equal, is from the ſame Extreme in the Place expreſſed by » — 4-2 
(u being the Index of the Power) For the, whole Number of Terms is » 1 I, by 0b- 
ferv. 1. And that Term which is in the 2 Place, from the one Extreme, mult neceſlariy 
be in then J-1—a+ 1=z—4—+2 Hace from the other Extreme. And fince Co- 
efficients at equal Diſtances from the two Extremes are equal; hence it is, that reckoning 
them both from the ſame Extreme, their Places are a and a- a E- 2. Again, If we cal 
the Index #=a+b—2. (i. e. add 2 to the Index, and ſuppoſe the Sum a ＋E 2 4b 
whereby A, 2) then are the Coefficients equal which are in the @ and 6 * 

* b | om 
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from the fame Extreme; for b=z—'aÞ2; and we have ſeen already that the Coeffi- 

cients, in the à and 2 — 4 Tg 2 Places are equal. | 
In the laſt Place, take No 


tice, That the 2d Term from either Extreme has for its Co- 
efficient the Index of the Power. | 


CoROLL. Hence, in making up the Table of Coefficients for any Power, as TB ; 
when we are come to that Series which has as many Terms as —— i. e. the half Num- 
ber of Terms belonging to the propoſed Power u, when that Number » + 1 is an even 
Number; or chat has as many Terms as = = when » + 1 is an odd Number; we need 
raiſe the following Series of the Table to no more Terms, till we come to the propoſed 
Power u; and the remaining Terms of it are the ſame with theſe already found, taken in 
a reverſe Order, as above explained. Thus: To find the Coefficients of the ↄth Power, 
which has ten Tetms; when you have arrived, in making the Table, at the 4th Power, 
which has five Terms, you need raiſe no more Terms in the following Series till you come 
to the roth, and then make the remaining five Terms of it the ſame with the preceding, 
in a reverſe Order. And for the 8th Power, which has nine Terms, you muſt alſo have 
the Coefficients compleat to the 4th Power, which has five Terms; and when you come 
to the 8th, the remaining four are the ſame with the firſt four reverſely. | 

V. The preceding, Obſervations were all obvious: But the following moſt valuable 
Property-of the cients, in which we have a curious Rule for finding the Coefficients 
of any Power without regard to the preceding Powers, we owe to the happy Genius of 
the incomparable Sir IsAAc NEwToON ; which is this, viz. | 

Rule. The Coefficient of any, Term is equal to the Product of the Coefficient of the preceding 
Term multiplied into the Index of A in that preceding Term, and divided by the Number of 
Terms from An to that Term: And becauſe the Coefficients of the firſt and ſecond Terrus 
are always known, which are 1 and , by Obſerv. 4. therefore it is plain, that by this Rule 
the Series of Coefficients of any Power may be found independently of preceding Powers. 
Exam. The Coefficient of the fourth Term of the eighth Power is 56, the Index of 
Ain that Term is 5 then 56 x 5 280, and 280 — 4==70, which is the 5th Term. 

In order to the Demonſtration of this Rule, we ſhall firſt explain the wniverſel- Expreſſion 
of it in Letters, which is this: Take the Index of the Power 1, and make this Series of 
Factors, 1 * X 1 5 x22 x 23x ®*=4 3, eb: carrying it to a Number of Terms equal 
w Iz and the firſt Term or 1 is the Coefficient of the firſt Term of the Power; 
1x: or ſimpl * is the ſecond Coefficient ; 1X= X = is the third Coefficient, and fo 
on, taking in always one Factor more at every Step, till yu have all the Coefficients be- 
longing to that Power, which are in Number we 5 ut, as is before obſery'd, havin 
found them for the one half of the Terms, or to the middle Term, the other half is ras, 
1 without any farther d Ja F VVV | 72 

Now that this is a true and juſt Expreſſion, of the preceding Rule, will be plain from 
theſe Conſiderations : 1. That the firſt and ſecond Toms ate in all Caſes Td. 2. That 
the Index of, A decreaſes, contigually. from An the firft-Term,! An being the ſecond, 
and ſo on; whereby it is manifeſt, that according to this Rule with that in Obſerv. a. the 
» Fower of A + B is repreſented as in the following Series; which is called. | 

Hs, - © * + The Binomial Theorem. | 


AFB'=1 x A- ETX AXB +1 **, XAxB 1 ** — 55 | 


1 OL UTI, „„ „ 1b ood Hin 2:2) 21 ach dag 951 80855 
FIXBX——=X we * E Ax B+ +, c. which is carried to a Number of Teras 


equal 
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ual to #1; and then the laſt Term will be B*; the Index of A being o, wheres 
ur of that Term; and the Coefficient is 1. _ no EN being | reby 4 
Before we come to the Demoxſtration, we muſt obſerve upon this Expreſſion of the 
Rule for the Coefficients, that the Numbers taken from » in the Numerators are always 


1 leſs than the Denominators; and theſe (which are alſo equal to the Index of B, or the 


Number taken from » in the Index of A) being in Arithmetical Progreſſion Increaſing the 
from 1, the Numerators are in Arithmetical Progreſſion decreaſing from ». Hence the Se 
Denominator of the laſt Factor in each Coefficient is the Number of Factors after 1; fan 
nd is alſo the Number of Terms after An to that Term; wherefore if the Denominator ; 
of the laſt Factor of any Coefficient, is called a, that Term is in the a+ 1 place from the cie 
beginning; or if it is in the 4 Place, that Denominator is 4— 1. Wherefore the Coeffic. 1 
ent of the Place of the » Power is 1 x # V, Ge. carried on till the laſt Fadtor, i 
en. make . the Place or the Term after the firſt, 4. e. the Number of Ten 1 
Ez then the Coefficient is 1 N l Ge. % H. And if we take di Serie * 
Factors backwards, it is 2 . &-c. to 1, when 4 is the Number of — 
Terms; or — 41 * aches Jo che. to 1, when 2 i the Number of Terms. We 8 
ſhall next demonſtrate the univerſal Truth of this Rule for Coefficients. + ' oy 
| Demonſtration of the preceding Rule for Cox rFICIEN TS. 2 


1. If the Rule is good in any one Caſe or Power of AB, as the Power, it mult 
therefore be good in the next ower, or #1. To prove this Connection, ſee the two as * 
following Series; whereof the firſt contains the Coefficients for the = Power, according w in 
the Rule; and the other the Coefficients: for the - Power, according to the fame of 
Rule; and becauſe 1 does not multiply, I have omitted it in all the Coefficients but the b 
WES 22. 9, ——. Win ] El Jo Y-—S — 3 
ee er, re . Mas ans Pac RE 85 
1 n z—T' 2 T 2 2—1 2— | 
Forthe E Power, 2. x x . * G. 
By Obferv. 3. the Coeffioients of any Power of A Bare each equal to the Sum ct 
the Coefficients of the correſponding and preceding Terms of the preceding Power ot 
Fin B; wherefore the firſt Series being the true Coefficients of the 2 Powers, the ſecond 
vill be che true Coefficients of the » + 1 Power; providing that they have this Connect. 
on with the former; viz. that any Term is the Sum of the correſponding and preceding 
Terms of that former; which is therefore the thing to be proved, Thus: 
"The firſt Coefficient in all Powers x; then the Sum. of the firſt and ſecond Coefir 


3 £ 


emsof the vwPonet is 1 C-: i rhe ſecond Term of the fecond' Series: Again, tie Bi fd 
1K 3B F537 17 Suh 383 0! yertD10538- 1543; woliaict gt BE GE 400 FT | 

| 1 n 1 enn 2 8101 64 28 FE 0, 20 —E 2 : x —1 rati 

Sum of the ſecond and third Terms'of the firſt Series is CT N e 
2. + 5 7 ieee n n 8 eit 
= x EEE,” (by changing the Order of the Numerators, which does tt oh 
change the Produft) and this is the third Term, of the ſecond. Series; then the Sum 4 in 
„ . e Kt, 0 ent ed 0: 


a” 
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WP ety = BE 3 1 1—1 1 i n * 
er * 


= Xx woos 
L 


x. 4 
1142 : 2 == — eee . by changing only the Order of 


te N ors, which. does not change the Product) and this is the fourth Term of the ſecond 
Series. From the Nature of theſe Series, its evident they muſt have, every-where, the 
ame Connection; or we may alſo ſhew- the Univerſality of ir. Thus: = * 

By what's ſhewn in the Obſervation: made _ the Expreſſion of this Rule, the Coeffi- 
cient of any Term, as that in the 2 Place after the or An, may be thus expreſſed, 


1 22 1 2 et 
* * X, Ge. „ET. and the preceding Term vill be IX=X So Me 
I : þ N — + 1 1 a | 


6. x 222, which contains all the Factors of the other except the laſt. The Sum 


-_a—TI- 


1 2 , 121 0 4. 5 F 3 8 11 Ps Fs * 4 Nane a EE; "Hoy * | 

of cheſe two is therefore, IX 7X n. Se, * e 14 — IX - Y 

Ig be eee, oe, x ben chan 
A, + 2321 NY 23 


5 


ging the Order of the Numerators) Which is the à Term after the firſt in the "I 1 Pow- 
er; becauſe the Denominators are the ſame Series, 1, 2, 3, Cc. to a, which are the Deno- 
minators in all Powers; and the Numerators decreaſe gradually from the Index + 13 ſo 
that the Number ſubtracted from the Index » + 1 in the laſt, is leſs by one than the De- 
nominator, (as has been obſerved and explained upon this Expreſſion of the Rule); for the 
laſt Numerator is here - 2z=n 1 — +1 =2þ1—a=T. | | 

2. But this Rule is true when applied to the firſt Power, and to all the Powers as far 
4 we have raiſed them in the preceding Table; therefore; by what's now ſhewn, it's true 
in the neut Power above; and conſequemly in all aboye,'7, b. in all the Powers whatever 


of ATB. 1 ä | F : Y-$1 : . 
ali eee or e 15, e er en e 


iſt, Different Authors have made different Demonſtrations of this Rule; I have choſen 
what I think as eafy as any of them, and fitteſt for this place. In Book V. Chap. 6. you'll 
= e of it from Principles which have not, as I know. been L 

.. c +..4 4, 8:1 | 

2. If inſtead of n Binomial A. + B we take a; Reſidual A - B, it's manifeſt that all the 
Difference betwixt its Powers arid theſe of AB will be, That whereas all the Members 
of the Binomial Powers are added together, theſe of the Reſidual Powers will be connected 
with the Signs of Addition and Subſtraction, alternately ; but the Powers of A and B, with 


the Coefficients are the very fame: Thus, XH = A* — 2 AB+ BY, and A B 
15e 5 A Big de KR- AB — 4A Br 4 BY, 


3. In applying this Rule for finding any Coefficient, (either of a Binomial or Reſidual) 
ovlerve to take its Place from the neareſt Extreme, M or Ba, which will make the Ope- 
ration ſhorter, and produce the fame Number, fince the Coefficients are the fame Series 
of Numbers, from either Extreme. Thus, to find the Coefficients in the 4 Place ( from 
ether Extreme) of che » Power: Compare 4, and »— «| 2 (for, Obſer v. 4. the Co- 
eflicients in the a, and z— 4 ＋ 2 Places, from the ſame or different Extreme, are equal.) 
Which ever of theſe Numbers is. leaſt, find the Coefficient for that Place. Example: To 
nd the 7th Coefficient of the 'zoth Power; I find the 5th Coefficient, Which is equal 
to the 7th; for if 2 = 10. 7=a, then is a — a / 2=5. „ lone * Tho' 
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4 Tho! we had taken no notice of the Equality of Coefficients at equal Diſtances from 
the two Extremes, yet the Rule now demonſtrated would have ſhewn it of itſelf; Thus. 


_ ; s . . W N48 2 CN ; 
The Theorem for Coefficients is 1 x =x © — x 22 xSDI x, oe. l, 


wr nf 8 4 
which is the Coefficient in the 2 x Place, or the ã Place after the firſt. Now the Nu- 
- merators decreaſe from to * - 4 ＋ 1, ora —a—1; by a conſtant Difference 1, and 
the Denominators increaſe from 1 to 4. Again; Since the Number of Terms in the » 
Power is 2 + 1, and in every Coefficient there are as many Factors as the Number of 
Terms from the Beginning, or An; therefore, if we want the laſt Coefficient, or that in 
the n 1 Place, then is a n; and conſequently, a +'1 =# ＋ 1, and » — a+1= 
z2z—2—1==1; ſo that the Numerators and Denominators are the very ſame Series of 
Numbers, only in different Order, which alters not the Product; and being equal, there. 


; | LO £ WY Bi 3 — 
fore the Product is. =. Let us now expreſs the Series thus; IX =X KEDS. 7 


% 


8 


* . — =3X 25 is plain the laſt Coefficient ; but one, is the Product of this Series, 


2 | | ä 
excluding= 3 Which Product is equal to 1 * =, for all the other Factors upon each hand of 


the middle one, (whoſe Numerator and Denominator muſt be equal) are reciprocal to one 
another, and ſo make the Product of ther all 'only 1; or if there are two middle ones 
they are Reciprocals. By the ſame Reaſon, the Coefficient in the laſt Place but two, i 
is 1* 7 *. For excluding * = the middle Terms after == deſtroy one 
another's Effect, and make their total Product no more than 1: The fame Reaſoning 
holds in every Place. And hence again obſerve, that if we apply the Rule to find a Co- 
efficient ſtanding from the firſt Place further than the middle Place, or the laſt of two 
middle Places; then whenever in writing down the Factors, we come to one whoſe Nu- 
merator and Denominator are equal, or to two adjacent Factors that are Reciprocals, there 
we may ſtop; for what follows will deſtroy the Effe& of as many of theſe preceding that 
one whoſe Numerator and Denominator are equal, or the firſt of theſe two adjacent Reci- 
procals, as the remaining Number to be yet ſet down; and therefore, by cutting off ſo 
many of the Factors (as leaves a Number equal to the Place of the Coefficient ſought, 
number d from the neareſt Extreme) we have whats ſought ; Thus; For the 8th Coefh- 
cient of the roth Power, it is 1 xx Ex 2x 7 x © x £3 4; which is 1 x? 

Eq E WF : FF 
x = bor the reſt deſtroy one another, being Reciprocals, 


F. I we take the perpendicular Columns of the Table of Coefficients, it's plain theſe are Co· 


efficients all in the ſame Place, or Diſtance from the Beginning in different Powers; and 
may be called Similar Coefficients of different Powers. in; We have explained 
above, that if the Place of any Coefficient is 4, the laſt Factor that compoſes it i 
— 8 ; Þ 2-5 , +. 420 / 1 FW. ws 4 
— U, and ſo that Coefficient will be * 2 * — * SELLS; the 
by changing the Value of 1 this will expreſs all the ſimilar Coefficients in the 4 Place of 
different Powers: obſerving this, That the loweſt Value we can put upon » is @—1; 
becauſe no Power below that of the Order 2 — 1 can have a Number of Terms equal 
to a (by Obſery.-1.); and if -= i, the Coefficient will be 1; for it is the 4 
efficient of the a — x Power, which being the laſt Coefficient, is therefore 1, and is conk- 
quently-the firſt Term of the Series of fimilar Coefficients of different Powers, from that 
whoſe Index is @— 1: So that by taking x ſucceſſively equal to 2 1, 4, 4 ＋ 1, G. ue 
ſhall have the Series of Coefficients of the ã Place of thoſe different Powers whoſe 1 


dexes are 2 — 1, a, 4 ＋ 1, 4 ＋2, Ge. 


A. S. ee 


Q 
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Bur pe may expreſs this Rule alſo thus: Inſtead of » put 2 + b — 2, and it is 


: 42 A . 00 . 3 which, according to 
O'S. 3 | i Coefficien f th 4 Term of the 244 —2 
eral Rule of Coefficients, is the Coefficient of the erm — 
3 and by taking b ſucceſſively equal to 1, 2, 3, Cc. we ſhall have hereby the Se- 
ries of Coefficients in the ã Place of all Powers from the a—1 Power; for if b = I, 
then is + b— 2 24 — 1, and the Rule gives the firſt fimilar Coefficient, which is al- 
ways 1; if 6==2, then a+b—2==4, and we have the ſecond ſimilar Coefficient; if 
z, then a+b—2==4+1, and we have the third ſimilar Coefficient, and fo on: 
; ; FTE ids 4 
Or if we take m 4 ＋ b, the Rule is 1 N 7 = x —— L Ge. * 
ence again we have this ral Truth to obſerve, vis. That the 4 Coefficient of 
* — * Index is e e is the ſame as the 6 Term of the Series of ſimilar Coe. 
fcients which are in the 2 Place of different Powers. And this will eaſily be proved 
from theſe two Conſiderations: The iſt is what we have already explained, viz. har if 
the Index of any Power is a+ b—2, then the 4 Coefficient of that Power is equal to 
is þ Coefficient (See Obſerv. 4) The ad is, That from any Term in the Table of 
Coefficients, , (i. e. any Coefficient of any Power) there ſtand as many Terms on the right 
hand, as there are Terms above it in the perpendicular Column of ſimilar Coefficients ; 
and therefore that Term is in the ſame Place of the ſimilar Coefficients, and of the Line 
of Coefficients of that Power, numbering from the right hand: Wherefore its plain, that 
the 2 Coefficient ( reckoning from the left hand) of the a + b— 2 Power, is the ſame as 
the b Term of the Columa of ſimilar Coefficients in the 2 Place of different Powers, be- 
cauſe it's the fame as the b Coefficient from the Right of the ſame Power. 


— 


COROLLARIES. 


1. Theſe Expreſſions of Powers of a Binomial Root ſhew us how the Difference be- 
wirt any two ſimilar Powers is compoſed of the various Powers and Multiples of any 


one of the Roots, and the Difference irt the Roots: Thus, A being one Root, and 
B the Difference of the ary another A | B. or A—B, the Difference of their Squares 
is 2 AB TBZ. Hence 5 


Havi 
differ 3 


Power of any Root, we can find another ſimilar Power whoſe Root ſhall 


the 
what that other Root is. . | 
or Example: 144 is the Square of 12; and if the Difference betwixt this Root and 
another is 9, hence the Square of that other is 144 E 2 x 12 x g9+81=144+216+8x 
= 441, if 12 is the leſſer Root; but it is 144 — 216+ 81 2 9, if 12 is the greater Root. 
Obſerve, If the given Difference B is 1, then in all the Terms wherein there is any Power 
of B, we have 1 but the Powers of A, wich the Coefficients; except the laſt Term 


e eee and is 1; for KTI = A* 2 A + 1, and AE 1 =A3þ+3 Az 
3jA+1... 
2. WG lee 


means of the fimilar Powers of the Binomial : Thus; 8 
Take all the Ggnificant Figures of the given Number in their compleat Value, as ſo many 


ifferent Members that compoſe it, by Addition; then take the two higheſt, calling them 
A and B: Raife this Binomial to the r Power; then conſider the firſt two Mem- 
bers as one; call their Sum again A, and call the next Member B, and raiſe this new Bi- 
— . the fame Power; in doing of which, obſerve, that ſo much of the Work is 
ready do 


ne, becauſe the » Power of the firſt Member of the preſent Binomial is the to- 
tl Power of the preceding Binomial, which ©” as found; ſo that what remains is to 


ven one by any Difference, and that without either knowing or enqui- 


here alſo learnt another Way of Raiſing a given Number to any Power, by 


make 


Y 


* 
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make up the other Members of the Power ſought, according to the general Can 

the ſame manner conſider the three higheft —.— as 3 and call it A, and jon 2 
_—C ing it B, and raiſe this Binomial; and thus proceed till all the Member; 
are taken in. | 


Example: To find the Square of 246=200 | 40+ 6, the Operation is 
e =40000 + 16000 + 1600 = 57600 
1 AFB = A. +aAB+B | 
Then 2506 = 57600 | 2880 ＋ 36 = 60516 the Square ſought, - 
AFB = A» + 2AB + B 
If there are more Members, you muſt go on the fame Way. 
Example 2. To find the Cube of 235 200 ＋ 30 +5. the Work is 


ie =$000000 4 3600000 + 540900 + 27000 = 12167000 
AFB = A: + 34:B ＋ 3AB: þ+ B. 1 


Then Z- 5 = 12167000 4 793500 + 17250 ＋ 125 = 12977875 the Cube ſought 
AFB = A + AB ＋ 3AB:+B3 = 
ScHOLIUM. As to this Method of raiſing Powers, it's more tedious than the com- 
mon Way, and therefore not to be recommended for Practice; the Deſies of conlidering 
it here being only for the ſake of a particular Illuſtration to be made by it of the Rules of 


; 7 : y k | 
& II. Of EvorvuT1oN, or Extraction of Roots. 
Fer I. Of Whole Numbers. | 
Problem I. Zo extract the Square Root of a Whole Number. 


RULE I JN Order to the Solution of this Problem, we muſt have a Table of ſimple 
| # Squares, or Squares of Numbers from 1 to 9, as here in the Margin: Then 
e Beginning at the Right band, diſtinguiſh the Figures of the given Num- 
g -| ber into Periods of two Figures as long as you can, by putting a Point over 
$5 the firſt Figure, and over every other Figure, i. e. paſſing one, take the next. 
E S | Example: 1849 is pointed thus, 1849, and 34968 thus, $; the pointed 
2 8 Fi N of each B and. chas on its Left — ap cho the 
1 alf Period may ſometimes have but one Figure. | 
2 4 {j The given Number being thus pointed, the Number of Points or Period 
ſhews us how many Figures the Root conſiſts of; to find which we proceed 


4+ thus: | 1 Ty EE 
* 27 | III. Take the laſt Period, (or that next the Left) and ſeek it, or the nen 
6, 36 | leffer Number you can find, in the Table of fimple Squares, the Root of thi 
» 49 is the firſt Figure on the Left of the Root ſought; which being written down 

» 64 | to the Right of the given Number, as we do the Quote in Diviſion, then ſet 

- 8: down its Square 4 5 the laſt Period, and take their Difference, to whit 
———) prefix the next Period of the given Number: And all this taken for ene New 
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ber, as it ftands, we call the Second Reſolvend. becauſe out of it we ſeek the next Fi- 


gure of the Root, (the laſt Period being the firſt Reſolvend) thus: 

IV. Conſider the Figure found as having o before it, and then multiply it by 2, 
(which is in effect, multiplying it by 20); make this Product a Diviſor, and find how 
oft it is contained in the Reſolvend; which, to the preſent purpoſe, muſt not be taken 
above nine times; tho in ſome Caſes it may be oftner contained; and then alſo it muſt 
be under this Limitation, viz. that the Square of the Quote, or Figure now ſet in the 
Root, added to its Product by the Diviſor, the Sum do not exceed the Reſolvend: Or, 
which is the {ame thing, put the Quote, or ſuppoſe it put, in the Place of the o which 
ſtands in the Place of Units of the Diviſor; then multiplying the whole by the Quote, 
the Product muſt not exceed the Reſolvend: For if it do, the Figure taken is too great, 
and you muſt try a leſſer, till it anſwer. The Figure thus found is the next Figure of 
the Root ſought, which muſt be ſet on the Right of the laſt: And ſetting the Sum or 
Product mention d under the Reſolvend, take their Difference, to which prefix the next 
Period of the given Number; and all this conſidered: as one Number, is your next Re- 
folvend; out of which the next Figure is to be ſought thus : | 

V. Take both the Figures of the Root found, as they ſtand, for one Number; dou- 
ble it, and prefix o, (or prefix o, and then double, which is the fame thing,) and this 
is your Diviſor : Find how oft it is contained in the Reſplvend, under the fame Limita- 
tions as formerly ; place the Figure found on the Right of theſe before found, and ſub- 
ſtracting the Product directed to be compared with the Reſolvend from it; to the Diffe- 
rence prefix the next Period, and you have the next Reſolvend; to which make a Diviſor 

of the Figures of the Root already found, the fame way as before; and thus proceed 
all the Periods are employed, finding a new Figure of the Root for every Period: 
And if at any Step the Diviſor is greater than the Reſolvend, or if 1 added to the Diviſor 
makes the Sum greater than the Refolvend ; then place o in the Root, and prefix another 
Period, forming a new Diviſor by ſetting another © to the former Diviſor, and ſo go an. 


| E x AM I. z s. ; 
Ex, 1. To find the Square Root of 1369, it is 37, as found by this 


Operation. 3 

664 1 08 51 FE shllcation. 8 
1369 \3 7 * [ 2 : . 22 x | 
9 I Ihe given Number being pointed, the laſt Period 
9 19 * 

— I Iũ ʒ s 13. and the next Square to this of whoſe Root 
245560 469. ad Refalvend. . | is 3» which is the laſt Figure of the Root; and call- 
4e zo). 469 4 t. | it 2, 1 take g out of 13, and to the re- 

r . nn Period 69, which makes 
000 1 $69 the ad Reſolvend: Then taking a = 30, I dou» 
— 5 ble it, and make 24 = 60 a Diviſor; and ſeeking 


how oft'it is contained in 469, under the Limita- 
which is therefore the other Figure of the Root; 
b: == 469, the Reſolvend; and becauſe there is no 
369 ö a true Square, whoſe Root is 37. 


tions of the Rule, I find it 7 times, 
which is proved by this, that 28 bþ- be 
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Example 2. To find the Square Root of 230976 26, it is 4306. 


* 
Operation. | 
Fa. | 5 - Explication, 
23097636 \ 4856 The laſt Period being 23, the nen 
a*= 16 1 5 N * is 16, whoſe Root is 
« which ace in the Root, and call. 
e 709. 2d Reſolvend. „ ng 6. 3 42 16 out 8 
( = Ao) 704=2ab+b* (b=8) 5 me R 7 I prefix the next 
— eriod go, which makes 709 the 24 Re. 
22 = 5 576. 3d Reſolvend. ſolvend: Then taking « - — — 
(4=480) to the Rule, I double it, and 2 x 40 = 80 


24= 3 57636. 4th Reſolvend. is the Diviſor, which is contain d in the 


(2 = 4800 -, Reſolvend 8 times; which Number all 
| © $7636=2 4b+b+(b=6) anſwers the Limitations of the Rule: Fo. 
— ö $3X8 is = 7504 = 246 + bz, or 

o | 24Þ+bxb, b bei 8, wherefore 8 is the 


| | | next Figure of the Root ſought ; and ſub- 
* 704 from 709g, to the Remainder 5 I prefix the next Period 76, and 576 is the 
3d Reſolyend ; then taking a= 480, its Double, 960, is the Diviſor; which being greater 
than the Reſolvend, I ſet @ in the Root, then prefixing the next Period 36, the 4th Re- 
folvend is 57636, and the Diviſor is 9600, (a being here 4800 ) which is the former Di- 
viſor with o prefix d: Then I find 960 contained in 57636, 6 times, which Number an- 
ſwering the Limitation of the Rule, I ſet 6 in the Root, and calling it ö, I find 2 40 

—+ b» =57636, the Reſolvend; ſo that nothing remains; And ſo the given Number 
23067636 is a perfect Square, whoſe Root is 4806. | Z 


SCHOLIUMS. 


1. If you _ Gueſs or Trial. for the Quote in any of the Steps after the fir, 
at the greateſt Number of times, not exceeding 9, that the Diviſor is contain d in the Re- 
Grand: Then the Limitation of the Rule for the Number to be compared with the Re- 
ſolvend is ſufficient to determine when we have the true Figure ; becauſe if that Number 
is greater than the Reſolvend the Quote is taken too 1 and then we try the next leſſer, 
till it anſwer the Rule: Let obſerve, that if you ſhould make trial at random, then tho 
24b + be leſs than the Reſolvend, 2 Quote 6 may be too little, and yo ll prove it 
by this Mark, viz. The Remainder, after taking 2 40 out of the Reſolvend, may be 
eater than the Diviſor, but it muſt not exceed the Sum of the Diviſor and double the 
uote, i. e. 2826, elſe the Quote is too little; See below the Explication of Exam. z. 
And here I muſt obſerve, That ſome Authors think the forming of a Diviſor an uſcle 
thing, and would have us 1 to a random Gueſs for the Figure of the Quote 
at every Step acter the firſt, tho they 1 ＋ the ſame neceſſary Limitation of the Figure 
ſſed: But they have not conſidered this Conveniency of the Diviſor, that the greateſt 
umber of times it is contained in the Reſolvend not exceeding 9, is a Limit to our 
eſſing; for the Figure ſought cannot exceed that, and fo will in many Cafes fave the 
rouble of gueſſing at Figures which cannot anſwer, Beſides, the Diviſor is of a neceſlary 
Conſideration in the Demonſtration of the Rule; and a further Uſe of it, ſee in the next 
Article. 5 | 
2. If the Diviſor is contained in the Reſolvend oftner than 9 times in any Step after the 
29, the Figure ſought is certainly 9: And alſo in the ad Step it's 9, if the firſt Figure b 
at the fame time, 5, 6, 7, 8, or 9. But if this is below 5, we muſt make trial; for ſome. 
times it will be 9, and ſometimes not. See Exam. 3, 4. m 3. Foc 
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. or forming the Diviſor a little more eaſily, you have no more to do after the ad 
Sey — add — of the Figure laſt found to the laſt Diviſor, and then prefix o; 
as you may eaſily perceive in the Examples. | = ? 

If there is a Remainder after all the Periods are employed, then the given Num- 
per is not à perfect Square; and the Root found is the Root of the greateſt Integral Square 
contained in it. How to find. a Mixt Root-whoſe Square ſhall be within any aſſigned Dif- 
ference from the given Number, ſhall be taught in its proper Place. | 


© Exemple 3. To find the Square Root of 151426. By the Operation we find it's not a | 


Squrre, but the Root of the greateſt Integral Square contained in it is 380. 


"77 Operation. E-1 Explication. f 


22 | Here in the ſecond Step 60 is contained in 61 
Joe 3 255 (359 10 times; yet the aue Outs or Figure for * 
— Root, is only 8: For 9 would make the Product 
e e, Which Sireueer than 614: And had we ta- 
544 2 44% . ken 7, it would have been found too little, from 
LM — che Mark given in Schol. 1.; for then the Product is 
2* 380 760) 70 43599, Which taken from 614 leaves 145, which is 
e 692T=2 4b be greater than 60 + 16 (or 24+26b) =76. And 

6:1; "F228 1 :auſe the Remainder of the whole Work is 105, 

t E 7 Square contained in 151426 is 15 1321, 


105. Remainder. th 
——— Root is 389. 


| Example 4 To find the Square Root of 15437052 : The Root of the greateſt Square 
contained in it is 3929. | 85 RE 
Operation. | Explcation. 


675 (83929 In the ſecond Ste 60 is contained in 643 * 
„ (3929. 10 times, and 2 is 9. In — 
3 — third Step, 780 is contained in 2270 only 2 

* 30=60) 643. 2d Reſolvenld. times; and 7840 in 70652 9 times: The 

#1 621=2abbb Remainder of the Operation being 11. So 

. A a; | that the greateſt Square contained in the given 

2* 399780). 2270 3d Reſolyend. | Number is 15437041, whole Root is 3929. 

” 3 1564 =2 ab +bz, | 1 x 

rr 8 1 9 851 
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. The Product of any two Numbers can have. at) moſt; but as many Places of Figures as 
= 1. och the Faczomz and at. leaſt put one Place. fewer. Exgm..3X 4== 12; th por 
Ks e | & as De 2 9 : 


* 


766 Extraction of | Roots. Boot IN 
Demonfty. 1. That the Product may have as many Places as both the Factors, one Ex. 
ample is enough to demonſtrate. Thus, 46 x 82 = 3772; and that in no Caſe it can hay 
«more, I thus prove. | 3135 | 
Let any two Numbers be A. B; then take D the leaſt Number poſſible, which has one 
N Place more than B; it's evident from the Notation 
A= 4678. B= 37549 of Numbers, that D will conſiſt of t, wich as ma. 
Ax B= 175654222 a ny o's as the Number of Places in B; and al 
D= 100000. Ax D = 467800000. | will be a greater Number than B; if we then 
| mukipiy A by D, the Product A D will be equi 


to A, with as many oss before it as are in D. i e. as the Number of Figures in B: there. 


ore it has as many Places, and can have no more than are in both A and B. But again; 
ſince B is a leſſer Number than D, therefore AB is a leſſer Number than A D, and con- 
equently cannot have more Places, 3. e. more than are in A and B both. 


2. The Product may have fewer Places than are in A and B both, which ane Exampe 


o * - * 


e e 
Take any two Numbers A,B; and take D conſiſting of 1, 


 A=23. B=346. with as many 0's before it as the Figures leſs than one in B; 
AB= 7958 i. e. the leaſt Number poſſible, which has as many Figures a 


D= 100. AD=2300. | B; then will the Product A D be equal to A, with as man 


5 wh o's before it ase in D, which are one fewer than the Figurs 
in B; conſequently AD bas as many Places, and can have no fewer than the Sum of the 
Places in A, and one fewer than are in B; à e. all the Places in. A D can be but one fewer 
than the Sum of thoſe in A and B. But fince B is a greater Number than D, fo will AB 
be greater than A D; and conſequently cannot have fewer Places than AD, which can be 
but one fewer than in A and B both. © ; 55 5 . 
CoR ol. A Number being multiplied into itſelf, the Product or Square cannot have 
more Places than double the Places of the Root; and but one fewer at leaſt than tha 
double: Wherefore a Square being diſtributed into Periods, as the Rule directs, the Root 
has preciſely as many Figures as the Square has Periods. | © 


I. E MM A H. 


ff any Number A is not a Square, yet being diſtributed into Periods, according to the 
e greateſt Square contained in it, as Na, will have preciſely as many. Periods « 
that Number A has. | or GS + oo e9- :-- 
Exam. 237694 is not a Square, and the greateſt Square contained in it 337169; both 
which have three Periods. brag eigen RENT PO Gem TY 
Demonſtr. 1. N* cannot have more Periods than A; for then it will have more Figure, 
and conſequently be a greater Number than A; contrary to Suppol 
A= 37694 _ Take 1 with : 8 1 
i > I with as many o's before it as there are Figures ſtanding 
* fore the laſt Period of A (or on the right Hand of it) call the Numbet 
B= I0000 arifing, Bz then it is plain that B is a ſquare Number, whoſe Root is 1, 
BF = 100. , with half as many Os as are in B. For to ſquare any Number expreſſe 


— 


Multiplication, that the Square is 1, with double as many o's; wherefore B is a Square 
as many Periods as A has, and being evideady contained in it, it follows, that the great 
Square contained in it cannot have fewer. | | Vs : 
Congo. The Root of the greateſt: Squares contained in any Number A which 5 
& £ Lis: | G 


J by 1wih a Number. of os before it, it's manifeſt, from the Nature of 
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has Periods: (by Corol. Lemma 1.) which are as many as A has, by the preſent Theo- 
1 2 „ K W l I | | 


Any Number being diſtributed into Periods, the greateſt Square contained in the laſt 
Period on the left, conſidered as one Number by itſelf, is the 8 of the laſt Figure 
of the Root of the given Number, if it is a perfect Square; or of the Root of the great - 
eſt Squarę contained in it. if it's not a Square. Again; the greateſt Square contained in 
che two laſt Periods, taken as one Number by themſelves, is the Square of the laſt two 
Figures of the Root of the given Number, or of the greateſt Square contained in it; and 
the fame thing is true, comparing the 3 or 4, &c. laſt Periods, with the Square of the 3 
or 4. &c. laſt Figures of the Root of the given Number, or of the greateſt Square con- 

ined in it. | | . 
© Demenſtr. Let A be any Number, and B the Square Root thereof, or of the greateſt 
Square contained in it; alſo. let D 'repreſent the laſt, or 2 laſt, &. Periods of A, [as in 


| the annex'd Example, take D=22 or 2273, or 227338] and let r repreſent the laſt, or 


2 laſt, Ge. Figures of the Root B. [45 here 4 or 47, or 476]; fo that 7. is the Square of 
that laſt, or 2, exc. laſt Figures of the Root B. 2 5 


' Theſe things being ſettled, the Truths to be proved are comprebended in one univerſal 
Caſe, which is this, viz. that 7* in the greateſt Square contained in D; which I ſhall de- 
monſtrate in two Articles: Thus . 5 | 
SOT C3: 235 102 I. i contained in D; for ſince (by Corel. to Len. 1 and 2.) 
Arz 22733824. 54768 | there are as many Periods in A, as there are Figures in B; 
D* I | conſequently there are, in every Caſe, as many Periods ſtand- 
| ing before D in the total A, as there are Figures before r in 
the total B; ſo that taking D and r in their compleat Values, as they ſtand in their Totals, 
there will be. as many o's before D, as the Number of Figures in the Periods of A, which 
ſtand before, or on the right Hand of D; and as many o's before 7, as the half of thoſe 
before D. ram. If D== 22000000, then is T= 4000; and if D==22730000, then is 
124700. FT 7% will have as many o's before it in its compleat Value: 1 double the 
Number of oss before the Root 7 in its compleat Value; and conſequently as many as be- 
fore D. We ſhall now expreſs theſe Numbers in their compleat Values; thus, roo, G. 
700,00, G. Doooo, &&:c. and ſhew that r* is contained in D. For, Fs 


If r. is greater than D, (both taken without 1 then is 720000, &. greater than 
Docoo, Gee. (7* and D being here equally multiplied) by an | Number of o 
fed.) But A is equal to D. with as many Figures before it x there are o before D — 
n taken, in their compleat Values; (i. e. Doo, &c. r*0000, G.) Therefore r*0006, . 
is greater than 514. 7 Figures whatever in the Places of the o's before D. 3 
be equal to the Exceſs 72 above D, tho that Exceſs were but x] 5. e. the Square of 
oo, &c. which is but a Part of B, is greater than the Square of B; becauſe A is at leaſt 
equal to B.: but this is abſurd; therefore ra cannot be greater than D, and conſequently 


muſt be contained in it. 


2. v is the greateſt Square contained in D: For ſuppoſe Na a greater N . 
then take N = as En os before it, as are before r in its en. — — 1 gen 
thus, Noo, &c. ſo that its Square is Noooo, &. having double as many 0's as Noo, 
&c, the Root has; or as many as 720000, . or Doooo, &'c. has. Now becauſe D 
contains Na, by Suppoſition; therefore Doooo, &c. contains N*0000, G. Alſo becauſe 
N is ſuppoſed greater than #*; therefore N is greater than r; and Noo, &c. greater than 
roo, e or than 1 with as many of any Figures before it; i, e. Noo, &c. is greater than 
B, {which is equal to 7, with as many certain other Figures before it, as chere are Os be- 
. | | | fore. 


7 
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foro 7 in its compleat Value r00, & c. or in Noo, &.) fo that Doooo, &c. a Part of 4; 
contains N*o000, &c. the Square of Noo, &. a Number which is greater than B, the 
Root of the greateſt Square contained in A, which is abſurd; therefore “ is the great 
Square contained in D. | 


CoRoL. If we find the Root of the greateſt Square contained in the laſt Period c 
any Number, we have the laſt Figure of the Root ſought: And if we find the Root cf 8 
the greateſt Square contained in the two laſt Periods, we have the two laſt Figures of the 
Root ſought, and fo on; which ſo far explains the Inveſtigation of the Rule; what remain f 
to compleat it, you have in the following 2.7 CHILES | + 
LE MMA IV. | | 3 
Part 1. If the Root of any known Square is ſuppoſed to conſiſt of two Parts, or 2 
Members; then if one of theſe Members is known, we have a Rule for finding the other { 
from the Conſideration of the Square of a Binomial Root. Thus: If the Root is Ag g 
the Square is A. + 2 AB B*, viz. the Sum of the Squares of the two Parts, and twice oy 
the Product of theſe Parts; wherein it is evident, that if the Square of either Part, as A, 45 
is ſubtracted from the total Square AT- 2 AB ＋Ba, the Remainder is the Sum of the 2 
uare of the other Member, and the double Product of the two Members, vix. 2 ABB. 4 
ow ſuppoſe A to be known; if we take 2 A for a Diviſor, and find how oft it is con * 
tained in that Remainder; but under this Limitation, viz. that the Quote being added w 78 
the Diviſor, and the Sum multiplied by the Quote, the Product ſhall be equal to the D. C 
vidend 2 A B+ B*; then it is manifeſt, that the Quote can be no other Number than ; Bi 
the other Member of the Root fought. For ſince 2 A + Bx B=2 AB B* the Dividend, R 
therefore it's plain that no other Number but B added to 2 A, and the Sum multiplied by h 
the fame B, will produce 2 AB+ B*; fince either a greater or leſſer Number added to 24, . 
makes a greater or leſſer Sum; which being multiplied by the ſame Number, produces ſtil Ws 
a greater or leſſer Number. 1 2 brige ©] eit 651 
Port 2. Tho a Number is not a Square, yet having one Member of the Root of e e 
eft Square contained in it, we can find the other Member by the fame Method, a * 
it were a Square. Thus: W „ en 20 Ta 
| | Let M be any Number not a Square, and A Fis 
M= A* 2 AB+B+R. the Root of the greateſt Square contained in it; * 
M— A:=2 AB+B*+-R=D | the Square is therefore A Aa A B ＋EF. Allo le * 
. R be the Number that's more than A+B in M, Co 
fo tht M=A*+2 AB+B:+R. Now A being known, if we take As from M. te Wl © 
Remainder is plainly 2 A B+ B- ＋- R,. which we may call D. And if we find how of 85 
2 A is contained in D under this Limitation, viz. that the Quote being added to the Di: No 
viſor, and the Sum multiplied by the ſame Quote, the Product ſhall till be leſs than D: [For of t 
this is to be obſerved, that there is no Number which will make a Product equal to D; laſt, 
becauſe then M would be a Square; therefore any Number you can take, will make the that 
Product either greater or leſſer than D.] Then, I ay, the Quote is the other Member of BW Me. 
the Root ſought, viz. B: For let us ſuppoſe the Quote is another Number N, then if N £ 
is leſs than B, it follows, contrary to Suppoſition, that N is not the greateſt Number qu the 
lied according to the Rule, viz. which added to the Diviſor, and the Sum multiplied by The 
the fame Number, makes a Product leſs than D; for B is greater than N, and yet b! ſom 
Number fo qualified, becauſe D=2 AB+B* + R=2 x B4-R : Therefore N ks 
is not leſs than B. Nor, again, can it be greater; for by Suppoſition 2 AN xN (= F 
2 AN N>). is leſs than B (=M— As) and adding A. to both, then A +2 ANA. 


EN) 6 leſs than My and i therefore contained in i. Bur again; fince N gre 
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„ than B B AAN. is preater than A+B, and APN (=A#+2 AN N>) greater than 


Ie A+ TB as. Aba AB B:) and conſequently this' is not the greateſt Square contained 
& in M, as was ſuppoſed: herefore N i is not e than B; and if it's neither greater nor 


4 leſſer, it mult be equal, , 

of Cox i. If a given Nusse Mhz Square, the Number R which: is over r the 
be eateſt Square contained in it, (and is neceſſar 3 Remainder, which happens in the 
| ion after B the ſecond Member of the Root is found) may be greater than 2A 


the Diviſor; becauſe we have not taken 2 A out of the Dividend D as oft as poſſible; 

but it can never exceed double of the Root found, if that is the true Root of the greateſt 
bare contained in M: For let the Root found be called N, if the Remainder exceeds 

2. ir muſt be at leaſt a N- 1, and if this is added to N?, the Sum N- Ta NA 1, 


her (= N ) being Py Car MM. Row he I ON Ree <P:chs 
RB bee Square contained in it, as Was ſuppoſed. | | 


: Ar yy L rc A T 1 0 N of the preceding Lemma” 8 for aul the + Extrafion 
5 ; of the Square Root. 


2 I. The "Te 3 are already applied; E * are deduced, as 
D. 'Corollories, the firſt Thing afſerted" in the Rele, VIZ. That. the Root mut have as many 
'B by, 2s the gien Number has Periods. 
f 2. From Lemma III. we have the Reaſon why the given Number is pointed from! the | 
1 Right Hand to the Left; becauſe, heing done fo, it is demonſtrated that the laſt Figure of 
1 the Root ſought, the two laſt, and ſo on; make the Root of the greateſt * e 
we in the laſt; the two laſt, &#c.” Periods of the given Number. 
| 3. The Part of the Rule is to find the Figures of the Root, one after ano- 
a * out of theſe Periods; the Reaſon of which is contained in Lemma Hi. and IV. 2 
K it Coral. and is deduced thus: 
” We firſt take the laſt Period, and the greateſt Square ec ſeek in the 
4 Table of fimple Squares, [ which muſt be found there; for fince a Period has but two 
Figures at moſt, the Root of the greateſt Square contained in it can be but one Figure; 
K date r Sy e Square of 10, the leaſt Number of two Figures, is 100, which has three Fi- 
pres), Tbe Root ofthis Square is, by Lew. $; the laſt Figure of the Root ſought. So in the 


1 M, 

| Example 3. che given Number is 151426; the laſt Period is 15, and the 
＋ > Square Contained h. r 9, whoſe Root is 3, the laſt Figure of the Root ſought. 
Di. om fur the two laſt Periods 15 14 to be che given Number, then the Root 
[For of the greateſt contained in it has but two Figures, whereof: we have: found the 


) D; laſt, bu Jr hoſe Real Value is 30; and to find the other, it's plain, from Lemma IV. 
e the that calling the —— Member 2 the Root now found. vis. 30 . and call T the 


. Twitch i Nee Rule) is the fume thing as 90 from 151 : 
The Retmiitider TOES 8 dete A ET which is equal to 2 4b U atleaſt, — 
ſome Remainder over perhaps; we ſhall therefore call the Remainder 2 2 =- α + x: 
remains then, is to find this ſecond Member of the Root ö; and according to Lem. 

— if we 12 7 22 the 22 and find how oft it is Contained in the Reſolvend 
net N c be Quote 5, og Quote added to the Diviſor, and the Sum 
5 by dhe Produc 2 -) ſhall not exceed the Reſolvend 

5 2087 Then it's ſhewn that the} Q Quote is truly. the ſecond Member of the 
wakes vs ae tht ths he very et . 
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good when the Root ſought has but two Figures. Again; The Number given having 


three Periods, as if it were 1 2 then having found 38 the Root of the greateſt Square t 
contained in the two firſt Periods 15 14, (as N ſhewn ); theſe are the two laſt Figures y 
of the Root of 15 1426, (by Lem. 3.) And if we take 38 in its true Value it is 380, be. c 
cauſe there is another Figure on its Right in the Root ſought; then 380 being conſidered 
as one Member of the = ſought, we call it alſo 4; and by Lemma IV. we are to ſub. 21 


tract its Square, wiz. 388 N = Joo +2X 300 X 80+ Io out of the giyen Num. 
ber 151426: But this is already done, becaule we have taken firſt the Square of 3, (which t 
was in the former Step called 2) viz. 9, out of 15, which is equivalent to taking the 
uare of 300, (which is now a) viz. 90000, out of 15 1426, which leaves 61426; then 
being 8, and a=30, we have taken e out of 614, the former Re. 
mainder; to the Remainder 70 we have prefix d 26, the firſt Period, which makes the 
whole 7026 ; and this is the fame Number which remains, if taking 6 = 80, and a= 300, 
we take 2 25 + b: = 48000 + 6400 = 54409 out of the former Remainder 61426. Now 
the Square of 380 being taken out of the given Number 151426, the Remainder 7026 is 
the next Reſolvend; and for a Diviſor we have made 2X a=2 x 380 = 760, and the 
Member fought we have found the ſame way as before, which is bath according to 
Lemma IV. and the Rule for Extraction; which is therefore good for any Root of three 
Figures. —_ 
there are more than three Figures in any Root, the Reaſons of the Rule from one 
Step to another for ever are manifeſtly the ſame, and need not be further inſiſted on. I thal 
only illuſtrate this Application by one Example of a- perfe& Square, whoſe Involution b 
the Method ſhewn in the preceding Section, and its Evolution by the preſent Rule, will i- 
luſtrate one another; and you'll evidently perceive, that as by knowing the true Place of 
every Figure found in the Root, we may take it in its compleat Value, and perform the 
Work that way, as in the following Operation; yet we ſave the trouble of many ſuper- 
fluous Figures by the Method of the Rule, which produces the ſame Effect. p 


Involution of 389 to its Square makes | Evolution of 151321 #0 its Square Root 
151321. e 7,52þ12 1: 000008 3695; . 
Root. LEE WP. B 
389 = 308 + $0 + 9 +; . —— 4) 
95608 = (a==300 ) 1 4 
48000=246 (b=$80) ___ 157321 Fab; 
7 1! rf; c> 7 500 „„ U 
— Gt 2 4 — . 
 144400=@b = 380 =A* _| Divifor:2x SA 61321 Reſalyend. 
81 . 4 2 


46 4 


iNN = Hos = 305 . 


| | ; $4 3:0 
47 =O 1210 4. Divicor. 2 x 380) T 21 Reſolvend. To 


q ene Nur 
li 6840 = AB Ne 
| " $1 = ' urn 
| 128 2 | ceſs 6 
1 Spal =z2A BTF 
8 FE 2 TY 4 CSE: 14 1 Ae Exa 
as Fo} 43 J)). ?!]! 
. 1 88 1 * 4 * i e477 EIn 5 ; 
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Theſe Operations are reverſe of one another; and as to the Evolution, it differs from 
the Method of the Rule in this only, that the ſeveral [Members of the Root are here 
written in - their compleat Value, which occaſions the writing down many Figures unne- 
ceſſarily, which we avoid the other Way. VVV 
There remain yet two things to be demonſtrated, which are delivered in Schol. 1. 
and 2. i | 
1ſt. The Remainder, after every Figure of the Root is found, cannot exceed the Sum of 
the Divi br abd double the Quote: The Reaſox of this is contained in Corot Lemma IV. 
where it's ſhewn, that what's over the greateſt Square contained in any Number cannot 
exceed double the Root of the greateſt Square; which is plainly the Sum of the Diviſor 
at every Step, and double the Quote; for the Piviſor is uble of all the preceding Fi- 
gures taken in their compleat Value, which therefore, added to double the Quote, makes 
double all the Root. Tbus, if any Root is a +6, the Divilor for finding b is 2 4; and 
when 2 46 ＋ 4 is taken out of the Reſolvend, call the Remainder 7; and in the Coroll. 
to Lemma IV. it's ſhewn that r cannot exceed 24 ＋“ 2. 
2. If the; Diviſor is contained aftner than 9. times in the Reſolvend- after the fecond 
Step, or after the ſecond Figure of the Root is found, the Figure ſought is 9. For ſince 
the-Refolvend contains the Diviſor (24) at leaſt 10 times, it may be repreſented thus; 
24X 9424+ R. Now taking 9 for the Quote, the Product according to the Rule is 
24X 9 + 9X 9» Which cannot exceed the Reſolvend, becauſe 9.x g cannot exceed: 2 A which 
in this Caſe exceeds 100, ſince there being two Figures found in the Root, and o prefix d 
to them in order to form the Diviſor 2 4, then is 2 aa Number of at leaſt three Places, 
which is therefore greater than ꝙ x 9g =8$1. Laſtly, ſince it is demonſtrated. that in every 
Step, the Quote, under the Limitation of the Rule, is but one Figure; and 9, which is the 
eateſt Number of one Figure, makes a Product not exceeding the Reſolvend; there- 
ore 9 is the Number ſought. Oo x Oo OE er ODER 
In the ſecond Rep, if the Diviſor is oftner than 9 times contained in the Refolvend, 
then irs plain, that if 81 is leſs than 2 4, [eas it will, certainly be when 4 ig; J. 6,77, 8, or 
X ile. Jo, 60, 70, $0, or 90, as they ate taken in forming the Diviſor ; for then the Dou- 
as Jes, or 2.4, are 100, 120, 140, 160, 180] then 9 1 e eg becauſe 2 2 9 
4.81 muſt be leſs than 22% 9 + 2 2+ R, the Refolvend, fmce 8 is Jes than 2 4. But if 
3 the firſt Figure is 1, 2, 3, or 4, that is, if 2 4 is 2 x 10, 2x 20, 2 * 30, or 2 & 40, i. e. 20, 
| 40, 60, or 80, which are leſs than 81, then the Figure ' fought will be lefs than 9, if 
05 is les than 813 and it will be 9, if 2 a + R is equal to ar greater than 81: Be- 
x cauſe the Reſolvend being 2 ax 94+ 2 4+R, if the Figure ſought. is made 9, then the 
az to be fbtrated from the Reſolvend; is 24% 981, that 24+ K mult be at 
leaſt qual to $1 ; and if it is not, we muſt therefore take a leſs Figure for the Quote, fo 
that the Reſolyend be at leaſt equal to the Number to be ſubtracted. FEES. 


e. Proof nee, , 


As Extraction is oppoſite to the Raiſing of Powers, ſo the one is the Proof of the 
2 other: Thus; To prove the Square Root, multiply it by irſelf, and if che Product is equal 
o the given Square, or to che given Number after- the Remainder” of the Extraction is 
ecken our of n, then che Extraction is right donegeaeddd et 50 
Bat this may be alſo proved by caſting out of 9's: Thus; Caſt the 95 out of the gi 
Number, if there is no Remainder in te Extraction; or out of the Difference of that 
Number and Remainder; then caſt the 9's out of the Root found, and multiply the Ex- 
ceß (or what it wants of 9) by itſelf, and caſt the 9's. out of the Product; if che Exceſß, 
E or what it wants of 9, is equal to the preceding Exceſs of 9s, the Extraction is right. 
0 2 Example 1. The Square Root 256 is 16; proved thus; the Exceſs of g's in 256 is 4. 
In 16 10 i 7, and this multiplied by itſelf is 2 in which the Exceſs of g's is alſo 4. 
| e Example 


* 
1 


Thel 
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e The 0 Square Root contained in 230 is 15, and 61 remains: For 230 
6=225, in which there is o over g's; then in 15 there is 6 over 9; and 6X 6 ze, 
in which there is alſo o over 95. 


The Reaſon of this Practice is evident from what is demonſtrated of it in N 


Problem II. 25 Extrad the Cube Root of a Whole N urnber. 


1 g [ RVULE I. N « Table of firaple Cabes, as in the Margin; then 
H 8 II. Diſtribute the given Number into Periods of three Figures, begin- 
1 ning at the Right Hand: The Number of Periods ſhews the Ny umber of 
2: 3 n the 8 ; 4 

1 
3-27 | m. Begin the laſt Pendl wiich'is the rk Refolvend, and? feet k 0 
5 : 125 | the next Cube Number leſs than it in the Table of fimple Cubes, the Root 
6 : 216 | of that is the laſt Figure (or that in the higheſt Place) of the Root ſought; 
7 : 343 | which being ſer down, ſubtraQ its Cube out of the laft Period; to the 
$: 512 | Rerainder prefix the nexr Period, and you have the ner Reſolvend: | 
9729 
ns | IV. ConGder the Fig hind @ "2 of Pld e 
80 fix d, and under that Value take the Triple Ge e 0 the Trick on 


uare, making the Sum of theſe the Diviſor; [which Dong compoſed of two Parts,itwill be con- 
venient to diſtinguiſh them by calling the Triple Square the firſt Part, and the other the ſecond 
Part. ] Then find how oft this Diviſor is contained in the Reſolvend laſt formed; which muſt ne- 
ver x, taken above 9, (tho' it may be oftner contained) and then alſo it muſt be under this Lim. 
tation, viz. That having are of the firſt Part of the iviſor by the Quote, (now found) and the 
ſecond Part b 7 Square of that e and, laſtly, to the Sum of theſe two Product 


adding the of the Fi this Sum ſhall not exceed the Reſolyend : which Sun 
e marks on of the Revs ad te nx. Pei prove to the Re- 
mainder, you have the next Reſolyend. 

V. Take both the Fi of the Bier dap foudd; aud cons thn x 60s 
ny 10's, f. e. place g re Bs 8 Value take the Triple of that Num- 
ber, and alſo the Triple of its 25 8 dum is your next Diviſor, diſtinguiſhed into 
firſt and ſecond Part, as before : Thes End how oft this Diviſor is contained in the Re- 


ſolvend laſt formed, under the ſame Limitations as before; place the Figure found on the 
Right of theſe already found in the Root; and ſubtrafting from the Reſolvend, as for- 
n reeds to the Remainder prefix the next Period for a new Reſolvend. 

"= VI. Make a new Diviſor from the Figures of the Root found in the ſome manera 


Periods are taken in; finding at every Step-a mew Figure.of tho Boot: which will in ſome 


Caſes be o, as when the Diviſor er than the Reſolvend, or when 1 added to the 
Diviſor makes the Sum greater than the Reſolvend; in which Caſe, after the o is ſet in the 
eriod the ſane Need; 5's RIM 2 e es 


to 
another o ISI 


2 


£ ; 
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Theſe mnie Onan RVATIONS ny be lull, ede. fo this Rule (cho it's a 
Nauen 2 Rule by itſelft ;/: — 
I Niiri ( — — 

1. If you begin your Trials for the Quote at; the greed; Ny Number of, Times (not ex- 
9 Ay chat ey Diviſor is, contained in the Reſolvend ; then the Limitation, of the 
Rule r the: Number to be compared with the Reſolyend, is fufficient to determine when 
you hve the true Figure. Let it will be uſeful -to, obſerves, That if you ſhould begin at 
a-lefſer Figure than the Remainder, tho' it may be greater tha 0 the Diviſor, yet it — 
never exceed the Sum of thoſe two Numbers, viz. Triple all. the Fi igures 0 the Root 
| r. found, (hen as One Number) and triple its Square. 
2. If che DiviGr is e in the Reſolveng, 0 mer) 8 94imes,- at the ſecond Step- 
or when you ſeek, the ſecond Figure of the Root; an at. the tame time, the firſt Fi- 
re is 8 or 9, then egy x Gught uc Ne Bur af whe rſt Pur i Ib ch 
you muſt. make Trials. n; It in * REP after the ſecond, th iviſor is oftner 
than 9 ese in the Wee > Figure ſought is certainly 9. 
e 1 10¹ CO Aaron; 2; 
| 35 'If there is een e + al the of Rs are: .employ'd, the given Number is 
* not 2 Cube; — is that of al Cube contained in it. 
in: How to finda int Rog e Cube ſhall Fee ay A gned Difference from the 


ST. 


"RT. 8 


a Wende be caught in its proper 
nd Ml er t e id ad bas ; Ob I A Sony O04 f 1 I aoltyid edi £21; 
ne- 5 Ei A MP LI 8. Dir el de end 
mi- faq £390 tal, Am SW at gere . 3O 9A 2JÞ.) * 153 „ H Selen 7 
- - Example, x. The Cube Rost G bia 1.35 2515519 807 6 004 301 ty wor.) 
U .iSHa1B9D 03 f 25} voy a 81 while #4 2d hank SD&T4NG LION 
un | ation. KN: 95 Q leeres for Kam. I: "vb 7 
” F : | 6 The Number being pointed, 4 
4 . ien A TY 657 given um 
5G *'!"} — aſt Period is 614, and the next Cube to 

* | —— 355 2 is Re en 12+ whoſe Root i is 8, which I call 
ar! btracting a n from 614, the 
0 N 29446) 102125. e Ter to which the next Period 
Re (wherein a= — PE q makes — 2 Reſolv. Then 
n ( = 6400 8 e r a Diviſor I take 2 8o, and ſoa: =6, » 
* 6000 | 2 3 240, and A 

3 123. —— ==19200 019% 60, the cake Fs which 

— . — 7 9029 r is contained in ander the 
2 102125. Sum Limication of = Rule, 5 => Sh the 2d 
1] the „ ba 888500 Bas i py | | | = 
{ome elit 01 ooo οο o. n 1 — 4 = 6000, b3 = 
** — | of theſe"is 102125, equal 
n the | 33 £583 QOOOt7ZO7P to the Reſolvend; ſo that the given Num- 
viſor I, <15 5 N 25 ber is a true Cube, whoſe Root is $5. 

g == 49 | | 

tu? J cv te 1 
1 0- 10 fac fl 8 2 | Example 

Mn N hes 432053 ach nt oy I aotvid G1! dach el gnied brovitod be 801 82 U 
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Example 2. The Cube Root of ene is . 


eg 0 14421. I 28 Refelvend: 
(42 30) # — 
e 7 wn Sz. 
4 2 


12304 5 "Bui, « 


. Terr oaks foray 
(A340) N Tapanra . 
(es?, L00800 ==3 * . 


I 4 . 


217 6: Sum [7991 


3912 933 0 


fd ron $2322] . kee en Number: The 
— — elend 


2: Wo great fer 


3331 2 18 7 


form the Diviſor, I take A = 340, whence A- 


Book III. 

Exyplication for Exam. 2. 
The firſt Period is 41, and the next 
Cube is 27, Root is 3 . The 


ſecond Reſolvend is 14427: Then for 


2 — I take a = = rs 
a2 = A0 5 a2 90, and 
Diviſor by which a. 


e of the Rode 5.3 which 
ee by the Operation: for 3 4 
ber 3 H h == 12304, (as in the 

ok) which ſubtracted from the 
Reſolvend leaves 2117; which is a Num- 


ber be — Þ three times 3 * 
4, as Schol. x. pref preſelde 


75 ee whoſe Triple 
4= 102, then 

"24 99 5 on. Or ſhould 
Saels for the Figure 

| Huge the — — Quote is 5, which is 
the Limitation of the Rule, 

"the nem Number not being too 


s 2117765 2 — to 
115600; and the Diviſor is 347820, 


whence the laſt Figure of the Root is 6, as the Work fhews- 


Example 3. If we ſeek the Cube 22 of 
Cube, but Th _ of the ' greateſt C 


705919947464. and 


059199472 we find it's not a 
be Corbi tk 8 e winds Ce 5 


the Remainder is 20, OG the Operation. 


A 101 van 8 Or ration. 6 tits,” 0 4, 
a batakor; gt pd 120 1 ＋ vis WT "dep 78 
n Nat 0 204 
2 > 4 ht 73 4 B - . * = 3 — 78 1 
| Gig HS Tt aq ad $32 @ 36113 3 D 
«+ 6 70 
hk Divitr24 en 21770 193919. 2&Reſolyend | 
05 e . 1801 (Un => ; = 
ft 47 1 582 1 1801 2553807, DN hoo = go == nm 
oe 4 4 its N27 91 18 li vid 8 101 551 296 07 ( 001.4 he 
wet da 8 17 100 se rktes 5 : _—_ 
p . . 380 „ (CH £07 == 7 —þþ * » 
3 "73% «113 Fil £ 31 09 zi I _ 
75 > 919 $1 2 of pg F = A u 
= = — Tu. est e Reflvend. 
0 2 e * 2222 30 4 he 
I O03) 8 e119 3403. 6 bas 5 51 550520000 =3 
73 I 49A 240449 2 3118 ei tod 38 l bz 
— f 64 = 63 
950907264. Sum. 


Here the 3d Reſolvend being leſs than the Divifor, 


new Reſolvend by the next Period. The reſt o 


20. Remainder: 


I put o in the Root, and form 2 
of the Work i is obvious. D- 


- 


%% TTV 4 tee: Soo 


S 88 888 


tn Þ 


m a 


D E- 


— Guns Room: \0 473 
An 99% 21 ja 300. f CHRIS 
| DxEvonsTRATION of the preceding Rule, 


ſ 


L. E * N 4 L 


an three Numbers: are. a into one ange the bee 2c A It 20 
2 qe Figures às arg ini all che thr FRI: and A ht by ny Fol Han 
pier 3K X95 od ou 1D) Hin » e aromas v1 

Demonſtr. This is a plain Cofrnence of Less. L. Sar eK neee Recauſe tho Pro- 
duct of Wo Factors ot have; more. Places than arg in both Factors, or but one fewer 
xt leaſt; which Þ Product bang conſidered as one Factor, an endes by a 223 Factor, 
the ſame is trye of this new. Product, which makes the Truth propoſed, manife 

0 n Number can Have A ut as many Figures as 

* 25 res. nds Not. and: but two! . at leaſt. IWierefors, 

uk ? CE Ende being diſttibuted into Periods of chres Nlaces, the Number of Periods, 


4'the Number of e im the'Roor muſt megefhriüp e qual, and the laſt Per 1 
— ore 555 


— : 
od 4 #$>: © 14 © 3 


} 


Ws 5 | 8 gk: 1 215 45 INCO I wo MM 4 AL; ws | 1 © co GET, C3 43k 

m 3s th t. a abs; yer x being ang to Periods, e the 
8 pang 0 ube con gained in it, 46 155 7a de pretilely  raany 
eriods nor [ 3 


Example: 35987 1s not a . hi e has two Periods, vis. as 2s 
the greateſt contained i in it, . many, 


e 1:Demonſtration I. Ns canner hee IAA, FA Py tis Ir 
*. INT | er gs an CLOSE: 3 greater Nane Foo 


d=1005 . 1338579 997 10833 3101 24202 


„52. Take 1 wich 25 any o's before-i, as tore. are Figures ſtanding 
ee " befige the laſt Period of -A; (ite. .on-the, Hand of it) call the 
Ne 10 ys oF Number ariſing B: Then it's plain that is 905 . Numer, whoſe Root 
is 1, with as many 0's 1 Number of o's before 
the 1 in * Cube B; for to ne. * Number Aan o it's manifeſt 
W 00 Nature of Multiplic the Cube is: 3 :with,three; times a8 many 93 
whetefore B is a Cube of as of = nary Period e 1A: tg and: being evidently contained in 
it, it follows, that the greateſt Cube contained in it cannot ba have fewer: &# ad iiong 


Corotr, The 1 e "contained! m an Number A; which 
is not a perfect Cube, hath, as in 4 tne x 5 Periods: or it hath as many 
% its own Cube hath Periods, (by Gi amen many as A bas, by 


oy preſent Theorem. 


4} 
1181 


021% i _ ni bart new a0 EB 9 a. "4 2 20; h a'7 Y 402 

Va tan 59 i bm _ 2:6] 283 YE 2", l * oo 

ny " SE bf 91 * 11 TR of wg > ee 5 ? TER” x of 
0 0 * 0 = "a 


2; Any N i per Oy 4 ' t S: Wn * ihe 
contained in the laſt Period on the let . one Number by itſelf, is the C 
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Cube of the 3 or 4, &. laſt Figures of the Root of the given Number, or of the great- 
eſt Cube contained in it. 270M 100 
Demonſtr. Let A be any Number, * B the Cube Root thereof, or of the greateſt 
Cube contained in it. Alſo let D be the laſt, or 2 laſt, or 3 laſt, ec. Periods of A; [a3 
in the annex'd Te take D=4r1, o 1421) and let r repreſen the laſt, or two alt, 


85 three laſt, * of .the Root B, (as her 555 or 24) ſo that +* is the Cube of 

chat laſt or utes of the Root.” HA things being ſettled; the Truths 

to be proved are com * ed in one univerſal Caſe, thus; viz. r3 is ne 
A; wi Le dro ul arT x 

1. 7 is contained in D: or des {by Cor. to Lew, I, 

up B= 346; "and 2.) there are'as many Periods in 51 a5” there are Fi- 

in B; conſequently there are, in „as ma- 

E -.-ol :< ny; Periods ſtandirig before D in the total 2 there are 

Eigures before = kr Abe wn Bz; ſo that taking B and y in their compleat Value, as they 

Kand- in their Torals, there willf be as many O cy as the Number of Figu res of the 


Periods in A. which ſtand before, or on the rip bt Hand of D; and as many. = before 7, 
as the third Part of theſe before: D. { For Example: If D 41.000, 000, 8 5 
300. If D=41421,000, then is + ae. ] Then r3 will have as many 0's before it, in 
its compleat Value, as triple the Number of ve Rt the Root r in its compleat Value, 
and per Vans, hs as many as are be e D. now ex rely theſe Numbers in their 


pn | Eh ro, G great than "Doo6;000, & c. (be 
f 2 greater | { ihr te n 2 c. 
ing equally Kalter by 55 the 22 NN "O's pre 9 65 A is equal to D, with 
many certain Figures before it as there are o's — 5 8 or 101 their compleat Values, i e. 
Do, 05, &c. or 75600, 000, &c. therefore r3000,000, G be greater than A; [for any 
Figures whatever in the Places of the 0's before D, cinhot to the Exceſs of r: 
above D; the that Excess were but 1 52 1. x the Cube of vo, e which is Tres a Part 


f BY is greiter than the Cube of B. A is & leaſt Junk to BW. But this is abſurd; 
r than D, and conſequently: deacpmined ; 


therefore r3 cannot be in it. 
* 2. is is the greateſt C. & contained in Did Fot ſu Nr 4 greater Nomber chan 75; 
then take N. With al many Os before it, as are before F in its complear! Value, and ex 0 
ir chue, Noo, &. fo that its Cube is Noo6,000,'&. having triple as many 0's as - 
St the Root has; or as many ds 200 O &c. or Doo0,0006, c. has. Now beck 
PD contains Ne (dy Suppoſttion) 2 Doob, oo, G. e. contains Neo, Cc. A 
: 103 becauſe N is fa —— hati #3, therefore N. is 0 than Fs: and Noo, G. 
greater than rb⁰ . or withi as many of duy Figures before it; 5. e; Noo, Gt. is 
greater than B. (which — with ar many certain other Figures before it, as there 
are 0's befars-f in its, compleat 28 Of e che.] ſo that Dooò, Oo, &c. 
A hes of. Gang; A 8e — the Cu 45 00, &c. A Number which is greater 
ube contain in -4 


than B, the , Which i is n ee 73 is the 
ube WA the. 285 
255 eech 
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AÞB=Az+3A*B+3AB: + B=; wherein its evident, that if the Cube of the 
known Part A, viz. As, is ſubtracted from the Cube of the whole, the Remainder is 
Ar B4-3AB* + BZ. Now ſince A is known, ſo alſo is 3 A. +3 A; and if we ſeek 
— oft this is contained in the preceding Remainder, under this Limitation, that the firſt 
Member of the Diviſor, 3 A“, being multiplied by the Quote, and the ſecond Member 
. 3A being multiplied by the Square of the Quote, and to theſe two Products the Cube of 
| the Quote be added, the Sum ſhall be equal to the Dividend; then the Quote ſhall be 
equal to B the Number ſought; becauſe no other Number but B can anſwer” to this Con- 
dition: For if you call the Quote D, then muſt 3 A. P: 3 AD* -D# be equal to 
3A B＋3 AB* + BZ; which is manifeſtly impoſſible, unleſs be =B; fince otherwiſe 
the reſpective Members of the one will be leſſer or greater than thoſe of the other, and 
conſequently the Wholes will not be equal. | 8 | ES 
Part >. Tho a Number is not a Cube, yet having one Member of the Root of the 
| Cube contained in it, we can find the other by the ſame Method, as if it were a 
2ube. . , A | 
M=A3 + 3A* B+-;AB*+B:z+R '- ] © Let M be a Number, not a Cube; 
M- A = ZA BE AB +B3+R=D. and AB the Root of the greateſt 
Cube contained in it; which Cube is therefore A3 3 A* B+ 3 AB. +-B3. Again; let 
R be the Number that's more than that Cube in M]; ſo that M= Az +3 A* B23 AB? 
4B +R.- Now A being known, take Az from M, the Remainder is 3 A B＋ 3 AB 
+B+R; which we may. call D: And then if we find how oft 3 Ar 3 A is contained 
in D, under theſe Limitations, viz. that the Quote being 2 m_ A“, and the 
5055 of the Quote multiplied into 3A, and to theſe Products the Cube of the Quote be 
added, the Sum ſhall ſtill be leſs than D. ¶ For ſerve, that whatever Number you chuſe 
for the Quote, it will make this Sum either greater or leſſer than D, and never equal; be- 
cauſe were it equal, then M would be a Cube, contrary to Suppoſition.] Then, I fay, 
the Quote is equal to B, the other Member of the Root ſought. Becauſe, if it can be 
different, ſuppoſe it to be N; which is either leſſer or greater than D: But it cannot be 
leſſer; for then it would follow, that, contrary —— N is not the greateſt Num 
7 ber, qualified according to the Rule, viz. ſo that 3A N43 AN? ＋-Ns is leſs than D; 
2 for B is greater than N, and yet is qualified, ſince D=3A* B+ AB? BR: 
15 Wherefore N cannot be leſs than B; nor can it be greater, becauſe, by Suppoſition, 
„. WEN +3.AN TN les than D M- A), and adding A3 to-both, then Az + 
5. AN +34 NN (=ASN ) is leß than M, and therefore is contained in it. 
b gin; A ＋. N is greater than AB, and Tf N greater than THB, | conſequently 
4c. ATB s not the greateſt Cibe contained in M. contrary to' Suppoßtion; fo. that N can- 
ater a0 be greater than B: Wherefore, laftly, ſince N cannot be either leſſer or greater than B. 
EE%% )))... 88 
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| Coror. If a Number M is not a Cube, the Number R, which is Over the greateſt 
| of Cube contained in it, (which is neceſſarilyt the Remainder after the ſecond' Member Bü is 
of Wl found) can never-exceed-the Sar of triple. the. Root foupd} and triple: its Square: For if 
the the Root found is N, then if the Rernainden xceed 3 NA N, iti muſt be at leaſt 
N 4-2 NA- 1j Which added to N3 i . And 
ince this Cube is manifeſtly contained in M, (for 1's. the Sum of the greateſt Cube N; «A 
contained in M, and the Remeinder 3N*—- 3 N. I added), it flo wg contraty toSuppoſition, 
that Nis pot the Root of the greatel Cube contained in M. becaule N . 1. is greater than N; 

Narr . . . . ] . BORN D108 0+ 
nd.N + is contained in My if R. is greater han 3 NA N; rcherefote this cannot be. 
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APPLICATION of the Prog Lemma's for demonfiratiug the Extracting of 
| be Cube Root. 2 


x. The firſt and ſecond Lemma's are already applied; from whence are deduced as Corol. 


laries, the firſt thing aſſerted in the Rule, viz. That the Root muſt have as many Figures 


as the a a, ng gta Liga e ib HR TER 

2. From 3. we have \ why the given Number is poi from the ri 
Hand, vis. . being done ſo, it is demonſtrated, that the laſt Figure of the N50 
fought, (i. e. the Figure in the higheſt Place) the two laſt, &c. make the Root of the 
greateſt Cube contained in the laſt, or two laſt, c. Periods of the given Number. 

3- The remaining Part of the Rule is to find the Figures of the Root, one after another, 
out of theſe Periods; the Reaſon of which js contained in Lew. 3 and 4, and its Coral 
and is deduced thus 3 4 0 HUM 1 

We firſt take the laſt Period; and in the Table of 1 Cubes, we ſeek that Number, 
or the next Letter, whoſe Root is, by Lem. 3. the hig ! Figure of the Root ſought, 80 
in the preceding Example, the given Number is 41421736, which we ſhall: here call N. 
The laſt Period is 41, and the next Cube to this is 27,- whoſe Root is 3, the laſt Figure of 
the Root ſought. Now if we 8 the two laſt Periods 4142 ĩ to be the whole of the 
given Number, then the Root of the greateſt Cube contained in it has but two Figures, 
whereof we have now found the laſt; and to ſind the other (which is the next Figure of 
the Root fought, by Lem. 3.) 9 thus: 'Calling the Figure found a, we ſubtradt 
its Cube 2 27, from 41 che hft Period; and to the Remainder 14 prefixing the new 
Period 421, the whole 1442 1 is the ad Refolvend. And obſerve, that as the 41 is really 
410, in reſpect of the total 57 I; fo the Figure found is really 30, in reſpect of the 
next to be found; and ir that Value we do actually take it by ſubtracting it from 41, con- 
Gdering where this ſtands, and which the preſixing the next Period to the Rema does 
farther clear: For this is the ſame thing ad if we had written 27000 the Cube of 30, and 
taken that from 471421 wherefore this is the ſame Operation as that explained in Lem. 4. 
i. e. having rout 30 the firſt; Member of the Root of 41421, we take its Cube out of 
the whole; and out of the Remainder 5 ew ſeek the next Member of the Root, 
which we know cannot exceed 9s becauſe ir's the ſecond Member of a Root confiſting of 
two Figures; whereof we have found that belonging to the higheſt Place, which conſider 
in its compleat Value is the firſt Member. Now to find the I ippre: ſought, we form 2 
Divifor according to. the Rule (demdnſtrated in Lem. 4.) thus: Taking 30 a, the Di. 
viſor is 3 4-3 = X9003.X 30=2500-- . And this we find comet 
in the Refolvend 14421, J times; but under the, Limitation of the Rule, we can take i 
at moſt 4, times; and * the Figure ſougbt; which calling b, the Proof of its being 
the true Figure is this: We take 3 a* b +3 ab» + b3 = 12304, which is leſs than the Re- 
folvend 14421; and 4 is therefore the right Figure, becauſe 5 would have made 3 a* 6 
2 741 eater than 14421. Or had we at a gueß taken 3 l, then would it be 32 

— 


Tz. = 8937, which taken from 14421 leaves 54845 which is greater than 


— ; . ' ; , 4.1 

2% 2%823=2 X 1089 * 267 499 = 3466; and therefore 3 is too little, 
A Saber e e Rat" Thaw nde due 5.5 te” Noor of f. 
eateſt Cube contained in 41421 (the! inder, or what is over; being 2117) and have 
Friewn that the Rule is juſt and good for a Root of two Figures. Again; For a Number 
of three Periods, as 41427 736, whoſe Root has three Figures; having found the two Fi- 
gutes in the bigheſt Places; and taking theſe. with o prefird, which makes the true Vi- 
tue; and calling this again 4, or A, the firſt Member of the Root, the ſecond. Membes, 
which is a ſingle Figure, is found the ſame way as before explained; which is according 10 
the Rule. But now in this there is ſo much of the Work already done; for the Gare 


his 


my 


S. S SFge gg. ga. a 
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++ |} 


been 2 = zoo and b = 80; and 


| ly the fame from one Step to another in 3 
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.- rſt Member, or As, is already ſubtracted from the Total 4142 1736, becauſe A is now 
_ to the — a+b; and it's evident from the Work that we have ſubtracted 43, 
ind then 3 b＋ 3 86+ +b3 to make the Cube of g. Irg«fue, we have taken a==30 


5 4; whereas A= 380, ſo that 4 ſhould be 300 and b 80: But by the Places in 
— 9 have ſet as, and 3 b + 3 a+ +63, we have in effect taken them, as if it had 
o we 


ve duly ſubtracted = _ _ ot, 3 = 
the Total 41421736; the Remainder whereof is 2117, to which the next Period 736 
b pt d. ag e the Reſolvend for finding the next Figure; which we find to 
be 6, by the fame Rule and Reaſon as we found the laſt Figure. 
If there are more than three Figures in any Root, the Reaſons of the Rule are manifeſt- 
w I ſhall add for an Illuſtration one Ex- 
ample, wherein each Figure of the Root is taken in its compleat Value. 


[avolution of 346 to its Cube, makes 41421736. | Evolution of 41421736 fo #5 Cube Root, 


males 346. 
R Thus: | | 8 s A B 
Root | | Thus: PRA 3 
8 1046 ; EI PET 
IN—_—_—— | | tiqainzb(3004404-6: 
27000000 = 43. (4 95 10 45 = 27000000 | 
= 240. (0 == 40, 1 | _ 
e 40.) | WON 34 +3 a==270900) 14421736 Reſolvend. 
3 . | | | 1080 2 3 4 6. 
39304000 = # = As. | 1440000 4. 
loo ans A B. (A= 340. B86.) — 
uy Os : | 12304000 Sum. 
S1058= * : 3 — —ů— 
e NB A ; Am=347820) 2117736 Refolvend. 
td art - pot} 2080800 =; Al B. 
36720 3 AB: 
216 2 B33. 
2117736 Sum. 
oooooO 


e remain yet two things to be demonſtrated, which are deliverd in Scbol. 1 and 2: 


1. The Remainder can never exceed the Sum of theſe two Numbers, vis, triple all 
the Figures of the Root already found (taken as one Number) and triple the Square of 
the ame; the Reaſon of which you have plainly in Cor. Lem. 4. 

_ 2. If the Diviſor 3 a* + 3 @ is contained oftner than 9 times in the Reſolvend, then if 
ts [O after the ſecond Figure is found, 9 is the Figure ſought; for in this Caſe the Reſol- 
vead may be thus repreſented, 3 4* x 10+ 3 «Xx 1e R= 3-9 + 34*+3ax10+R, 
and the Sum upon which the Limitation depends, being 3 5 3262-33, if 6 is 9. 
then this Sum is 3 * 943 4x 814-729: Compare this with the Reſolvend, they have 
this Part in common, viz. 3 4 X 9: Set this aſide, and compare the Remainders in both, 
Vs, Ar 10+R, and 34x 81 ＋ 729; this laſt is leis than the former; for, after 
two Figures of the Root are found, à conſiſts of three Figures, in its complear Value, and 
ſo muſt be at leaſt 100: Therefore 3 2 81 is leſs than 3 %, and 729 is leſs than 3 4X 10, 
which is at leaſt, 300 * 10 3000. Hence it is plain, that the Reſolyend is greater than 
the Number to be compared with it in * of the Quote; and the greater that 

a2 ã IS, 
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@ is, as it will be always greater at every Step after the ſecond, fo much will the Reſolvend 
exceed that other Number. | + 8 

Again; In the ſecond Step, the Quote is certainly 9, if the firſt Figure found is either 
8 or 9; i. e. if A 80 or go; which you'll find by comparing as before 3 Az ＋E ; A x 
10 -R with 3 4x 81+ 729; for putting a= 80 or 90, you'll find 3 A x 81 ＋5729 leſs than 
3A*+ 3 Ax 10: But when A is ſuppoſed 70, or 60, &c. it will be greater, and therefore 
the Quote muſt be leſs than 9, unleſs the Number R, which belongs ts the Reſolvend, is 
greater than the Exceſs of 3 A x 81 729 above 3 A*+ 3 AX 10, as in ſome Caſes it 
will, and in ſome it will not. Ee | A x 


SCHOLIUM, concerning a different Method of Practice in the Extraction of 
2 Cube Root. 


The preceding Rule is nearly according to the moſt common Method, that it might be 
accommodated to the Principles from which the Reaſon and Demonſtration of it might 
be moſt eaſily deduced: But there is another Method, differing a little in one of the 
principal Steps, which is this: 

Having pointed the given Number, and found the firſt Figure of the Root; then in all 
the ſucceeding Steps form the Diviſor as before, and find the Quote under this Limita- 
tion, viz. That being added to the Diviſor, and the Sum multiplied by the fame, the Pro- 
duct ſhall be leſs than the Reſolvend ; which is fo far like what we do for the Square 
Root: But, again; the Remainder muſt not exceed the Product of theſe Numbers, viz. 
the Sum of the Quote and the ſecond Member of the Diviſor multiplied into the Diffe- 
rence betwixt the Quote and its Square; i e. add together theſe rwo Products, and their 
* mak not exceed the Reſolvend, and what remains here belongs to the next Re- 
ſolvend. 8 | 

You may alſo form your Diviſor thus; Take the Figures already found, and to them 
prefix 1 (or take them with o prefix d, and then add 1, which will fall in the Place of the 
o); multiply this Sum by triple the Number to which the 1 was added: The Product is 
the Diviſor. See this Example wrought after this Mannner. | 


4.b : 

RE por | The Letters and Operations ſhew 
ee Þ (s 5 the Application of this Method; 
8 8 wk wo be demonſtrated is onlythis, 
= p$ 2505 ERS 4's dtmhat the Number compared to theRe- 
c 2 «= 102125. ad Reſolvend. ſolvend is equal to 3 4 ＋ -; 4 bh, 
en wy SS ach LEG which is the Number compared in 
3x 80X8t) 97225 =3 &* _ - — the former Rule; and the Truth 2 

4900 = 3g, xE—? this you'll find by performing t 
——— | Operation of theſe two Products,eod 
10215. Sum. adding them thus, 3 2. +32 +6 
— — l X 346 + K, then 
000000 _ 34+bxb>—b=3.ab* + 6 — 
— , 346 -: which added to the for- 

| : | mer makes 3 4*b + 3 ab» +6. 
What I have further to obſerve is, That this Method will in many Caies be of Advan- 


tage, by helping us to diſcover more eaſily that ſome Figures are too t for the Quote, 
without the Trouble of making out the total — which is + net be compared 


with the Reſolvend: For if the firſt Part of it (vie. the Product of the Quote by the 
Sum of the Diviſor and Quote, or 34*+ 34+bXxb) is equal to the Reſolvend, or 
| | - | ; | Ws - greater, 


* 


W 
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greater, that Figure is certainly too big to anſwer the Rule. But ' tho* that firſt Part is leſs 
than the Reſolvend, we cannot conclude that we have the true Figure, till we add the 
other Part alſo, and find that the Sum is not greater than the Reſolvend. 8 
Obſerve alſo, That if the Product of the Quote 6, and firſt Member of the Diviſor, 
viz. 3 4, is equal to the Reſolvend or greater, then certainly that Quote is too big, and 
ſo we might have the ſame kind of Advantage by the common Method; yet the Product 
of the Quote into the Sum of the Quote and Diviſor, being always a greater Number 
than the Product of the Quote and firſt Member of the Diviſor, the laſt Method will 
diſcover ſome Figures to be too great, which would not appear ſo without Trial by the 
other Method. 8 


Of the Proof of the Cube Root. 


Involve the Root found to the Cube, and compare it with the given Cube, or the 
Difference betwixt the given Number and the Remainder of the Extraction. 


Or, By caſting out 9's thus: Caſt the 9's out of the given Number, if there is no Re- 


mainder in the Extraction; or out of the Difference of that Number and the Remainder 
of the Extraction: Then caſt the 9's out of the Root found, and ſquare the Exceſs, out 
of which caſt the 9's, and multiply this Exceſs by the preceding, and out of this Product 
caſt the 9's; the Exceſs or Defect of 9 muſt be equal to that found in the given Number. 


Example: The Cube Root of 2744 is 14; thus proved: The Exceſs of 9's in 2744 is 
8. in 14 it is 5; then 5 x 5 S5, in which the Exceſs of g's is 7, which, multiplied by 
the preceding Excels 5, the Product is 35, in which the Exceſs of g's is 8. 

The Reaſon of this Practice is alſo obvious from what is 
ſhewn in Multiplication : For taking 14 & 14 as one Factor, 
| and 14 as another, we firſt caſt out g's out of 14 X 14, and then 
out of 14.; and, multiplying theſe two Exceſſes together, we compare the Exceſs of g's in 


the Product with that in 2744, which is = 14 X 14 X 14. 


14* 14 X I4== 2744 


Problem III. To Extract the Root of any Power above the 
. Cube. TY 


General RULE. 


Hatever Root is propoſed to be extracted, as in general the » Root, diſtribute the 
given Number into Periods, taking as many Figures to each Period as the Number 
of Units in the Index ; then make a Table of the ſimilar Powers (i. e. the » Powers) 
of all the Digits, as far at leaſt till you find one which is equal to; or exceeds the firſt Pe- 
riod on the Left of the given Number, taken by itſelf; the Root of that Power is the firſt 
Fizure on the Left of the Root ſought, which call A; then ſubtract A® from the faid 
firſt Period, and to the Remainder prefix the next Period for a Reſolvend; and to find the 
next Figure of the Root, form a Diviſor thus; take a Binomial AB, and involve it to 
the » Power, as has been explained; your Diviſor is the Sum of all the Products of the 
ſeveral Powers of A, except the higheſt An, multiplied by the proper Coefficients of the 


Terms in which they ſtand in the Power A : Thus, for the 4th Root the Diviſor is 
A3+6A2+4 A; for the 5th Root it is 5 A410 A3 10 A> +5 A, as you'll find 
rom the Table of Binomial Powers and Coefficients. And univerſally, the Diviſor will be 

AT AX A—2þ bx A— — &rc. + 2X A, where I have fimply expreſſed the Co- 


eficients by ſingle Letters, which you muſt underſtand as repreſenting the true Coefficients. 
Ao remember, that the firſt Figure of the Root found, which A repreſents, muſt be mul- 


tiplied 
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tiplied by 10. or © prefix d to it, becauſe that is its true Value with reſpect to the next 
Figure to be found; and in this Value you are to uſe it in forming the Diviſor; then find 
the Quote B, (which can never exceed 9) limited ſo that the ſeveral Members of the 
Diviſor being multiplied by the ſeveral Powers of B, which you find multiplied into them 


ia the ſeveral Terms of the Binomial Power AB; and B* added to the Sum of all theſe 
Products, the total ſhall not exceed the Reſolvend. Thus in the 4th Power the Number 
to be compared with the Reſolvend is this, 4 A3B+6 A*B: +, AB3+Bz; in the 5th 
Power it is 5 A+ B+ 10 A3B:* + 10 A*Bz +5 AB4+ Ps. Univerſally, it is = An—1 B 
So a A®—2 x Bb +6 A- x Bi &c. += AB*—" + Ba, which is the whole Binomial 
Power except the Term A®. 

In the next place take the two Figures found, and prefixing o, call this Number A, and 
form a new Diviſor as before, of the ſeveral Powers of this new Number A, multiplied 


by their Coefficients in XB, and by this find the 3d Figure of the Root, which call 
again B, under the fame Limitation as before; and fo proceed to the End. 


SCHOLIUMS. 


1. If you begin your Gueſs for the Quote (i. e. for any Figure of the Root after the 
firſt) at 7 greateſt number of times (not exceeding 9) that — Diviſor is contained in 
the Reſolvend, then the Limitation of the Rule for the Number to be compared with the 
Reſolvend is ſufficient to determine when you have the true Figure. But if you chuſe at 
a Gueſs, then you are to mind this Mark of a Figure too little, viz. That if you take all 
the Root found, taking in the Figure now put in the Root, and call it A; then take the 
Sum of the Products of the ſeveral Powers of it (except An) which belong to the new 
Diviſor ; the Remainder muſt not exceed this, elſe the Figure laſt found is too little. 

2. If there is a Remainder after all the Periods are employed, the given Number is not 
a Power of that Order, and the Root found is only that of the greateſt Power contained 


in it. | | 
| | I ſhall illuſtrate this Rule as far as is neceſſary by an Ex- 
Roots. 5th Powers. ample. Suppoſe the 5th Roor of this Number 74560898 is re- 
1 21 = Having pointed it, the laſt Period is 745; and rai- 
2 : 22 ng the 5th Powers of the Numbers from 1 to 4, whoſe 5th 
3 : 243 Power is the firſt which exceeds 745, I find 243 the greateſt 5th 
4 1024 | Power contained ia 745; and the 5th Root this being 3, J 
put 3 as the laſt Figure of the Root ſought. + 
MES ap + | Then raiſing TB, it is A545 A4B 
4. 260898 37 + 10 A R + 10 A*B3 5 A . B; 
— 243 | gras 1 2. = 30, * Diviſor is 5 oy 
r= 1 10 A3+ 10 A? = 4329150, whic 
n er 
| — — 3 mitation of the Rule 7 times; the Re- 
28350000=5 A+#x B B mw mainder being 5216941. 


1323000 10 A3 x B= 
3087000 = te A* x B3 
360150==5 A x R 
16807 = BB 


45043957. Sum. 
5216941. Remainder. + 0 | The 
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iviſor being formed thus: | = 3 8 | 

The _ ”—_ : DeMonsTR. The Demonſtration of this general 

has 4050000 Rule depends upon the ſame kind of Principles as thoſe 

10 22 270000 for the D Cube: And whoever underſtands 

10 A 8 9000 | theſe thoroughly will be able to extend them to this 

5A = 150 univerſal Rule with great Eaſe: For if we put.» in 

| — | the Place of 2 or 3 in the preceding Lemma's, they 
4329150 | will become univerſal for all Caſes. 


ScHOLIUM. What a tedious thing it is to form the Divifors, and the Numbers to 
be compared with the Reſolvend in high Powers, and indeed in all above the Cube, it's 
eaſy to perceive. All that can be ſaid in favour of this gow Rule is only this, That it is 
exceedingly preferable to our being left to a pure blind Gueſs, with no other Help than 
raiſing the Power of the Root gueſſed, and comparing it with the propoſed Number. Yet 
the great Labour of this Rule has excited the Mathematicians to the Invention of other 
Methods; the explaining of which comes not within the Limits I have preſcribed my felf 
in this Work, except that Method which is by the help of Logarizhme, as you'll find after- 
wards explained. In the mean time obſerve, that as Square and Cube Roots are the thi 
only uſeful in the common Affairs of Life, ſo the Rules for them are tolerably eaſy, eſpe- 
cialy the Square. But there is alſo | | 


Another General RL. E for Compound Roots (i. e. whoſe Index is the Product of 
| | tuo or more Numbers). ES : | 
Take any two or more Indexes whoſe Product is the given Index, and extract out of 


the given Number a Root anſwering to any of theſe leſſer Indexes; and then out of this 
Root extract a Root anſwering to another of theſe leſſer Indexes, and fo on, till you go thro? 


them all: The laſt Root found is the Root ſought. | 


Example 1. To find the 4th Root of 625, I find the Square Root 25; then the Square 

Root of this, which is 5, is the Root hr. | [1 x 
Example 2. To find the 6th Root of 4096: It is 4;. which I find thus: 6=2x 3, 

therefore I find the Square Root of 4096, which is 64, and then the 3d Root of 64 is 4. 


Derrorſtr. The Reaſon of this Rule is obvious, being 3 the Reverſe of what's done 
and demonſtrated for involving a Number to a compound F ower; or you have the Rea- 


fon of it in Theoy. IX. $. I. where it's ſhewn that Ar Ain, 
Obſerve, It's beſt to begin with the Root of the loweſt Index. | 
AI, If the given Number is not a Power of the Order you firſt try, neither can it 


be a Power of the Order propoſed ; and to find the Root of the greateſt like Power con- 
rained in ir, other Methods do better. | 35 9 


Of the Proof of all Roots of Integers univerſally. 


It is done either by the oppoſite Involution, or by: caſting out the 9's, thus: 

Caſt the 9's out of the given Number, or the Difference of it and the Remainder of 
the Extraction, and mark the Exceſs: Then caſt the 9's our of the Root (and take the Ex- 
cels, or the Root itſelf if leſs than 9); multiply it by itſelf, and caſt our the 9's from the 
Product; then Gr the Exceſs by the Exeeſs in the Root, and caſt the 9's out of 
the Product; this laſt Excefs multiply by the Exceſs in the Root, and caſt the 9's out of 


the Product, and go on ſo till the Exceſs of 9's in the Root is employ'd as a Multiplier, as 


oft 


9 9 


EEG 
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of as Lc Index of the Power expreſſes; The laſt Exceſs muſt be equal to that in the given 
umber. 5 * | 


8. W-Panxr IL | 
Probl. 4. Of the Extraction of the Roots of Fractions. 


Pu * 


A Fractional Power is to be conſidered in two different Views: 1. As being an immedi. 


- 


ate Power, i. e. the A” Effect of the continual Multiplication of ſome Fracti- 
i I — 2 Sas >: 2,2 5 2. 1 I 
par into"; as 3 75 "hy 3 5: Or, 2. As being only equivalent to 
ſome immediate Power, but not itſelf ſuch a one, as = 


| Now if a Fraction is immediately a Power, it's manifeſt from the Definitions, that if we 
extract the Root propoſed from the Numerator and Denominator way; theſe are the 
Numerator and Denominator of the fractional Root ſought. Example: The Square Root 


of ge is =;for 8 841, and 9 = 11 But if the given Fraction is only equivalent to 


ſome immediate Power, the Root (viz. of that Power; which is alſo in another Senſe, 
the Root of the given Fraction) cannot be diſcovered by this Method; for the Numera- 
ror and-Denominator- have not both in this Caſe, and perhaps neither of them has a per- 
fect Root; and ſo we cannot determine by this Method, whether the Root ſought is ra- 
tional or ſurd: yet by other Methods we can diſcover this, and find the Root where there 
is one. For which take this N 


General RULE. ü 


Reduce the given Fraction to its loweſt Terms, and then extract the propoſed Root from 
Numerator and Denominator ſeparately; and theſe Roots are the Numerator and Deno- 
minator of the Fractional Root ſought; which is alſo in irs loweſt Terms. But if both 
Numerator and Denominator have not ſuch a perfe& Root, the given Number is not a 
Power of the Order propoſed, either immediately or equivalently. 


Example 1. To find the Square Root of 5 „1 find its leaſt Terms 25 whoſe immediate 
Root is F St | 5 | 

Example 2. To find the Square Root of 65 1 find its leaſt Terms BY But neither 8 
nor 23 are Squares, and therefore = is not a Square in any Senſe. 

DEMON. 1. If the loweſt (or any) Terms of the given Fraction are Powers of the 


Order propoſed, it's plain that their Roots make a Fraction, which is the Root of the given 
Fraction; by the Definition. And, | | 


2. If the leaſt Terms of a Fraction are not Powers of the given Order, no Terms of 
it are ſo; or the given Fraction is not a Power in any Senſe. For let 2 be a Fraction 


in its leaſt Terms, and ſuppoſe N = (i. e. ſome other equivalent Terms of the Fra- 


con to be an immediate Power.) Then becauſe g bia leaſt Terms, N is not ſo, be- 


cauſe it conliſts of different Terms by Suppoſition. Conſequently N. its 1 Root, is not 


1 in 


Þ 
M 
0 
R 
pl 
1 
7 


not 


— * OP Was) 
N - 
* 
* * * 
„ F 
* 
1 
7 


in its leaſt Terms, (by Lew: preceding the Theor.” cn) Take? "in 1 


Ki pic its leaſt Terms, (by the ſame Lew.) And fince 7 =. therefore; 


* x B wberefore . and A aro both i in the leaſt Terms, which is abſurd ; or E F 
are the 1 Terms, which is 5 alſo contrary to Suppoſition. ; 


= 


3 SCHOLIUMS. 


1. A Fraction made of the greateſt Integral Root of the Numerator and Denominator 
may in one Senſe be called the Root of the greateſt Fractional Power contained in the gi- 
ven Fraction; which Root will, in ſome Caſes, be a deficient, and 'in WT an exceſſive 


— 


Root, i. e. whoſe. Power wants of, or e the * Fraction. Example: ooh ; the great. 
> Square Fraftion contained in e in this Senſe, is 7 whoſe Roots.2;' which is an . 
ceſſive Root to wo becauſe 2; tis a greater Fraftion G 3 But in _ j the Fg dren 


2, which is leſs than = — its Root 5 is 2 TE Root to 4 : 85 
ain: In another. Senſe, . e. if we ask what is the greateſt Fraction 1 


mice Power, and is leſs than a given Fraftion which is not a Power in any Senſe, then 
there. is no ſuch thing as a greateſt, | the Reaſon of Which vou find afterwards. | (See Co- 


rol. Prob. F.) 
2. The preceding General Rule requires two ExtraQtions, viz. both from the . 


tor and Denominator; but J ſhall give you other particular Rules, whereby the Root is 


found by one Extraction; and ſuch as are accommodated to. the 9 of Approxima- 
tion, afterwards e 


* 


Particular Rv VU L E 8 for the Roots of Frafions 


T For the Square Roor. 3 
Multiply the Numerator and Denominator together, and extract the Comes Root of the 


Product; which is always a compleat Square, if the given Fraction is ſo in any Senſe. 


Make this Root the Numerator to the given Denominator, and this Fraction is the Root 


ſought ;" or ſer the: given Numerator) fra ionally over the Root found; and this alſo is the 


Root ſought, tho neither of them is in the leaſt Terms. But if the Produd i is not a com- 
pleat Square, neither is the given Fraction: And having found the Root of the greateſt In- 
— Square contained i in it, uſe that as directed; and you ſhall have a Root wanting of a 

Root to the given Fraction, if the Root extratted i is made Numerivor; but Wcceding, 


1 it's made Denominator. 


Example 1. To find the Square Root of 4 5 1 uke 4X9=36. v whoſe Root i is 6; | and 
Þ the Root fought i is 55 5 or 1 


Exenpl 2. To find the Square Root of 2 147 I take 12 X 147 = 270 whoſe Root is 


#3 wd 6 1 = is the Root bike; for = i 


6 a” Example 
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Example 3. For the Square Root of £o I take 7 * 12 = 84, Which is not 1 Square, 
therefore 2. is not t: But the greateſt Integral Root in 84 is 4 therefore 2 =IigaRog, 
wanting of a true Root to E; for 3 1729 which is les than Z —, becauſe 9X12 i 


leſs than 7X16. And 75 is an exceſſive Root; for Ix 1=2 greater than 2 becauſe 


49X 12 is greater than 3 


ScuoLiUM. Tho the is leaſt Term be i in its ee the Root found b 
this Method will not be in its leaſt Terms in every Caſe where the given Fraction is 2 
a perfect Power, as the Exam. 3. ſhews. And if it is a Power, the 
Root found will never be in its leaſt Terms, as is manifeſt ; becauſe leaſt Terms are 
the Root of the Numerator and Denominator of the leaſt Terms of the given Fraction. 


DEMO N. 1. The given Fraction being g. multiply both Terms by B, or by A; and 


BAY”, FAT A —AA Suppoſe AB is a compleat Square, .whoſe Root is a, fo that AB 


mn 
| See; 7 VIZ, 38 * B= RE conſe- 


quently g the Square Root of nt 2 the Squre Roo of 22 ne eich a true Rootto A 
IT ien, Square, then neither is j in any Senſe. For ſuppoſe N = 


7 * 23 then, by equal Multiplication, according to the Nature of Fractions, it is 
| Mex mA But N- therefore u NTP ich is plainly an 
immediate Square, whoſe Root is N and is therefore a true Root to AB, which is ab- 

ſurd; for AB is ſuppoſed not to have a true Square Root in Integers, and conſequently has 


no ſuch Root true, (Theor. 19. 1 1.) ro © is not the Square Root of AB, 
n N pulp 55 () us was god ile. no im 


mediate Square Ns can be equal to g or 55 is not a Square in any Senſe... 


3. Suppoſe n Root of AB, fo that 44 is leſs than A B; then is 


AB 1 — BY is © Root to 8. Allo ſince 44 is les chan AB, 


e BY 7 ay 2 
therefore 2 A s greater chan AA _ E A i. e. EXT bs an exceſſive Root to 5 


? 


2. e ute Dias. 


' Multiply the Numerator by the Square of the Denominator ; the product will be 2 
complear Cube, if the given Fraction is ſo in any Senſe: the Cube Root of this Product 


ſet fractionally over the Denominator of the 6 giſen Fraction, is the 1 


Lg * 4 


B 


AB, 


Fa 


be 4 
dud 
Root 


ught, 
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ſought. Or thus: Multiply the Denominator by the Square of the Nutnerator, and over 
the Cube Root of the Product ſet the given 8 fraftionally; and this alſo is the 
Root ſought. And obſerve, that if the given Fraction is a proper one, the laſt is the beſt 
Method; but if it is improper, take the firſt Method. But if the Product mention'd is 
not a compleat Cube, neither is the 2 Fraction. And if we take the greateſt Integral 
Root of that Product, and uſe it as directed. e e an Fry ok RO. 20. 
cording as we chuſe the firſt or fecond Method. | 


"Example | 1. To find, the Cube a 2 as 27 Xajb=739, then 729 x $= "oY 
whoſe Cube Root i is 18; then is 335 2 the Root ſought. Or thus; 8X8 = = 64. then 


. 1728, whoſe Cube Root is 156 | therefore = is alſo we Root ſought. 


: | Example $: For EL tale 54 * 745 90 then 2916 x 15 = 439400; which has not a 


Cube Root, and ſo . is not a Cube; ut the greateſt integral Cube Root of 43 749 be- 


4&8 44+ 4 © 


ing 455 therefore I is a defivient Root: to 755 or if we take x5 * 15= 2257 then 225 


54. 12150- - HOY neareſt Cube Root is 225 and > = is = Rein Root. 
DE MON. 4. For the firſt Method, multiply = Term of the Fraftion ; by 8. and 


—— — — 


1 Ag and Abb is a Oe lets Root be m, de 7 i. the Cube Root of 


. Alte; if AB is not a Cube, neicher is g. for k we fuppoſs =AE, 


then is AB. a whoſe Cube Root B; i. e. A B: is a Cube. which | is 


contrary to Suppofition, if 2 l is Integer; and if its not Integer, it cannot be the Cube 


Root of A B-, which has no Cube Root in | (Theor. XIX. Ch. x.). But if we 


ſuppoſe m the 3 integral Cube Root co e that w 16 han Af. 


* Plain that Bz 7 b kb that r = 255. , or G 25 LA 


2. Fer be ſecond Method, revklply each Tenn vf f by As, arld it is . E 


chat A= B denz a true Cube. whoſe Root is #, 7 is the Root of = = but 


WOE. 


if A*B is not a Cube, neither is; for ſuppoſe = then is = x AB AL, and 


BN eee Km whole! Cube Root "= i. e. AB ia Cube, con- 


pa” ws ms”. 


trary | to Sppodtent Bit i un take: 4 be inet ina Cube Root ennie in AB, 


ſo that m3 e wen s 5; greater than Nb. and — is an ex- 


ceſſive Root to 5 
HOLIUM. Both theſe, and the Extraction of all higher Roots, may be compre- h 


"re in one general Rule, thus: 


Ciaſe has no true Root; for if 


n ö I 5 
i ie BA is Power of the Order #, contrary to Suppoſition. 


. 
| 
| 
| 
| 
| 
| 
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General RULE for all the Roots of Fractions, after the Manner of the preceding 
Raiſe the Denominator of the given Fraction to 2 Power, whoſe Index is 1 lefs than 


that of the Root to be extracted, and multiply this Power by the given Numerator: Ex. 
tract the propoſed Root of this Product 20 ich is a compleat Power, if the given Fra. 
Ron is ſo), and ſet it fractionally over the given Denominator, and this makes the Root 
ſought. But if that Product has not ſuch a Root, neither has the given Fraction; and ta- 


king the greateſt in Root contained in that Product, it makes, with the given Deno. 
minator, a deficient Root to the given Fraction. N 


oy 


Or alſo thus; Raiſe the Numerator to the Power directed, and by that multiply the 
Denominator ; extract the ſed Root of the Product if it has one, or take che 
greateſt integral Root contained in it; over this R 


| ; ov. oot ſet the given Numerator, and it 
makes an exceſſive Root to the given Fraftion. - = RS 


| Example. Th find the 4th Root of F I multiply Bs by A, and ſet the 4th Root of 


the Product A Bs, or the greateſt integral 4th Power contained in it, over B, and it makes 
the Root ſought, or a deficient one; or alſo over the 4th Root of A3B ſet A, it makes 
the Root ſought, or an exceſlive one. 5 722 


DzMoN: 1. For the » Root of $+: If AB=*is a true Power of the Order , le: 
713 8 5 HOSTS 36-39. E194 is oil ug3 557 AB—=" AB. A | 
its Root be m, then it's plain that N is the » Root of "p— NN. And 
if w is only the Root of the greateſt integral Power contained in A B*—>; it ſelf not being 


| | | A TE 
obe, then! is If plainly a deficient Root to F- Which in this Caſe has no true Root; for 


„ . Whoſe » 


«% 


n ”m 0 o l * 2 
Root ">; i. e. AF. is a Power of the Order a, contrary to Suppoſition. 


= the Root ſought: But if v is enly the Root of the greateſt integral Power contain 


a | 8 5 . f —— | 1 
1 o N — - 1 1 ſ 
in BA), it elf not being one, then is 7 an exceſſive Root to ors. which in this 


== » then is B A. » Whoſe u Root 


&* 


. - 
6 - 


-, SERSLIUM. If the Denominator of the Root ia Compound Number; i e the Pro 


duct of tu o or more Integers, the Extraction may be made by ſeveral more ſimple Ex 
Cons, in the manner already explained, which needs not to be further inſiſted on. 


— 4 — 


* 
"on 9 7 ' j 
* F ; i 
— 7 n 
1 
* 
— * : * „ 4 ö 
1 4 Z Fa # - i 7 
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Chap. 2. | Approximation of. Roots 
8 n. Pani | 
2 Problem 5. Of i the Approximation of 3 Roots, 3 


3 T I 


WV, Þ have 3 oblereed, that tho a Number has no deterrainats EY yet it has 
what we may call an indeterminate one (ord called a Swrd Root); 1. e. there 
y 2 certain Series of Numbers decreaſing, which can be carried on by a certain Law or 
Otder in inſinitum, whoſe Sum taken from the beginning is a Root whoſe Power ap- 
proaches nearer and nearer to the given Number, as the Series on; and tho? it is neves 
equal to it | ann; it may be brought within any: aſſignable erence: | The Invention, 
or carrying on of this Series is what: we here call. the eee. of the Root; and if 
we take the Series of the Sums invented, it may be c the Series of Approaching Roots. 
Obſerve alſo, that any any! be found approaching yet either fill leſs or * cer than 
tree Moon 4. oft fi . 
$6 eee 4. Por Roots of Integers. 


. RULE. Whatever 18 is. ; propoſed, after the Root of the Tee Es Power 
contained i in the given Number. is found, by the preceding Rules; To the Remainder p 

fix a Period of O's Pere to, the Index, thus 90 for a Square Root, ooo for a Cube, 
0000 for a 4th Power, and {o on: Then form a Diviſor, and find a new Figure in the 
Root the ſame WY. a8 the preceding Ste teps of the Work: To every ſucceeding Re- 
mainder prefix a Period o os and nud à new Figu re. 4 me Root, and this Work Wil go 
on for ever, becauſe there will alwa 12 be a Remain The Figures thus found are all 
Decimal Places in the Root, the decimal Point b 03 Maca e after the in- 
tegral Part, and before theſe new Figures. And Few: we have a Mixt Number for the 
1585 which is ſtill 155 and _ 5 the Weng the 155 N the further 
the ation is carr 5 eficient, e there. is a Remainder. 

— that if to the the laſh 11 5 igure found in the Root you. add r, the Sum will make An 
celſive ine Roe ; and thus you may 7 Wat a Series of Roots nearer and nearer,” but {till exceſſive. 

Ky of a Squars Ropt will SHO illuſtrate this Practice. 
21 ; 71 


e „T0 End the Square Root of 387; The Nocte d en in- 
5 0 67 Sn. | ” head eee it is 19, Then by e the 
I Reot becgtmes 19. 6 % by a 2d tis) 29. 655 by 9.2 it is 19. 2 
— bet Ho and may be raffied further at — each of theſe Roots 
2859. 2-88 al e ate deficient ;: i e their Figures are les than 3 373 but the Difference 
261 ini I FRF leſs and leſs: and What I called the Series of Numbers de- 
I Tine , whoſe: Sums make the Series of a hing Roots, tho? 
2606 I ſtil de are theſe) 19,; . 6 0. oo, Ge, and the Series of 


2316 e cheir — the approaching, Root; is 19, 19.6, 19. 67, 


— 191 Cee, Aud laſtly, by adding 2 to each of theſe, we have 
28400 a Series of 2p pprodching Roots, but ſtill exceſſive, tho the Dif- 


27489 | | ones grow > Thusz 20, 19. 7. 19.68, 19. 673, Ge. 


: menge = £9114 3 
91 0  -- WT or oor ' De: MON, 1 **If 1 con eat integral Power of any Order is 
78684 2 2 into a ey is not a Power of that Order, the 
905 e o 50 Z 'rqduet. is not a Power of that Order; or has not a per | 
1642858 e e of cher Order. us; If A. is not à Power of the Order u, 
ad T7 neither is AX F. as has beer Arnd in Theor. II. Cvroll. 


Chap. I. 2. 


_ Approximatien e Re Boe III. 
If the Root of the greateſt integral Power contained in A Bu is divided by B, which 
is the * Root of the Multiplier B., che Quote is Teſs than a true Root to the given Num. 


ber. For ſuppoſe r to be the » Root of the greateſt integral Power of the Grd 
wines; in A N. and Fo lain that 7* is _ than A Bl, 2 take their like aliquot Par, 


and N — is leſs than F- or A; 1e. B- the i Root of n than a true Root to 
A. Again; If to r, the greateſt integral Root ag AB", we _ by and call the Sum x, 


» 4 ww 


then 5 is greater than . and conlquently By iti thi "es or A; i. e. Fig 


exceſſive Root to A. 

From theſe two Articles we fhall- Adly 1 che Rule of mation, aw: 

3. The greateſt — 6-3 or Root of the greateſt integral Power contained in the 
given Number what remains to be proved is this 8 That the Extraction 
will go on in this armer without end; 5. e. that there will always he a Remainder, and ſo 
à new decimal Fraction will at every Step be added to thie a eres g Roots making the 
whole greater and greater; yet ſo chat che Mixr Roor will _ deficient; or its Power 
ſtill leſs than the given Number, tho? ſtill nearer in inſinitum. To ſhew this Truth, conſider, 
that by prefixing Periods of o to any Numbet, we do really multiply it by a Number 


conſiſting of 1 with as many oss as are thus prefixd ; but its the ſame thing to multiply | 


the given Number ( whoſe Root we ſeek ) by prefixing e's, and then bringing them down 
ta che Remainders, or prefixing ther, only to, the Retnaitiders; for eicher way we find — 
Root of the Product (or: the be ech integral Root contain in it). IT bug, for a Sq 
Root we Period oo multiplies, the, given Nun mber by 100, two Petiods mahle by 
10000,:&c.; For a Cube Root one Period oOo tn. ſriplics by too, and two Peri 
for tu by 1000000, Ge. and ſo of other Powers. 50. theſe Nauen are evi- 
dently true and compre Powers of their ſeveral 47 whoſe Roots are 1, with as ma- 
ny 0's as we have eriods of 0's; therefore ed 15 firſt_ Article, however far the Ex- 
traction is carried; by eriods of « 9's. 585 pref 'C Ow. Nemainders, z. e. howevet 


great the 5 is by which we. have multiplied ven Number; there will al- 


ways be uſeche piye N Aer 10 Power tho he Multiplier is, 
. on . Be e y. pac the igures foun of of theſe Periods 
| Ne t. in dcn Pl D y divide Nn ed Produc, e the Root 
2 the greateſt integral Power t it) dy the Root of ths — lied into 


ven Number: Becauſe for every Period anner d we have one Place in Decimals; 
— is 4. dividing We Bs found, 2 — _ — — by — 
100, Gr. ke Ih to the Number of e 
Article, this Mixt Will ways be kf than a jaſt 1 to the given Number, tho 
ſtill approaching nearer, which 'the: Nule ab to the Seriks of deficient Roots: 
atid 2s do the exceſiive Roots; it's evident that adding an Unit to the laſt Place of the 
Root already found; is adding 1 to the Rodt of the greateſt integral Power contained in 
the given Number, or to its Product by the Power \ ies it: Therefore, by the 
2d Article, the Root becomes n tẽ ve. Or its found by this Conſideration, That 1 in 
any Place of s Nurniber' either integral or decirnaly is of more value than all the reſt of the 
Number Py: 6n"the che "hat eee unte b 


24 qiuclobotgge 20 


es 


01 30 = Yo 8 eH O L. To: M S. 27 7121 ; | ( . 


| The b f_of this Operat d the lame w able 
5 eee 


322 Re ainder; of by — 


N 4% mainder fo alſo; and 


% "4 ror 1 1 \_# 


Fx . 
L 
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then the Sum of the Power and Remainder muſt have as many Periods of o's on the 
Right as were uſed in the . becauſe when the Root and Remainder are taken 
for Integers. ſo many Periods of Os belong to the ſuppoſed Power or Number, whereof 
that Root is the greateſt integral Root: But if we take the Root as it really is, a Mixt Num- 
ber, then the Remainder. is à decimal Fraftion, whoſe, Denominator is 1, with as many 
os a8 were added to all the Remainders in the Operation, and in this value it is to be 
added to the Power of the Mixt Root: Thus. in the preceding Example, the Root found 
is 19: G, Whoſe Square is 386. 98754. and the Remainder is, in its true value, 012416; 
for.cwo.Periads, or 6-0's, were employed: in the Operation; and the Sum. of 386987584. 
4 ,012416 is == 387,000990 ⁰ f 3879. which is the ſame as if the Quote and Remain» 
der had been taken for Integers, and the given Number had been 387000000. wel 
As to the Method by caſting out 9's; When we ſubtract the Remainder from the given 
Number, we may take it either-irr its real Value, or as a whole Number, and then we-muſt 
take the given Number, with as many o's after it as were uſed in the Operation. For it 
is the fame to the preſent Purpoſe, to'take: .e12416 from 387, or 12416 from 387000000, 
the Remainder in both Caſes being the ſame Figures, viz. 386. 9875 84, or 386987584. 

2: If we point the! true Value of the Remainder. ar every Step of the Approximation, 


| this will ſhew gradually how much the propoſed Power of the Root found wants of the 


wen Number; and as the Root, fo conſequently its Power continually increaſes; there- 
e theſe: Remainders will continually diminiſh; ſo that by obſerving this, we can carry 
on the Work till that Difference or Remainder be as little as we pleaſe, or leſs than any 
aſſi ed Difference. % wade 3; Foro: » 4c 3 | 8 3 <8 0" HER 
nr i niftead of this/ it ſhould be required to extract the Root ſo near to a true and 
fect Root to the given Number that it ſhall want lefs than an affi Difference, i. e. 
chat this Difference added to the Root found, the Power of the Sum ſhall exceed the 
given Number. its done chus; Suppoſe any Fraction to be the given Difference, with- 
in which the Root is to be brought; then extract the Root to a Number of decimal 
3-7 TIRE: $334): tei 4106 E Sow V2 Inj) BE OL O9Y SEUSTONTO . #3 ; 
Places equal to the Number of Figures in r, and you have done; for - is leſs than =, if 
ai greater 'thari-1; and a decimal Denominator having as many: ofs as r has Figures, is a 
greater Number than 7; and ſo a Fraction whoſe Numerator is 1, and its Denominator 
that decimal one, is leſs than g. becauſe the Denominstor is greater, and the Numerator 
not. Laſtly, fince, as: has been ſhewn, 1 added to. the laſt Figure of the Root would 
make it exceed a true Root; therefore, in whatever Place of Deeimals the laſt Figure of 


the Root ſtands, the whole does not want of a true Root to the given Number, an Unit 
of the Value of that Place, and conſequently, if; the. Denominator of that laſt Place is a 


Number greater than 1, the Root is within = of a true Root, becauſe it's within a leſſer 


8 ö rg 4 3 x z . 78 8 iat. 4 anal 1 * ; 25 
Fraction, and much more is it within: >, which is greater than either of the former. Ex- 


ample: Let r be a Number of three Figures; if the Root have three decimal Places 
whereby the Denominator is 1000, the Root is within — which is leſs than any pro- 


per Fraction whoſe Denominator is a Number of three Figures; fo in the preceding Ex- 


ample: 19.67 is within 5 of a perfect Root to 387. 


. 
4 $5 % 


II. For 
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| u. "For rhe Roots of Fraftions. | | ru pes 


The Apptozimation of the "yo of Fractions is performed thus: Let that Roo 

the particular Rules for Square and Cube, or the general Rule following Root wi 
ſcribes to be extracted, be carried on to what Length of decimal Places you pleaſe, and 
then divide it by the Denominator of the given Fraction, if you chuſe the firſt: Methoq 
of theſe Rules; and thus you have a Root ſtill leſs, but approaching to à perfect one: But 
if 8 the 2d ned of 8 Rik es the gr . by that Root, and 
you have a approaching, exceſſive; and the gin ximation 
that Root i is caries the — will each of theſe Hactional Roots be 7 : 


| Example. For the Square Root of 8 1 take * * 24 313, whoſe Root to 2 


415 
Places of decimal is-17. 66, which —.— by 24 Quotes +2 =, ef than a true 


2400. - , 1200 
Root; or it is 13 — 17. 66 = 29 69, 6 gener than a/ true: Root. | - 
D * Mo x. The Reaſon is manifeſt. — the preceding Rules; for. the Square R 5 


F KB -B. or A — TB.. | Univerfally, the '» Root of f E NF N 


or A — Tf if theſs Roots are perfect; and if they not. yet 'by a roxim 
them we make the fractional, Root. ang tho? never Perf 177 . pp ME 


CoroLi. Tho à given Integer is not a re Power of any "Order, yet there i is 2 
greateſt Power of that Order, which is a leſſer Number than the given one; and alſo 
there is a leaſt Power of the fatne. Order, which is 4 greater Number than the given: But 
in Fractions there is no ſuch eaſing: ye and leaſt Power; becauſe, we can find new Roots 
increaſing for es or Goos ng, yet ſo as the Powets are {till leſs or rept than the 
given Number. MI o 5 1 231 [UH 1 10 1202 

A 1M. 8—— — Probieinicalaing, t the Extraion of Roo, 
_ N a little deeper i into the Algebraick Art than at firſt I deſigned: but without it, 

ou 


I muſt omit ſeveral other curious things: and ſince among ſeveral ways of ſolvirg 
this Problem, there is one that ariſes v y and naturally from the. Conſideration of 


Square Numbers, eſpecially che Square o 3 Binomial. ors el. dee explained) 
— I was rag to give Ph be et | 

2011 5 "77 5e pt ine 14 . 

42 10 PRonLEM VI. . Th 


Hlaving the Sum or Difference of any Square Number, and a certain Multiple of the 
Root; ale having the Multiplier of the Root; to ſind the Root. Thus: byK ana R= as, 
or R=4a*—ac, or Rc. Then ir the Numbers 1 5 


ve ean find 8 by a by the following Rules. 


n | N CASE I. t i wietütgo g: 
| When the Sur and Mipher ———— 8 . . 


1 * iven to find 4. 


o the Sum add the Square of half the Multiplier, (or a 4th of the Square ot the 
Mabiicr) Extract the Square Root of this Sum; and from it ſubtract half of the Mu- 
 lplier, the | © wah is the Root ſought, Which Rule is expreſſed in Characters thus: 


N — — . | Exam- 


and e c are n 
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_ Example. R=21, = 4; then is 4 3; for 4X 4 = 16, whoſe ꝗth is 4; then 21+ 
12 25, whole Square Root is 5, from which take 2 (= the half of the Multiplier 4) the 
Remainder is 3 the Root. Proof: 3 * 3 == 9 3 $00 1 and 12 Þ9=21. 


PD MO. Since by Suppoſition, N add 1 to each Side, then R 3 


45 5 204 re, b which laſt Expreſion is a complex Square, whoſe Root is a ＋ 5 _ ae 


A= (Ar. 1.) and fbrraBing CoM both, it is, a= FN Which i is 
Rule. | 
" CASE II. 


If the Difference and Multi plier are given, to find the Root; 
Here there are two Rules, — as the Square or Multiple i is ſuppoſed to be greateſt. 


1. Suppoſe the Square greater than the Multiple, 1. e. RS -a. 


| RvLs. To the Difference, add the le of the Ono of the Multiplier; and to the — 
Root of the Sum, add half the this Sum is the Root ſought. 


Example. R=38, e=35. then is =. for — 


121 


30. — whoſe Square Root is - —or 525 to e ee the Sum is 7. 


Proof. 7X,7=49, and 3X 7=213 a Foc | 
_ DEMON, Since Ra. —@c, * 7 E to both Sides; then i is Rb Emaar 


Which aſt Expreſſion is the Square Th —2 —£. Wherefore RE arr? and ad- 


wg to both Sides, it is a= R f offre, mee is the Square 


\% 9! 2 — 


1 


eber of —2. or 22 56 yet we eg ber uſe =—4; for if @ is leſs than, wives 
than #c, contrary to Suppoſition. + © 


2. Suppoſe the Multiplier greater than the Square, 3. e. 1 


Ru l. z. From the 4 of the Square of the Multiplier ſubtract the 


iven Differen 
(dich cannot exceed the Multiplier, if the Problem is poſſible); then extract the 8 Diference 


of the Remainder; and either 24d it to, or ſubtract it from half the Multiplier, 0 which is 
greater than the other, if the Problem is poſſible); the Sum or Difference will either of 


thern ſolve the Problem. Thus: a=5 + —pÞ," 8 or lo 6 a=lmEnaſ 


u 43 o TS I 
were, N e==5; 1 MON FLO f O e =. 
Prof, «= and R Allo, 6 4 =2= =L_I=t Proof. 


ei- = 5 C c 


Boo III. 
then is 7 . 
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DEMON. Since R= =4c—42. Subtract each of theſe from — 7 


which laſt is the Square eicher of PR or Sa. | Wherefore « —_ or © 5 — @ (2c 


— 
cording as @ is greater or lefler than 9.1. Hence, in the 1ſt ca. or taking 
23 adding 3 to both Sides, i i . A, and king f a 4 


= to both Sides, it is 2 5 


4 


is poſſible; and that 3 ben than — 1 Nom I g chat the Sglution'is in 


poſſible, according to this Rule, iE = is greater | ;: and that if R does not exceed 


7 one of che Solutions is good. But to ſhew that the Kb will always adh y have the 


eo Solutions explained, ir muſt be ſheun that R cannot! exceed ©* 


and then the other Part wil caddy follow. © | 
To demonſtrate this, we muſt firſt obſerve, That 4 may Fe 1 greater' or leffer Hs 


2 = conſiſtentiy enough with R =I. For this requires no more than 'that ar be 
preater than 4 4. which requires again that 2 be Ike than 7; conſequentiy, Whether 2 be 
greater or leis than ? 2 providing it be les than 0 (ﬆ it may be) 4c will be greater tha 
44. Again; Whether we take ont or 3 the Square of it is A 5 
ee, which is alfo e —R, bene R) mw the 


Root being real or r poſitive; mult che Sue be; Je; 3 4 


< when K i TW = ace; 


3 £7 —— c 3c 3 —— 


i greater than N. o if a= 


JC! 


4 42 D 111.5 


= then 22:2 >. and 2 4=c, alſo 222 24 ez a ee eee. 


814 is 218 a. 


eee. So that R can e l ne „cho it ; may, be cite 


315 It 2 Me 110 201 Jt 373: 3 137 12 7 1 212. 113 


equal or le. And chore, bey are c > ba ape Solution, . 8=5; 
for here both the Solutions coincide. ras 


. 
* - , 7 . 13 
—— — A 1 2 Ac 21. "» Y & Wh > \! F 
#5, me > 


Fo or the ſecond ing, vix. har £1 is grate than © —— Ws ; conſider that - - is greaer than 
— 3. 


K and conſequently £ Fe the Squire Root of = = erties * e. -R. Or, we hare 
the ha the very Soppoion: for, by the Eh part the Demonſtration of this Rule, f. 


x — 862 120 1 — R 


_ Sh 2 89 *1 


* 
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Value of 4 is = —.— , upon chat very Suppoſition that - is greater than @; 


gi s; ) 4 a Þ l > I. 2 2 5 4, 68 Ae r 
e 4-61 e . | PEE CAT - | ce 
whence it was ſhewn that I R = — 84, and conſequently : greater than 7 —R|. | 


bon t yd t fxg OEkO AT U-MS Morin 
1. Tf the Difference of the Squaro and Multiple of the Root is given, without determi- 
ning which of them is greateſt, then we muſt try both Rules. | * 
2. This Problem is what the Aigebraiſts call, Extracting the Root of an adfected Square, 
(i.e: wherein the 1 is the Sum or Difference of a Square, and a certain Mul- 
tiple of the Root; whoſe Multiplier is alſo given.) The Solutions explained are all that are 
real and poſitive; yet the Algebraick Art conſiders two Roots or Solutions in every Caſe: 
But the Roots that I have not explained are only negative and imaginary; and to ſay any 
thing farther about them, were to exceed the Limits preſcribed to this Work; and for the 
ame Resſon I am ohliged to ſpeak nothing of extracting the Roots of higher Powers that 


fl 
* 
* 7 * * , - , 
1 ; . — a . 18 11811 2 — 
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ha a dg i. has been alieady explained: It has been demonſtrated that 
A every Number has not à perfect . terminate Root; but yet that we can 

find an Approximate Root within any aſſignable Difference of a true and com- 
pleat one; ſo that it may be truly ſaid, that the Quantity which hinders any Number 
from being a compleat Power of apy: kin; is infinitely little; or that a Quantity infinitely 
little (or leſs than any aſſigned one) being taken from the Quantity expreſſed by any given 
Number, the Reppainder is a Quantity expreſſiple hy A Number. (of the ſame Parts) 
which.is a ttue * the Order propoſed ; wich this Difference, that it will be @ fra- 
Cidnal Power and not an integral. Now ſince Surds, or indeterminate Roots, can be de- 
termined infinitely near; ald fino the — Gone go3 on y a certain Law or 
Condition, it may be conceived las fome:whete*and-compleat thing of its own Kind; and 


” 9 = 5 8 * — AB 0 5 * 4 12 
? -» # 4 2 1. , 4 K £ 8 * ? . L 2 
es of 1380 28:4 1 | 6 2 Vs $9 wet | = $3 * 5 Fn 
w Mid > ++ % 1 : 
hs DEL eee e Ari ithme netick of SUR Ds. 
27 a 3 11 . % , 7 4% 922 SG. x 4 Py 4  % - * 0 
163 © 17593 21 * = 


4 
therefore, taking Surds under the, general Expreſſion of Roots, as N', we may apply all 
"the Theory of p. I. and all the Operatzons of Arichmetick do them, as if they. were, de- 


terminate: For thus we can form general Ideas af Suns, Differences, Products and Quotes 
& Surds, imagined under 45 Notion of compleat Quantities of their own kind, the ſame 
vy as we do Of rational or: determnate Reòts erpreſſed after the ſattie general manner. 
And hereby we can diſcover certain Connections and Relations of Quantities thus repre- 


ſented, which may lead us to ſome other particular Truths we would diſcover. 


1 feed that as to any a Operation with ſuch Roots it can vniy be made in 
an imperfect ma 


| nn HY of Approximation; yet fince we can approximate or deter- 
mine the Root ſo far, that taking it for true and compleat, the Error it can make in any 
Operation or Concluſion. ſhall be: withis ay nſſignable Difference of What it would be if 
the, compleat, Value of the Surd ud poſſibly: ob detertuined and uſed in the Operation: 
of HUB ARE wich then al Nr dg, with rational and determ inate Roots, is ſo far at 
tall jult and concluhive; and is bed eee e in gen eaten he, 
| : * ret a 


Example 2. To multiply 4/8 by 3, it may be expreſſed thus, 3x / 8; and by A 
— 2 we can find Iedbeminne Mümbet for 8, which multiplied by 3, the Prodin 
ſhall want leſs. than any aſſigned Difference of what it would be if the Root could be 
compleatly determined. | „ ot 1 r IL BIG 7 
Example 3. The Product of / 8 and /6 may be expreſſed 4/8X 4/6; and by A 
; 6m can take 4/8 and 4/6 ſo near, that — — them together at — 
ep, the Products ſhall ſtill increaſe and come within any aſſigned Difference of what i 
would be were the Roots determined. 3 316d - 
« _ Tho Surds can never be reduced to determinate Numbers (for then they were 
not Surds ), yet in many Caſes their Sums, Differences, Products and Quotes can be ei- 
after different ways (by means of the Theory explained in Chap. I.), which are more 
or. leſs ſimple and convenient; ſo that what by the more general Rules can be expreſſed 
only by 5 of Addition, & c. may be expreſſed more ſimply, either by one Surd, or 
by an Expreſſion partly ſurd, partly rational, and in ſome Caſes altogether rational. Nom 
to this tends the more particular Practice or Arithmetick of Surds; which dependin upon 
Certain different Forms in which the ſame Surd may be expreſſed, therefore the u thing 
to be explained is The Reduction of Surds; the Demonſtration of which depends upon the 
Theorems in Chap. I. applied to Surat. 
' Obſerve alſo, That all the following Practice is equally applicable to rational Roots ex. 
preſſed in the general radical Form; for when we take general Expreſſions they compre. 
hend all poſſible Caſes; and the Practice ee is often as convenient with reſpect to 
Rationals as Surds, becauſe it's convenient ſometimes to expreſs even rational Number; 
in this radical Form; and therefore, tho it's commonly called the Arithwetick of Surd, i 


were as proper to call it the Aritbmeticł of Radical. 
190 n) d. 06 UnnoG {ho 17.7203. 0] 
|  Redution of Surds (or Radicals), © 


CASE I. To expreſs uy Number in Form of a Surd (i. e. in à radical Form). 
ROLE: Raiſe the given umber to the Power of the Surd, and then apply the Sud 
Inder, thus, 8 = 64 2 for 8x 8=64. Univerſally, A= FNF. | 


CASE II. To reduce a Surd with a MixtInder'(;.e. whoſe Numerator is greater than 1) to 
another, having a fimple radical Index (i. e. whoſe Numerator is 1.) RU x: Involve the 
Number given to a Power whoſe Index is the Numerator of the Mixr Index, and to the 

Number found apply the Denomin r radically... Example : 8? = 64; for 8. = 64. 
Univerſally, Af = AF. 75 e cee eee 29209) . 


1 


Tube Demonſtration of this is plainly” in 
the 1 Power (which is alſo the » Power of the 7 Roots by Theor. X.) 


Like: 5. e. hering two unlike Surds of 
ble 3 and fuch too, that ti 
einne 141% 3. Rull. 


7 
BZ 


— 
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Rl E. Reduce theit Indexes to one common Denominator by: the Rules of Fra- 

gion: ain, find the greateſt common Meaſure to both the new Numerators, (i e. the 

| greneſt umber- which will divide them both without a Remainder, ). by the Method 

| taught in the Reduction of the Numerator and Denominator of a Fraction to their leaſt 

| Terms; make that common. Meaſure the common Numerator to the common Denomi- 

nator before found: "The loweſt Terms of this Fraction is the common Index ſought. | 

; Again; Divide the new Numetatbrs mentioned by their greateſt common Meaſure, and 

mak; me Quotes; then involve each given Number to a Power whoſe Index is the re- 

ive Quote; and that is the Number to which if the common. "Index is Wee the 
Oiſe is compleady ſolved. 101 .* * 29 4 41 43-16 A 2 be 


Franzis: To fed ace of: ag 155 3 to Like' Surds, "with dhe dikes Conditions Pope 
3 They are r and 157, by reducing the Indexes + and EZ to one Denominator; 
Then the greateſt common Meaſure of the Numerators 2 25 is I, and the common In- 


dex. int ; and to haye Numbers to which it muſt be applied, I raiſe. 8 to the .3d Power, 
and 15 5 the 2d, (for here the common Meaſure of 3 and 2 is 1, which makes che 


Quotes the ame, ) theſe Powers are 512, 225; wherefore the Surds ſought are 5 1257 
r and 2257 = — 155. 


. Exanple, a. To, reduce 47 and * They are nn dt. 55 hen the greateſt com- 
c 12. 35 and ſo 2 = is the common 1 which is in its leaſt 
Terms. Again; The Numerators 14. 14 | divided by their greateſt Meaſure 2, the Quotes 
ue 7, 6, and ista 9 15625. Then laſtly, 1638477 = . 136255 58. 


3 Example 3. To xedy i 0e 3 and 47 They are firſt: r, er , and, the greateſt Mea- 
ure of the Nutmetators 4 '6;' being 3˙ the common Inder is Ahn isleatt Terms; 


then 36, divided by 33 the Quotes e aro. 1, 2; 51906 1 v, Wende. 0; 


, 35, 167 are the Surds Gught: 

m). 820 

Surd | Daun. Let A, * de any two Surds, (where, if f or S are 1, de Sutds are 
mis, Theſe are firſt e 


70 . 25 by Reduction of the Inde res to one Deno- 
See Bio Ch.1 cs the common Meaſure to 74, 1, and let 
t ui; 24 W 0 that TSS Xs, and, #5=my;.. the 


Yi 05 N . (b bee, XI) NA, ee ee g. 
) the UI preſſion of the Rule; ſuppoſing n the greateſt common Meaſure of 7 u, =«, and = : 


= 64 de in its leaſt Terms; or if s not in loweſt Terms, its loweſt” Terms being + bf hs 
9 Place makes an . Expreſſion ( Theor. XI.): "Gros that tho? m pu not the 
n 


7 greateſt commo 2 e 9 9 N. 7 h 4 
oot of * to Like Sarde, « tho ot. e loweſt Dee Fe 


ure. 17 8 153 - 
# 3 4 " 


"7 i Br 8 ene 0 L 10 A 

= 3 if we firſt reduce the given Se Lee e if they 
at yo u. Mixt, and then reduce theſe new * I go on with the 
UL reſt as in the Rule, x 2. When 


* 
— 


ae 1 en FR Meade 4 4 e ee 


E — SUR BA. 


2. When there are more Surds 3 the O 
earn 


BOoOx III. 
Ry and the :Reaſon of it is the 
ſame; except that we have not yet d how to the greateſt common Meaſure to 
3 or more Numbers (which you'll find in Book. IV. 05.15 and therefore, Hill that be 
learn d, we muſt be content to reduce the Surds to Likes, tho' not in their loweſt Terms, 
by uſing 1 as a common Meaſure, Woh wane een the ſame. 


Cars Rosl — — havi a des to lower Terme; 5, e. 1 1 
ivalent eſſion in there i? a of a leſſer long ere  nukiplied 
2 rational A = | = 
RuLE. Among the umbers greater hats I, which meaſure the en Number, 
Surd Power) ſack one which is a ſimilar and rational Power, by IEEE: the 505 
Number: Take the Quote, and to it apply the given Index; and N that Root by 

the Root of the Diviſor: This Product is the Exptoting My s 


Example 1. NaN aT; 3 for $=—4=2, and 5 r 
Example 2. 648 = 2 * zit =; for 648 . 8. r, and n 
* the Rule, the rſt Solution is 2 bike Again; Ce ay — 24. and 27 =3; 
whence the ad Solution is 3x 247. «228 CIP I: UISWO* 4 
|  Dxmon. Suppoſe A+D*=B, fo that A Bx D., then is * pr. (4x 
1) and BB == D x R. Ir, I 9 hich! is {recs rl to er e A 
a Sa Nerd en 90) ua _ oO} bas 8 El «: 1 
58 50 SC HOLT UMS. | 


5 1 by which hich we. meaſure the ae is ih nes 3 Like Power 
which meaſures it, _ find the — ſt Terms of the given Sur 


* — 7 aged _ Wader you'll'have it more 


particula in w e zd ppoſe zhaſe 10. be "ap 3 
; 5 lady ber the Nature of the t Nals hr for euch thern is r e 2—— * 
all the Numbers not exceetling the alf ef: che given Nu ich me 


198 


ſure it, together alſo with the Quotes, make all the Numbers See it. But uuleb 

theſe Meaſures =_— 4 the a . are 8 the N them our is more 
r iven. IS Tag _ LY of ec | 

- by dein Ft to a Surd 41 5 15 fot 90 8 a 

And Vn If e NFunſber undet th e 


tional wer ok rhe — che 


n 368647 = 277% 15 which ee * fo 3 
and 36364 40h = And becauſe.g nel Square: Aherefore S J z and bence 


Fes 1 KT ) ihe, 8 th 11>{tviuos £8 tent 55 


16 1 1s : B 9 As iy i hore 

TOPS Bt e 
rt EK 

tr That the greater Surd ar 185 15 Nabe 5 25 other ap- 


-Wizhin a certain Difference of that 


12 


3 to the ſame degree, i N ore, 


umber, which, by this Reduct appears to Quote: But being approximate 
nearer and ntarerci iin, the eowitl beingarer n mfioituty 10! thr other, which 
a Qu. ud ar cheifame Di tidend be divided dy 


Sly $ 9: Hi e any 


we . 


mo 


ail mg as. WIE at) t 
A 888 gi FEUSLIUMS 
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any other Surd or Number whatever, the Quote can be brought to exceed that true 
Quote, or will never be brought within an aſſignable Difference of 150 and therefore it's 
jultly called the true Quote of theſe two Surds. | 1 

Care: v. To reduce any two Surds to Rxpreions having a common 8 Surd; i. e. to 
Expreſſions that are Products of rational Numbers into 2 common 


RV L 8... Reduce the given Surds to the, ame ſimple Index, if they are not 0 aus | 
| 2155 ny a the. e common Meaſure of the Powers 115 Numbers un- 


th cal 80 7 and taking the 1 examine by Extraction if they are rational 
Grailar Powers of the Order expreſſed by the Denominator of the common ſimple In- 
dex; if they are, their Roots are the rational Numbers ſought; and the ſurd Root of the 


common-Meafure is the ſurd Part fought: _ if. theſe . ſimilar Powers, 


the Queſtion i is apap. 


' Example + To reduce 1 125 * 27: "The LIST common Meiſire of 12, 27, is 3; 
and the Quotes are 4, 9. which being rational Squares, I take their Roots 2, 3, and mul- 


tiply them into ; the, common Surd I; and the 7 25 ſought | are 2X5: — 125 


and 3 * 3 = — 275. 

DEMO NST R. 33 iven Sords (or the Expreſſions S they 
are reduced): Suppoſe A — MEE a", and ONO bn, fo that A = mXa*, and B = 
„ell; "then "07 Neft (r l.) a X u, (Theor. I. cur.) Ae BY . N, 


RY os =", which ig exactly according tothe Rule, ſuppoſing # to be any common Mea- 
ſure; And the Reaſon. why its. in the. Rule called the greateſt common Meaſure, is, be- 
cauſe-it, the greateſt will not :quore: fimilar. rational Powers, none of the other common 


Meaſutes: will; which remains tobe demonſtrued. Thus; take the given; Surd Powers 


fadtionite;- 5 - "This is not 40 ics fractional Power 6f the Order 1, becauſe by 
duppolition, neither A or B are rational Powers of that Order; but if any other Fraction 


TOLL 


equivalekit to * is an ide es Power of that Order, the leaſt Terms of = will be 


ſo; and if the leaſt Terms ve. not ſo, no other Terms can be ſo, (as has been demon- 
ſtrated in the Rule for Extracting the Roots of Frattions ) 5. har e. if A, B, being divided by 
40 reateſt ther ex he Gila 4, Mealurs d not give for 8 084 fi an Go 

10 either {FA Quotes, an other common Jeatar do o. dt: 


A} e 3c 


n eee ee quoring ſimilar rational — . is a dein Chara- 
der of the Problems being poſſible, the? none of the other common -Meafures:ſhould 
make ſuch Quotes; but if any of theſe others do ſa, theſe would make ſo many different 
Solutions to the Problem; in which this Difference is ts be obſerved, that the leſſet᷑ the 
common Meaſure is which we-ae,-the leſſer Terms will the Solution be in, as to the Surd 
Part Fm ay the Reafoh” why" wie chiiſe che greateſt "Meſire in the Rule is, becauſe that 
Ne e e giving . het - rativril hs bo ire ure 0 
Dl > yet we can coriclude. it impoſſib m no o er at the great 
ENS giving Quotes which are not Like Powers: © fr 
WY Ab Gee Sarg Powers. Are. Frnctlorm. chen reduce them to any common Denomi- 
mutor; and if the new Numerarors are reducible e vr to u Nut; o Are | the they 


c 


tional Powers 25 the Or- 


} 
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Surds. One Example will ſhew this: Suppoſe WY, F. the Mavis 12, 3 taken 


radically, viz. 125 , * are reducible to theſe, 2 x 35 1 * or or 365 wberekore the gi. 
ven Surds are reduced to theſe, 2x2}; and 3Þ, | 13 


15 
| 3 281 If either the Numerators or e e or two ) Fandiens affected wich 2 
be radical Sign, or reduced to that State, are rational Powers of the Order Expreſſed 
by the Denominator of the Index. The Fractions need not be reduced to a common 
Denominator; for we need only examine if the other Terms are reducible to a common 


Surd Power : Thus; Suppoſe =; Pf, Bf Here the Denominators, 16. 25. ate Squares, 


whoſe Roots are 4, 5. ng 50³ = 3X95 =5 8 All 727 = Ka =IXIT = x2) 
whence it's plain char the given Surds are 2 *. E x2. And bad tbe given Sud 


been => it, the Solution is # x 1 I Ft; for 163 =4 , und got =5 x of then 


1 X "Yay" x of, and ſo of the ober. T Arett 
N Zo 8 5X 2 FT a 27 — 118 SA: - 82 8 
Z 5 Fg 
5278 5 common Meaſure, or if there is any urd which meaſures or is an alig uot Ty 
each of them; whereby they are reducible to Expreſſions which are the Products of that 
common Surd i into the re * Quotes. Obſerue alſo, That the Meaſure: of a Surd muſt 
—— which arg _= OP rational Number ſhould ' meaſure a Surd, or be 
: iquot- Part of it, then liq Pur and tm Bente bl pate . 
— would uce the Divi 4. e. two rational Numbers 7 Cas Surd, 
which is im le. : 
. C0213&t 316 1 10 KEI l 


N * ReduBions in the common cr, of Addon, be 1 bl 


In Addition and SubtraBion of; Surds. Ps 


I one Surd is to be added to or fublratted from another; and i itiey ins laps 
rable, 4 888 to vg bogey _ by Cz 5. this Dang L . nf if 4 
ven ons are or rati arts multi 
Es the 1 Part is = Sum or Difference ih 2 in a more oo and x 
venient Form connecting the given Numbers by t eee AN 
eee which te geen! Rat fr ll ate S | 
Example I. 1 ＋* 5 2 * 25 Hs 5 * 4 = 7. X 27. e g "ar: a 5 
Exemple 2-5 165 3 a 99 K 212 . 21. 2 5 3 
a * i= of wo Square Roots oots may be 2 expreſꝭ d. Thus: Take the 
Surd 1 or Numbers under the radical to the Square Root of double their 
Product, add their Sum, or ſubtradt that Rot om this Sum; the Square Root of thi 


Sum or Difference efſesthe Sur or Didference ſought, * Example: „rk, 
andy 31 = 8 36. 15 . 
| DxMon 


3: = 


2 DS 3 


DEMON. Suppoſe AF =. Bl; chen is ab=A? x N IBE (Theor. 3.) and 


MBT. A n 
which 3 is exactly according to the Rule. Fa 


For Multiplication and Divi- on of SURD 8. 


E one Surd i is to be multiplied or divided by another; then if they are unlike, reduce 
them to Likes, and examine if they are commenſurable, 3. e. reducible to Expreſſions, 
wherein the fame common Surd is multiplied into rational Numbers; and if it is ſo, mul- 

y or divide the rational Parts, the Product multiplied again into the Square of the com- 
mon Surd is the Product ſought: ſo that if the given Surds are Square Roots, the Product 
is rational. But in Diviſion the Quote of the rational Parts — is the puta ſought ; 
which is therefore 1 1— 


Example. 725 3448. For 72= =ÞX 9, and 9 zz therefore 727 = TX gt = 
Nun x 22 32 = 55 a ſo that 72 x 32 =3x8* 
X2.X ana ment =48. And 72 e 


'DzMon. Suppoſe A a X RF, and BY = b R, ; then AN B*=abxR® x RA 
=abxR®. Wherefore if 2 2, the Product is aß R. Alſo * N= NIR 


4 b. 5 
SCHOLIUMS. 


1. To multiply ſimilar Surds: If we multiply the Surd Powers, and LY the 
ame Index to that Product; this expreſſes the Product ſought more ſimply, than by the 


general Sign of Multiplication. Thus: A® x B*= IBU (Theor. 3.) Again; if this 
is reducible, bring it ro loweſt Terms, and you'll have in many Caſes the fame Pro- 
duct that the preceding Rule brings out; it's always the beſt we can make of it. 


when the given Surds are not commenſurable. In the preceding Example, 72} * 325 — 
TIX 325 =2304* =48. 
2. If a rational Number is multiplied into a Sud it may be ſometimes convenient to 


expreſs it altogether radically; for which you have a Rule in Theo. 3. Cor. Thus: Raiſe the ra- 
tional Part to the Power whoſe Index i; the Denominator of the ſurd Part, and | multiply this 


Power into the ſurd Power; then apply the radical Index. Exam. AxB*= A" AB, and Ax B* 
NBR. fer * = Br", 

3. If a Surd and rational Number are multiplied; and if 80 Surd i is reducible to lower 
Terms, the whole Product is ſo. Thus: 6x 45 =6X 3 * 18 X 57; for 45=9X 5. 
nd 4 = gf x $®a=3 x57 
Lou may apply the ſame Obſervations to Divifon. So for the it, 72 — 32 — — 55 
== ofs __ | 

9 45, or 2 =: 


And from this Example wherein the Product or Quote bectaes rational, we Kin 2 
er remarkable Proof of the Reaſonableneſs and Uſefulneſs of our treating Surds, and 
working with them in all reſpects as with Rationals or compleat Roots; for if any other 


Nember then 48 is ſuppoſed to be ha” ©" and mx we can prove it to be falſe. 


Thus: 
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Thus: Since 72⁵ r and 327 can be Approximate i infinitum, the Products of theſe ap- 
proximate Roots will grow in Wer r towards a certain Limit; which muſt neceſſarily be 
777 32 2 = 485 becauſe if 7 and 327 are both rational, then is 72 x Ja K 32˙ rational, being 
equal to 727 x 227 (Theor. 3:) And tho' 72⁴ , 327 are furd, yet being infinitely ap. 
proximable, their Product will grow infinitely | near to 72 X 32 JAS = ==48; which is therefore 
the true Limit or compleat Value of 727 * 327, beyond which it cannot poſſibly grow; 
nor can it be ſuppoſed lef6, becauſe we can approximate 72 * and 327 ſo far, that the Pro- 


duct ſhall exceed any aſſignable Number leſs than 48 = 72 X 72 J; for elle they were not 
| Ares n as is ſuppoſed and demonſtrnted. 


— 


CHAP. IV. 


uin fone! THEOREMS: relating. zo the Powers 


1 of Numbers. 


N the following Theorems and Corollaries are com chended all the Propoſitions of the 
Second Book of EUCL1D that are applicable to 8 excepting four, which are 
in effect already explained in this Work; but that you may ſee them all in this Place, 

I briefly repeat theſe four. 

1. If one Nanber A. for Line, a it is in Euckd, Book IL. Theor: x. )'is multiplied ſe- 
yerelly into all the Parts of another B==a— bc, &c. the Sum of the Products is the 
Product of the two Wholes; thus Aa+SAb+Ac, &c. = AB. This you have already 
in 52 3. Ch. 5. Book I. which, obſerve, is equally applicable to Fractions and Inte — 
| If any Number is multiplied into all its own Parts ſeverally, the Sum of the 
1 — is equal to the Square of the Whole; which is the Conſequence of the laſt; thus # 

N =4 +6, then is N Na- N ( Exdid, Theor. 2.) 

3. If a Number is divided into two Parts, the Product of the Whole and one Part, is 
equal to the Sum of the Square of this Part, and the Product of the Parts; This is alſo 2 
Conſequence, or particular Caſe of the iſt: Thus, if NSE, chen Na=##+ab 
( Euclid, Theor. 3.) 

4. If a Number is divided into two Parts, the Square of the Whole is equal to the Sum 
of the Squares of the Parts, and twice the Product of the Parts: This proceeds alſo from 
the 1ſt: Thus, if N= Ab, then Na a* A2 b, eee Theor. 4.) 

The reſt of Euclid you have in the following Theorems. 7 


THEOREM ; 


THE bw of any Number is equal to the Difference of the products of chat Num- 
ber, multiplied into any gu eater Number, and into the Difference of theſe Numbers. Or 
it is equal T the Sum of the Products of that Number multiplied into any leſſer, and into 
the Difference of theſe Numbers. 

D MON STR. (i.) Let two Mumbers: be a, ao} wherein is the Difference; 


then a = bad; hence a*==#X ad — ad. | (2.) Let the Numbers be 


#— 4, a, Whereia d is alſo ney: chen axe and * &X 7 —4 


+ed. THE 


15 
i 
A Axl 


this Part, and the Square of the, other 
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8 1 N E OR E M II. 
Tae Sum of the Squares of two Numbers is equal to the dum of twice their Produdt 
and the Square of their Difference. 


DEMONSTR. Let the Roots be 4, b, then Ea F for =. 
&— 22 b +6*; whence the Theorem is manifeſt. 


Or let the Roots be a, 4 ＋ b, wherein 6 is the Digkerence; then is + DEF = = 422 


+4 428bh KRA 42 eee 


SCHOLIUM. In this laſt Form we ſee plainly com e Euclid's Theor. 7. 3 
is this; If a Number conſiſt of two Parts, (a, b,) the Sum of the Squares of the Whole 


and of one Part, (vx. 4 +3 Þ+ at e equal to double the Product of the whole into 
art (viz. 2 Fil) 


TBRRBOAEM III. 


— 


TAE Sum of the Sig of two Numbers is N to the Z Sum of the Squares of 


their Sum and Difference. 


PY | 
DEMONSTR. The two . FN being 4, b. then # EE 2 5 


- = +20b+6, as @—; be, and the > Sum of theſ © 00 
Squares is 3 + 2, whoſe Tis +6. „„ a Cl l 


CoRoLL. The Sum of two Squares is double the "Ie of the S of aheirhatf 
Sum and half Difference; 3 for 2 Jr b, b, a—b, may repreſent any two Numbers, whoſe half 
Sum is a, and their. - balf Difference i is b; We ſee above aut Cal. f= + 
a—b « 


e SOLIS. 1 
1. This deere in | eo abe ſhoe; Enolid, The. 9. wits. 1 A N is. 1.4 


vided. ire two equal Parts, a. and into two une qual Parts a+ b. a—b, mher Sum 


is 2 4) the Sum of the Squares of the une val Parts, (viz. 4 7b PRE ) is equal to 
twice the Square of the half, ( viz. 2 Xx 4 and twice the Square 85 the middle Part, or 
balf Difference of the unequal, Parts (viz. 2 * b . . 


2. If we erpreſs the ſuppoſed N [umbers thus, « a, 2 + b, then, the Theorem i is a +26 


2 IS +6 - Alfo by raking b and 24 +b for two Numbers, who Sun h 2 44. 
2b, and their half wo a+b, arid half Difference 4, the preceding Corollary is thus ex- 


8 = 2 X42 DT. 2 Xx: Which; is in effect the ſame as Euclid, 
hegr..x0. l Number is equally divided into zwo Parts, 4. 4, and to the whole 2 2 


4 wocher Number be added es b. othe Square of 4 Sun, is , and the © Square of 
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the Number added, vis. bla, are together equal to double the Squares of Z — the It Num. 


I 

ber, and of the Sum of that half and the Number added, viz. z (: 
tl 

TRHEORE M IV. I 

TE Sum of the et two Nome i n 
of their Sum and the Sq their Product. "I the Square 3 
H 


DEMoxs R. The two Numbers being 4, b, the Theorem is fr — 
for aF'Þ ST. from which take 2 4 b, remains 4 + 62. 
Or thus; Let the two Numbers be 2 4, b, then 4 - = ZLꝰ —4 4b. th 


Pau g The Square of the Sum of two Numbers is 4 times their Product, more 

the Square of their Difference. This appears by making 4, 4 ＋ b, the two N umber, 
whereby 2 #6 is their Sum, and then adding 4 4b to both Sides, whereby 227 = Pr 
4 +4ab + b>: =4XaXa +6 ＋ bz, Di 
Scho LIV M. This Coroll. is the ſame in effect as Euclid, Theor. 8. vix. If a Number is an 
divided into two Parts, as a, a +6; then 4 times the Product of the whole, and one Pan, du 

more the Square of the other Part, is equal to the Squares of oy Sum of the whole ud f 

that Part. the 
|  THEORE WV. | 


TE Square of the Sum of two Numbers is equal to the Sum of the Square of one Sq 
of them; and the Product of the other into the Sum of this other and double the former. 

Alſo the Square of the Difference of two Numbers is equal to the Difference of the Nu 

Square of one of _ and the Product of the other into. the N of this other, 


Da uonsr R. 1. rr bes *. — 
2. 4 — =3 4 —2 4b þb*=4a* rr ixb. : | Sur 

ScHorLIiUM. The firſt Part of this comprehends' Euclid, Theor. 6. wiz. If a Num: R 
ber is divided into two equal Parts 4, 4, and to the whole 2 4, another Number 6 is ad- 7 
ded; the Product of the Sum 2 b by the Number added b, u. ax b, &c. to- tog 


gether with the Square of = the firſt Number, viz. 42, is equal to the Square of the Sum nati 


of this half Number, and the Number added, viz. aFb — 
TE O REM VI. |  E 


T vx Difference of the Squars of to Numbers is equal to the Produtt of their Sun 
and Difference. | | 


DEMON. a+Þ x = +ab —— 


G OROUDUL AXN | _— 


Of two unequal Numbers a+b, a—b, the Square of half their Sum, viz. 4 (for WM © 
220 the IT is che Sum of their n Viz, 4. E, and the Square of their Diffe- = 
_  TEnce, VIZ. 


c Hol. 


* 
m- 


zum 
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+6 a o af, c. ＋ 8 


— 


(viz. EK a —b=4*— 6?) together with the Square of the middle Part, (5. e. of half 
their Difference, 62) is equal to the Square of half the given Number, wiz. 22. 
2. The Sum and Difference of two Numbers are the reciprocal aliquot Parts of the 


Difference of their Squares. 


3. The Square of any Number may be produced after a new Method. Thus: Let the 
given Root be N, aſſume any other Number A; the Product of their Sum and Diffe- 
rence, which call p, is the Difference of their 


Hence NZ = Az +p, or A*— 


Take any Number A, : make a Series from it continually decreaſing by 1, till the 
gal Term be 1; alſo a Series increaſing by 1, to the ſame Number of Terms; multiply 
the correſponding Terms of the two Series together; the Products make a Series decrea- 
{ing in ſuch a manner, that compar 
Product to the Square of A, the Di 
are the Series of Squares of the natural Pro- 
greſſion, I, 2, 3. &c. the Deduction of which 
from the Theorem is eaſy. Thus: A—»x Ahn 

But the Differences betwixt A, 


c. that is, 1 is gra- 


A 1 7. G . 4 n 

A== 8. 9.10. 11. 12. 13. 14. 15. 
Products - 64.63.60.55.48. 39.28.15. 
Differs from 64. - 1: 4. 9.16.25. 36.49. 
and the ſeveral Terms of the Series, are, 


ſponding Terms of the two Series from A? 


theſe Roots, 1. 2, 3, G.. Hence again, 
5. We have this Rule for ſumming the 


I, 2, 3, &c. viz. Take any Number A greater than 2, the 
. are to be ſummed; then beginning at A — 1, and A 
wards from A — 1, and upwards from A+—+ 1, with the common Difference 1, till the 
Number of Terms be 2; then taking the Products of the two Series as before, ſubtract 
. their Sum from » x A? ; the Remainder is the 
ht. The Reaſon is plain; for the Sum 
Boy. ee Bi times A?, * the Sum 
TI: A*—4: A9: Ai,. | Of the Series of Squares 1. 4. 9, Ce. taken to a 
| , 5 I Number of Terms equal to 2; therefore alſo the - 
Sum of the Squares is » x A* wanting the Sum of the Products. 


A- 1: A- 2: A3: A- &c.. 


Ab1:AbÞ2:AÞ+3:A+4 C. 


The Sum of any Number of different Powers of the ſame Root, which ſtand all next 
together in the Series or Order of Powers, [i. e. whoſe Indexes follow one another in the 


beginning at any Power, or Place of the Se- 
ies) is equal to the Quote of the Difference of the leaſt of theſe Powers, and that next 
above the greateſt of them, divided by the Difference of the Root and 1. Thus: 


Example 1. a* +a þa =— : 


natural Series of Numbers 1, 2, 3, Ge. but 


eee 
4244 + 23 + 41. Gc. an. 


2 — 1. 


2 4 ＋ a5, Cc. Pair. 


Hes. * N 4 | x g . {2 


the Powers of Numbers. 


choL IV M. This is Euclid's Theor. 5. viz. If a Number is divided into two equal 
_ 4, a; and into two unequal Parts, a+ 6b, a—6; the Product of the unequal Parts 


Squares, i. e. P N= — As, or A.— Ne. 


= A2— Na. 
by Suppoſition, 1, 2, 3, 4» G 
dually 1, 2, 3, Ge. Conſequently. the Differences of the ſeveral Products of the corre- 
the firſt Product, are gradually the Squares of 


Series of the Squares of the natural Progreſſion 
teſt of the Roots whoſe 
I, continue a Series down- 


Ex. 3. 4 8 4 


+ ar +7 wu Þ+&tþ, Ge. 4 OE mm 


DE MON. Take the Series a+ a* | 43 a+ 
| to 4, multiply it by 2 — 1; the Product is 

| Scheme of the Opera 
on manifeſtly ſhews ; For the given Series bein 
multiplied by 4, the Series 
lame as the given Series from the ſecond. 


. 


4 * a, as the annex 
Products is — 
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taking in the Power next above the greateſt ob Power; then the other Part cf 
the Multiplier being 1, its Product is the given Series. But this is to be ſubtracted from 


the former, (becauſe the Multipher is a— 1); and all the Terms of the two Series of Pro. 
ducts being the ſame; except the greateſt: of the firſt Series, and the leaſt of the other, ir; 
manifeſt that the Difference, #. e. the Product ſought, is a . 4, that is, a + 4? 45, G&c ,n 
Xa—1==a%—g, Hence dividing both Sides by a— 1, it i «+ a* þ a3, Gc. a= 
 4—1 


Whatever Power the Series begins at, the Reaſon of the Rule is the ſame; for the Pro. 


V 


4 


Ne. + -: 


S + * : 


Root, is the Product- of the Dir. 


A 4% 


4; be 2 
„„ in the Margin make the Series of Products, "a+ + ba ws 
at - ; 2 42 3 4. Jr 9 1 | - 2 a h 
a+ + ba3 E . 4-4* b* 4-2b3444+; which multiplied by a — C pro- 8 
— =, cqnncq5,q,q_ » dere SE rtf m ft wad Be om the « 
— — 4 2 Pr „r . © wi 3 mad 
| * 30 ? T4 "Utiiverſally : Wionigze 30d 03-5 þ£ .1DEAoK; The Reaſon, of thing 
Fa, zen bs Logo T Sep fo Rev I this appears the ſame way as that Cou 
„ „„ Ov hi , „ of Theor. 7. for a arti 

eee: e | 7. for 4 par! 
ts . kb, Sc. b*—%, Dt, . | and be bai; then the Pro- dior 
.. | duct of « into every Term ater i - 
aa 4. 4 "| a", is deſtroyed by that of “ I 
. 4. - (which is to be ſubtracted) into Bl guilh 

: oy — 2 the preceding. 


. Con ol. Hence the Difference df 
of any their fimilar Powers. 1 


any two Roots is an aliquot. Part of the Difference 


Scho. From the Doctrine of che next Book; Cap. 3. youll find the Inveſtigation, 
and another Demonſtration of this and Theor. 7, and 8. vig. from, the Conſideration 0 


Geometrical Progreſſions. But L have plared them here, 


ea Demonſtra- 


tion i dependent /of theſe Progreſſinms 2 Amor. 7. furniſhes us another 87 


for the ſumming of theſe Progreſſions. 
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ES t Dein | 
17 TU M B 2 RS are coitipired | in We to 2 certain Relations they have to 
one another; and as to every Comparifon there muſt be two Terms or Things, 
viz. one Which is compared, and another to which it is compared, ſo muſt it 
be ao in Numbers; where more particularly the Number compared is called the Antece- 
#rt, and the Number to which it is compared is called the . For Example; if 
we compare 3 to 4, 3 is called the Antecedent and 4 the 1 
Scho. Every Compariſon is reciprocal; and hickid&i — of each Term to 
the other; but becauſe the Relation may be different according as the one or the other is 
made the Antecedent (as we ſhall ſee below); and becauſe all Compariſons muſt be of 
things of like Species, therefore, in order to compare again the Relations of different 
Couplets of Numbers (as you'll find afterwards ), we mult carefully diſtinguiſh the two 
particular Compariſons that may be made in every Couplet; which is done by this Diſtin - 
ion of ee me neee according as cy are applied to the two Numbers. 


IL. The Com ns and conſequent Relations of Nurabers are of two kinds, diſtin 
1 1 James een eee . 


a (19 of Arichmetical Relation. 


If v we compare Nu nkicrs ſo . to conſider their fimple Differences, or how much the 
Antccedens is is greater or leffer than the Conſequent; their Relation in that View is called 
Arithmetical'; and the 1 Difference of theſe two Numbers is called the Arithmetical Ratio, or 

Exponent of the Arithmetical Relation * the Amtecedent to the COTE Example; 15 


a. 
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If we compare 3 to 5, the Arithmetical Ratio is 2, ſignifying this Relation, viz. that 3 is 
leſs than 5 by 2; and reciprocally, if we compare 5 to 3 the Ratio is alſo 2, fignifying, in 
this Caſe, that the Antecedent 5 is greater than the Conſequent 3, by 2. 


If the Numbers compared are equal, their Arithmetical Ratio is o, ſignifying das. 


Equality. | | | 
ere then we ſee Arithmetical Relation diſtinguiſhable into two Kinds, wiz. a Relation 
of Equality and Inequalityz-and the laſt again diſtinguiſhable into two Species, viz. a Re- 
lation of Exceſe, when the Antecedent is greateſt, and of Defect, when the Antecedent is 
leaſt. Now it would ſeem reaſonable that the Exponents of different Relations, as the 
mutual Relations of unequal Numbers are, ſhould be different ; yet here it is the fame 


Number, whether the Antecedent is roman or leaſt; and therefore that it may determine 


the Species of the Relation, we mu apply the Words Exceſs and Defect; or ſome Mark 
to ſignify it in Writing. So if you ſay that 3 is the * Ratio berwixt two Nuin- 
bers, as 4 and 7, it may be peel two. Ways, accordi 
greateſt or leaſt, for there are neceſſarily two mutual Relations berwixr two Things; yet by 
ſaying 3 in Exceſs or Defect, or uſing ſome Mark of Diſtinction in Writing, the Compa- 
riſon is determined. But the Terms compared being known, the moſt fimple and natural 
Method of determining the Comparifon is to put the Antecedent always before the Conſe. 
uent ( as theſe Names do import), with the Word To betwixt them. For Example; To 


ay the Relation of 4 10 7, is a particular and determinate Compariſon, whereas to ſay the 


Relation betuit 4 and 7 is ambiguous, for this may be either the Relation of 4 to 7, or 
of 7 to 4. When the Relation of different Couplets are to be again compared, this De- 
termination is abſolutely neceſſary. | 


(2). Of Geometrical Relation: 


If we compare two Numbers fo as to conſider how often the Antecedent contains or is 
contain'd in the Conſequent, the Relation in that View is called Geometrical, and the Quote 
of the greater Term divided by the leſſer, (which ſhews the how of? required) is called 
the Geometrical Ratio, or Exponent of the Geometrical Relation of the Antecedent to the 
Conſequent. Ex. gr. If we compare 4 to 12, the Geometrical Ratio is 3, fi 1 os 
Relation of 4 to 12, viz. that it is contain'd in it 3 times; and reciprocally, the tio of 
12 to 4, is 3, ſignifying the Relation of 12 containing 4, 3 times. Again; the Ratio of 
4 to 19, Or 19 to 4, is 44, ſignifying this Relation, 44z.. o 
containing 4 four times, and + Parts of it. Of two equal Numbers, the Geometrical Ratio 
is always 1, expreſſing a Ratio of Equality. -.. 5 

Geometrical Relation is alſo diſtinguiſhed into two kinds, one of Equality and ano- 
ther of Inequality; and the laſt again into two Species, viz. a Relation of containing, when 
the Antecedent is greateſt, and of being contained, when the Antecedent is leaſt; both which 
having the ſame Number for their Exponent, it muſt be applied differently according to 
the different Caſes. But the Compariſon is clearly and certainly determined in the fame 
manner as is already .explaitd in Arithmetical Relation, vix. by putting the . Antecedent 
before the Conſequent, with the Word To betwixt them; thus, to ſay the Relation of 4 
to 12, is determinate and certain; and in this Caſe the Ratio 3 ſignifies that 4 is contain'd 
3 times in 12: And if you call it the Ratio of 12 to 4, it ſigniſies a Relation of Containing. 

But again obſerve ; There is another way of conceiving the Geometrical Relation of 4 
leſſer Number to a greater, whereby the Exponents of the two reciprocal Relations will be 
different: Thus, in comparing a leſſer to a greater Number, we may conſider what Part 

or Parts it is of the greater; and then the Fraction expreſſing this is the Geometrical Ra- 

tio: For Example; the Ratio of 4 to 12 is +; and ſo by this Method the Ratios, or Ex. 

ponents of the Reciprocal different Relations of tyo Numbers, will always be different, and 

of themſelyes determine the Quality or Species of the Relation which they expreG, 7 * 
a | 2 | 1 


0 


ng as we ſuppoſe the Antecedent - 


4 being contain d in 19, or 19 


1 


FSS 2 S SSS 5 © 


Jg. 
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whether the Antecedent is greater or leſſer, and that whether the Numbers compared are 


known or not: Thus, the Antecedent being greater, the Ratio will always be a whole or 
mixt Number; ſo the Ratio of 12 to 4 is 3, or of 14 to 4 is 3=5 but the Antecedent 


being leaſt, it will be a proper Fraction; ſo the Ratio of 4 to 12 is > and of 4 to 14 


is 2. Now by the common Rules we find what Fraction the Antecedent is of the Conſe- 


t, by dividing that Term by this; thus, if they are both Integers, the Quote and Fra- 
Bon ſought is got by making the Antecedent Numerator, and the Conſequent Denomi- 


nator, (which is perhaps not in its loweſt Terms, but that is no matter - ) ſo 4 is A., or 7 of 
14. And if they are not both Integers, then we proceed by the Rules given in Diviſion 


of Fractions; ſo the Ratio of 4 to 177 is-— or 133 by which dividing 4, the 


2 
Quote is 2. which expreſſes what Fraction 4 is of 132 from the Nature of Diviſion. 


Again; Since the Fraction expreſſing the Relation of a leſſer to a greater, is equal to the 
Quote of the Antecedent divided by the Conſequent; therefore, according to the Diſtincti- 
on of the reciprocal Relations of two Numbers, now explain d, the Ratio is in all Caſes 
the Quote of the Antecedent divided by the Coiſſequent, expreſſing how oft the Antece- 
dent, when it is the greater Term, contains the Conſequent; or, when it is leaſt, what 
Part or Parts, i. e. what Fraction it is of the Conſequent. And this was the Method of 
the Antients in explaining Geometrical Relation : But this we may reduce to a more uni- 
form Notion, whereby the ſame general Definition comprehends both the mutual Relations 
of Inequality, and the Ratios they have to the fame Number, thus: All Quotes are Fra- 
ctions, and may be expreſſed fractionally; for by making the Dividend Numerator, and 
the Diviſor Denominator, when they are both Whole Numbers, that is a Fraction equiva- 
kent to the Quote; and if they are not both Integers, yet being divided by the common 
Rule, the Quote will come out in Form of a Fraction (tho” in ſome Caſes it may be 
equal to a Whole Number). And hence the Relation of a greater to a leſſer may be 
conceived under a like View with that of a leſſer to a greater, above explained, viz. as be- 
ing equal to a certain Number of Parts of the Conſequent ; and the improper Fraction ex- 
preſſing this is the Ratio, found out the fame way as in the other Caſe. For Example; 


TheRatio of 7 to 5 is 2. and of 7 to 22 it is 722 for 27 From which we may 
deduce this general Definition of a Geometrical Relation, viz. That it is the Relation of the 


Antecedent being equal to a certain Part or Parts, i. e. a certain Fraction proper or impro- 


per of the Conſequent , which Fraction is the Ratio, expreſſing the Relation of a leſſer to 
a greater when it is a proper Fraction, but of a greater to a leſſer when it is improper. 
Hence, laſtly, we may reaſon about theſe Ratios under the Notion of Quotes or Fractions 
indifferently, theſe being in effect the ſame: And the great uſe of this is, that from the 
Doctrine of Fractions we can eaſily deduce the Theory of Geometrical Relation and Pro- 
portion, as you'll find afterwards done. | 
Now as to theſe different Ways of conceiving Geometrical Relation, it is indifferent as to 
the Truth of the Science built upon it, which we chuſe; for they anſwer equally true to 
al the Ends and Purpoſes of comparing the Relations of Numbers; becauſe they depend 
ſo upon one another, that in comparing the Relations in two different Couplets, if the 
Relations taken one Way are equal, they will be ſo taken the other way: Thus, if the 
Antecedent is greateſt, the Ratio is the ſame either way; for both the Methods of taking 
it coincide, and it is either a Whole or Mixt * or cheir Equivalent * Fra- 
n | e ion: 
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Qion: If the Antecedent is leaſt, then the Ratio taken the one way is the reciprocal 
Qaote or Fraction of the Ratio taken the other way, and conſequently two Ratios be; 


equal the one way, they are ſo the other way alſo, becauſe the Reciprocals of equal Fra- 
Eons or Quotes are alſo equal. Thus, for Example; If the Ratios of 10 to 14, and of 


15 to 21, taken the one way, are both equal, vis. == 5 then alſo muſt the Ratios 


taken the other way in both be 7 or alſo thus, as 18 is the Ratio the one way; 
ſo alſo will 7 == be the Ratio taken the other way (from Lem. 6. Ch. I. of Fractions) 


I have explain'd both theſe Methods of conceiving and expreſſing the Geometrical Re. 
lation of Numbers, becauſe you'll meet with both in other Books on this Subject; but 
chiefly becauſe I find it convenient to follow ſometimes the one Method and ſometimes 
the other; and ſometimes for Variety and Illuſtration to apply both Methods. | 

2 * | | 1 


COROLLARIES. 


1. Comparing theſe different Notions of a Geometrical Ratio, with the common Ope- 
rations of multiplying and dividing, this will evidently follow, viz. That the Ratio of two 
Numbers taken the firſt way, (which is always a whole or mixt Number) is that Number 
by which the leſſer Term being multiplied, or the greater divided, (which ſoever of them 
is the Antecedent) gives the other Term; and taken the ſecond way, (which may be either 
a whole or mixt Number, or a proper Fraction) it is that Number by which the Antece- 
dent being divided, or the Conſequent multiplied, (which ſoever of them is the greateſt) 
gives the other: Or alſo thus; By whoſe Reciprocal the Antecedent being multiplied, or 
the Conſequent divided, gives the other. If this is not evident, it may be made ſo thus: 

If the Ratio is taken the firſt way, the Reaſon pf this is manifeſt from the mutual Proof 
of Multiplication and Diviſion. Thus: If A is les than B, and if B A= d, which is 
the Ratio; then Ad==B, and Ad—s, that is, B A= A. Again; If the Ratio is taken 


the other way, Tuppoſe A is the Antecedent, the Ratio of A to B is this Quote . and 
Ks reciprocal 4 Now if A,B are both Integers, 7 and K are really fractional Expreſſi- 


ens in Terms; and from the Rules of Fractions, it is plain that if the Antecedent A is di- 


vided by 2, the Quote is B; or if S the Conſequent is mukiplied by it, the Product is A. 
Again; Take | the reciprocal Ratio &, and * Reverſe of the former Operations produce 
the fame Effet. Thus: A multiplied by > 1 produces B, and B divided by it quotes A: 
all which is evident from the common Rules. But again: If A, B are not both Integer, 
then fuppoſe the Quote 1 taken in its own proper Terms, is this fractional Expreſſion 2 
( for every Quote is either a Fraction proper, or improper, which is expreſſible fractionally) 
| then is A=5 of B=Bx -=B—-. Again; Since A g of B. therefore B=2 of 
A Ax =A—2, wherein you ſee all the Parts of the Rule. 


Example in Numbers. Thus: The Ratio of 12 and 4 taken the firſt way is 3; then 
12 3 4, and 4X 3==12. Again; Make 4 the Antecedent, and 7 the Conſe quent; 


the Ratio taken the ſecond way 53 then 4 —J=4x7=7, and .= 


2. Hence 


Chap. 1. The Doctrine of Proportion. 211 


2. Hence again: Having one Number given, and the Ratio betwixt it and another, we 


can eaſily find that other; providing alſo, that if the Ratio is a whole or mixt Number, it 


be determined whether the greater or leſſer Term is ſought. And if it is a proper 
Fraction, let it be determined whether the Number ſought is the Antecedent or Conſe- 
vent. Exam. Let there be given one Number 8, and 3 the Ratio betwixt it and another 
Number, to find that other Number. If 8 is the greater Term of the Relation, or if you 


call it the Antecedent, then 8 — 3 =2 2 is the Number ſought; or if it is the leſſer Term 


or Conſequent, then is 8 x 3 = 24, the Term ſought. Again; If 8 is the given Term, and 
3 the Ratio, then 8 being the Antecedent, 823833 I 10 ⁊ is the Conſequent; 
be if 8 is the Conſequent, then 8 x 3228s is the Antecedent. 


obſerve, To prevent ſuch tedious Names as Arithmetical and Geometrical Ratios, we 
ſhall hereafter uſe the Word Difference for the firſt, and Ratio for the other. 


III. Of PRoPoRTEHON. 


When the fame Kind of Relation, Geometrical or Arithmetical, is confider'd in each 
of two or more Couplets of Numbers, whofe Terms are alſo ſimilarly compared, viz. 
the leſſer to the greater, or the greater to the leſſer in each; then if theſe ſimilar Relations 
are equal, char ir, if their Exponents are equal Numbers, this Equality is call'd Proportion; 
which we may therefore more briefly define thus, viz. Proportion is the Equality of the 
Differences or Ratios of two or more Couplets of Numbers, whoſe Terms are ſimilarly 
compared. And then the Numbers ſtated in Order as they are compared, the Antecedent 
of each Coupler before its Conſequent are ſaid to be proportional Numbers, or Proportio- 
nals, Arithmetical or Geometrical, according as we conſider Differences or Ratios. Exam. 
3, 4, and 5, 6 are arithmetically proportional; becauſe their Antecedents are both leaſt, and 


their Differences are equal, viz. 1; alſo theſe 7, 3, and 5, 9, the Antecedents being both 


greateſt, and the Difference in each being 4. a * 

Again; Theſe 3, 6, and 4, 8 are geometrically proportional; the Antecedent in each be- 
ing the leſſer, and the Ratio equal, viz. 2 taken the one way, and 2+ taken the other: 
Alſo theſe 9, 2, and 18, 4. whoſe Ratio taken either way is 42 . 


| is 4 T. 
e e It A- B= C- P, then A, B. C, D are ideal proportional: and 


i 32 F then A,B, C, D, are geometrically proportional. 


SCHOLIUMS. 


1. Among Arithmetical Proportionals, o may be one Term. Exam. o, a, and 3,5 


have the fame Difference, viz. 2. But all the Terms of Geometrical Proportionals muſt 
be real Quantities. © © w_ Beats 1 | 

2. The two. Numbers compared are ordinarily written with ſome Mark betwixt them, 
(the firſt written being the Antecedent, and the other the Conſequent); and two Couplets, 
whoſe fimilar Relations are equal, (i. e. which are proportional) are written with ſome dif- 
ferent Mark betwizt then: and it being convenient to diſtinguifh the Marks of Arithmeti- 
cal and Geometrical Relation, and their Equalities or Proportion, theſe diſtinguiſhing Marks 
{ ſhall make thus: Berwixt two Numbers compared Aritbmetically, (or in feſpect of Dif- 


ferences) J ſhall ſet a Point, thus, 3.5; and betwixt two ſuch Couplets, whoſe Difference 


8 equal, a Colon, thus, 3.5: _ Again; Betwixt two Numbers compared Geomettical- 
H. (or in reſpect of Ratias) ſer a Colon, thus, 3:4; and betwixt two ſuch  Couplets, 
whote ſumilar Ratios. ate equal. a. dpuble r chus, 3: 4 :: G: 8; and then theſe 7 
1945 | EF :4 ve 
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fave the Trouble of telling what kind of Compariſon is made of the Numbers. Univer. 
ſally: Theſe expreſs Arithmetical Proportionals, 4.6: c. d; and theſe Geometrical, 4: b. : c: a, 
bc then we read or expreſs the Proportionality thus, viz. In Arithmeticals we ſay, As 
much as the one Antecedent 4à exceeds, or wants of its Conſequent b; fo much does the 
other Antecedent c exceed, or want of its Conſequent 4; and when it is ſo betwixt four 
Numbers, they are Arithmetically proportional. In Geometricals we ſay, As oft as à con- 
rains, or is contain'd in b; ſo oft c contains, or is contained in d. Or alſo thus: What 
Fraction (proper or improper) à is of 5; the ſame, or equal, Fraction is c of 4. 

Ob ſerve alſo, That Proportionality may be read thus more generally, viz. As a to b, ſo 
is c to d, Arithmetically or Geometrically; underſtanding this to fignify what is above ex- 
plain d. And indeed the word Proportion, or Proportionality, is no more than a Word 
contriv'd to expreſs more briefly the Equality of Relation explain'd; ſo to ſay that four 
Numbers are proportional, is only ſaying all in one Word what muſt be faid in a great 
many, if explained at large, as has been now done. 

The Diſtinction then betwixt Differences or Ratios, and Proportion, is this: A Diffe- 
rence or Ratio ariſes from the Compariſon of two or more ſimilar Relations, whoſe Ex 
nents being equal make Proportion; which therefore can't exiſt without at leaſt four Terms 
(ii. e. two Couplets); but obſerve, that the ſame Number may be antecedent in one Cou- 

let, and conſequent in another; and therefore there may be Proportion, where there are 
ut three different Numbers, if the one is twice taken: So theſe 3.4 5 are Arithmetically 
proportional, for 3 4: 45; and theſe Geometrically, 3:6: 12, for 3: 6:: 6: 12. 

It is to be obſerv'd too, that ſometimes the word Proportion is uſed for Ratio; fo we 

ſay the Proportion of 3 to 6 for the Ratio of 3 to 6. | 


IV. Of Proportion, Conjunct and Digunt. 


When two or more Couplets are proportional, but ſo as they have no common Term 
(i. e. the Antecedent of none of them is the ſame Number as the Conſequent of another), 
they are called Disjunct Proportionals; as theſe Arithmeticals, 2.3 :4.5 :6.7: and thele 
Geometricals, 1:2::3:6::4:8. But if the Conſequent of the firſt Coupler is the fame 
Number as the Antecedent of the ſecond, and fo on, the Conſequent of every Couplet the 
Antecedent of the next, theſe are called Conjunct (or continued) Proportionals; as theſe, 
1. 2:2. 3:3. 4: and theſe, 1:2::2:4::4:8. But in this Caſe the common Term need 
not be twice written; for it is enough to ſer all the different Terms in one continued Rank 
or Series, according to their Order of Compariſon ; thus, 1.2.3.4- Or 1:2: 4: 8; where- 
in it is underſtood that every Term is compared to the following; ſo that each is taken 
both as an Antecedent and a Conſequent, except the firſt, which is only Antecedent, and 
the laſt, which is only Conſequent. Such Series of Numbers are alſo called Arithmetical 
and Geometrical Progreſſions, | | | | 


V. Of Proportion, Direct and Reciprocal. 


When the Ratios of two Couplets are ſimilar and equal, the Proportion is called Direct, 
as in theſe, 1.2:3.4: and theſe, 1:2::4:8. But if they are diſſimilar, yet ſo as the one 
is equal to the Reciprocal of tre other, the Proportion is called Reciprocal; as in thele, 
£.2: 4-3 26 in thee, 1:2: 6:3. 
 ScHoLIUM. This Diſtinction may be applied either to Arithmeticals or Geome- 
tricals, tho it is commonly applied only to the laſt; as to which obſerve, That, according 
to Definition V. Proportion is no other thing than what is here called. Direct, the other 
proceeding merely from the. inverting one of the Couplets of a Direct or Proper Propor- 
tion: So that to ſay 1:2::6:3 are proportional reciprocally, is no mere than to ſay — 
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Jou ſhall find a more particular Explication afterwards. * 
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theſe Numbers are proportional, if you invert any one of the Couplets, thus, 2: 1:: 6: 33 
this Diſtinction is therefore of no uſe in diſcovering or applying any Properties of 
Numbers; but it has taken riſe from the Circumſtances of ſome particular kind of mixt 
practical Queſtions; in which, tho' the Numbers are ſtated in the proper Order of Pro- 
portion, yet the Proportion is ſaid to be reciprocal from a certain Conſideration of the 
Order of the Terms as they lie in the Subject of the Queſtion, of which you'll ſee Ex- 
amples in the proper Place. | 3h . | 


VI. Of Proportion, Harmonical. 


If four Numbers are ſuch, taken in a certain Order, that the firſt has the ſame Ratio 
to the fourth, as the Difference of the firſt and ſecond has to the Difference of the third 
and fourth, theſe Numbers are ſaid to be in Harmonical Proportion. Example: 9, 12, 


16, 24, are harmonically proportional, viz. 9: 24:: 12 — 9:24 — 16, (or 9:24::3:8) 


but if the firſt is to the fourth, as the Difference of the third and fourth to the Difference 
of the firſt and ſecond, it is called Contra-harmonical Proportion; as 2, 8, 4, 6, where 
2:6::6=4:8—2 (i. e. 2:6::2:6.). , ; 


SCHOLIUMS. 


1. This kind of Proportion may exiſt alſo betwixt three Numbers, one of which is com- 
pared as a middle Term to both the Extremes; that is, if the firſt has the ſame Ratio to 
the third, as the Difference of the firſt and ſecond to the Difference of the ſecond and 
third; or as the Difference of the ſecond and third to that of the firſt and ſecond; for 
ſuch coincide with the former by taking the middle Term twice. Example: 3, 4, 6, are 


Harmonical, becauſe 3: 6:: 4 3: 6 — 4 (viz. 3: 6:: 1: 2); and theſe Contra-harmoni- 


cal, 3, 5, 6; becauſe 3: 6:: 6(— 5:5 —3 (viz. 3: 6:: 1:2). And if in a Series of Num- 
bers every three Terms are Harmonical, it is an Harmonical Series or Progreſſion, (i. e. a 
Series of Conjunct or Continued Harmonicals.) Example: 10, 12, 15, 20, 30, 6o, where- 
in every three Terms next together are Harmonical. And when of four Terms the two 
middle are different, that may be call'd Disjun&t Harmonical Proportion. = 
2. But this conſiderable Difference is to be obſerv'd betwixt this kind of Proportion 
and the former, viz. That here in a Series of continued Harmonicals every four Terms ad- 


jacent will not alſo be Harmonical, as they are Geometrical or Arithmetical in theſe kinds 


of Progreſſion. Example: Tho? 10, 12, 15, are Harmonical, and alſo 12, 15, 20; yet 
10, 12, 15, 20, are not ſo. 9001 11901 F 1) Vis nr. 


4. If we take the Word Proportion ſtrictly, according to the general Definition, for an 
Equality of ſimilar Relations betwixt two Numbers, then it muſt be own'd there is no 
new Species of Proportion here ; for there is no new kind of Relation in any two Terms, 
but only a mixt Comparifon betwixt two Numbers and their Differences from others; and 
the Proportion conſtituted: is really a Geometrical one, or an Equality of Ratios ; not in- 
deed of the given Numbers, but of the Ratio of the Extremes, compared to the Ratio 
of the Differences of theſe Extremes with the middle Terms: But tho? this is not ſtrictly 
a Proportion among the given Numbers iramediately compared together, yet ir is certainly 
anew and Complex Relation ( diſtin from the immediate Arithmerical or Geometrical 
Relation betwixt the ſeveral Couplets of Numbers themſelves), to which alſo the Name 
Proportion is applied. ö 2 | „ 6 abs 

This Denomination of Harmonical ariſes from Muſick; becauſe the Relations or Pro- 
portions of Sounds that make Harmony are found to be of the Kind here defin'd, of which 


'LXIOMS. 


. 


1 


—_ — 


, [ 
j 
k b 
l 
i : 
* 
: ! 4 
1 | _ 
1 1 
: {| 4 
! 
% * 3 | 
| !. 
1 
. * 
; "I 
i ; $ | 
1 
8 11 
41 114 
: I | 
: : 1 | q 
144 = i 
5 
7 * 
- N 
14 
| 3 
+: | 
2 bs 
b 
4s _ 
| 
71 


— — 
— — 


— 


— 


\ —— PPP ͤ—tLÄͤ˙nʃ8 ˙ TN! ———_—— 
= - — — * = \ 
— . 
— — 


1 SPED nr" — —W_—  -—__ m— 


—— 


214 The Dattrine of Proportion. Boos IV, 
„ A n , 


Obſerve, T HE following Axioms are expreſſed fo as to regard Geometrical Relations 
only; and the Ratio is to be underſtood as the Quote of the Antecedent divided by the 
Conſequent : But by putting the Word Difference in place of Ratio, they are alſo applied 
to Arithmetical Relations or Differences. Th | 


Axiom I. Two or more equal Numbers ( integral or fractional) A and B, have all the 
ſame Ratio to the ſame Number D, and D has the ſame Ratio to equal Numbers. Alf 
theſe Numbers, A, B, Ge. are equal, which have all the ſame Ratio to the ſame Num. 
ber D, or to which the ſame Number D has the ſame Ratio. Again; Two equal Num. 
bers have the ſame Ratio to any other two alfo equal; fo ff A, and C=D, then 
A: C:: B: D; this being the fame as A: C:: A: C 1 5 a: 5 95 


cooL H. If A: B:: C P, and L. M:;N:O, then 5; M P: U for * 


C BN 
D? and ME. O . 


II. Two different Numbers, A and B, have different Ratios to the ame Num- 
ber D; and the greater or leſſer of the two, A and B, has the | xg or leſſer Ratio to 
D. Again; The fame Number D has a different Ratio to two different Numbers A and 
B. and it has reciprocally the leſſer or greater Ratio to the greater or leſſer of the two 
Numbers A, B. Alſo that is the greater or leſſer of two Numbers A, B, which 
has the greater or leſſer Ratio to one Number D; and that one of two Numbers, A, B, 
is the greater or leſſer to which the ſame Number D has the leſſer or greater Ratio. 


CoRoLE. To the fame three Numbers, A; B. C, there canont be two different 
Numbers that make a 4th Proportional; nor to two Numbers, two that are each a third 
Proportional. „„ tof © omni tt wh | 


III. If each of two Ratios: is e to a third, they are e to one another. 
Example c If A: B:: C: D, and A: B:: F: G, chen is C: D:: F: G. | 
CoROEL. If one Ratio is equal to another, and this equal to a 3d, and this zd to a 
Ach, and fo on; the firſt Ratio is equal to the laſt, and each of them equal to each; ſo that 
the Terms of any two of them are proportional Numbers. Example: A 18 C: DE 
I 25; 009 wow ho wy eo gur 
4 | 17 n een n 1 | ; x 
IV. Two. equal Ratios, A: B and C: D, are both equal to, or both greater, or 
both leſſer than any third Ratio G: H. But obſerve, That the Reverſe holds only when 
they are both equal to G: H, 3. e. they are then only equal to one another; for they may 
* greater or leſſer, and yet not equal; there: being Degrees of Inequality, but none 
O uality. | | ©. 1 F aſt hoe cf 49 © v;iv Ht > 6 ö 


V. Two equal Ratios are fill equal in whatever Order they are taken: So that of 
two Couplets. that make Proportion, it i indifferent which of, them is ſet firſt or laſt, 
Example: If A: B:: C: D. then alſo C: D:: A: B. Lale 


VI. All Ratios of Equality are equal Ratios; ſo A: A:: B: B:: C: C, &c. but 
equal Ratios are not always Ratios. gf Equal and theſe things muſt be. carctully 
diſtinguiſhed : For a Ratio of Equality is the Ratio betwixt two equal Numbers; but two 
Ratio's may be equal, tho' they are both Ratio's of Inequality, i. e. of unequal Numbers 
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Cera COROLLARIES. 


I. For Arithmetical Praport ion. 


[. In Addition, If + ore? Numbers are added together, then o, the two Numbers and 
the Sum are arichmericaly proportionat. Example: "ORE 6, and 0.2:4.6. Uni- 
verſally, 0.8: 6.9 ot: git | 4 det v.18 | | | 

Il. In Subtraction; o, the Difference Subtractor and | Sen are esel pro- 
portional. . 12—9=3s and o. 3: 9-12: Oniverſally, 0. 6-0 b.a. 


"0 For Geometrical Proportion. 


III. In Maltiplication ; 1 is to any one of the Factors in the ſame Ratio as the other 
Factor is to the Product, 4. e. theſe four are geometri _ proportional. Example: 3 * 
2 12, and 1:3::4:12, Or 1:4:: 3.12: for the Product 1 contains the one Factor as o 


5 the other expreſſes or contains Unity. Univerfally, 1:4: : b: 4 b. or 1:64: 4 b. 


IV. In Diviſon; The Diviſor or Quote is to Unity as the Dividend is to the other, 
(i e. theſe four are geometrically e 1rd Example: 18 — FP and 6:1::18:2, 
or3:1::18:6. Univerſally, A — 4=9, then d:1::A:q, org:Þ::A:4; for 4 is con- 
und in A, 2 times, or q in A, a times; That | is, as oft as q Or d expreſſes or contains Unity. 


V. The Numerator of a 6mple Fraction 4 to che Desen, as the 288 ns 
Quantity expreſſed by it) is to Unity. Nos :1::2:3. Univerſally, >= ITE 


1; for 4 contains —Parts of u. and: = = ſignifies - _ of 1. 


0bjerve, This is but a paniculat Cafe of the laſt; for, call 2. . and then 3 1551. 


Here the Terms a, u, are always integral; but in the other the Dividend and Diviſor, a, d, 
may be integral 8 fractional. 8 815 3 1 is to any Fraction, as the Denominator to the 


Numerator; : 7 823 25 wet TAIL mo hip I is 2 
7 Si 


15 ˖ 


dvirt any Frastion and its Reciprocal ; ſo * 1: 


VI. Of two equal Fractions, their Numerators — Denominators | are gromerrcal 
proportional. Example 1 and 2:3::4:6; allo 2:4::.3:6; for becauſe 3 - =2, 


therefore == 83. (Lem. 6. ks 1. B. II. J. Hence 2:43 16. Univerſally, if = == 
then 4: 1: 17: and a Y: n 33 for equal Fractions being —_ Quotes. or Ration their 
Terms are in Proportion; i it being the fame thing to fay that = 2 ==, as to ſay chat theſe are 
Pen nn the c of theſe FRO or F ration conſtiating the Pro- 

VII. Two Fractions bag a common Denominator, 1 proportional with their Nu- 
merators. Example: 7 : 2: 33 for the Quote of . ” by 2 : Zis the Quote of 2 by 3. viv. 
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3 Univerſally, © 2.75 


ctions.) 


VIII. Two Fractions having a common Numennor, are proportional with "A Deno- 


minators taken in a reverſe Order. Example - = 7 7:53 or = THAT for —*= 


2 or 1 n. , by Diviſion of Fractions ; for © the general Rule the Quote is _ which re. 


3 rei (6 (Ger. 1. to the Rule for Diviſion of En 


duces to — 


Obſerve, That in this Caſe the Fractions are ſaid to be reciprocally proportional with 
their Denominators; becauſe the one Fraction is to the other, as the y proportion of the 
laſt to that of the firſt ; and is one Example of a true and direct Proportion, faid to be re- 
ciprocal, becauſe of the reverſe Order in taking the Denominators, with reſpect to the Or- 
der in which the Fractions are taken. 


IX. Any Fraction is to another in the ſame Ratio, as the Product of the Numerator of 
the firſt by the Denominator of the other, is to the Product of the Denominator of the 
firſt by the Numerator of the other, (i e. as the oo * umerators, wy the Fractions are 


reduced to a common Denominator.) Example; 2 5 120 155 or ©: =: 145: nr; be- 


cauſe the Quote of theſe two Products, or new Numerators, is the ins of the two Fra- 
Ctions by Diviſion of Fractions; and the Quotes are the Ratios. 


22 Unity is a Geometrical Mean betwixt ” Number = its _— "Wh 
5 . 
[BB ITE &- 3˙ and 1 1:2 Uni verſally: A: 1: 1: I, and: I: 


Kl. A Fraction compounded of two Fractions, or the Product of two REY Fractions, 


is to = of them as the Numerator of the other is to its Denominator. 275 of Bor 


AC, 5, 19 2 


Hence any "gry Fraction is to its ARE as he 8 to the Denominator of the 
1 


XII. Two erden her temas Prins . 5 To: 5 the com- 


2 S 42 . 
mon Ratio being 5 In Numbers, 3 7 5 7 


XIII. Any two 3 are in the ſame Ratio with welt 3 taken . 
cally. Example: 2: 3: 13 25 and 2: 472: 3. Vniverſally in Integers, A: B:; IT 


7 
AC D B 1 4 AD 
and in Fractions F 5 8 —» the common Ratio vong BC 


* 


And 
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And obſerve, That ſince the "HM of any Number divided by another, is reducible to 
x fractional Expreſſion ; alſo ſince the Reciprocal of that Quote is the Quote of the fame 
Numbers, changing the Divifor i into the Dividend and this into that, which we call the recipro- 
cal Quote; therefore the Quotes of any two Couplers of Numbers are in the ſame Ratio as the 
reciprocal Quotes taken reciprocally ; which we may expreſs generally thus: A B: C- 


5 e 5 A for let AB =, and C= g; then is BA=a, andD—b 
= {by what is ſhewn i in Divigon of Fractions) of by what i is now ſhown | 2 7 2,6 


| XIV. Any Number whatever is to any of its Multiples or. Fradtions i in the ſame Ratio 
1 any, other Number is to its like Multiple or Fraction. This is the immediate Conſequence 
af the Definition; for that Likeneſs proceeds from, or conſtitutes an equal Ratio, and may 


be repreſented in any of theſe Forms, viz. A: An: B: Bz or A: A: B: B, as 
has 9 ſhewn in Diviſion of Fractions, where » is the Ratio; and accordin 


as it Fay -au 
ſents a Whole tae or a Fraction, ſo will A, and A+» repreſent a Muktple ra- 


dion of A. And if = — is a Fraction, proper or improper, then this Truth may alſo ap- 
ger thus: A; 2 of A: 2 of B: for = of A=A+Z, and 5 of B=B-—T,cohs 


bd ge u Divicn bf ears wa — is the Ratio, en which the Anzcodens be 
ing divided give the Conſequents. 


XV. An LING! Numbers whatſoever are in the ame Re os *** FRY ny 
their like or Fractions, i. e. as the Products or Quotes of Numbers multi- 
pas or Avg by any the ſame Number. Thus: A: B:: As: B or A: B:: As»: 


»; which Proportionality follows from this, That the like Fractions or Multiples of 
any two Numbers whatſoever, are the ſame Fractions one of the other as theſe Numbers 


are, (Cor. 5, 6. Lem. a. Chap. 1. B. II.) and like or equal Fractions conſtitute equal Ratios. 


XVI. The Quotes of the ſame Number. divided ſeparatel any two different Divi- 
fors are in the reciprocal Ratio of the Diviſors. Thus: rele CY nN; 1 


ever kind of Numbers A. #, » repreſent, A, A-—m repreſent certain Fractions into 
which theſe Quotes will reſolve; and.» A, 1 A. repreſent the Reciprocal of theſe 


Fractions. Hence A : An:: nA: A, (Cor. 13) _— A: :*. 
(by the laſt); therefore Anz: Am: :, (Ax. 3.) 


XVII. . yvo Numbers, are to one avothe in the Gar 


Ratio as any other like Fraftions of the fame two Numbers. Thus: J of A. ＋ of B:: 7 
of A eee the Ras of 65 ſh le to is Conde is that 


of AB. (Cor. 150 j therefore they are equal, (Ar. 3.) 

XVII. Any two different Fractions of the fame Number are to one another i in the 
ne Ratio as the ſame two Fractions of any other Number. Thus. p of A: 7 A. 7 of 
B:5of B. The Reaſon of this is f ef AA +2, and 4 of A= A 2, (as has 
been hem in Diviſion of Enches) and A A 227 iS. cc. 16.1 For 


p 7 2 


Ff R 


— 


the lane Reafotu, f of B=B <5, and of Ber B 2. ab K 255 
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50 x 
2. Hence, (by x. 3.) A- ABB 76 2 of 2 


= B: Zof B. 


Res If one Number A is diyi ded d by * B, * the Quae 7 q * - divided or 
multiplied by another , this laſt or Product is the fanie Number that will be 
by taking the Quote or Pr at of A divided or multiplied by tt the ſame », and 


dividing it it by B. Thus, if A B= . then An BA, and TBZ. 

| be: WES 1 is eaſy : For we ſhall ſuppoſe that K. Bd then are 7 and Q Like Fri. 
ons of, A and A, becaule of 1 ** fame Diviſor B, and therefore A: Ax: 4 o 

Lor. 15.] ut A:An:i:9:9% [ Cor. 14.]-t! refore Q (Ax. 2, cur.): And again 


ſuppoſing 4 then A: A2 71 Q; but A: A—z:: 4 283 gy 
=q—3. 
e d If « one ber A is divided- by another B, and the Quote q be divided or mul. 


7 Sonar 1, this laſt Quote or Product is the ſame that will be found by taking 
uct or Quote of B, multiplied. or divided by the ſame —— and by it divi- 


Thus; If A B=, then A—Br=q— 5 allo, 8. 750 For 
— * 2 = , N 7: Q:: BA. B E 16. ; but 22 „ therefore 
118. BAM: BYE z; alſo 3: 5 BA: BAA Ln 14. J Hence O (Ara) 


XXI. From thife to laſt we fee gain evidentiy, that if any Diviſor and Dividend 
are equally multiplied or divided, the Quote made o theſe new Numbers is the fame 3 
chat . of de Number multiplied, or divided: Thus AAB e 


ere 


Genera S G HO LI U M. 


Fin obſerved, that fach an Expreſſton as this, 5. ek ng 
ed and iromediely  Fradtion in Terms, unlefs A and B do both repreſent Integers; 


yer H way very bel expreſs the Quiote of A divided by B, the it's bat a general and 


indeterminate Expreſſion thereof; for it is in eſlect no more than ' Sign or Mark for theſe 
Words, The Quote of A divided by B, and expreſſes the Quote only in the fame indetermi- 
Hate manner a8 theſe Words do. But fe from What bas been Thewn ih Corel. 19. and 
20. we have tearn'd this very remarkable thing, viz. How any Quote, tho? it's only expreſſed 
in this general Form, may be multiplied or divided; 3. s. how another Aug jon of the 


me kind 25 be found rom the given Terms, equal to t 2 ote of the 
ven Quote by any given Number: is the Il y or divide 
* iven Dividend, and apply to the Product or Quote the _ Nu ogg you have 


roduft or es ſought. Again, reciprocally, divide or pie LaeT the a Prior 
28d apply e er Gibts che Ive Dividends und you have uo the Produc K or 


Quigre ſought. ; This, ee eee „ N e = Dp = 


vE-taking theſe 4s genere! Expreſſions of Quotes: ant. ies meun dat 


= A3+—B, Cordll. vg „ = A =B=> 1 Coroll. 20.) : Alfo that g n=A—nr-B 


{Coroll. 19.) AB {Oroll. 20.) wheretore taking Thele other —— ch expres 
2 t 


8 3 BDR. -D D200 -- 


S. F SF 
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hi ae things, u F = ad = Ag = g =. Ob ſer ve 


, That theſe Expreſſions are right, IE; u bn an Integer or Fraction; ſince to 
e or Aivide by a Fraction is a Mixt Operation of — and Divifior; fo 
that in this Caſe An. A—#, By, Bn, do all repreſent the Effect of a Mixt Operation, 
whoſe Parts are both juſtly applied to the Diviſor or Dividend, to > the e 


or Dividing de Quote or Fraction f. Flee | pa 
EEE 925 is to be hos That Quo pre 3 in, th 2 2855 


beca all the Ik oy, of 280. . op in 1555 
ve b ted for. m the 1 32 Ae Ben and Di 
8 eka viding its e Denominator; 
> 5 hole URI of me . Berod en of the Rules for muliphing and di- 
viding Fractions. FIG as to the Addition and Dinger, of F e 9 
r the Conſideration of Lemma 3. and 3. Ch which are of rhe 
lame We in the 55 and Subtraction of Quptes; Loca all Quotes are ſuch, Fra- 
digns gf the Divid n of the Diviſar re (A bas been frequent 
= 115 1 7 9 very briefly apply. In the firſt Place, Two Quotes are 

uced to a — Jiviſor the ſame way. as two Fractions to a common nomina- 


vor or: this N and 5 are reduced to theſe, 55 and 4 . becauſe the Equi multiplica- 


tion of che Diviſor and Dividend makes an equal Quote (Corll. 21. ) and BD _ 


A DE BC. Fe Wee the Divipr BD i is, the Quote i is "that Fraction of the Divi- 


dend exprefſed by the Retiprocat of iſar; 
N is 3 de Sum of theſe Numbers (Lemma 2. Ch. 1 1. B. II.). 
din, Bh. — 55 „ 5 
2 e _ Ar ge "_ 52 theſe Vader tions, all the other tes 
ractions whoſe on s upon Mulr Fr nd. Div on, of their 
are the ſ⸗ fine Wa * pphlelbie to 72 rt 5 — for e 
e pray, ll 


portion of their Terms, Je 0 Oy u c gh prec Moy To which eder 5d to 
join theſe three Properties of 9 N in Lem. 6. Ch. 1. Book 2, viz. That theſe 
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bn Quote of A divided. by B. expreſſed f- or A- B), andthe Demonſtrations de 


pending upon the Multiplication and Diviſion of theſe Quotes; therefore, by ſhe win 
| 2 — of Fractions and their other 1 — the ſame in Rubber or 4 
thus expreſſed, we learn an univerſal Method of Demonſtration ( fo far as the Multiplicz. 
tion and Diviſion of the Ratios or Quotes are concerned) whether the Ratio in the given 
Teims is a real Fraction, as when A, B are both Integers, or if it's onl ked upon a; 
2 more general Expreſſion of a Quote, as when A, B, are both, or — 
and indeed we ſhall find that as equal Ratios or Quotes, and equal Fractions, are in effect 
the 2 ö _ be? 17 Properties e e already am rar a web to Quotes, do 
contain all t ru er pro concerni roportio umbers, or the , 
be deduced from them. DOT ws On MY y may 
Is true indeed that there are various Methods of demonſtrating this Theory; one of 
which is independent of the things now explained concerning Quotes, and is perhaps the 
moſt fimple and eaſy in many Caſes; yet other Methods are beautiful, and deſerve to be 
conſidered, as they ſerve to enlarge our Ideas and Knowledge: But beſides, for different 
Propoſitions different Methods are convenient; and as different Perſons may tis probable 
be pleaſed, ſome with one, ſome with another way of N and demonſtrating the 
Ame Truth, ſo ſome will be pleaſed with a Variety of Ways; therefore the Things I have 
explained concerning Quotes were neceſſary; and I have accordingly uſed Demonſtrations 
which ſuppoſe the, Knowledge of them : And as I have uſed different Methods for different 
things, ſo I have alſo uſed a Variety of Demonſtrations for ſome particular Truths, where it 


could be done without being tedious. To conclude then, When you find in the follow. | 


ing Theory any Quote thus repreſented, H (or A—B)) and the Product or Quote of 
this by any ben u v. or f (whatever Kind thſsreprſet), performed and expres 
Al n= pt =; B e. Remember ther al this i the Ap 
fication of what bas been here explained. st. 


Of the ſeveral Kinds of RATIOS, as they were diflinguiſhed by the Ancients. 


15 Before I end this Chapter, I ſhall give you an Account of the ſeveral Kinds into which 
Ratios were diſtinguiſhed by the Ancients; and which are yet upon occahon made uſe of 
r eee, e 
. Ratios are either, A o 8 abs 5 
1. Multiple, when the Antecedent contains the Conſequent a certain Whole Number 
of times, without a Remainder; 2. e. when it is a Multiple of it. Exam. 4 to 1, or 12 tog. 
24: 8wptr-Particulay, When the Antecedent contains the Conſequent once, and 1 over; 
Feen , . , 3 ar Pon 

. M geber When the Antecedent contains: the nſequent once, and a Re- 
mamider greater than x; 2s 5 t˖ 33 „„ 
LOS That as the ſame Relation may be betwirt different Terms; ſo 5: 3:: 10:6: 
4 two Definitions (i the loweſt Terms of the. Ratio: ( Which is by ſome called 
dhe Exponent oſ the Relation, tho I apply this to the Quote or Fraction made of am 
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uſe they are all equal, leaving \the 10 be difin 
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quiſhed by the loweſt Terms, and ſuch as are: not ſo); For otherwiſe two Numbers may 
pear to be a ä yrs 099 207 —— hrs | 816; bor 4 105 
15 Super- and conſequentiy io mult 8 to; and yet s appears Su per- parti . 
wies en che Defialrions to the loweſt Terms. 8 me SLRS 2 33 
4. Multiple Super- partioular; When the Antecedent contains the Conſequent oftner than 
en a el 
5. "Multiple Super purtient; When the Antecedent contains the Conſequent oftner than 
once, and a Remainder greater than 1; as 12:5, or 17 J. J % us ig e nov boo wb 
ain; They diſtinguiſhed the Ratios of the leſſer to the greater, b. refixing the Word 
dub inte: of Feen in the preceding Names; thus, ub- Multiple, We 45 Sub. particular, 
as 3: 4; Sub. partient, as 3:5, and ſo on. PT... ET, 
Alſo, They had particular Names for the ſeveral Species or -Sub-divifions of each Kind. 
So the Multiple are either double, triple, c. the Super- particular were called Seſqui-altera, 
as 3: 23 Seſqui-tertia, as $23 and ſo on; ſetting the Word San before the Name of the 
ſer Term. For the "Super-partient, they put the Name of the Number by which the 
Antecedent exceeds the Conſequent betwixt the Words Super and Partient, and the leſſer 


Term of the Ratio laſt of all; thus, 5 : 3 is called 55 eee ee, 
are uſeleſs and troubleſome, fince we can much eaſier and more plainly expres the Rati 


* * . 1 * 8 * 
i 15 


Bo 
— — ** 


U. I ſhall next ſhew you a certain regular Method and Order; in which all poſſible Ex- 
amples of each of theſe Kinds of Ratios oy os found, and in their loweſt Terms. 
ix. \For| Malriple Ratios make 1 the lefler" Term, and any other Number from 2/ is ir- 

2 : n wat e001 


DD WER. : ann I 3SHONTOC 
2. For Saper-particular Ratios; Make any Number greater than 1 the leſſer Term, and 


the next. greater. Number make the greater Term; that; is, compare. every T 
r ee Ta Can of ths 
3. For Super-partient Ratios; "Take àny Number above 2 for the leſſer Term, and to 
it add any leſſer Number which is not an aliquot Part of it, nor the Multiple of any aliquot 
Part of it greater than 1, that Sum is the greater Term: Thul you may find all the Super- 
partient Ratios which can have any aſſumed Number for the leſſer Term, ſuppoſing 
can find all the aliquot Parts of any Namper; as.:you'll learn in Book V. Chap 1. 
Reaſon of this is, t if » is not an Al 


| : e a common Meaſure (but if they 
ye, then becauſe it meaſures. a and «+, it muſt alſo meaſure ; and co 


r meaiures 4. : yently x 
becauſe u is lefy,than. 4, yet greater than 1; itherefore) «4» to @ is rpertient. Ex. 


ample - 5 r. „ 5.5 let 0 Dewi e . „„ e 

2 iple-Super-panticular. and per-partient Ratios are caſily found from theſe 
Rules. : F rf I” ' "© VERERS | 

* © x *4\ 149 18 $ : _ — þ . 


. * Lon. FOR 
GA kürig OCR AST L 


; 12 32 I» : 5 7: - SHR TOTES 
„II. I ſhall end this with another. Obſervation upon the Dependence 'of the different 
Kinds of Ratios upon one another, and upon the Ratio of Equality. 
1. Take any two equal Numbers, a8 1 f Z, e of them compared to the Sum of both, 
is in double Ratios, or. 28 f 10.2, - Again; the) leſſer ef. cheſe co the Sum of both 
c Rao; Fed : By ing one, volk have all the Multiple Ratios. | 
X M all the Species of Mult le Ratios, compare the greater Term to the Sum of 
both, you have all the Species of Super- particulam: Thus, fom 1; 2 comes 3: 3, from 
1:3 comes 3 +42 and ſo on. dg Se. E 8 8 un S113 9 ri 
3. Of all the Super-Particulars, compare the leſſer to the Sum, you have all the double 
* 2 So from 2: 3 comes 2: 5, from 3: 4 comes 3: 7. &c. Again; From 
© doyble 


* 


uper-particulars come the Triple, as 22:5 comes 2:7; and from the 


Chaps 1. T Dyctriue of Proportion. 22 


The 


the 0 iqutot of 4, nor the Multiple of a iquot Part 
reater than I, then 4. and a+ x n P of 1% quo art 


6 the Quadruple, and ſo on. ”" 2 Of 
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Of all the Super · particular Ratios, compare the; greater to the Sum, and thi | 
Super-partient, _ den are particularly. of that Kind n which the 3 and the et 


Term are Super- pa thus from"; 34. Cone 5 3.8 Whoſe Exponent is 1=; from 4:3 
come 7: 4, whoſe Exponens a . Or ir you take theſe two Serie. vir, 5. 7, 9, Ge. 
Rill increaſing by 2, ang this. 3, 4. 5» Gf. increaſing by 1, compare: tha Terms 1 in Or. 
der, and you have all theſe Super-pliticht Rades vis, 27 wr 3 = —_ Se. 


KG From the Supercpalticnt Rat Ras get wer Mis e fa way, es from 
me the 


* ets; 


"The Rem of la thing a. 18 0 Se The | | 
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1 deere or Atichroeticuly 

1 ce e ro 5 f 

Ng: 38 1 3 rng „ vn? an note ft han tonn 

5. x | Containing the mare general Doctrine common fo both Con 
Jauer an{Digjup@ Proportion, ....., 


131 ä 4 i 
6. 1 re 7 EL 21 A 391. Ei IO) 2 iq i 112 J FF - Bo Jide, ö dran? % « N. 1 TT! 
3408 9 e. Three Numbers: weng ro find a tb * 55 

bert e tm 131 x LE 207 1:23 101) 72 191gantis . ee. 


VA KE ue Difrence of the firs an 
'/ ſecond, and enher add it to the third, 
. ; | f > © 2- "'ht in Exam. 1.) or ſubtract it from 
hc = 15 Jas * Hes It, (as in Ex. 2.) acc ing a6 the Antecedent is le 
Sod . Sue ©: (1233009 vor greater than the Colle ur. e. 1 


. eee, «. 0) © d ers) che Surg er Bieres fourth ſoug 
133 then 5 ＋ 3 10. So univerſally to theſe, a. 6. c, 4 0 bot ( 
$53 127 baugt Je 1 20 ee r b. B . 8 
= 10 be The Reaſon is plainly contain'd 5 Definition of 1. 
tek . Lace of ono, Smer 3 Noprbets : “ are in effect the fame 


2.2 L 2. vMieund Cuſe a8 4 eg 
Operation. Ag 3 8 
da chem -a < ale and Ktond, and a 
2611854 ul ad ſecond. * ib WU 

deduced from the ſame Definition au taturaly be'F Cafe: "Exam. Given 5.8. 
the-third : I is 11; or given. B. 5, che third r J d I eee 2b, 4s vec + 

Univerlally to theſe 4, ö, 4 3d is %. 26-43 or eee 
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che middle Term twice; 
Jatmbers is found by ta- 
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„ Wben a eum; 1 is found, the four Terms will der be co = of dime ac- 
ſhe — as the Difference of the ad and 3d is equal, or not, to that of the firſt and ſecond; 


which is not conſidered, in hs: s Red of te tht ere, where 


Joy Terms are mention d. 


18 1 "fourth. ; u pil al Ce RO ER Ro gy 


but not if «it is greater; for then the Differende may be greater than the ſecond or third, 


and ſo cannot he ſubtracted; as in theſe 5. a, e ble in real and po- 


ftive Numbets; but if we bring in — are call'd, by the Algebrai ve Numbers, 
or. Numbers. conceiv'd as lef.1 nothing, chen it is poſlible. N To 5 and 2 
1 find a third, thus; Tale the Difference 351 3. and becauſe it is greater than a. and 
can't be ſubtracted "from its take 3 , and conceiye chis as it were ſubtracted from 


0; then is 0—1 the third Term fought, and the three. ſtand thus, 5. 2.0 1. It is true 


indeed there is no ſuch thing in Nature as a Number leſs than o, and fo this will be pre- 
ſently looked 5 as chimerical. All I ſhall ay | here is, 7 for the common Applicati- 
ons : is of no Uſe; and for the Uſe chat is, na e of it in Algebraical Reaſonings and Cal- 
culations; I leave you to ſeek'ir in Books-of — wget yet thus much I ſhall ſhew you 
here, 05s. that fuch an Expreſſion dfifwers in gen 170 tes Definition of Arithmetical Pro- 

portion, Wich ue that che Diſſe ener of 5. And of 2,0—1 de equal: and 
from — * Nature f Subta zen ibis will be ſo, if 90 Difference (which is z) added to 
0—1 make 2. hich K Ges, har iss 0==14-32=25 For if to o we add 3, the Sum 
s 33 from Hh pers, Fame Reminder is 23 1. S- 1=2; which is the fame 
thing in effect as © —x ＋ 3; for the Signs þ- bnit⸗ "the adding the one, or ſub- 
tracting the other from ſome firſt Quantity; and we may begis with either of theſe 
rations, utibeſs that firſt, Quantity, aß here o. wako the Leben ray — and 
then we begin with the Addition. 


an dt 10 bach TER o M 1. dong 252 t aye gong I 
1 OTE al wy "I bow, Numbers wo'th Fool ad; _ — — of the 
4. br %. | Extreanes is equal 10 the Sam of the middle Terms, a+ d = 


ba 3.5799 311 J 1b. + © 
"" "of e 5² 1 MON, N. "Ted hs e Dirence n were 0. wh thing Would be 
i+9=5+7=12. evident and if it is not ſo, yet the greater Extreme 4 excteds 
its adjaE Ent Menn k, us much as the leſſer Extreme a wants of 
its — 7 b; Te — 1k rug is 2 
thur; Let any de 2＋45 you: take any Quantity from d 
ſo as the Remainder be c, and add as much to — as the Sum be E, it is PO that, 
* . —— dubrracted 15 m 4 e 1 
Ar uro I. thus: 57 A. c, or —a c 3 
_ added to a, the Sum play 15 25 0 Ka Pk HB ' K : 
> Jaſth, Any. Faure Numbers Lv PR efented thus Fa: b. d 
Kh Ba er is manifeſt; Ts. 153% ad = wk is 4 * b, being he ſame three Nu 
bers on bot es. 
The Reverſe of this Theorem is alſo true, viz. that of four Nuinbers taken i in 2 certain 


Order, if che An of .t Extremes nd theſe . Numbers 75 dnn t 
b 4. bre 21 Late 5 ing a. A = N A e f i 

| DZM 112 T RAT. T. 5 0 Ho on of a fror rom u boch Sie it 1 855 1 4. 
Aan; By equal IA. of c, it is 1 —8; Wherefore 4. b: c. d 2 Hite. 
rences being equal. Again; 
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Again; The contrary of this Theorem and its Reverſe is alſo true, vis. if four Number 
are not , the Sums of the Extremes and Means ate not equal: for if this were, the 
Numbers would be: / (by the Reverſe); and if the Sums are not equal, the Number, 
has not: I; for if they were, theſe Sus would be equal; by the Theorem. 


 ScnoLtuM. To fave needleſs Repetition, I would have it obſerv'd once for all, That 
where-ever any Theorem and its Reverſe are true, the Contraries are alſo true; for they 
follow from the other. Of which we may make this general Demonſtration : Let 
A and B repreſent two P tions: theti ſuppoſe that if A is true, B is alſo true; and re- 
verſly, if B is true, A is allo true: Their -Contraries are alſo true, i. e. if A is not true, 
neither is B; for if this were, the other would be fo alſo, (by the Reverſe of the firſt); and if B 
is not true, neither is A; for if this were, © would be the other, 'by the firſt. Now in all 
that follows, boch in Arichmetieal and Geometrical Proportions, where the Reverſe of 2 
Theorem is true, I ſhall mention it, and, if reed be, demonſtrate it; if it is not true, [ 
ſhall ſhew it by one Example, which will be ſufficient to gk thiy appear; and therefore 
I ſhall never trouble * with: mentioning the Contraries. - | 


COROLLARIES. * 


J. If chree Numbers, 2. b. e ae: :1, the Sum of the Extremes is equal to twice the 
Mean, or this is the half Of that that ; i. e. a= 26: For by re 


«be. . e Ons 4, b: Se 6 $65ho with the Caſe of 
2. 5. 8 | umbers ; 22 thus, 4. 
and 5 we 4-2 di wherein Go — to manifeſt; for the 


ere Sum Ee rp Prot d. Or, by Cor. to 
Prob. x. where we ſee that a 3d. :lto a,b is 2 b— 4, co 


quenty Ann a=26.. 
The COR of ths f de due; for if #2 b then e whence l 


me : J. 


p ll. Hence we have got another Rule fr fding a third or fourth L viz. 
x. For a third. Subtract the firſt from double the ſecond, and the Remainder is the 
third. Example: To theſe 3. 7. a third is 11. Thus; 2x 7 =14- then 14—3=11. 
2. For x fourth. Subtract the firſt from the Sum of the ſecond and third, the Re- 
mainder e, 5 To thele PE i ao 
21 3 d 


% 


pn 0BLEM, 22 


N. 4 Numbers: 6.6.6: c. d. having the evo Extremes 6,4, and 0 one Mean, to find 


Example: 1 RvLE: From the san of the Extremes fubrra® the ire 
4. bie.“ | Mean, the Rervainder-is te Venn fought. Thus, 2 P. bee 
„ig I DE Mo x. This follows fromm the laſt Theorem, ind is evident in 
Luc gmt my wag I - = ho EE FRI —_— 
12 —5==7, or | a+d, 

A ian” Aran” 


ScHoOL 8 We may ſolxe this Wällen 5 viz. Take Fir Difference of the 
Nel Mean 58 its EA TE and add « or ſubtract it with the other Extreme, 5 


PROB- 


fei 


Chap. 2. Arithmetical Proportion. 225 


ProBLEM III. 
To find an Arithmetical Mean, b, betwixt two given Numbers, a and c. 


RuLEz. Take half the Sum of the given Numbers, it is the Mean fought. Thus, 


a c 
N | | 
Example : a . == 14. Dz Mons r R. This follows from the Coroll. laſt 
129 4+14_ 13 Theorem, or may be made evident thus; 2. 2 -d. a+ 2d 


2 a+ 2 d, whoſe half is a +d the middle Term. 


ScHOLIUM. We may ſolve this Problem thus; Take half the Difference of the 
wen Numbers, add it to the leſſer, or ſubtract it from the greater, and you have the 
an ſought. The Reaſon is obvious. 


TrroRreEemM IL 


Ir four Numbers are: I, 4. b: c. d, they will be ſo alternately, thus, 4. c: b. a. 
Example: DEMOoN STR. This is clear from Theor. 1, becauſe the middle Terms 
3.6:3-7 being ſtill the ſame, only in a different Order, their Sum is the ame; and 
2.38.7 being equal to the Sum of the Extremes, hence they are : I, alſo in the 
| alternate Order. | | | 

Or we may demonſtrate the Theorem thus; Since 2. b: c. d, then a + d=b-þc, Theor. 
1. take away à and alſo b from both Sides, and we have d—b=c—a; whence 4. c: b. d. 


LEM M A. 

Part I. If two Numbers are added to, or ſubtracted from other two orderly, 3. e. the 
leſſer of the one with the leſſer of the other, and the greater with the greater: The Sums 
1 will differ by the Sum, and the Differences by the Difference of the Differences of the 
given Numbers. 2 rf 
Example 1. 6.9 added to 5.7 the Sums are 6 +5=11, and 9 ＋7 == 16; then 
8 16 — 112 5 2 9—6 (=3) ＋ 7-5 (=2). Ws | 
en Example 2. 5 . 7 ſubtracted from 8. 13, the Remainders are 8 —5=3, and 13 —7 

=6; then 6—3==3=13—8 (=5) —7—5 (=2). | 

DEMONSTR. Let a a +d and b. b þ+c repreſent any given Numbers; their Sums; 

taken as propoſed, are a + b, and 4+ d +b Te, whoſe difference is plainly d + « the Sum 


ind of the given Differences. Again; Their Differences are 2 — b and a+ d— b—c, which 


— 


we may alſo expreſs a 


ven which Expreſſions the Difference from a— 6b is 4—c, or c - d, the Difference of the 
17 given Differences d and c: For if d is greater than c, we muſt take it a —b Ic, 


n exceeding a—b by d—c: And if c is greater than d. we take a—=b —c<4d, wanting 
= of a—b, the Difference c — d. , en | 
| Part IT. If two Numbers are added to, or ſubtracted from other two in a contrary 


Order, ( viz. the leſſer with the greater) the Sums differ by the Differences, and the Dif- 
ferences by the Sums of the firſt Differences. | | 


Gg 


Ex. T7 


2 2 are three Numbers — /, and the Sum of the Extremes is. 


— c, or &—b—c—as according as d or c is greateſt; in 


1 


- 3 Go = 


or 2 = 
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Ex. 1. | Diff. Ex. 2. | Diff. . Univerſally : Diff. 

4.7 | 38435 &-.35 7 Ee fo way | d 

1 144 50 

19:90 | js: ©. 193 15 Sums a+ b+c. a ETA d. or d<; 
| Diffs. a—b—c. TEES dc ; 


Or b+c—2a. b—a—d; d. 
DEMoNsTR. For the Sums, the thing is plain in the Univerſal Example annex'4 
For the Differences it may be a little further explained, thus; «a + 4— 6 is plainly greater 
than 2 —b—c, and their Difference is a FI —a—b—c=a+d-b—_al; 
+c=d+c. Again; b +c—4 is greater than b—e—4, and their Difference is ＋ =; 
—b—2—d=b+c—a—bÞaÞd=c+d 


| CoRoLL. 10 the 1ſt Part. If two Numbers are equally multiplied or divided, the 


Products or Quotes differ by the like Multiple or aliquot Part of the given Difference: 
Becauſe Multiplying and Dividing is but a repeated Adding and Subtracting. Or it may 


a—b 


alſo appear thus; an —bu= @a—b x A,. and 2 . | 


7 
TRHEBOREM III. jt 


Ir four Numbers : I are added to, or ſubtracted from other four alfo : J, in order, 
the leſſer with the leſſer, and greater with the greater Term in the reſpective Couplers, 
the Sums or Differences are alſo :/, with a Difference which is the Sum or Difference 
of the given Differences (Exam. 1. and 2.) But if they are added or ſubtracted in a con- 
trary Order, the Sums and Differences are alſo : I]; but the Sums have a Difference equal 
to the Difference, and the Differences have a Difference equal to the Sum of the given Dif- 
ferences (Exam. 3. and 4.) FEN Bi 5 


Example 1. Diff. Example 2. Diff.] Example 3. Diff.] Example 4. Diff. 
)J e re 
e ß 7- 9: 3. 5 2 
. „ , EH 7-4: 9: 61 3 


'DEMoNs TR. The univerſal Rea ſon of both Parts of this Theorem is plainly contained 
in the preceeding Lemma: For the four Numbers being: I, the Sums or Differences are 
in the fame Dit iflerence, which by the Lemma is according to what's here propoſed. 


COROLLARIES. 


1. If four Numbers: J, or any Series I are equi-multiplied or divided, the Pro- 
ducts or Quotes are alſo : I or — l. with a Difference which is the like Product or Quote 
of the given Difference: Thus, If 4. b: c. d, then an.bn:cn.dn, and 25 727 75 

2. If two Series —1 are orderly added to or ſubtracted from one another, the Sums 
or Differences are — I, with a Difference that is the Sum or Difference of the given Dit⸗ 
ferences: And if they are added or ſubtracted in a contrary Order, they are alſo 13 
but the Sums differ by the Difference, and the Differences by the Sum of the given Dif- 
ferenees. | | | 
TER Example 


SA; aa> 
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Exams. 1. Diff | Exam.2. Diff Exam. * Diff. Exar. 4 Diff. 
3-5. 7. 9-11] 2 3-6.9.12.15| 3 JJ 1. 3. 5. 7. 9] 2 1 13.15.17.191 2 
2. 6.10. 14.18 4 2.4.6. 8.10 2 714.11. 8. 5. 2| 3 $89: 6 x47 2 
5.11.17.23-29 6- If £-3-J- 4 FT OE 15.1473. 12.11 1 3 6. 9.12.1511 7 


8. II. Of Arithmetical Progreſſion. 


Obſerve, B y the Diſtance of one Term of a Series from another, is meant, The Number of 
Terms from the one excluſive to the other incluſive ,, or, including both, it's the Number 
of Terms leſs 1. . 


PROBLEM IV. To raiſe an Arithmetical Series from a given Number, with a 
given Difference. 


RVULE. Add the given Difference to, or ſubtract it from, the given Number; the 
Sum or Remainder is the ad Term: To or from which add or ſubtract the ſame Diffe- 
rence, and you have the 3d Term; and thus you may go on to any Number of Terms, 
increaſing ; but decreaſing, you can go no farther than till the laſt Term found is equal to 
or leſs than the Difference. > 

DEMONSTR. The Reaſon of this Rule is plainly contained in the Definition of A- 
rithmetical Progreſſion. 

Example 1. Given, the 1ſt Term 3, and common Difference 2; the Series is 3.5 . 7. 


. C. | . 
i Example 2. The iſt Term 20, and Difference 4; a decreaſing Series is 20. 16. 12. 


- | SCHOLIUMS. 
1. An Arithmetical Progreſſion can be raiſed, increaſing in infinitum, from any given 
. Number, but not decreaſing; for by continual leſſening of any Number you muſt at 
. laſt exhauſt the whole. | | | 
2. If the two firſt Terms of a Series be called 2. b, the whole may be repreſented 
2 thus, 2.6.2 b — 4. 3b — 2 a. 4 b—} a. &c. for theſe are the Expreſſions that ariſe by findi 
23d to 4. b, and a fourth to 4. b, and the Term laſt found, and fo on (by Prob. 1. 
here obſerve, That the Number multiplying 5 is the Diſtance of that Term from 4. 
ed But again; e NEO | 
re 3. If we call the leſſer Extreme of a Series a, the greater J, and the common Diffe- 
rence 4; then, by the Method of the preſent Problem, it's manifeſt that the Increaſing 
Series from 4 is repreſented thus, 2. 4 -d. a ＋ 2d. 2 ＋ 3d. &c. to. I. and the De- 
crealing Series thus, 1. — d. I — 2 d. &c. to 4: from which Repreſentations theſe Corolla- 
ries are evident. Fan EW 4 RW: 7 5 2 
pte 1 5 g _ _COROLLARTES. 
1. If the leſſer Extreme of a Series is the common Difference, the other Terms are 
the ſeveral Multiples of that Difference. Thus: If a==4, then a, a+4d, 4 ＋ 2 4, &c. is 
the fame as this, d, 2 d, 3d, Gc. Wherefore the Series of the Multiples of any Number 
Jit- 5 an Arithmetical Progfeſſion. 1 | | 
-l, 2. If © is the firſt Term, the ſecond is the common Difference; and all the following 
Dif- are the Series of the Multiples of that Difference: Thus; o, d, 24, 3 d, GW. 


mp . Gg 2 3. Be- 
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3. Betwixt o and any Multiple of a Number d, as 1 d, there can be put as many A. 
rithmetical Means as the Multiplier leſs 1, or » — 1; the common Difference being that 
Number d; as is manifeſt in this Series o, d, 2 d, 3 d. 

4. Every Arithmetical Progreſſion, whoſe firſt Term is not o, has its ſeveral Terms equal 
to the Sums of the ſeveral Terms of ſuch a Series, added to the firſt Term of the given 
Series. Thus; In a, 4 ＋ d, a+ 2 d, &c. they are equal to the Sums of @ added to each 
Term of this _ — 2d, &c. 

5. As any Progreſſion may be thus repreſented, a, 4 ＋ d. a +24, & c. a bein 
leſler Extreme, and 4 the common Diff-rexce, it is Les," Ay Multiplier of $ the 
every Term expreſſes the Diſtance of that Term from the firſt. And hence it follows im- 
mediately, that | 

6. Every Term is equal to the Sum of the leſſer Extreme, and ſuch a Multiple of the 
Difference d, whoſe Multiplier is the Diſtance of that Term from a. And reverſly, the 
leſſer Extreme is equal to the Difference of any greater Term, and ſuch a Multiple of the 
common Difference, whoſe Multiplier is the Diſtance of that Term from the leſſer Ex. 
treme. Thus: Let the Diſtance of any Term from 4 be m, that Term is a+ d, which 
if we call /, then is IAM; and reverily, =- ud. 

SCHOLIVUM. Becauſe the greater Extreme of a Series is, by what's now ſhown, equal 
to a+ md, or a - IX d, (n being the Diſtance of the Extremes = »— 1, the Num- 
ber of Terms leſs 1) and every Term below having the common Difference once leſ 
contained in it, or multiplied by a Number leſs by 1 than its Multiplier in the precedin 
greater Term; therefore a decreaſing Series which, when the greater Extreme is called /, 
we have ſeen repreſented thus, viz. l, |—d, I— 2d. &. may allo be repreſented thus, 
aÞmad, 4 ＋ 1 d, a+m—24, &rc. Or thus; a+#z—14, a+ u—24,a 234 
c. (becauſe =- 1) going on ſo till the Multiplier of 4 be equal to 1; and then we 
have 2-+-4, the Term next 4. 


7. But again more univerſally : From the ſame Expreſſion of a Series, it's manifeſt that 
the Difference of the Multipliers of d in any two Terms expreſſes the Diſtance of theſe 
two Terms; for in every Term aſcending, the Difference is taken once more than in the 
preceding; and therefore from any Term to any other, it's as many times oftner taken in 
the greater than in the leſſer, as their Diſtance expreſſes, i. e. the Difference of the Multi- 
pliers of d is their Diſtance. And hence it follows immediately, that 

8. Any Term of an Arithmetical Progreſſion is equal to the Sum or Difference of any 
other Term; and ſuch a 1 of the common Difference, whoſe Multiplier is the Di- 
ſtance of theſe Terms. Alſo the Difference of any two Terms is equal to ſuch a Multiple 
of the common Difference, whoſe Multiplier is the Diſtance of theſe Terms. For any 
Term being expreſſed a + „ d, (m the Diſtance of this Term from 2) any greater Term 
muſt have a Multiple of d, whoſe Multiplier exceeds » by the Diſtance of theſe Terms 
(by the laſt); fo that Diſtance being r, the greater Term is a+mSÞ+rd. But Cr d 
„dr Hence o+m+rd=a+md+rd. And reverſly, a+mrd—rd= 
amd; and r Or this Truth may alſo be deduced from 
Cor. 6. Thus; Any Part of a Series, i. e. from any Term to any other, is ſtill an Arich- 
metical Progreſſion, whereof theſe two Terms are the Extremes; which being called 4, L, 
and their Diſtance m, it's ſhewn that = L — d, and L= 4 ＋ mad; and hence, laſth, 
L—4a=md. | 1 

Exam. In this Series, 3. 5. 7. 9. 11. 13. 15. If we compare 5 and 13, whoſe Diſtance is 
4; then is 5 = 13 — 8 [ 4) and 13 5 +8; alſo 13 —5=8. | 


ScHoOLIUM. The immediate Uſe and Application of this laſt Truch we have in the 
Solution of theſe Problems. h 3 
| | 1. Ha 
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(.) Having one Term of a Series, and the common Difference, to find a Term at any Di- 

tance from the given one, without finding all the intermediate ones; the Solution of which 
is plainly contained in this Corol. and is this; Multiply the common Difference by the gi- 
ven Diſtance, the Sum or Difference of this Product, and the given Term, is the Term 
fought; ſo in the preceding Exam. 13 =5 +8 (=2 x 4 and 5 =13—8. 
. (2.) Having any two Terms and their Diſtance, to find any other Term at any Diſtance 
from either of the given Terms; which is ſolved thus: Take the Difference of the given 
Terms, and divide it by the given Diſtance, the Quote is the common Difference : By which 
we can _ a Term at any Diſtange from either of the given Terms by the Method of 
the preceding. _ 

( 3 Of theſe three things, viz. the common Difference, the Diſtance of any two Terms, 
and the Difference of theſe two Terms, having any two, the third Term may be found; 
for any Term being called a, d the common Difference, and the Diſtance of any greater 
Term from 4, that Term is =a+ md; and the Difference of a, and a+ m d, is md; 
which if we call M, then (t.) If d. m are given, M (=m4d) is alſo known. (2.) If M 
and mare given, d is alſo known; for it is M- n. (3.) If M and d are given, m is 
known; for it is M- d. 


9. The Sum of the Extremes (or of any other two Terms) of an Arithmetical Pro- 
greſſion, is equal to twice the leſſer added to the Product of their Diſtance and common 
Difference. Thus; The leſſer Extreme a, the greater /, the Diſtance n, and the common 
Difference d; I ſay, a -I 24 ＋E md; for Ia ＋ n d, by Coroll. 6. wherefore a + / 


=a=a+ d= 24 T- d. 


Scho LIV Mu. We ſhall apply this to ſome particular Progreſſions; as, 


ey Suppoſe the leſſer Extreme 1, and the common Difference 2, as in this Series 1:3:5 
7, &c. (which we call the natural Series of odd Numbers) the Sum of the Extremes is al- 
ways double the Number of Terms; which if we call », then a+ /=2»; for the leſſer 
Extreme being 1, its double is 2, equal to the common Difference; therefore a + I=2 a+ 
nd=2+2m=2x1Þ+m=2n, becauſe IEA. : : 

(2.) Suppoſe the leſſer Extreme is the common Difference, the Sum of the Extremes is 
equal to the Product of the common Difference, and Number of Terms ＋ 1. Thus; Since 
a=d, then a I 2abmd=2d+md=dx 2 m=dx n+Þ+1, becauſe =n—1; 
and therefore W 2 =a— 1 TS 1. Or ſee it thus; Such a Series is 4, 2 4, 3 4» 
&c. 14, and a EA K I. 

Yet more particularly, if the leſſer Extreme and Difference is 2, as in this Series 2: 4: 
6:8: 10, e#c. (which we call the natural Series of even Numbers) ; then is a 1 


2x» | 122 ＋ 23 that is, double the Number of Terms + 1; or the Sum of 2, and 
twice the Number of Terms. | 


10. The Difference of the Extremes, (or of any two Terms) is equal to the Product of 
their Diſtance by the common Difference; for I= ＋ md, therefore — nd. 


wo. 00 8 WS 


wa 


5 — 5 
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15 Ir there are two Arithmetical Series 2 the ſame common Difference, any two 


Terms in the one are: I, or have the ſame Difference with any two in the other, taken at 
the ame Diſtance. 


Exam. In this Series, 2. 4. 6. 8. 10.12; and this, 5. 7. 9. 11. 13. 15. Theſe are: I, viz: 
2.8: 5. 11; and theſe 4. 12: 7: 17. : = 


Dz MON. 
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DEMON. In each Pair the greater contains the leſſer, and the common Difference taken 


the ſame Number of Times, (i. e. the ſame Multiple of 4) becauſe of the equal Diſtan- 


, 


THEOREM VI. 


1 nel two Terms of an Arithmetical Series are: I, with any other 2 taken at the fame 
ce. | | 


Exam. In this Series, 3.5.7. 9. 11. 13.155 theſe are : J 2x: 11. 15; and 3. 9 F. 11. 
Again; If you take any 3 or more Terms equally diſtant from one another, they make 
a Progreſſion, or continued Series; ſo in the preceding Series, 3. 9. 15, or 3. 7. 11. 15. 


DE MON. The Reaſon is the fame as in the laſt Theorem. 


COROLLARIES. 


1. If from the Sum of any two Terms you take any other Term, the Remainder is 
equal to a Term of the Series as far diſtant from one of the Terms added on the one 
hand, as the Subtractor is from the other of them on the other hand: For ſince any four 
Terms are: I, whereof the two leſſer are at the ſame Diſtance as the two greater, (and 
conſequently the leaſt and that next to the greateſt at the ſame Diſtance as the greateſt and 
that next to the leaſt,) therefore, from the Sum of the two middle Terms of theſe four, 
any of the Extremes being ſubtracted, the Remainder is the other Extreme. Or from the 
Sum of the Extremes, one of the Means being taken, leaves the other Mean ; whence the 
Coroll. is manifeſt. 

Obſerve again: If the Subtractor is one of the Extremes, i. e. lies on the ſame hand of 
(or 1s leſſer or greater than) either of the Terms added, the Remainder will be the other 
Extreme, i. e. will lie on the oppoſite hand of (or be contrarily greater or leſſer than) ei- 
ther of the Terms added; and conſequently the Diſtance of the Remainder from the Sub- 
tractor will be the Sum of the Diſtances of both the Terms added from the Subtractor, 
(or from the Remainder it ſelf, which is at the ſame Diſtance ): But if the Subtractor is 
one of the Means, i. e. lies betwixt (or is leſs than one, and greater than the other of) the 
Terms added, the Remainder will be the other Mean, or lies alſo betwixt the Terms added; 
and conſequently its Diſtance from the Subtractor is the Difference of the Diftances of the 
Terms added from the Subtractor, (or from the Remainder, which is the ſame Diſtance. 

Exam. In this Series, A. B. C. D. E. F. G. H, its true that CF — A= H. Becauſe 
A. C: F. H, which is as far from F on the one hand, as A is from C on the other hand; and 
as far from A, as the Sum of the Diſtances of C and F from A. Again; A- H- 
==F, which is as far from H on the one hand, as C is from A on the other; and as far 
from C, as the Difference of the Diſtances of A and H from C. | 


2. If any Term of a Series is doubled, and from that double another Term ſubtracted, 
the Remainder is a Term of the fame Series, as far diſtant from the Term doubled on the 
one hand, as the Subtractor is on the other; and confequently the Remainder is twice as 
far from the Subtractor, as the Term doubled is. Hence reverſly, the half of the Sum of 
any two Terms is equal to a Term in the middle of the Terms added, if there is ſuch 2 
middle Term. But however, this is true, That the Term which is in the middle betwis 
any two Terms is the half of their dun. 7 7 


So in the preceding Series, 2 D — BF, and D = —— becauſe B 'D F are I. 


3. Again; More univerſally, If any Term of a Series —1 is multiplied by any Numb” 
and from the Product be ſubtracted the Product of another Term by a Multiplier less 


than the former by 1; the Remainder is a Term of the ſame Series, whoſe Diſtance ow 
| : that 


kJ —n> 2. © 
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that Term whoſe Multiple is ſubtracted is 2 to the Product of theſe two, vix. the 
Number which multiplied the Term whoſe Multiple is the Subtrahend, and the Diſtance 
of the two given Terms from one another. The Reaſon wlll be plain from this Exam- 
ple: Let any two Terms of a Series be A. B; a Series continued from theſe is A. B. 2 B 
A. 3B — 2A. 483 A. Gc. (Schol. Prob. 1. Cc.) But by the two preceding Coroll. each 
of theſe Terms is a Term of any Series to which A, B, can belong; ſince 2B — A is a 
2d :1to A. B, and each of the reſt a 4th to A. B, and the preceding. And here it's evi- 
dent as” each Term is twice, thrice, exc. as far from A as B is, according to the Multi- 
lier of B. EY | er ny 
If any three or more Terms are added together, and from the Sum be taken the 
Product of a Term leſſer or greater than any of them, multiplied by a Number 1 leſs 
than the number of Tertas added, the Remainder is a Term of the Series whoſe Diſtance 
from the Term whoſe Multiple is ſubtracted, is equal to the Sum of the Diſtances of the 
Terms added, from the ſame. | 
The Reaſon will be plain from the Theorem, thus: Let any Term of a Series be A, and 
any other two, both greater or both leſſer than A, be B, C, then B＋ C- A is a Term 
of the Series as far from A, as the Sum of the Diſtances of B and C from A (by Coroll. 1.) 
Add another Term D, the Sum is BCD -A, from which ſubtract A, the Remain. 
is 8--C+D—2A; which is a Number found in the manner propoſed, and (by Cor. I.) 
's a Term of the Series as far diſtant from A, as the Sum of the Diſtances of the two 


Terms added, viz, B C- A and D, which is the Sum of the Diſtances of the three 
Terms B＋ CD. It's manifeſt that by adding another Term continually, and ſubtra- 
ing A at every Step, the ſame thing will ſtill hold true: For at every Step there will be 
one Term more added, and A once more ſubtracted ; fo that the Multiplier of A will be 
{till x leſs than the number of Terms added. | | 

Or we may ſee this Truth in another manner without the Theorem, thus: Any Term 
of a Series may be called A, and if the common: Difference of the Series be 4, then all 
the Terms above A are Ad. A 2d. AZ d. &c. Suppoſe any three or more of 
theſe Terms are added together, and let z repreſent the Number of Terms added; alfo ler 
n repreſent the Sum of all the Numbers which multiply 4 (i. e. the Sum of the Diſtances 
of the ſeveral Terms added, from A), it's manifeſt that their Sum will be » A+md: 
from which ſubtract »— 1x A=zA—A, the Remainder is »zA md - ATA A 
+ md; which by the nature of an Arithmetical Series is ſuch a Term of a Series whoſe 
leſſer Extreme is A, and the Difference d, as that irs Diſtance from A is equal to u, the 
Sum of the Diſtances of the Terms added. If the Series is A.A—d. A—24, Gc. the 
Demonſtration will proceed the fame way. | 


SCHOLIUM. The immediate Uſe and Application of theſe Corollaries is in the So- 
lution of the following Problems. | 


(1.) To find any Term of a Series having its Diſtance from the 1ſt Term, alſo the iſt 
Term, and any 2 other, the Sum or Difference of whoſe Diſtances from the 1ft Term is 
equal to the Diſtance of the Term ſought : The Solution of which is plainly contained in 
Coroll. x. and need not be repeated. EY Lo 0s OAT PILE V7 

2. To find any Term of a Series having the 1ft, and any 3 or more others, the Sum 
ws" whoſe Diſtances from the''1ſt is equal to the Diſtance of the "Term ſought; as in Co- 
3. To find any Term of a Series, having the 1, and any other whoſe Diſtance fror 
it is an aliquot Part of the Diſtance of the Term ſought; as in Coroll. 1. or 2. | 

4. To find any Term of. a Series, having the firſt, and another whoſe Diſtance from the 
1ſt is double the Diſtance of the Term ſought. mn. 

Obſerve, If the Term fought is betwixt the Terms given, but not in the very middle, 
Jou have a Rule for ſolving this in Prob, 1. Cor. 8. Sch. 2. "X 1 

| | HZO R. 
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THEOREM VII. 


Ix any Arithmetical Series, the Sum of the Extremes is equal to the Sum of any two 
mean Terms equally diſtant from the reſpective Extremes, (i. e. the leſſer Mean from the 
leſſer Extreme, and the greater from the greater; or contrarily) and to the double of the 
middle Term, where the Number of Terms is odd; that is, theſe Sums are all equal, viz, 
that of the Extremes, and of every two mean Terms equally diſtant from the Extremes: 
and the double of the middle Term, when the Number of — Gees is odd. ; 

Exam. In this Series, 3.6. 9. 12. 15. 18. 21. 24.27. Theſe are equal, 3 + 27 =6 24 
==29+21=12 +18=2X15 =30. 

DEMON. This follows eaſily from the prom compared with Theor. 1. For the 
Terms, whoſe Sums are here ſaid to be equal, are: I by the preceding; and the Sums of 
the Extremes and Means, or double the middle Term, are equal by Theor. x. Cor. 1. Thus, 
A. B. C. D. E. F. G being a Series: I, theſe are: J, A. B: F. G; hence A+ G=B4LF. 
Again; A. C: E. F, and A+-F=C+E, and C. D. E being: I. C+E=2D. 

Or we may ſhew this Truth by another Repreſentation, as in the Margin; wherein A is 
the leſſer Extreme, m the Diſtance of the Extremes, and d the common Difference; ſo that 


Apmd is the greater Extreme, (Cor. 6. 

Leſſer Extr. Greater. Prob. 4.) And the ſame Series being con- 
A + A+md | tinued from A, and A+md Which we 
A +Apmn—idyS=2Aþmd. ſuppoſe carried equally on, 3. e. to half of 
Ab2dÞAbn—2d the Number of Terms, if that is even; and 
A＋ZA TCA 234 to the middle Term incluſive in both, if the 
*. Ge. Number of Terms is odd. You ſee, that 

as in the increaſing Series d is once more 


added in every Step; ſo in the decreaſing one, it is once more ſubtracted; and conſe- 
uently the Sums of the correſpondent Terms in the two Series muſt ſtill be equal to the 
| was of the Extremes, viz. 2 A+ md. For any Whole being compoſed of two Parts, if 
we take away from the one, and add as much to the other, the whole, or Sum of theſe 
Parts continues till the ſame; ſo by conſtantly adding d to A, and ſubtracting it from 
A+ mad, the Sum remains equal. | 
Or it may be more ſimply repreſented by m_ the 1 Extreme, and ſubtracting 
4 5 from it; thus, A. AT d. AÞ24, &c. [—24d. I—gd.l, carrying each 
Part from A and / equally on, as before; where the ſame Truth is manifeſt from the ſame 
Principle of equal Addition and Subtraction. 


SCHOLIUMS. 


1. When a Series has an even Number of Terms, there are two Terms which we call 
the Two middle Terms; and then the Theorem may be expreſſed thus; The Sum of the two 
middle Terms, and of every two equally diſtant are equal: And we may ſee the fame 
Truth alſo in this Repreſentation, — m - 2d. m — d. n. u. ud. 2 ＋ 24. ec. la- 
creaſing and decreaſing from the two middle Terms m, x. _ a 

2. Where the Series has an odd Number of Terms (i e. a middle Term equally di- 
ſtant from both Extreaies), then we may expreſs the Theorem thus; The Double of the 
middle Term, and the Sums of every two Terms equally diſtant from it, are equal; and 
it may be repreſented thus; G c. m—2d.m—d.m.m+d.m 24d. exc. 

3. Obſerve alſo, That the Sum of any two Terms in a Series is equal to the Sum of 
any other two equally diſtant from the former two reſpectively ; becauſe the four are : /. 
Alſo Double of any Term is equal to the Sum of any two equally diſtant from it; or, 
Any Term is equal to the Half Sum of any equally diſtant from it. 


- | 4. Again: 


U 


JJC TT ˙ m ron Er: to 


530099 


— 
cd 


the preceding Series. 11938979 een £ ente 2 1 we A 


cap Rs, [f Arithmetical- Pi T ogreſſion. 23 3 


4. Atein: When a "EPR, has an even Number of Terms, tho the two middle Terms 
are not in the continued Ratio of all the reſt above and below. yet the Sum of the Ex- 
tremes, and of every two Terms equally diſtant from them, will ſtill be equal; for the 
four are: I at leaſt disjunctly. becauſe of the common Difference and equal Diſtance. 


genere SCHOLIUM. 


Arghtoetionl Heating, theſe. five things are conſiderable, wk The two * 
20 Common \Difference,; the Number of Terms, and the Sum: From which 
of Problems ariſe; whereof, thoſe are the chief and moſt uſeful, in which are 

jr any three of theſe: e to find the other wo; and theſe I ſhall next explain. 


2 E Uſe of the Symbols emplo yed in the following Problems. 
2. The leſſer Extreme. Sum of the Series. #= Number of Terms: 


1 = The * Extreme. Common Difference. n 1 The Diſtance of 
C1100 ²⅛ Bl 88 ee, 
ERNIE WV “ 


Given the ee a, I, and Number of Terms 3 To find the Difference «, and 
San ?:? a | 


Rull x r. For d; The | Diflerence of che Extremes divided by the Number of Terms 


15 I Quotes of the common billreace fought, thus, 45 = == : 


Example: a=3. En and. 5. then is 42 — 2, en Series 
3-5-7-9-11., 13.15. 


| DEMONSTR, ih e, Probl. W. irs denn that i. . 


equally by 1 1, it s 


* „ p 
T > * 1 IJ f 41 ſi 


2 For 2; -muktiply't the Sum of the lies by d. te Nader of Tem and take half 


* 
7; 
i 


« he Prod, in the Sm: This = DEN 1.#. 2 2 


te s. Eiter, NT: 7 (=37) x7, 126 


* 
» 2 in 
7 
: * 


DE Mons rR. 1. If.che Number of Terms i. WY ul 
Surns of the Extremes, and of Pair of Means exon i Mat of 2.) ten th 


ay ( Theor. 7.) Bur all theſe equal Sums together make the total Sum; and it's evident 


— are as Ten of — Sums as the 
in two 122 therefore the Sum of — any one of theſe equal 8 

8 equal Sums) 

ea i 4 is Os So 12 of Wem e . _ e _ | 


the Number; of 9 is there i 
Term, and an equal Number on I 0 Wertes of 2) then 12 midde 


which is plain the 1. 

(the middle Term = and the Sum of all, excluding e de, js y the 
X 2 — 15 

one Reafonings ©-1 ee mie Tam bn 25 (Hr 70 which 


— * 


half Number of Terms; ſince each Sum 


——ññ— — — N 


Meas: will not in ever) Caſe be: Iategers. And e them all {o, the greateſt 
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being added t the No tie Tt pe the Toral, vis. e 
Wendt ws dba ns TAN a + CELTS 23 In 


Or the whole Demonſtration thay be made, without Aiftinguiſhin whether the Number 


of 'Fenmsis even or odd, Series inc 
BY rat 4.84 oe; Seb on 4 agony may be repreſented;” 4 1 224. — | 
1. 4— 4. I-24. Kc. '- > the dame Series decreaſing muy be taken thus 
I. I. G s ee 1-2 6, kee. anner Oer ben f 
5 n e ſame Series, only in a different Order, have equ 4 
PIX. hence = . — 1 Sums; and — the Sum of both together is 


a n double the Sum of either. 3 Les obvious, 
that adding their correſponding Terms, the Sutas are conſtantly the — viz. 4 +l. ind 


the Number of them being =, therefore the total of theſe equal Sums is 2 FIX 28 


ant nc 
whence 5 = © 2 . 43140 1.4 


- $CHOLIUM. In a Series of an even Number of Terms we may take the Sum of 
the Extremes, and multiply by half the N —_ of Terms; or half the Sum of the Exiremes 


by the Number of Terms; for al theſe ways x make the fame Sum; thus, re- 
e 5 5 | 
r + OR OY 
1. Betwixt any two different Numbers a, V we can * any Number of Añithmeticil 
Means; becauſe / being greater than 4, and » greater chan i; i. 10 follows, chat 4 Tri. 


ways poſſible, however great # be. But proach r. obſerve; That betwirt two we Fe . 
umber 
of Means cannot be a greater Number than 2 ference leſs 1 oy ed c the Extremes, 
or }—a—1. The Reaſon is plain; for to the leſſer I m 4. there ean be ſucceſſivel 
Oo ined as many Units as are in the Difference betwixt 7 and 2; ; and when the laſt of theſe 
nits is added, the Sum will de equal to I; con 3 the preceding Sums are in Num- 
tber equal to dee 1; and becaaſe wey differ by X; thetfore they make wich the 
Extremes # and / an Arithmetical Progreſſion ; and the greateſt that, can be in Integer, 
becauſe the Difference is the ſmalleſt, viz. 1. 
2. The Sum of che natural Series, 1. 2. 4/4, Ge. is Sud e balf the Product of the 
4oft Term multiplied into we next greater Number, Beezuſe bst next is the Sum of the 
— and the greateſt Exrroene is che Number of Teens: 80 1 +2+ 3+4+)5 
@ZqX&6—2. 
| 4 In any Series whoſe Number: of Terms is . be V i. ges to the Product of 
-the Number ef Terms mukiphed inte che Tera; besagte (he dale 1 Wee is 
N the Sum of the Extremes. | 
4. Fom this Prob. and bor. 9. Bro; 4. cotnpared, theſe agg falt FOR 


The Ser the Differe 
5. 627 2 5 \of ther Ska, who whe ll Arn > 962 20 to the — 3 rn 


der of Terms A Prob. 4) and hence £25" == * I. 


Ix n | FT a, 
2. "I (2.) Tbe 


4 


”- 
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(2.) The Sum of any Series, whoſe lefler Extreme and Difference are equal, is equal _ 
half the Product of theſe Factors, wire. the common Difference,. and the Sum of the 


her of "Terms and its Square; thus, A ke. For in this Caſe, ebe 


(Cor. 9. Prob. 4. .) therefore Thins Sar bd 1. Hence AK E A- 


in; Particularly if a= r; as in this Series 2. * 8. Or. (which makes the natural 
beries of of even Numbers; for it : comprehends all the Multiples of 2.) The Sum is equal 
to che of wwe Nambet of Terms and its Square; thus, e; for dn*-þ du = 


Kae, ane er abs 8 


— Fx 8 hes FF K ORAL E N VE, 


. ths 8 a, 1, and Difference d; to find the N 3 of Teas: 1, and” 
Sum 5. 


'RULE I. For ». Divide the Differenee of the Extremes by the common Diffe- 
rence, the Quote is the N umber of Terms leſs 12 Thus, 2—1 A, 5 therefore 1 == 


2 ny 55 e. to the greater Extreme add the. common Difference, and from 


the — take. # 6g 2 * and divide the Remainder by the. amor ' Difference, the 
Quote is the Number of Terms. 


Exam. 4=3, iz dena; then — EIT, 
DEMON, By Cor. 10. Prob, 4. dx Ii =I—s; and FR BHS = 4 1 it is 1 t 


1 


= Whence n=E+1= = ED 


6-0-4 
*3 vw — 


bn | 4 7 
2. For s. 58 41 By prob. 5. thus, == | —— Or - wiiemr finding =, wpply 
the given Numbers, thus: Add the Difference of tber Se res of 1 the Extremes, to the Pro- 
4d of the Sam of, che Excremes, by, the common — — chis Se, divided. by: Gon- 


ble the common Differente, t the Quote os Sum ſought ;, thus, 5 = ee. 
"Exam, a= fl. I Y 84 thenis 7 2 = EEE cablnm=g ee. 
0} 19949 G91 - 2511 — oo, 1 5 | 2 
Dae, Iatead of v tale eee 175 PS "Sil this. in- 


Os char Mal oc pus RING, ages A E27 = 


| Daf for ; for PN F as ebene 
eee eee Fee e a. II 3 10 f * 3 
F 95 | bib e Al. 11 Q1EN HIST, 0031 1 801 7 NU :S NF + 
1 3 ens TEARS VIL.. | . el 
ue Serbe ea Wich the N her of Teri 2, and Dierencs 4; 
1 Abt; 7 * * Fe 4,or fs * "1393 [is Bir Fs, Gl 5 i 310 0 :3Þ25 « 


war 


Ha © Rurx 


2 36 
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RVLE I. For 15 4: vari the Difterericeby Nuwber of Terms leg r; 44d hy 
Product to the given Extreme it its 4, but ſubtract if it's /; the Sum or Remainder 5 
the other Extreme. Thus, !=dx #—T +a, and 2 Ix 1. | 


Exam. 2 = 3, g, daz; then is [=15=2%6+ 3. . 
5 MON. This Rule i is exprefily contained i in _ 6 Fro, Iv. 


2. For s apply 4, L, 25 by Prob. 5. "Os without x proceed thus: Multiply the 


2— Extreme by double the Number of Terms; to Product add (if the given Ex. 


treme is 4), or ſubtract (if irs 1) the Product of the: common Difference multiplied by 
the Difference betwixt the Number of Terms ard its Square: the half of this Sum or 


ome e eee Thus; A T——_ 2ul—dXnn—z - 
- 9 


* 44 2 * * - 
0 7 * 1 s "7 . g 1 N 
24 My 4 : ; #% ” ” ; "& e 2 » . ls 
2n1—dnn+dz # » * * 28 — * * — 4 4 * * . d Ad „ 0 * * * & * 9 I + W * 1 i 
2 


80 in the preceding, =63= , 30 7X HOES = 3 "when a=3i is * 


DEeMoN. Take g or /, as they are expreſed in the firſt Part, viz. 4 for a, 
and ad FAXES for 7 Sibir theſe inſtead of a; Tin this Ru, += N Thus 


ii 


e 1 l e 3 4 = 


Z 


ants »n—=3, ; Which is the Rule when 7is giver. Anz Since * 


i:, c 2 K — 1 — 


then L= dl 00 +4x 57 —. Hence : 


CS = ® ; $i EET IEA 27 
e — = n d enn e e ee ee 
A | the Rule when a b ken. . 3 


86 0240 0/16 the preceding r have found 4 by Mads of « DTS. on 
—— means of 4, J, d, and a by means 25 4, And here it may be uſeful to obſerve 
a Miſtake of a very confiderable Nate. Uk T. who gives Rules for finding d, or 


Or a, by means of only a: ut rhef given things in the preceding I Pr lems. His Rules 
are theſe: d is the integr] Part Part of this Th. m= „and 4 is what remains over the 


** 


Diviſion.” Again; „i is the imegrs) Pare of this Quote 4 and 4 what remains over te 


Diviſion. Which Rates be ſounds upon this, that Ai. Whence he con 
cludes, „ that Nr. apd, a remaining pre; e == and. @ remaining, But 


Lay nee 


you'l eaſily. perceive that theſe Coaclations. are not true univerſally, and can be ſo only in 

rticular Caſe, viz. wheir & is. let than 4, or than 15 yer e delivers them as gene 
— Rules without Limitation, at leaſt without mentioning it, if be did obſerve any. The 
Reaſon and Neceſſity of this Limitation L thus p PROP If 4X I is divided by either Fr 
ctor d. or 1 1, the Veer will be the other of them; - and if to the Product dXn—1 


ve had-tirft added an aber: bee Nam. pe er 4.5 Quote would be the ſame 


as betore, and the Renate w e th ded ut if 4 e Number added, 
is _ tO, or aner than the Diviſor, it's 5 that Det Quote would be greater hen the 


a2 4 ther 


th 


a, 


Ly 
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other Factor, becauſe it's contained in the Number added; and the Remainder would not 
be the Number added, but leſs, becauſe it muſt be leſs than the Divifor, which here is leſs 
than the Number added. Take this particular Example : 5-7:9:11:13; whoſe greater Ex- 


— being divided by 4 ( — 1) the Quote is 3 and 1 over; yet the common Diffe- 
— the Series is 2, and the leſſer Extreme 5, 1. | 


"What can be done N means of two things given, you'll learn afterwards, 


POLEN VIII. 


 Hoving u the Extremes 2, I, and Sum =; to find the Number of Terms u, and Diffe- 
rence d. 


RV L E 1. For divide double the Sum by the Sum of the Extremes, the e is 
the Number of Terms, thus; ==> | 


« 


Rep; wp ax a. 
_ Example: | 2 35 J=15. s=63. then is 1 D 
| DEMONsTR. By Probl V. 5= , hence, multiplying both by 2, it is 


xe, 2 —— 


2. For d apply 4. I.. by Probl. V. Or without Abd n, work. hs: Take the 
Squares of the Extremes, and divide the Difference of theſe Squares by the Difference be- 
twixt the Sum of the Extremes, and double the — Ds, the Quote is the common 


Difference; thus, d= —— 2 


21 — 2. — 1 We | 
Example :, 43. 1215 3 then dara 2h Saxa 750 =; 
buen. Inſtead of #, take irs Equal El and pit in the Rule of Prob. V. viz. 4 


thus, 2 => EF therefore a 1 = ne and === 
22 LN __ boa 1 Up 72 


2 gi e q —=a=T 


pn 
L = - mo 


es | 1 


- y er YE K 
ru. IG tibi art: ; "vel" ch 


5 one 8 4, or J with the Sum 5, and Ni umber of Terms: u, 70 find u the 
whe Extreme l or as and the Difference e 


Rur 1. For Jon 4: divide-double the Sum by the Number G Terms, and fon 
the Quote ſubrra the. given Extreme: the Remainder is that ſought. Thus, 1 
4, and 4 1 ' Ocithus: From double the Sum take the Product of whe — 
of Ternis 2 given — and divide the — by the Number of Terms, the 
Vote is the Extreme ſought; thus [= 2 | 


- —, and 2 | . 
605 Bal. OED 4. 63. 1 . e = 26 INT 16; and if fry 


1 7 OJ 181 3 


ip 3 2 1. lu dart, on. 
given, ticks im —3 2 7 ne £2.09) IEP 110 Ou en DEMON. 


14 
: 
1 : 
; 
3 
1 
'1 
ö 
1. 
14 
, A 
14 
14 
j , 
/ | 
611 
. 
" i 
111 
* if 
[1 1 
fy 1 | 
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1 \ 
! 1 
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( 
Ko. 4:1: TM = 4 n e 
DEMoxs TR. * Probl, V. 5= 25 eee ”, and — = | 
+1. and l = I ang = a= 2 5 
2. For d. apply a, L 1, by Probl. v. or without finding 2, do thus: Take th a 
rence betwixt able the Surn and Double the Prod oc or the Number of he Di 2 
the given Extreme; divide this by the Difference betwixt the, Number of Terms and its Square; 
2 S— 2a 213 — 2 
the Quote is the Difference bought; dn, d== e EIS, 
E le: a=3.n=7.s= 62. 1 22 Ez. 128-4 ty 
1 xamp .* 63 then is d= 2 =- 7 7 
— 
DEMONSTR. * the preceding Rule 4 —— Subſtitute this inſtead of 4 - 
in the Rule of Proll. V. WS. . d= ==; thus, ] — a = — ESD, ai , 
JETT == . 7 1. ee the Ruls for . 
when J is given. = | 6 004 | by 
Again: Ea bene 299 men LS ICE, rn edn [=] 121 
2 = 222 IJ—¼Z 22 2e 
wy 7 8 x 223 — x *© tre! 
CoROLL. We learn here how to find the Sum of the Extremes by means of the 05 
Sum of the Series, and the Number of Terms; thus 4 ＋ = e ve fee above. fere 
q 
for = Þ and 1m 22 fo tht bdrm a ml whence #-+1=2'. i (* 
; { 
| P RoBLEM X. | 850 
Having the Sm of the Series s, the Difference 4. and Number x of Term, ”, To find 
the Extremes a, /. 3 eh 15 
RvuLE. By the Sum 2 Numbex of Terms fin e eee 1 
laſt Corollary, viz. a I= — ; then by d and » find the Difference of the Extremes, — 
— Prat 10. Prob. IV.) Laftly, Having the Sum and Difference of ther 
the Extremes, find the Extremes thus : To the half of rheir Sum add half the Difference, | 
the Sum is the Greater Extreme; And from che Half Sum take the half Difference, the mai 
Reminder is the Leſſer Extreme 3 thus, MT ED WT for ! þ 
11 33 r . 
n=; ror, . Alen A i t f Then fl * 
a= ESE . — which Exprefffons . eee more ſimple Y 
Form, they are equal to theſe, wiz. 3 ad gn L ch; i «lt 
which Terms alſo the Rule may be expreſſed. 1 = belli Re 2 


* 
% 
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- Pxample: . =63 5 27 dn, then is 2 == W=g _ and 7 


X.6 
1 + = —— 5 +6. 
Deo 5 * The laſt Part of the Rule willy wants to be Seesen and be- 
cauſe it is a general Truth of frequent Uſe, Iſhall put it by iefelf in the Form of a 
I. E MN A. 


The « half Sum of two W added to their half Difference mk the greater- of the + 
two, and their Difference makes the leſſer of the two. 


Example: The Sum of two Numbers being 18, and their Difference 12, the Greater 
of them is 15 9 6; and the Leſſer is 3 = 9— 6. | 


Demons ru. To two Numbers "being 2, J. the half Sura „ land half Dif- 
| — 24 I—a — 2 1, — 
ke wk ry . 2 — = .. and l — 3 
Ng 


Sl. 


ProBLEM XI. 


G1 


2 one ae 2, or 1, with the Sum 72 Digerence « 4 To find che other Ex- 
treme I or 4, and Number of Terms 7. 


— 


RULE z. For the Extreme ſought; If Cake. Leſſer, 4, FIR w The HON of the 
Greater Extreme (), to which add the Product of the Extreme by the-commen Diffe- 
ference (41); and to this Sum again add the th Part of che Square of the the Difference, 


7 from which Sum ſubtract the Product of twice the Difference by the given Sum 
of the Series (24s), out of which NE: Viz. * 3 extract the 


Square Root; to which Root add half the common n Difference, or "s I 5 Sum is 12 


Leſſer Extreme; thus, a= TE 2 Ts Na | 


For the Greater Extreme; To the _ of the Leffer add the Product of the 3 
into twice the Differende; and to this Sum again add the 4th Part of the Square of the 
; from which Sum ſubtract the Product of the given Extreme and Difference; 


then take the Square Root of the Remainder, from which t _ half t the Difference; the Re- 


mainder s the Gren Exete z ib, eau —8. 


ener By Prob. 7. 1=4+4n—4 and by Prob. — ſubſtitute 
this for „ in the former, and it is i which being tedueed 


ne 7. Makiply both by 2 L-. and it is «a CIT 24.— 


nee Subttact J from both, and it is S EAA d- Alb. Add 
40to both, it ä Therefore {by Prob. 6. Ch. II. C. 2. n 


See —7- Which is the Rule for J. Again; 
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1 ——ů—ů— 
mY - 


Again; By Prob. VII. 2 YET TIP? and by Prob. VIII. » = l therefore a2 = 


15 + d; whereby we come to this, a +al=al+h—2ds+þad+dl: «9h 


and alſo.@ d = CO Om? ol and (by Prob. 6. Ch II. 5. 2. 
Book III.) E 1 4 >» the Rule for -. | 
Example: a =3 '« Bag d=2. then is / = 15. for * = 9. 2d5= 2x 2x63 = 


252. 16. f e ml 
5 . whoſe Square Root is 16. from which take 1; The Remainder is 15 1 


2. For the Number of Terms, 2: If à is given, Fol from twice the leſſer Extreme, 
(24) take the Difference (d); divide the Remainder (2 4 4) by the Difference: Then 
rake the 4th Part of the Square of this Quote, to which add the Quote of tice the 


Sur (25) divided by the common Difference (2) 3 Out of that Sum (7 ＋ of 
the Square of — extract the _ Root; from which take half of the firſt Quote 


(leis. 5 L of 7); the Remainder i is the Nn der of Terms We * for Trovit, 
: $0 oS | „ 
cal 7 = b; then is » = T f — 2. 

If Lis given, Tke the Sum of twice 70 4 which Wo and call this Quote 


1 ©); from the © 1 n I) . and extrt 


the Square Root of the Remainder vis. — — — Take the Sum or Difference of 


this Root, and - E > nd one or the _ * Number of Terms: Which Rule is ex- 


* 
preſſed thus, 5224 7 — wh 


| Damon. By Prob. 6. ==—5 Led, and (by Prob 909 Ee: Hence 1644 


e 49 27225427 eee, e . 


Multiply both by 1d. and it is CEN =25—24an-þnd; add 2 4 1, and ſubtract d from 


both, _ we Ni Divide each Member by 4, and it is . 
22—4 


A *. And eee Whence (by Prob.6. 
Chop. 2. $2. B. 11) ve have FE _ the Rule for wks @ is given. 


. Again; By Prob. 9. a= ly, Hence L—a=lI— 2 = _— 
then . L 2 24a * . E above; therefore # (==; EE 


4 9 * 
0 = * q „ l 
0 4 
* * 1 
0 


— — —— > cnn = 
ee Nee I — a en tn > — -— —— 2 — - — — ——üU—ä NAA ACA — EAN 


Chap. .. ÞArithmetical Progreſſion. 241 


2 above) = — Multiply both by vd. and it is ##d=21n—25+dn; 
add 25, and then ſubtract 21d from both Sides, and we have 2 2 IATA ud. 
ag 2148.5 5 7 I4d Tr ef - 


| 2. Book II) v=* , the Rule for » when J i 
and (by. Prob. 6. Chap. a. F. 2. Book. ) Y = 2.— * 6 3 3 tor 8 W en 15 
-$ScHOL 1VUM. Theſe Rules are tedious both in the Inveſtigation and Application: But 
there is another Method of ſolving the Problem, which tho' it is only by Trials; yet it pro- 
ceeds directly and certainly to the Anſwer; and is rather eaſier than the former Work, and 


i (8 i 3 
; F., 


* * 


therefore I ſhall here explain it. 


5 Another RULE. f 
By Prob. 1. raiſe a Series from the given Extreme and Difference; and take the Sum of 
the Series gradually as it riſes, continuing this Operation tilt the Sum is equal to the given 
Sum; and the Series ſo raiſed will ſnew both the Number of Terms, and the Extreme 
ſought; which is the laſt Term found in the Series. | 3 bt 2 
"The Reaſon of this Rule will be obvious from one Example. Suppoſe a=4, dz, 
ZE 1 - 4 | - = oo In le 3 77 . the upper 
z ＋EZ＋ZTZ＋3 Line the given Extreme 4, and the Difference 3 conti- 
7 1 4 19. 22 | nually added. In the ſecond Line are the Terms of the 
4. 11. 21. 34. 50. 69. 91 | Progreſſion formed by that continual Addition; and in 
| the third Line are the ſeveral Sums of the preceding Se- 
ries taken continually from the Beginning. Hy adding the next Term to the preceding Sum. 
Vow we ſee in the preſent Example, that the Extreme ſought is 22. and the Number 
. * !:; ne" Re 
Give, That the Tediouſneſs of this Method, when the Number of the Terms is great, 
may be relieved by the following Means, viz. Take any Number for iz at a gueſs, (in 
which to prevent being too wide of the Truth, haye a regard to the given Numbe )z 
then by this Number 2, with the given d and 4 or I, find the other 2 » and the 
Sum; and if this Sum differs from that given, begin at the Extreme laſt found, and raiſe 
a Series, increaſing or decreaſing, as the Caſe requires, till you find a Sum equal to the gi- 
ven one. For Example: Suppoſe # = 3, d=4, s==4606; I gueſ »=12,' and hereby 
find I=47 (=4x 11 +3) and 5 = 300 S x6); which being leſs than 406, 1 
I begin at 47. and adding the ce 4 till the Sum is equal to 406, 1 
47 T4＋4 | find that this happens upon addiog that Difference twice, i. e. that two 
51. 55 [ Terms more with the 1 the Sum given; whence tis certain that 
300. 35 1. 406 14 is the Number of Terms, (for there were 12 to bring it to 47, and 


| 1 2 now added) and 55 the greater Extreme. 


» > 6 * * « 
2 . . 42 . * 85 
, f? > 2 $ 7 MJ is A * 1 - 1 1 
* £ - - 5 1 ; 2 - f : wal. d 4 91.4 £4 55 , : "> f 6) 8 £ E 
SCHOLI 8 Jeg g nl 
5 n - * 
1 Py — * A Py 1 ee . ; * : 
. . }. bd 5 2 NI 102 8 E 


J. For the more convenient and feady Uſe of the laſt ſeven Problems, we ſhall put them 
all in a Table, that they may appear in one View; expreſſed fimply by their Characters, 
whoſe Signification 1 ſhall pet ek on OY ont ana g15Gs 1d Lie 

4=leſſer Extreme.  #= Number of Terms. © cum of the whole 

S greater Extreme.  *' d=the common Difference. Series. i A 


% 
8 


| : 
EL -H& 15 24 


? * 
1 * > 9 : 


* A » 4 A 
7 3 2 \ 274 5 1 q : * — * a 
I bk 8 6193 ws deen e Lia. 
1 ABLE 
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| Ti TA BL E of che preceding Seven . 7 0 


SOTUTIONS. 


8 7 e 2 ; D 1 | 
— 2 JÞ — 
; 4 = — . 42 4 In 
[ a » TO | '2 : | | i c | 
- 124 . 4 10 r * me” 4 7 — 5 — 
1 = S, AS above; or thus, 5 == = d+b a% 
th Find 1 WSU 7 eo 3 ECT Ct nao 4 8 4 2 a 5 
5 —— pic) 24% dm — 7 
. - — — A 
| {=ebd—r ch ray pos, 
FRI S, às above; or thus, | 
1008 Load. ears NE : —21n—dni+0 
. * 2 ö 


— * ä tt a 3 


RF 
8328 175 4 4 — 
| CH 


eee, | 4 25 — 24% 
| (208 * | C IE 2 — 2 
1; i] NTT TION = d. as in the 5th; or thus, J 
r e eee 48 — 
nnn 2 | | YEW 


F 21D ee pd 7 = 25+ di - 4 

| 2 2” 

| . The Solution of this is by railing a Series from the given Extreme 
with the given Difference, till the Sum is equal to that given. 


vir. der . = | Ort n=b +4 e +2. and brad 42m od — 


N 2 4 | 7:2 
F ==} by b Pri—d J _ 72 
MM | 2 AC, -IGT . e 2 — 7 ( | =) 
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IH. According =s the given things in any of the prec Problems are choſen or related 
to another, ſo-will the Problem be poſſible or impoſſible: For any three Numbers taken at 
iandom will not make a poſſible Probim of each of them, (cho of ſome it will); becauſe 
there are particular Relations, wichin certain Limits, which the given Numbers muſt have 
to one mother in moſt of theſe Problems; ſo that they may be. paſkble, 3. e. ſo that the 6 
three. given things may belong to the ſame Progreſſion. The Poſſibility or Impoſlibility « 
will appear by applying the Rules; for if the given Numbers are inconſiſtent, one or more | 
of the things t will be found impoſſible, by ſome Abſurdity that will appear in apply- * 


* 


ing the given Numbers to one another according, to the Rule. 2 
But now if you require how to invent three Numbers conſiſtent with one another, to 17 
malte Datu for any ot theſe Problems; it may be done either of theſe Ways; viz. Res 


1. Take any two Numbers whatever for a, d. and any r_greater than 1, for #; thin 
and by theſe three find I, s; and thus you have five things all belonging to one Progreſſu, the 
out of which to chuſe any 3 for Data. of a Problem. The Reaſon of this Rule is plainly Sole 
thus: That from any Number à we may raiſe a Progreſſion with any Difference 4 to any thin 
Number of Terms z we pleaſe. e Ap pe takes 7 — 

2. Or take any two Numbers for 4, I, ſo that 2 do not exceed /; and any Integer — thin 
than » fox », and by theſe find &, 5, The Reaſon of this is, that betwin any two PN Bl gy 

14 4% & I 13 | 
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bers 4, l, any Number of Arithmetical Means may be placed, as has been ſhewn in Carel. 
4 . Therefore if 4. n, d, or a, 1, I are the Terms to be invented, we can find them by 
themſelves; and if any 2 of theſe 3, (as 4, u. a, d u, d. a, l. u, l. d, I) with any other Term 
[except that one Caſe 4, 4. 6] are to be invented, we can find them without finding all the 
5; yet one of the two things not required muſt be found: for we muſt take either 4, , d. 
or 4, 1. I, and by them find the other Term to be invented. But if d, I and 5 are to be 


: invented, we muſt find all the 5 by means of 4, 1, d, or 4, u, . 1 
But again, it may be required to invent the three things to be given in each of theſt 
a Problems, without the Invention of any of the other two; which by the Rules now given 


cannot be done, except when 4, 1, d. or 4,2,1 are to be given. For this you have Rules 
in what immediately follows, when it is poſſible to be done. 15 


III In the preceding Problems, no leſs than three things are neceſſary to be known, to 
make each of them determinate to one certain Solution ; But if we ſuppoſe only two of 
the five things to be given for finding the other three; then, of ſuch Probleme, ſome. will 
be indeterminate, and bave an infinite Number of Salutions, 5. e. we can find. an. cndleſs 
- Variety of Numbers for the three things loughts which will all. ſatisfy the Problem : Alſo of 

theſe indeterminate Problems, ſome will be abſolutely indeterminate as to ſome of the thi 
ſought, ſo that any Number whatever may be aſſumed. : But others of the things Fa 
land in ſome of theſe Problems all the things £ . be taken within certain Limits, 
which nevertheleſs admit of an infinite Variety of Solutions. Again; Others of theſe Pra- 
+ lem, wherein only two things are e determinate to a certain Number of So- 
lations, according to the different Circumſtances, and, Relations of the two given things; 
— my He ane or mary Solon. GOL 2 771 8 "IE Ra 
Ne Of all theſe Problems, Indeterminaze or Determinate, there are juſt 10; becauſe there are 
N juſt ſo many different Choices of two things to be found in five... Thus; the five things 
, being * u. i, the Choices of 2, to make Date of a Problem, are theſe; 4, l. a, d. a, v. 
- a,s. „d U. v. I,s. d. u. dis, 1.6. Of which there are 6 that are Indeterminate, and 4 De- 


o \ 


terminate. 

dyn 9120. 1G! t 3 £91 FL 161091 pO UNO oP SOURDITIBNVI v3 0 0082307 24. 5 
J $. 3. Contaiuing Problems concerning Arithmetical Progreſſiont, 
i bereis 1200 things only are given to find the other three. 


12 T# AT I may deliver the Rules and Demonſtrations of the following ; Problems in the 
1 moſt ſimple and eaſy manner; and that you may underſtand them aright, take theſe 
, non goth ood wo Mato 3 98 26 
i Wl e I eee 
29 4 of the two given things, any one of the three things fought ; you ate not to underſtand it, 
1 2 if all theſe three Rules were to be d in the ſame Solution, 2. e. as if three Num- 
p bers found, one by each. of theſe Rules, . be taken for the Solution of the Problem; 
1 there being a Variety of Solutions for each of theſe three rhings,, any one Solution 
, (0 for each of then 9 not = a Combination den ein ſolve the N 6 lg Trenne plain 
Reaſon, wiz. when any one right Number is taken fer any one” of che thies*thktiown 
things, chis wich the two gwen chings determine” the Other two things ſoaght;/ according to 
the preceding Problems; which have But one limited Solution; fo that we cant With any 
Solution, for one of the things Tought, join any one of the Solutions for che other two 
Wings; theſe being now determimd by che Solution which we have choſen” for che forther 
one, — — with-che two given chings: therefore the particular Rules for the different 
things ſought; are to be underſtood only - as Steps in ſo many different Methods of ſolving 
the fame Problem; Which are 40' be appli | 


1 4 


4 


us: By che two given thing find any one of 
og 


- > 1 : 1 * | 53 $M | —S = 1 Fa : : 
a 12 (3 800.50 9 ELA 244 * 315 38913 . h 
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the unknown things, according to the Rule given for it; then take the thing now found 
with the two given things; and by theſe three find the other two things ſought, by that one 


of the preceding Problem where theſe three: things are given: But the Ru for theſc 
ſet down along with the other. | _ B e are 


2. As any three things taken at random condi not 2115 the preceding Problems poſſible, 
fo neither here will any two Numbers make any of the following Problems poſſible; there 
being certain Limitations, in reſpect of one another, under which they muſt be taken in 
ſome. Problems, tho not in all. That we may not encumber the Problems with theſe 
things, I ſhall here explain theſe Limitations wh they ought to be, and ſhew where 
there are none. Thus: 

4 has no Limitation, and may be any Number whatever, and even o. 

may be any Number whatever, if it's not leſs than 4 or d, nor — M than 5; but hz 

no Limitation with reſpect to . 


d may be any Number whatever not exceeding 1 or 5, or it may ald be o; but has no 
Lise wit wee to @'or * vid ther! And 
u muſt be an Int greater than 1; tho, ki were is 58 Pr reſſion 
*withour- three Tees Yet we ſhall here allow of two Tbs as as ſmalleſt Narren 
_ -» may be any Number Whatever. not lels than a, or a, or /, but has no Licitaio 
with reſpect to w- 
The Reaſon of theſe EY is obelput Rom the Mito of 2 /Progreflion, which may be- 
15 ** or any Number, and proceed by any or no Difference; 5 and py conſiſt of 
WO on other Number of 4 


Nee in A wle e following W ok ſupposd that che two given thing are conſiſtent 
Abe h R to theſe Directions; for the Limitations expreſſed in the Rules for findi 


n 
one of the things fought, they do not only comprehend the Conditions now mat 


but ſome of them contain more ſtrict ones, becauſe regard is to be had to the reſt of the 
five things. And in the Reaſon given for theſe Rules, the general Conditions now men. 

tion d are frequently ſuppoſed; which therefore muſt be always in view, becauſe fach mo 
wings need not be repeated, unleſs where there is an) danger of Obſcurity. 


3. As to the 1 4 „ the _—_— particular Rules, I ſhall here ive 
iS, F it, the. S. 
9 n 


ould be nts ary in the demonſtrating of 

the firſt place; Ir depend upon the preceding Problems. and are difcovered” thus: l 
take that one of theſe Problems in which are given the two given things of the preſent 

Problem; \andi that one of the three things Sue that 1 would now firſt find; then by the 

Rules of that Problem for finding the retaining two things} I diſcover What Limitations 
that one I would now find lies under with * to the two givers things; that theſe two 


re g things may be poſſible, enen 
within this Limitation, it belongs to 1 — e d with the two given thin 

is 5 a true Solution. aer 7 TOs Suppoſe 4, I are. given, and To 
and 5; I go to the p rein 4, „it are given; and 1 — the Rules for 


"finding #4 are theſe, eee wa ame e, And here to make v poſſible i 


that 25 muſt be Multiple of 4-1, becauſe muſt be an Integer greater than 1; 
e . 4.0 42 2 for ſince 4 does not exceed 4, there i 
nothing to make 8 ee tee 24; Which it is not, if 25 be 
a Multiple of 25555 Therefore if f is 4 — 0; a8 2c be a Multiple of |, [or alſo if 
: 5 take for 5 any Multiple of 4. I; from whence certainly follows that 25 is a Multiple 
_ . of NI] am ſuch Number ſolves the Queſtion for 5; that-is, s ſo taken with 4, I, belong 

to the ſame, rogreſon:,:For if thay, did, ot, , & could not be found by their Means 2 


2 to ſuch Rules as have been, diſcoyered and demępſtrated upon that very Suppol- 
5 Hon. hi all rhe e 0 bens to the ſame Progreſſion. 8 won 


—— — OS. 4 4923 
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This manner of drawing Gon you are to ſuppoſe in all the following Demon- 
ſtrations, which I ſhall. Meder again repeat; but on * 1ew you how that the Number 
ſought being taken according to the Rule, is.confiſtent with he Poſſibility of the remains 
ing two things to be found. In doing of which, I have frequent Uſe for this 3 
viz. If one Number is equal to, greater or leſſer than another, any Multiple, or 1 
Part of the former is alſq equal. to, greater or leſſer than the like Multiple or aliquot 

of the other; which being ſo very imple, it will be obvious in the Places where I us it, 
and therefore J ſhall. por again repeat itt. 


hi 
is 2471 G l 


ne come wow to the Problems ; wheredf _ the fir are Ind eterminat e . 3 
Detertninae; ; and mind, that the Problems be 22 to, are theſe q the —— i 


- 5 \ He ein SHARES =} — 8 „ Pa v4 e417 — — erties — 182 
PR o B. XII. Given al, to find n, d, 8. 
, ag lata 2 um nave ao 2d nl f 
Fr Wor 1. Tale any Inegral Number greater than r; ; V2 have the Reaſon of this i in 
the, ok Scholium 1. 8528 


e 


Mn 8 023% > 4,901 ei H,, e N, = na ο == rad! 1 - 

| 2. For d. Take any Homes ſuch; that RN be an Integer, i e. rake any. aliquor Part 

2 of I— a. For by Prob. 6. — r, and £= 2+ D Which are both 
„ 

e- * 1 


of roſſible, 28 1 is taken; beans 1 beg 2 = mult YN lt be o; and . we divide Þ—s 


by any Integer, and call the: Quote'd, dle ame @ divthg l will redurm for ote 
nt, the ſomes Integer ; therefore any Number d, , is Ta aliquot Part of 4 4. Dog 


= an Integer. As for s, it requires only © chat ' be not lefs chan 7 which is the general 


-= Condition. J\ | 

we '2þ * s, take any Multiple & Kel: or the half 5 2 PA. Multiple. For by Prob. 8. 
: 1 * 7 fr and A e = which are mn asg is limited. 

p 112 M iu i * 1 * 3199922150 e i ech ot Sdn vas . 4 101 


er PROD. An. Given n, d, to find a, l, s. 


1. For 4, take any Number, or even o, The Reaſon is ſhewn- i * 
2. For 1, take any Nurnber not let cban — For 'by Phob. 7 = 
— CIR T4. 275 LORA Wot beds * 

and 5 = e former contains the very Conditions of the Rule, and 


the other re res. tin hab 2 
Mn ns rad ee ee 


Dane d= 2 dn— 
du, because e aig: 8 * . 3. which > "8 BAG 


16:1) e. 30019 3 
dw — dn ; 
0 5 5 Number greaer ben Zr Flag, Forty Prob y0 e 
25 mn —din d 2 — dn 
and I = Now if s is greater than ———, chen "is, 25; greater. than 
4 —dn, and 37-4 gener this dx; hc evidently m Wer poſſible. 


An ed 107”; 5 001595929 300 E > neck 19552259 idm yos 90s: 25 e 


| Pros. XIV. a, rue find NEE 
0 a C801 15 218 5d K IN 231 21 19010 L&s. —— 4 


in — mt Ns 82 
2. Tye 45 take um Number rener; de ald fe! few ave. 


* 3. For. 


539 
8 kJ 5 - $4 


r 
M 
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3 For r, take any Number. greater than an. For by. Prob. 9 AS T7 and d= 


— The Reaſon of the Limitation is plain. 


| Pros. Xv. Gives 1, ny „ e 


: — 75 8 | tara SL 4 


2: „r a, 1 o. or any Number not exceedin 7. The Reaſon * n 
2. Fot d. rake any Number not exceeding i. For by Prob. 5 2214 


| 8 
and 7 1 . In the former du—1 moſt . Deng I, nor conſequently 
| d ceed—— : In n In4-d 
walk — 5 2 in Hen mul be ne hence 21 great | 
r IX”; which is true, if 4 does not ercecd = for wit b 
JF does not krcced J. and conſequently dF i » does not execed ts, \wherefors f 
lay. = l is greater than 47 — 1X t as was required. _ ONE d n 
. For 65 take goy | Number * 25 but * les than 5 for by Probl, IX d= 
1 * fe: 825 
. e . dr e neee 
130 TY copie ns d 175 mu a 51001513093. 15121 
3 an 2. e 957 5 th 
> A yo 29% PRQBL., XVI. © Gives : 2 8 . I Is. „een T 
; For wake any laser gener dat . 3 icke AL Erie = 5 le 


Saran, Sal.) 


2. For |, take any Number fo char © — * be integer; 5. e. take any Multiple of d and 


| add « to it, the Sum r re. 250 = —— - 
D 


* 1 nding ame of flo 
Probl. [os Bal ts 8 enden rt, nothing for en 2 Seem 
enn 9 ors Yo znoiibn — — SET chi 720 5 201 1 a 
wH end Fon. XVII. Give TT 44 „ge Tl 
: 2 * G bi Jud ahi fo O70 .. 8 
; og hey 2; ry od ae — ee pla 
1 —.— 1 12 & 4 
4 = hich: require 6aly. chat 44 be len khan 25, or an les than 35 and, : 
1 Ls — Haus 2918919 2 * l.. ll! r h 16 tha 
dne bat * 292601 viotra! Mv3 idw en b 2b 1913918 U- bei wn 
2. For I. take ny Narbe greater than 3, but not exceeding =; for by Probl IX. _ 


2In—25 k 1 *d VII eon 
4 e ad — 1 that / » be greaer than or / * 


ce gott er 1725 fg 20+; dach sh 20 1d mull t *. 70% 1 Sol 
greater chan 5: => ths & other thay / 75 WHORE 21298 f ae F. N 3 
101 2 | 3. For 


erik rogreſſion. 


; for by Prob. X. 15. 


Chap. 2. 
3. For d, Take any Kathe} es chan === 2: dw —dn 


2% 
ind a= Lo TS the laſk of which puts the narroweſt: Limits upon d. viz. that 


21+ dn be greater than 4 1, or 2s greater than d *— d, and conſequently 5 greater 
un z which is the Condition, of the RL. 
Fa This Problem is in effect the ſame as this, vis. To divide a certain 


en Number (s) into a given Number of Parts (n), ſuch, thar theſe Parts, from the 
105 the greateſt, make a Progreſhon Arithmetic al. 


PrRoBL XVIII. Given a, s, to find l, u, d 


1. For J. Take any aliquot Part of 2 s, i. e. divide 2s. by any longer leG than itſelf, 
fo that the Quote be greater than 4, and that when 4 is taken out of ir the Remainder 
may not be leſs than 4; that Remainder may be taken for J; and in order to this Solution 
begin with 2, and try all the Integers from that upwards, rill * De. come to one NR an- 
— 
ſwers the Rule. The Reaſon is, becauſe by Probl. VIII. bs. and d= ———— 


S — 42 — 


of which the former ran} ny ires the Limitation of the Rule, and the other is evident- 
y Hible upon * tions. And. laſtly, obſerve, That there can be no more 
utions in 4.4 "Method than there are Integers leſs than 2 5, which ſatisfy the Rule. 
2. For u, Take wy ſuch Integer that 2 1 25 9 — , 8.6. rake any Integer greater 


than 1, but leſs than ©; for by Probl. IX. I . P and = ===; which re- 


247 


— ah rhe alt 6 ah Ah And obferve, 
Thus bers the Number of eee ane e wee lee 06 mee ou 
les than =, and greater than 1. e 

3. For 4 It cannot be found till ſome of the other two, or u, is found. 


ProBL. XIX. Given l, s, to find a, n, d. 


1. For 4, Take any aliquot Part of 2 5, i. e. divide 2s, by any Integer greater than 1. 
but leſs chan itſelf, and ſuch alſo that che. Quo he greater than /, and that When / is taken 
out of the Quote, the Remainder do not exceed 1, a 9 2 be taken for 4. 


The Reaſon of theſe Limitations is, that = = —— = = (Probl. VIII.) 


and the Solutions are limited to- he Number « 9 that ſatisfy the Ros which it's 
plain cannot be infinite. | 


2. For », Take any inc ed e 1. and fuch-that » be greater than 7. but leſs 


than 57, becauſe, by Probl. IX. park — e The firſt requires 


only that 2 s be greater than / u, and conſequently 2 = preater than =; the ſecond requires 
only that J » be greater than s, and conſequently a greater than 7. ſo that the Number of 


Solutions is as many as the Integers greater than 7 and leſs than © T. 
"ot 4 We aue bud hl. 07» re bg ound Niem. XA 


2 
— ——— — —üñœà— bk es to » 
-s = — ——— — —— —äAüp . — — —a——ͤ—— 
„ 7 r 
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-—*Þ 1: _PRos.. XX. Given d, 1 to find a, u, 8. es „ 


Here s cannot be found, till 2 or u is found; * theſe may be boch found ber in 
one Operation. Thus: Take any Number not OY 4, and ſuch alſo that it be equa 


to, or ſome Multiple of d, (by «der ing all the Multiples of d from 2 d, which will not ex- 
ceed I); then is »—1==1, if the Number aſſumed is =&d: But if it's a, Multiple of 4, 
the Multiplier is - 1; and the Remainder, after the aſſumed Number is taken from 


4 is 2. 


'The Reaſon i is, Babe by Prob. 7. a Ai; where . 4* 1— —=4 then 
3—I=1; otherwiſe, r, rand then wm 1mm. ; = 


Pon. XXI. Given, „ to find n, a, l. 


Tlere ber a "5 FRE Found til z be. known ;, which may be found thus: Take 
any Integer greater than x, and ſuch alſo that an - be leſs than - 5 for dy Pyob. 10. a= 


| £ 7 01 
| . 422 and dent, By doe kr ir follows ghat dns wult bel 


than 2s 4d»; and uin d n from both, it follows that fue and muſt be leſs 2 5; and 
laſtly, E boil by 4) Ia "= —s emuſt hel leſs chen The other Part / is evi- 


. 


4 


bi CShotihhud.! 


Is now manifeſt, how by theſe laſt ten Problems we can invent any three things that 
ſhall make any of the former ſeven Problems poſſible ; and that after various manners, by 

taking any two of the three, under the general Conditions; and then with theſe two finding 
the other one, by that one of theſe laſt Problems, wherein theſe two, W are . 


— 


. » . * x * 7 
c A ; — - i.» 5 . 4 . # x 7 f 4 
"1 £5107 . ei 24% [1 n 1 


T } 
* 
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© H A P. III. 
"of Geometrical Proportion on. 


IT 7 1 . f 55 * — 


9. 1. Containing the more obere Doctrine common to both Con- 
Junct and Disjunct Progortionals. 


Obſerve, 1» all that follows, I mark theſs Words, Geometrical Proportion, and Geometri- | 
| ny Proportional, by #his 1: :1; and the Words Continued Geomerrical een by this 


Again; When any Axioms are ated, o are to den the Axioms of the End of Chap. 1. 
of this et and citing any of the ; general Corollaries there . n I mark them | 
thus, 8 


None 1 
Having three Numbers given, to find a fourth 11 


RULE 1. PIND the Ratio of the-firſt and ſecond Terms, either 
1. By dividing the greater Term by the leſſer; and if the A 

—— W On or if the greater, divide the third Term by that Ratio; the Product 
or Quote 1s d 2 

2. Take the Quote o 1 firſt W divided by the ſecond, for the Ratio; and by it 
divide, or by its Reciprocal (i. e. 111 of the — Term divided by the firſt) mul- 
tiply the third Term; the Quote or Product is the fourth ſought. 

Exam. 1. To theſe 2: 6: 55 a 4h is 55 For che Ratio of 2-61 is 3. by which 5 mul- 
tiply'd produces 15. 

Exam. 2. To theſe 24: 20: e 4 


* 


DEMO N. The Reaſon, of this Rule i is plainly conmliad in i the Definitions, nd wad 
no farther E Explicution:: or you may. ſee it particularly in the Coroll. to the Definition of 
8 elation, which does in effect 8 this Problem; for there it is ſhewn how 
to find a Number in any given Ratio to à given Number; and here the firſt and ſecond 
Terms contain the Ratio, in * the 4th Term ſought ought to be to the 3d. 1 we 
ſhall ſer this once more before us in this univerſal Repreſentation of 4 Numbers : : , viz. 
A: Ar: B: Br; wherein : being a whole or mixt Number, is the Ratio of A to Ap in 
the one View, and its Reciprocal in the other; and it is manifeſt, that By is' the fourth 
ſought to theſe A: Ar :: B; alſo A is a fourth to theſe Br: 'B: 14080 N to the Me- 
thod of the forcgoing Rule; which is therefore good. 


RV IL E 2. Multiply the ſecond and tir Terms ingots; and divide the Polier by 
the firſt, the Quote is the fourth ſought. 8 * 10 


$0 in Kaan, I. 15 =, and in Eat as. e : WS 
SEE Take 


5 and 6 gg. Ds 5 28 


fon, 


CC eee ea le .. ]⅛ 1X. nome inmate eee NG — — — — — 
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Take this other Example: To theſe 4:5:: 7, the fourth is 8 . 

Univerſally: To theſe 3, A: B:: C, a 4th is = 

DEMO x. The Reaſon of this Rule will eafily from the preceding. For let the 
Ratio of A: B be taken f. the Reciprocal of it is Fe by which the 3d Term C being 
multiplied, the Product is the fourth ſought by the 5 preceding Rule: But this Product, ac. 
cording to the Rule of multipiying Fradtions;. is : if AB, C are all Integers: . But tho 


they are not all Integers, yet ie has been ſhewn in 2 after g. Cor. 20. that the Quote of 
any two Numbers, B. A, is multiplied or divided by taking the Diviſor and Dividend 28 
te Numerator and Denominator of a Fraction, and applying the Rules for Fractions; 


therefore the Quote of B A taken thus, A; and ' muſtiplied by C, produces this "_ 


=; which is aocording'to the Rules. iz. BC. 


Or the Truth of this Rule we may ſee alſo in this Repreſentation, A: Ar: : B: Br; 
where it is plain, that Ar B—A==Br, and Ar B Br = A. For if any Number i; 
firſt multiplied by another, and the Product divided by for: Multiplier, the -, Sad is neceſ⸗- 
3 r an . Which, is evidently, the Cale here: for Av * Bis= A XrB, 
an *r 1 . 


CoR or. Having two Numbers: gn wo RR RG the Square of 
the ſecond Term by the. fr. Thus: To 2: 6, a thud is, 18 . . For ſince. 2:62. 6 
18, then 18 is a fourth to 2:6. 65 Which nne 


Tas en A 1 


Ir four Numbers are :: L the Product of the two LO is 3 to the: product of 
the; two Means. And deter ; if theſe Products are equal, the four Numbers are :: 
Thus; If A: B:: C: Dy then AD==BC: In Numbers; 2: 3+ 45 6, and 2 x 6= 


384 813. 

DEMO. By the preceding Problem, D="; hence DA= be. 

Or thus: Since A: B: :: D. theſs Quotes are equal, vis. 185 then the Produds 
of the Diviſor of each by, the Dividend: of the other Ke: equal. (ce eneral Scholjum at the 


End of Chap. 1.) that is, AD = 
Or thus: AD:BD:: A: B. 7 eur. 15.) a BC: EBD: C: D. But A: B. :C:D; 


therefore ABB D: B C- BD, (A 3.);, hence: AD=B:C, (A. 1:), 

Bo 705 L ts e vet. A; Ar ::B; Br ben i656) maanjboſd chav Ab- 
— 1 B 
For the Reverſe If AD=3 c, ting AB.; C- D- vor, by b Diviſion A= 


IF 5 and, bein = ; hence A: B.:: CMN. un ert 50; wie 


Or thus: AD: 3 A: B, and BC: BD: C: p. ad ne bene therefore BC 
B D:: A; B; hence A Ee. 3 mr: 85 5 
; Or 


Hy, — 


* 9 en HP 


— —— — — 


Or alſo thus: A 4th: : I to A, B. C is poſſible; ſuppoſe that to be N: i. e. A: B:; 


C: N; then is AN=BC (by the Tbeor.) ; but AD=BC (by Suppoſition); there- 
fore AN = AD: Hence N=D); therefore D is the 4th :: I, that is,. A: B;: C: D. 


COROLLARIES. 


1. If three Numbers are I, the Product of the Extremes is equal to the Square of the 
middle Term. Thus; A: B: C being +, AC=B>. In Numbers, 2: 4 :8 are =+1, and 
23 . | | n tur 

: The Reverſe of this Coroll. is alſo true, viz. that if AC BI, then is A: B:: B: C. 

2. If four Numbers are:: I. A: B:: C: D, the Product of all the four Terms is a ſquare 
Number, whoſe Root is the Product of the Extremes, or of the Means; theſe Products 
being equal. So AD = BC. Hence AD XKBCS SAD BG. 

Again; Three Numbers ++ / multiplied all together produce a Cube Number, whoſe 
Root is the middle Term. Thus: A: B: C being +1, then AC B., and B: x B 
„ SCH OLIUMS. 3 

1. As this Theorem is demonſtrated without the Prob. 1. ſo the ad Rule of that Problem 
is an evident Conſequence of this Theorem: For, if A: B:: C: D; then D ede. 
cuſe DASBC, ei N e otro vn ee 
2. All the general Corollaries relating to:: I, in the End of Chap. 1. may be moſt eaſily 
f demonſtrated by this Theorem. For in all the Proportions there ſtated, we ſhall find this 

certain Mark of :: /, viz. the equal Products of the Extremes and Means. 
6 3- The Reverſe of this Theorem may be put in this Form, viz. If the Product of any 
two Numbers is equal to the Product of other two, theſe 4 are reciprocally : : I. Thus: 
If AD = BC, then A: B:: C: D. And here obſerve, that the Factors of theſe ns 
ducts are faid to be reciprocally : : I; becauſe one of the two comparative Terms is taken 
out of the one Product, and the other out of the other Product. WO 


> PROBLEM | oof | 
5 Of four Numbers : :1, having the two Extremes and one Mean; to find the other 
Mean; or to find one Mean * & I betwixt two Numbers. 2 | " r 
vr 1. Divide the Product of the Extremes by the known Mean, the Quote is the 
105 DEMONST R. This follows from the laſt Theorem; for if A: B:: C: D, then is 
he AD=BC zap hopes AB BDC, ADEG! 
ULE 2. For one Geometrical Mean betwixt two Numbers, take the ! 
Db; ot tie Product of the tuo Extremes. ae 
Fs Demon. If A: B: Care . then AC B-; thence IGB. (x. x. B. III. c. I.) 
7 W | of Betwixt 2 and 8 a Geometrical Mean is 4; for 2x $= 16, and the Square 
e E | N >) ny 
12 „ber if the Product of the Extremes has not a determinate Square Root, the Mean 
ms is 2 Surd, or an infinite Series of decreaſing Quantities, as has been explain'd in 
| bot III. So betwixt 2 and 7 the Mean is the Square Root of 14 = 3. 74» &c. which is con- 
po sd i faite, according to the Method of Approximation, explained in Book III. Ob. I. 
0: A 6 Mid B- 6 % 


K k 2 5 | | Turo 


— — r Zee 
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Ir four Numbers are:: I. A: B:: C: D. they are ſo alſo reverſely; that is, making the 
Conſequents the Antecedents: Thus, B: A:: B: C, or D: C:: B. A. 

In Numbers, If it be 2: 3:: 4: 6, then it is 3: 2:: 6:4 

'DEMONSTR. - This follows evidently from the Definition; for ſince A and C do 

equally contain, or are contained in B and D, then, reverſely, B and D are equally con- 
tained in, or do 25 — A and C; which is the nature of : : J. 


Or thus: Since _ 5 „then the reciprocal Quotes are w___ (ſee the general Scho] 


at the End of Chap. I) vis. 7 2 ;.e. B: A:: D: C. 
Dre 5 A 
Or alſo thus: 3 = Y- and · 5 therefore, (by Ax. 10 f. F B 5. A. 
Q] 
gain; 8.5 B: A. and 5 P:: D: bo ( general Coroll, 15.)z therefore B: A:: D: C 


(Ax. 3.) 
Or * ſame Truth appears ſimply in this Repreſentation, vix. A: Ar: :B: By; whence 
Ar: A:: Br: B, the Ratio being oo the ſame. ; 

Or laftly, It follows from the equal Product of the Extremes and 8 ; for all the 
Cong: made by reverſing the Terms is, that the Extremes are become the Means, and 
| cans become the Extremes, and the Product of the Extremes and Means are fill 
2885 which makes: J. 

a „ 


Ir four Numbers are:: L A: B.: C: D. they are ſo alſo altrrnatelj; that i . 


the two Antecedents to one another, and 2 two Conſequants; Thus: A:C;:B: 
In Numbers, if 3:5::6: 10, then 3:6: :5;: 10. | 


DEMONSTR. Theſe Quotes being Oe? 4 5 the aa 3 are alſo 


ed. © Sh (e general 8cho!. at the End of Chap. 1.); hence A:C::B:D. 


Or thus: A and'C are the ſame Fractions, proper or improper, of B. D; but the ſme 
Fractions of two Numbers are the ſame Fractions of one another as thele Numbers are 
( Corll: 6. emma 2. Chap. I. Bool II.), i; e.* A is the fame Frattion of C as B is of D, 
and Like or Equal Fractions mo equal Ratios: Therefore A: C:: 54 D. 


Or we may 12 9 2 7: 4255 85 25 er Coroll. I5.); ao gg: 85 B: D (gen, 


coll. 16.); but 32 72 therefore 5 8 B: D; hence, laſtly, A: C:: B: D. 


1 One preſent four 7 :1 thus, A:Ar::B:Br; then it is plain, that A: B:: Ar: 


Br (by gen. Coroll. 1 
3 LF ly, This 85 4 follow from the equal Product of Exttemes and Means whoſe 


Factors are not. Fannged, Sept in their Order, which does not alter the Product. it being 


e 
.COROLLAREES. 


1 JL. of four Numbers: : 1, A: B:: C: D, if A, B. are leſſer an: C, D, or ets lefſer 


than thoſe, the two leſſer are Like F Eons of the two greater; _— KC: 


er, reverſly, C: A:: D: B. 2 Wi 


— _ ___—_—_———_—— 
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2. If three Nntnbers are given, to find a 4th ::/, and if the firſt is an aliquot Part or 
Multiple of the third, and that this can be eaſily diſcerned, then the 4th will be more eaſily 


found by making the 3d Term the ad, and applying the firſt Rule of Probl. I. 


Trop To theſe, 4:7::12, a 4th is 21; for 4 is the third Part of 12, therefore [ 
multiply 7 by 3. . 1 | 
1 15 4 Numbers are:: J. A: B:: C: D, then if A is leſſer, greater, or equal to C, B 
is alſo greater, leſſer, or equal to D, becauſe A: C:: B: DP). | 
„„ tec ene „ be, IVC; | 
Ir four Numbers are:: I, A: B:: C: D, they are fo alſo compoundly; i. e. the Sums of 
the Antecedents and of the Nen are proportional with each Antecedent and its 
Conſequent: Thus, A+ C: BG D:: A: B, or:: C: D. Alſo the Sums of each Ante- 
cedent and its Conſequent are progormonal with the two Antecedents, or the two Conſe- 
quents. Thus AB: CD: A: C, or: B: P. | | 
Example: 3:5::6: 10, and 9:15::3-;5- alſo 8: 16:: 3: 6. 
DEMONSTR. The Antecedents A, C, are Like Fractions ( proper or improper: ) 
of their Conſequents, B. D (by the Nature of Ratios );.. bur the Sum of the Like Fra- 
(tions of two Numbers is the Like Fraction of the Sum of theſe Numbers, (Lem. 2. 
Chap. I. Book 2.) that is, A+ C is the fame Fraction of BD, as A is of B, or alſo C of 
D; and the fame Fraction: is the fame Ratio; therefore AC: B D:: A: B:: C: D. 
For the ſecond Part, viz. AB: CD:: A: O:: B: D, this follows from the fame 
principle; having firſt alternated the given Numbers, thus, A: C:: B: DP). 


Bar we may demonſtrate this otherwiſe, hu. f B- d B- F; hence 5-5 
57837 and by the Addition of theſe Quotes, conſidered as if they were Fractions (ſee 
ben Sabel ar the End of Ch. L) it is A= hence AB: C+D::B:D, 


W V 5000 Dp f 3 
which i the one Pan; and for the other, dee C=, and C Bz here = 
BD is AT C-B HD:: C: D. or: :AK 2 

Or alſo from the equal Products of Extremes and Means, AEFCxB=BED XA, 


for AÞCxB=AB+CB, and BYD A= AB AD (either by Len. 3. C. V. B. f. 
if B and A are Integers; or by Lem. 2. Ch. I. Book II. if they are Fractions): But AD 


BC (Theor. 1.) hence A B+ CB=AB+ AD; 5. e. ICN B= BTD A; whe 

fore A&C:B+D:: A: B (by the Reverſe of Theor. 1.) F | ; a 

Or ſee it in this Repreſentation, A: Ar:: B: Br; henee it is plain that A LB: Ar — 

By (=AFBxr) : A: Ar, the common Ratio being r; or A＋ Ar (= I+rxA). 

B+Br (=1+rxXB) :: A: B; theſe being equally multiplied in the firſt Pair by 1 Er: 

Or in both Caſes you ſee an equal Product of Extremes and Means. | 
ũ5.... 8 | 


1. If there are ever ſo many Couplets of Numbers in the fame Ratio, the Sum of any 
Number. or all of the Antecedents is to the Sum of the ſame Number of the 


4A ＋ 4 


— NN CC .⅛13d. 


ing are alſo in the ſame Ratio. Thus, 
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. +4: A+B+C+D::4:D.-: Or it follows ſimply from the ſame general Principles as 


Theorem, viz. The Sum of the Like F ractions of any Numbers, however many there 
"oy of them, is the Like Fraction of the Sum of theſe CE 


If four Numbers :: / are:equally multiplied, the Products are alfo : : I and in the fame 
5 * Sem 3 3 Wr pang by r, theſe are:: l. Ar: Br: Cr: :Dr; for 
WP is Only a t ion: But this follows alſo from Coroll 15. fo 
re dCi Wir: di ne r Ar 
ws: If A: B:: C: D, and M: N:: O: P; and if the Ratio is the fame in check Ranks, 
ie. A: B:: M: N. and C: D:: O: P. chen the Sutns of their nn Terms is alſo 
a Rank of ::/7s; that is, AL M. B- N:: CTO: DTP. 


Obſerve, The firſt Coroll. is the ſame thing in effect as this Propoſition, vis. if two or 
more Numbers are compoſed by addition of the fame number of Parts, thoſe of the 
lefler Whole being leſſer, compared one to one "rout from the 'leaſt to the 
2 than thoſe of the greater Whole, and all in the fame Ratio to > their Corres 
pondents in the Cher, TUES Whole are allo in che fame Kerns.” © 


T. E 0 R E M. N 


Ir four Numbers are: 356 A: B:: C: D, they are ſo Aviſvely: Thus, the Difference 
of the . is to the Difference: of the Conſequents as each Antecedent to its Con- 
ſequent, A—C:B—D:: A: B, and alſo as C: D. Alſo, the Differences of each Ante- 
cedent and its Conſequent are as each Anteceden: or g F che to the other, A—B: 
C—D::A:©, — B: D; and it is the ſame t the Antecedents are leſſer 
chan their Conſequents, or A leſſer + . and B chan 55 for 11 it is * A: D— 3 

: A: B, and B — A: D— C:: 


Example: 3: 7:: 15: 35. = 5 28: 3:73 alſo 4: 20: 3: = 

DEMONSTR, A, C, are Like Fractions of B. D, and (by Lem. 3. Ch. I. Book Il. 
the Difference of the Like Fractions of two Numbers is the Like Fraction of the Diffe- 
rence of theſe Numbers; that is, A Cor C- A is the fame Fraction of B—D or 


5 — B, as i A of B or Cof D; therefore A—C or C=A:B—D or D- B.: A. 
B:: C: D. The ſecond Part, viz. A—B:C—D:: A: C: B: D, follows from the Al- 
ternation of the given Numbers. | 1 8 5 

Or we may A = 5, op 


>» dr AC: B—D:: C: D. or A:B. 


Or thus alſo; X TX BS AB Cz. and F< D AAB - AD; but AD= 


BC, hence AB CBS AB AD; chat is, XTX BB War the ode of 
the Extremes equal to that of the Means. Hence A—C:B—D::A:B. 


Or thus; A: Ar;B:Br, and A— B: Ar —Br (=A—Bxr) :: A: Ar. the com- 
mon Ratio being 7. Alo Ar— A (Sia); Br —B (ix B) :: A: B. 
theſe being equi - multiplied in the firſt Pair by r — ; or in both Cal es you ſee an equal 
Product of Extremes and Means. 


ScHoLIUM. This Theorem is the ſame in 8 as this 1 If 3 
he fame Ratio to one another as the Parts taken away, the Parts 
. = poſe A, B to be greater than C, D, then A,B, 


being conlider'd as two Wholes, C, D are 1 — Parts taken away, and A — C, B— P. — 


Chap. 3. 


— 
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be Parts remaining: And the Propoſition is clearly expreſbd in Signs thus, A—C: B— 
B e: D; and if C, D are the greater, it is ©— A: D- B:: C: P:: A: B. 


1 e may alſo- expreſs the Propoſition! thus: I two Numbers are each the Sum of other 


two Numbers, or Parts, anck if the one Whole is in the ſame Ratio to the other as one 
Part of the firſt Whole is to one Part of the orher, them the other Parts are alſo in the fame 
Ratio: Thus, A, B being the Wholes, C, and A — C are the Parts of A, and D, B—D, 
the Parts of B; for A CCA, alſo B— D-+D =B. : 


The like Corollaries follow from this Theorem” as from the * by applying Subtraction 
ind Diviſion, as we did there Audition and Mtlriglication: To which al add the fol- 


5  COROLLARIES. 

1. Of four Numbers, A, B. C, D, if it is A +C:B+D::A:B, or as C: D; but 

let it not be affirm'd'to Be both as A: B and allo as C: D, yet this will follow, that A: B 
: C: D, and conſequently that A C: B+ Dis both as A. B and C: D; For AC 
and B＋ D are o. Wheles, which being. ſuppoſed im the fame: Natio as any one of the 
Parts, A: B, che other two Parts are alſo in. the ſarne Ratio, by this Theorent and. Scholium; 
that 5 and hence alſo A+ C: B＋ D:: A: B.: C: D. From chis again fol- 
lows, that a 8 5 C : 
2. If two Wholes are compoſed each of two Parts, and if the Parts of the one are not 
both in the ſame Ratio to the Parts of the other, the Wholes are in neither of theſe Ra- 
tios; for if they were in the Ratio of any one of them, they would be in the Ratio of 
both, and conſequently the Parts woyld. be in the ſame. Ratio, contrary to Suppoſition. 

3. Of four Numbers, A, B C. D, it A C. B H.: A: N. or C: D; but we don't 
ſay and alſo as O: 0, then ii vl be 94: B:: C: D, and conſe uently A C: B— P:: 
A: B:: C: I); for A. B. ire ere two Wholes, C and 1 — 0 are the two Parts of A; 
and D, B — D the Parts of B, but one of the Parts being in the Ratio of the Wholes, 
vs. A — C: B — Di: A: B are the other Prts, by this Theorem; that is, A: B.: C: D; 
and if A C: B —- B.: C: Di chat is, if both the Parts of the one Whole are ir the 
fame Ratio to thoſe of the other, the Wholes are in the fame Ratio, by Theor. IV. that 

5 TAuRORRM VI. | 
Ir four Numbers are: J. A: B-: C: D, they are ſo alſo-mixtly ; chat is, comparing 
the: 8ums and Differences of the Antecedents and Conſequents; thus. | 
CH BRED: A C, or C- A: B ; or D<B 
Alſo AB: C D:: A- B. or B — A: C—D, or D- C. 


DEMO NST R. This follows from the two laſt ; for the Sums or Differences here 
compared are in the ſame Ratio of one of. the Antecedents to its Conſequent, viz. as A: B 


in the firſt Part; or. as the one Antecadent. to the other, viz. A: C, in the ſecond. Part. 
SCHOL IVM. The three: laſt Thorens may alſo be taken; reverſly or alternately. | 
'f i te 305 „10 Sein rein v3 $53 -401089 notary 3 - 


1, 0 ne 
Ly chere are ever ſo many: Ranks of four Numbers :: I, and if any two- of the com- 
parative Terms (i. e. the iſt and ad or 1ſt! and 3d, or 3d and 4th, or ad and 4th) are 
common to all-rhe Ranks, then the other Qouplets in every, Rank are all in the fame 
Ratio. Or if it's thus, viz. Two . of the, 1ſt Rank common bo the 
N . 


4 * 
— — — — — —— 
; —— 3 
- — — 
— — nnn; noon — 
— — — en 
—— —ñ—62Ä '''... ————— — , 
— — —— - - 
— — — — — —. - — — — — | . A = — — . 
: ntl one ry ere — — * — — — 8 - om vr 2 + - —_—— — 
— — — — — - - - 8 N n, 3 8 - 
* 7 4 — - — 
— —— — — I = 
= - — — — * \ 
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2d Rank, and the remaining two of the 2d Rank common to the 3d Rank, 
then the other Couplets 8 Rank will be:: J. | 3a ank, and ſo on, 


DEMON STR All this is the ſimple and immediate A lication of Axiom 3. 
Theorem IF. and needs no more Explication but a few — where you may 85 = 
different Forms in which theſe things may appear. oy may ſe 


\ EXAMPLES. 


Tt; (3 | „ INT {3 40 
If A: :: C: D. If A: B:: C: D. 0. AM; CD, 
and C: D:: E: F; | and E: B:: F: D; and C: D:: E: F,. 
then A: B:: E: F. then A: E:: C: F. and E: F:: G: H; 
N 5 then A: B:: E: F:: G: H. 
E 2% 2 
If A:B::C:D, If A: B:: C: D. If A: B:: C: D, 
and B: D:: E: F; | and B: E:: D: F; | and A: C:: E: F, | 
then A: C:: E: F. | then A: C:: E: F. | and G: H:: A: C 
1 | then B: D:: E: F:: G: H. 


TREOREM VIII. 


Ir there are two Ranks of 4 Numbers : :/, which have two comparative Terms com- 
mon to both, the Sums or Differences of the Antecedents and Conſequents of the two 
different Couplets are in the ſame Ratio with the Antecedent and Conſequent of the com- 
mon Couplet. Thus: Hoops & _ 

EAN: 1B;z:C:; ;-D, DEMON. A preceding A: C:: E: F; whence 

and E: B:: F: D; AE, or A- E: CF. or C— F:: B: D; or alter- 
. F: D; - nately, as in the Margin. 

— F: D. Again; Becauſe e ee Di: B: D, and E+B: 

| | F+D::B: D; therefore theſe Proportions are alſo true, 


1 A+E:C+F::A+B:C+D::E+B:F+B, Alſo any Couplet of the 
and EST AB. CTB. E. 8 | firſt Rank 4 124 Sk any of 
. | 4 0 . the ſecond; being all as B: D. 
Again; It is alſo A E: B＋ B:: CTF: DD. Since 2 B: 2 D:: B: D. 
Far, IES © 
Ir there are two Ranks of four Numbers: J whereof the Extremes or Mears of the 
one are the ſame as the Extremes or Means of the other; or if they are reverſly the Means 


or Extremes of the other; then the remaining four Terms are reciprocally': : I. i. e. make 
the remaining two of the one Rank the Extremes, and thoſe of the other the Means, and 


% ͤ of 7 

= A:8:iC:D, FA: B:: C: D. If A: B:: C: D. If A: B:: C: D. 
and E: B:: C: F; and A: E:: F: D; | and B: E:: F: C; | and E: A:: D: E; 
then A: E:: F: D. | then B: E:: F: C. | then A: E:: F: D. then B: E:: F. C. 
D Mo R. From the equal Products of Extremes and Means, it is AD=BC=EF; 
in which all theſe Concluſions are comprebendel. 732 


— — — — — — —-—¾ —_ — — 94 
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Ir four Numbers are ::/, and if any two of the comparative Terms are equally multi- 
plied or divided; or if the one Extreme or Mean is multiplied, and the other equally di- 
vided; or again, "if the one Extreme is multiplied, and the other equally divided; and at 
theſame time the one Mean multiplied by any other, or the fame Number, and the other 
equally pps the Proportionality ſtill- remains, tho in the ſecond Caſe the Ratio is 
T E and will be —＋ in the third Caſe, when two different Multipliers are employed. 

E A: B: C: +D, then theſe Proportions follow, viz. 


A: B:: Cz: Ds. 
Ar: B:: C: D. 


lg IIS 8 N 


5 8 | TI hy 


I [17 : Dr: Cz. 


Dz EMON. In all the Conclufions Tag many more that may be contrived of this Na- 
ture, the Truth of the Proportion is evident from the equal Product of the Extremes and 


Means; founded all upon this, that AD=BC, #r =»r, F 8. and 2. 
c ways of arguing with proportional 9 


F. 2. Of Geometrical TY Oe * 


Obſerve, By the Diſtance of one Irn F a Series from another, is meant the Number of 
Terms from, the one. excluſvve to the other incluſive ; or including both, it is the Number 
n Terms Jeſs x. "So 7 the Number of Terms is n, the ny of the Extremes is nO—1. 


| POLEN III. 
1 the 55 Term and Ratio to raiſe @ Geometrical Series. 


Rur E. IF the given Ratio is a whole Number or mixt, then for an increaſing Series 

multiply, and for a decreaſing divide tho firſt Term by the Ratio, the Product 

of Quote i is the ſecond Term; which multiplied or divided by the Ratio, gives the third 

Term, and fo on. But if the Ratio is a Fraction, this of itſelf determines that the 
Series © 11 to increaſe, and we muſt 8 by the Reciprocal of the Ratio. 

Exavple 1. Firſt Shoes: 25 Ratio 3, the increaſing Series is 3:6: 18:54 Sc. and the 


eraſing Series 2: 7 (PUTT 2, Ge. bed 5% lg 44 6 51 
| L1 | Exam, 
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Example 2. Firſt Term 2, Ratio 4, the Series is 2 : 8: 16 : 32, &. Or thus, 2 

11 | ; HEE 

ey & x rage c. 1 


DEMO N. The Reaſon of this Rule is manifeſtly contained in the Definition of Geo. 
metrical Relation; ſee the Coroll. after it: for when the Ratio is a whole or mixt Number, 
which ſoever of the two Views there ained it is taken in, the Rule is good ; becauſe for 
an increaſing Series, a whole or mixt Number is in the firſt View the Ratio, and in the ſe- 
cond it is the reciprocal Ratio; and by the Coroll. referred to, the firſt Term or Antece. 
dent ought to be multiplied by this; and for'a decreaſing Series, a whole or mixt Number 
is the Ratio in both Views, and Diviſion is the Rule. Laltiy, If the given Ratio is a pro- 
per Fraction, it is taken in the ſecond View, and neceſſarily infers an increaſing Series; and 
therefore the Antecedent multiplied by the reciprocal Ratio produces the Conſequent. 


$CROLIVNE . 
1. If the Ratio is expreſſed by two Numbers ordered in a certain Compariſon, the one 


as Antecedent, and the other as Conſequent, then, that determines whether the Series de- 
creaſes or increaſes; and accordingly, if we make a Fraction of the Antecedent ſet over 


the Conſequent, (which is the Ratio in the ſecond View) and by it divide, we ſhall raiſe 


an increaſing or decreaſing Series, acccording as the Ratio is a proper or improper Fraction. 
For Exam. If the Ratio is thus expreſſed, viz. the Ratio of 2 to 3, or 2:3; - ah dividing 


by > makes an increaſing Series. But if it's the Ratio of 3: 2, then dividing by 2 makes a 
decreaſing Series. 3 3 3 

2. Again: If the two firſt Terms of a Series are given, (which do contain the Ratio) 
then the Series is continued by the common Rules of fin ing a third or fourth, — /, viz. 
finding a third to the two given ones, and then a fourth to the fame two, and the Term 
lat found. And ſo a Series from 4: b, whether increaſing or decreaſing, will be thus re- 

wy | 

preſented, a : b: 2 . 2 c. But when a Number diſtinct from the two firſt Terms 
is given for the Ratio, then b 


3. Any Geometrical Progreſſion, whether increaſing or decreaſing from a given Num- 
ber a, may be clearly repreſented thus, a: ar: ars, &c. adding ſtill an Unit at every Step 
to the Index of r: for according as r is ſuppoſed greater or leſſer than 1, ſo is the Series 
increaſing or decreaſing. If the Series increaſes, then is 7 the Ratio in one of the two Sen- 
ſes explained, or the Reciprocal of it in the other. For it is the Quote of ar, the greater 
Term divided by à the leſſer; but the reciprocal Quote of « divided by ar, which is the 
Ratio in another View. Again; If the Series decreaſes, r is a pro raction, and is the 
Reciprocal of the Ratio taken in either View, which are in this Cale the ſame, viz. the 


Quote of a divided by ar, which is. === ©, whoſe Reciprocal is . 


Wherefore, if we take the Ratio always under the Notion of. the Quote of the Antece- 
dent divided by the Conſequent; then 1 is to be underſtood as the Reciprocal of the 
Ratio; which makes the Series either incr or . decreaſing, according as r is greater 
or leſſer than 1. And therefore tho we call r the Ratio, yet if we e it as the re- 
ciprocal Quote of the Antecedent divided by the Conſequent, there will be no Ambiguity 
or Hazard of Error; and hereby we ſhall ſavè the Trouble of making different Repreſen- 
tations for increaſing and decreaſing Series. Yet in ſome Caſes it will be convenient to 
repreſent them differently; and then taking the Ratio always as the Quote of the en 


RR - Jo OSS. | n 
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Term divided by the leſſer, which muſt be a whole or mixt Number; and calling that 
Ratlo 7, an increaſing Series will be thus repreſented, #: ar: art, Ge. and 4 decrealing 
thus, a: : 2 Ge. Wherefore if we repreſent a Series in the firſt manner, it's ſuppoſed 


to be taken indifferently for increaſing or decreaſing, unleſs irs expreſsly ſaid to be increa- 
; but the other manner does always expreſs a decrealing Series. | : 
rom theſe Rules and Expreſſions of Geometrical Series we have the following 


} 


| " COROLLARIES. 


1. If the leſſer Extreme of a Series is the Ratio, then the other Terms are the ſeveral 
Powers of the Ratio, thus: 7; 72: 13: 1, &c. or A: Ar: As: At, &. For here ry or A is 
the Ratio, and rx =; r*Xr=73, and ſo on: Whence it's plain, that the Series of 
the Powers of any Number is a continued Geometrical Progreſſion. 5 | 

2. If x is the firſt Term of a Series, the ſecond Term is the Ratio; and all the ſucceed- 
ing Terms are the. ſeveral Powers of the Ratio. Thus, 1: 1: 72, &c. for the Ratio of x 
tor being r, the ſecond Term muſt be , the third 73, and fo on. 

3. Berwixt 1, and any Power of a Number as 7", there fall as many Geometrical Means 
3s the Index of that Power leſs 1, viz. »— 1, in the Ratio of 1 to the Root; for every 
Term after 1 is ſuch a Power of the ſecond, whoſe Index is equal to the Number of 
Terms after 1 to that Power; the thing is evident in the uniy Series, 1: 1: 72: 73:7, 


4 Every Geometrical Series, Whoſe firſt Term is not 1, is equal to ſuch a Series mul- 
tiplied by the given firſt Term; the Ratio of that Series being the ſame with that of the 
ven Series. Thus: A: Ar: Ara: Ars: Ar“: oc. is no other than the Products of this 
eries, 17: 72: 73:71: ec. multiplied by A. a 

5. As an I may be thus repreſented, A: Ar: Arz: Ar3:, Ec. it's manifeſt 
that the Index of the Ratio in every Term expreſles the Diſtance of that Term from the 
firſt A: And hence it follows immediately, that tbe b, 

6. Every Term is equal to the Product of the firſt, by that Power of the Ratio whoſe 
Index is the Diſtance of that Term from the firſt; and reverſly, the firſt Term is equal to 
the Quote of OT Term divided by that Power of the Ratio, whole Index is the 
Diſtance of that Term from the firſt. So, for Example, the firſt Term being A, the Ra- 
tio r, and the Diſtance of any Term from A being d, that Term is Ar; if you call 
that Term L, then is L= A; and reverſly, A= L-. | | 

SCHOLIUM. Becauſe the greater Extreme of a Series is, by what's now ſhewn, equal 
to Ard, or Ar*—", (A being the leſſer Extreme, r the common Ratio, and d the Diſtance 
of the Extremes equal to »— 1, the Number of Terms leſs 1) and every Term below ha- 
ving the Ratio involved in it to one degree leſs than the preceding greater Term; therefore 
- * Series, which, when the greater Extreme is called /, is repreſented thus, J: 


F 2 i Oc. may alſo be repreſented thus: Ari: Ari; Azd—2;, &c. Or thus, 


AP, Ar-: Ar—3;, Ge. (becauſe d = 1) going on ſo till the Index of r be 
equal to 1, and then we have Ar the Term next to A. 

7. But again more univerſally: From the ſame Expreſſion: of a Series, it's manifeſt that 
the Difference of the Indexes of the Ratio in any two Terms expreſſes the Diſtance of theſe 
two Terms; for in every Step aſcending, the Ratio is involved once more than in the pre- 
ceding ; and therefore from any Term to any other, it's as much oftner involved in the 
greater than in the leſſer, as their Diſtance expreſſes; that is, the Difference of their In- 
dexes is their Diſtance, and hence it follows immediately, that 


Ll 2 | 8. Any 
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8. Any Term of a Geometrical Series is equal to the Product or Quote of any other leſſer 
or ter Term multiplied or divided by ſuch a Power of the Ratio, whoſe Index is the 
Diſtance. of theſe Terms; and any Term divided by any other leſſer Quotes ſuch a Power 
of the common Ratio, whoſe Index is the Diſtance of theſe Terms. For any Term bein 
expreſſed Art, (d haing the Diſtance of this Term from A) any greater Term muſt have 
a Power of r, whoſe Index exceeds d by the Diſtance of theſe Terms (by the laſt) ſo, 
that Diſtance being m, the greater Term is Ar%t=; but A me rn, (Tb. 6. Ch. 1. B. 3.) conſe. 
quently, Ar*+m = Arix rm; and reverſly, Arn -n Ar,, and Aritm — Ar rn. Or 
this Truth may be deduced from Coroll. 6. Thus: Any Part of a Series, 3. e. from any Term 
to another is ſtill a Geometrical Series, whereof theſe two Terms are the Extremes; which 
being n N their Diſtance d, it's ſhewn that A L= re, and L=Ar”*; and 
laſt 3 — A=. | 5 

3 In this Series, 2: 6: 18: 54: 162: 486. If we compare 6 and 162, whoſe Di- 
ſtance is 3; then is 6 = 162 — Cube of 3, or 27; and reverſly, 162 26x 27; and laft- 
ly 162 —6=27. RES "FN 9 


Scho l. The immediate Uſe and Application of this laſt Truth we have in the Soluti- 
on of theſe Problems. 

(1.) Having any one Term of a Series and the Ratio, to find a Term at any Diſtance 
from the given one, withour finding all the intermediate ones: The Solution of which is 
plainly contained in this Coroll. Thus: Take that Power of the Ratio, whoſe Index is the 

iven Diſtance; and by it multiply or divide the given Term, and you have the Term 

ught above or below the given one. Thus: Any Term of a Series being multiply'd or 
divided by the fourth Power of the Ratio, gives a Term, which is the fourth above or be- 
low after the given one. : | 

(2.) Having any two Terms of a Series and their Diſtance, to find any other Term at 
any Diſtance from either of the given ones; which is ſolved thus: Divide the greater by 
the leſſer of the given Terms, the Quote is a Power of the Ratio, whoſe Index is the Di- 
ftance of the given Terms. Suppoſe this Diſtance to be 4, and extract the d Root of that 
Quote, (by the Methods explained, or referred to in Book III.) it is the Ratio ſought: (all 
which is immediately contained in this Coroll.) Then having the Ratio, by it and any given 
Term we can find any other Term at any given Diſtance from the given Term, as in the 
preceding Problem. | | 

Obſerve, For ſome Caſes of this Problem there is a more eaſy Solution, which you'll find 
in Theo. XX. ſee the 3d Article of the Schol. after the 4th Coroll. as particularly, ſuppoſe the 
Term ſought is leſſer or greater then either of the Terms given, and its Diſtance from the 
leſſer if it's greater than either of them, or from the greater if its leſſer, is a Multiple of 
the Diſtance of the given Numbers. DE OT 

(3.) Of theſe three things, viz. the common Ratio of a Series, the Diſtance of any two 
Terms, and the Ratio of theſe two Terms; having any two we can find the third: 
for any Term being called A, r the common Ratio, and 4 the Diſtance of any greater 
Term from A, that Term is Ar, and the Ratio of A to Ard is ra, which if we call R, 
then (1.) if d, r, are given, R (r)) is alſo known. (a.) If R and d are given, r is alſo 
known, wiz. by extracting the 4 Root of R. (3. If r and R are given, d is alſo 
known, viz. by raifing r to a Power which is equal to R (re) and the Index of it is. 


$ The Sum of the Extremes of a Geometrical Series is equal to the Product of the 
leſſer Extreme multiplied into the Sum of 1, and ſuch a Power of the Ratio whoſe In- 
dex is the Diſtance of the Extremes. Thus, A being the leſſer, L the greater Extreme, andd 
the Diſtance of the Extremes; A + L = A + Ar, for L=Ar*; and conſequently A+L=4 
＋ AT = ATA. Again; Becauſe any two Terms of a Series may be conſidered 
as Extremes of a leſſer Series, the ſame Rule will be good for expreſſing their 1 

8 295 5 us, 


—_—_— Ns yu coo 


% b4®t=, the Ratio being r=, | 


Chap. 3. Geometrical Progreſſion. 261 
Thus, one Term being Ar, and another greater being Aren, their Sum is Ar} 
mee Wen | | 

(64 The Difference betwixt the Extremes of a Series is equal to the Product of the leſſer 
multiplied by the Difference of 1 and ſuch a Power of the Ratio whoſe Index is the Di- 
ſtance of the Extremes: Thus, L — Ar AN- ASF — 1x A. The fame way may 


the Difference of any two Terms be expreſſed; fo, Aratn— Ara f= X Ar in all 
which the Indexes expres the Diſtances of the Terms from the leſſer Extreme K 


THEORE M XVIII. , 


Tar Sums or Differences of every two adjacent Terms in a- Geometrical Series make - 
alſo a Geometrical Series, and in the ſame Ratio. Thus, if A: B: C: D. &. is a Geometri- 
cal Series, ſo is this alſo AB: B+ C: C+D, &c. and this, B-A: C- B: D—C, 
&c. or A- B: B - C: C- PD, &c. | an 


Example: 2:4:8:16: 32, being a Geometrical Series, fo are the Sums 6:12:24: 48, | 


and the Differences 2: 4: 8: 16. : 
DRKMONST R. 1. For the Sums, It's true of any Series of four Terms, A: B: C: D. 
For A: B:: B: C; therefore AB: B+C::A:B. Again, Bl: C:: C: D, hence 478 
C+D::'B: C (Theor. IV.) wherefore AB: B＋ C:: B＋ C: CD; that is, AB: 
B＋C: CJD, are in the ſame Ratio of A: B, or B: C. By the ſame Reaſoning, B + C 
CD: DLE will be found to be in the continued Ratio of B: C, or C: D, fo that 
ATB: BEC: CD: DE, are in continued Progreſſion. And fo the Reaſon pro- 
thro? the Series in infinitum. 2 . 

2. For the Differences, It's true of any Series of four Terms A: B: C: Dy for ſince 85 
B:: B: C, then (by Theor. V.) B - A: C— B:: A: B. or B: C; and ſince B: C:: C: D. 
then C—B:D—C::B: C. Hence B—A: C- B: D C, are in continued Progreſſion, 
and fo on to more Terms. 1 | 

Or we may ſhew the Truth of this Theorem yet more ſimply, thus; A: Ar: Ara: Ars 
Ar, ec. being a Geometrical Progreſſion; fo i A+ Ar: Ar AN: AN Ars: Ars 
+Art; and Ar — A: Arn — Ar, Ge. the continual Ratio of theſe being evidently 7; 


for A+Arxr=Ar+ Ars, and fo of the reſt; allo Ar —Axr=Ar—Ar, 


The Reverſe of this Theorem is not true, for tho the Suns of every two adjacent Terms 
of a Series are continuedly proportional, yet it will not always be true that that Series is ſo; 
for Example: 3: 4: 10: 18 are not +1; yet 3 +4: 4 +10: 10 4 18, or 7:14: 28, are ſo. 


TrntoRrEM XIX. 


TIF there be two Geometrical Progreſſions in the ſame Ratio, then any two Terms in the 


one, and any two equally diſtant in the other, are in the ſame Ratio, or Proportional. 
Example: 2:4:8:16: 32; and 3:6:12:24: 48, are in the ſame Ratio; hence 4: 16: : 
3:12, or 4:32 :: 3:24. » 2 | 


DEMoNsTR. The Reaſon is plain from the laſt; for of Terms at 2 Diſtance 


— _ is always the Product of the leſſer by that Power of the Ratio whoſe Index is 
the Di 


nce ; therefore the Ratio and Diſtance being equal, theſe Terms are in the ſame 
Ratio to one another, which Ratio is that Power of the common Ratio of their reſpective 


Series. Univerſally, let one Series be a: ar: ara: ars: 471; and another b: Ur: UNA: hrs: 


% bene iet Bebe zaibe common Ratio here being 7. Or thus, ar": arte 


CoROLL. 


- 


— 
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CoRoLl.,' Hence having any two Terms of a Series, and any Term of another Se. 
ries which has the fame Ratio with the former, we can find a Term of this other as far 
diſtant from the given one as the two given Terms of the other Series are. The Applic. 
| THEOREM XX. | 

Ax xy two Terms of a Geometrical Progreſſion are :: I with any other two equally di- 
ſtant; alſo any three or more equally diſtant are = J; ſo in this, EE 16: 32 e 
theſe are:: l, 2: 4:: 64:: 128, and theſe, 2: 16: : 8: 64: Again, theſe are = I, 4:16:64. 
and theſe 2: 8: 32: 128. Te 1 

DEMONSTR. The Reaſon of this is the ſame as in the former Theorem, viz. the E- 
quality of Diſtances which makes an Equality of Ratios betwixt the Numbers compared, 


.COROLLARIES. 


1. If any two Terms are multiplied, and the Product divided by another Term, the 
Quote is equal to a fourth Term as far diſtant from one of the Terms multiplied on the 
one hand, as the Diviſor is from the other of them on the other hand. For ſince any four 
Terms are:: V whereof the two leſſer are at the ſame Diſtance as the two greater, (and 
conſequently the leaſt and the next to the greateſt, at the ſame Diſtance as the greateſt and 
the next to the leaſt) therefore the Product of the two middle Terms of theſe four being 
divided by either of the Extremes, muſt quote the other; or the Product of the Extremes 
being divided by either of the Means, muſt quote the other; whence the Corol. is maniteft. 

Obſerve again, That if the Diviſor is one. of the Extremes, i. e. lies on the ſame hand 
of (or is leſſer or greater than) either of the Terms multiplied, the Quote will be the 
other Extreme; i. e. will lie on the . band of (or be contrarily greater or leſſer 
than) either of the Terms multiplied; conſequently the Diſtance of the Quote from 
the Diviſor will be the Sum of the Diſtances of both the Terms multiplied from the Di- 
viſor (or from the Quote itſelf, which is at the ſame Diſtance): But if the Diviſor is one 
of the Means, i. e. lies bet wixt (or is leſs than the one and greater than the other of) the 
Terms multiplied; and conſequently the Diſtance of the Quote from the Diviſor will be 
the Difference of the Diſtances of the Terms multiplied from the Diviſor, or from the 
Quote itſelf, which is the ſame Diſtance. = 

Example: In this Series, a:b:c:d4:e:f:g:h, its true that a: c:: f: b, where cf —a=b, 
which is as far from f on the one hand, as à is from c on the other; and as far from à as 
the Sum of the Diftances of c and f from a. Again; 2b - = as far from 0 on 
the one hand, as c is from @ on the other; alſo F is as far from c, as the Difference of the 
Diſtances of à and h from c. | ED 

Again; Becauſe it's the fame thing in effect to multiply two Numbers, and divide their 
Product by another; or firſt to divide one of theſe two Numbers by the fame Diviſor, 


and multiply the Quote by that other Number, for N e, or S x b. Therefore the 


laſt Corollary will be in effect the ſame if its expreſſed in this manner, viz. if any Term 
of a Series is divided by another, and the,Quote multiplied by a third Term, the Product 
is a Term as far diſtant from the Dividend or Multiplier on the one hand, as the other 
of theſe is from the Divifor on the other hand; ſo that the Diſtance of the Product from 
the Diviſor will be the Sum of the Diſtances of the Dividend and Multiplier from the 
Diviſor, when the Diviſor is leſſer or greater than either of theſe; bur if it lie between 
them, then the Diſtance of the Product from it will be the Difference of the Diſtances 


of the Dividend and Multiplier from the Diviſor ; for = Z * c, which is now called 


a Product, is the very ſame Number that was before called a Quote; and what is here a 


Dividend 
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Dividend (viz. ö or c) is the ſame as was before one of the Maltipliers, (and is in effect 
2 Multiplier here alſo) and the Diviſor is the ſame as before. ' 

2. If any Term of a Series is multiplied by itſelf, and the Product or Square divided by 
another Term, the Quote will be a Term of the Series as far diſtant from the Term 
{quared: on the one hand. as the Diviſor is from the ſame Term on the other hand; and 
conſequently the Quote will be as far from the Diviſor as twice the Diſtance of the Term 
ſquared from the Diviſor. Hence, reverſly, The Term which is in the middle betwixt two 
Terms is the Square Root of their, Product. So in this Series, a: b:c:d:e:f:g:h, if 
dx dis divided by b, the Quote is equal to f as far diſtant from 4 as d is from b, and twice 
as far from b as d is. The Reaſon is becauſe b: d: F are +1, and therefore dd= f; 
whence, dd — , alſo FTE =. | | | 

3. Again, more univerſally; If any Term of a Series is raiſed to any Power, and that 
Power divided by ſuch a Power of any other Term whoſe Index is 1 leſs than that of the 


Dividend, the Quote is a Term of the Series whoſe Diftance from the Root of the Diviſor 
is equal to the Product of the Index of the Power in the Dividend by the Diſtance of 


its Root from that of the Diviſor. The Reaſon will be plain from this Example: Let any 


two Terms of a Series be called a: 6: a Series continued from theſe is (by Probl. III.) 
a:b = 127 E: Ge. But, by the two preceding Corollaries, each of theſe Terms is 


a3 
a Term of any Series to which 4, ö can belong, fince = is a 3d =1 to a: b, and each cr 
tho reſt a 4th to 4: b, and the preceding Term. And here it's evident that each Term is 


twice or thrice, G&c. as far from @ as b is, according to the Index of 6. | 


4. If any three or more Terms of a Geometrical Series are continually multjplied to- 
gether, and the Product divided by ſuch a Power of a Term leſs than any of them, or 
greater, whoſe Index is 1 leſs than the Number of Terms. multiplied, the Quote will be 
that Term of the Series whoſe Diſtance from the Root of the Diviſor is equal to the Sum 
of the Diſtances of theſe multiplied Tertns from the fame Root. The Reaſon of this is 
eally-deduced from che Theorem, thus: Suppoſe any Term of a Series is 4; and b, e, any 
two other Terms both greater or leſſer: than a; then 5 expreſſes a Term diſtant from 
8 by the Sum of the Diſtances of b and (by this Theorem). Take another Term d, and 
multiply into be laſtſqund, iti E d = 25s. hich divided, by is E eh isaNum- 
ber formed according to the Propoſition, and is allo by this Theorew' a Term of the Series 


x far diltant frm 4 as the Sum of the Diſtances of 4 and 27; bur the Diſtance of 
Is the Sum of the Diſtances of b and c, therefore the Diſtance of <= is the Sum of the 
Diſtances of ö, e, d; and it's obvious that the ſame Reaſoning will be good in the next 
i. e. where four Terms are multiplied, and ſo in inſinitum. 

Or the Demonſtration. of this Truth may be deduced without the Theorem, thus: Any 
Term of a Series may be called a, and if the common Ratio of the Series is r, then the 
ſeveral Tertns after @ will be ar, ar*, 8, Ge. ſo that any Term after 2 may be repre- 
lented a rn or rn, or with any other Index which will expreſs the Diſtance of that Term 
om @. Now if we take any two or more of theſe. Terms after a, and multiply them 
er. the Product will be equal to the Product of theſe two Factors, viz. ſuch a Power 
4 whoſe Index is the Number of Terms multiplied; and ſuch a Power of r whoſe In- 
& is ide Sum of the Indexes of 7 in the ſeveral Termgmultiplied, (thus ar" Xa rn 42 
xr"ta, and ſo of more Terms). Let us then ſuppole any Number of Terms after a mul- 
6 tiplied 
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tiplied together, if that Number of Terms is #, and the Sum of the Indexes of r in 
ſeveral Terms is m, then is the Product @" x rm, which divide by — Eos = ps 
aXr=, 4. Term as far diſtant from @ as m expreſſes, or as far as the Sum of the Diſtances 
of all the Terms multiplied. | Os _ 

| SCHOLIUM. The immediate Uſe and Application of theſe Corollaries is in the So. 
lution of the following Problems. | | 


" 


(1.) 'To find any Term of a Series by means of its Diſtance from the firſt Term, to- 

her with the firſt Term, and any two other, the Sum or Difference of whoſe Diſtance 

om the firſt is equal to the Diſtance of the Term ſought : The Solution of which is plainly 
contained in Coroll. 1. which need not to be repeated. 

(2.) By the firſt and any three or more others, the Sum of whoſe Diſtances from the 
firſt th 0 to the Diſtance of the Term ſought from the firſt, the Solution of which is 
in Corey. 4. r | | | ng 

(3.) By the firſt Term, and any one other whoſe Diſtance from. it is an aliquot Part of 
rr the Term ſought from the firſt; the Solution of which is contained in 
Corol l. 2. 3. Lao | 3s | 
0 When the Term ſought is in the very middle betwixt the given Terms, as in 

oll. 2. | | 

Obſerve, If the Term ſought is betwixt the Terms given, but not in the middle, you 
have a Rule | for ſolving this in Probl. 3. See Article 2. of the Schol. to Coroll. 8. 


TRnEORRM XXI. 


IN 1 ical Series the Product of the Extremes is equal to the Product of any 
two middle Terms equally diſtant from the reſpective Extremes, ( 3. e. the leſſer Mean from 
the leſſer Extreme, and the greater from the greater) and to the Square of the middle 
Term, when the Number of Terms is odd. That is, theſe Products are all equal, viz. 
that of the Extremes, and theſe of every two Means, taken at equal Diſtance from the 
8 that of the middle Term by itſelf, 5. e. its Square, when the Number of 

erms is dd. Y 
Example. 3:12:48: 192. 168: 3072: 12288, — 1g a Geometrical Progreſſion, theſe 
peu ar os VIZ, 3 X 12288 =12.X 3072 =48X 168 = 192 x rad of them 
being = 36864. by | | 
DE MONSTR. This follows eaſily from the preceding, compared with Theor. I. for 
the Extremes of a Series, and any two Terms equally ; diſtant from them, are :: / by the 

ceding, and by Theor. I. the Products of the Extremes and Means of four Proportionals 
are equal; and the Product of the Extremes of three Numbers in continued -- a is 
equal to the Square of the middle Terms; hence the thing to be proved is manifeſt. 

Example. a:b:c:d:e:f:g, being a continued Series, are proportional, 2: 6: : f. g; 
hence ag=bf. Again; a:c::e:8; hence, ag=ce. Alſo a: d: g are =I; hence 
a;=dd; wherefore ag = f= Ce dd. However long the Series be, the Truth of the 
r ering on co oro 
Which we may alſo ſhew by this other Repreſentation: let à be the leaſt Extreme, » the 

eV 2 MNT3O 9 <3 7 08-7 97 20 51 Ratio, and 4 the Diſtance of the Ex- 
| a: ar 3 * 42 LY | 3 2271 : &c. ard. trees, then the greater Extreme is ard, 


4: d—t 4742: 74 —3: ara—4: &c. 4, Cor. 6. Prob. 3.) and the Series of increa- 
rg CHE be: — —u— — f ſiug Terms from, and of the decreaſing 
gx 0 from are, are as in the — From 

£97. 8/65: apc, ': | whence: it's obvious, that the Products of 


P : * : TY | a — re - & 2 11 7 - , | 

: * | . . „„ r * #: 1 — »/ | 
the ſeveral correſponding Terms g againſt one another in the two Series are all equal 
SH a4 2251 0: Bogi/?7 2h 3109711908 £039.47 of 195100; 39 0 bur t 
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90 4K 74; for 7 being involved once more in every Term from 4, and once leſß in every 
Term from #r*, makes ſtill the fame Product a K | 

Or it will be as clear if we repreſent a Series in this manner; 4: ar: ara: 8c. If 9D. 


72 7 
1 increaſing from à for the one half of the Series, and decreaſing from / for the other 
half; and if there is a middle Term let both Parts of the Series include it: And then the 
Truth propoſed is obvious; each Product being = 4. For tho? one of the Factors is 4 
multiplied by ſome Power of r ; yet the other is / divided by the fame Power of r, which 
Multiplier and Diviſor deſtroy one another in the Product propoſed. 


SCHOLIUMS-.. 


r, Where a Series has an even Number of Terms, there are two Terms which we 
may call the two middle Terms, and in this Caſe the Theorem may be expreſſed thus: 
The Product of the two middle Terms, and of every two equally diſtant from them are 
equal: And we may alſo fee this Truth in a Repreſentation different from any of the for- 
mer; thus; If m: » be the two middle Terms, the Series aſcending from z will be the con- 
tinual Products of » by the Ratio, and deſcending from m it will be the continual _ 
of m divided by the Ratio, which in this Caſe is taken for the Quote of the greater Term 
divided by the leſſer, as » : Thus; G c. : : n νι,E.Ü; ate: oc. In 
which the Theorem is manifeſt”; for » being multiplied by any Power of r, and being di- 
vided by the fame, the Product of that Quote and Product is u, the Diviſor and Mul- 


tiplier deſtroying one another: So KA —— nzz and univerſally, = X74 = 


— mn. | 

2. Where the Series has an odd Number of Terms, i. e. has a middle Term equally 
diſtant from both Extremes, then its the ſame thing to ſay, The Products of the ſeve- 
ral Terms equally diſtant from the Extremes, or, The Products of Terms equally 
diſtant from the middle Term, are equal to another, and to the Square of the middle Term; 
and ſuch a Series may be thus repreſented ; &c. 77 75 : =; m: mr: mr: mrs, & c. which 
ao does clearly ſhew the Truth of the Theorem. 

3. Obſerve, For the ſame Reaſons here explained, the Product of any two Terms in a 
Series is equal to the Product of any other equally diſtant from the former two; and where- 
of one is taken as far above one of theſe former as the other is below the other of them: 
Becauſe ſuch four Terms are proportional; and of the Terms multiplied, the one Couplet 
ire the Extremes, and the other the Means. 

Alſo, The Product of any two Terms is equal to the Square of that Term which is in 
the midſt, equally diftant from either of them, becauſe theſe three Terms are :: I; ſo in 
the preceding Series af=be, becauſe 2: b:: e: and ae cc, becauſe a: c:: c: e. 
Again; When a Series has an even Number of Terms, tho? the two middle Terms are 
not in the continued Ratio of all the reſt above and below, yet the Products of the Ex- 
tremes and middle Terms equally diſtant fem them, will ſtill be equal, becauſe theſe Fa- 
Qurs are : : , at leaſt disjunctly. 1 Hh 


Co Rol L. The continual Product of any three or more Numbers in Geometrical 


Progreſſion is a Power of ſome Order; particularly, 

.) If the Number of Terms, #, is even (i. e. a Multiple of 3.) and the Extremes 

I then ſuppoſe ; I ſay, the continual Product of all the Terms of the Serieg 

i the 4 Power of the Product of the „ or 4 If: For ſince, as has been * 
* 
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roduct of the Extremes, and of every two mean Terms equally- diſtant from the 
the Fre are all equal; and there are as many of theſe equal ProduCtsas the half — — 
of Terms, or d: Therefore the continual Product of all theſe equal Products (which is 
manifeſtly the continual Product of all the Terms in the Series) is to ſuch a Power 
of any one of them (as the Product of the Extremes) whoſe Index is d. Example : Of this 
Series, 2: 4: 8: 16: 32: 64, the continual Product is 2X 4X 8X 16X 32 X 64 = 2095152 
= 2X 64} I. | | A | 
(2.) If the Number of Terms is odd, i. e. If there is a middle Term ny diſtant from 
each Extreme; ſuppoſe that middle Term is , and the Number of Terms u; I fay, the 
continual Product of all the Terms is the » Power of the middle Term, , or n: For 
the Products of every two Terms equally diſtant from the middle Term, being equal to 
m or men; therefore, as to the continual Product of the whole Terms, the Series is 
the ſame in effect as if it were a Series of Terms all equal to m, in which caſe it's evident 
that the Product of the whole is . Example: Of this Series, 2:4: 8: 16: 32, the con- 
tinual Product is 2X 4X 8X 16 x 32 = 32768 = 85, _ ; 


3 

Obſerve, The continual Product of the Series, viz. 27, or n, may alſo be a Power 
of as many other Orders as are denominated by the integral Numbers, which divide the Index 4 
or x, without a Remainder, as has been already explained in Book III. Again; In ſome 
Caſes the Product may be a Power of ether Orders than what are aſſigned either by this 
Corollary or laſt Obſervation, according to the Nature and Compoſition of the 1 Term 
of the Series, and of the Ratio; bur theſe not flowing immediately from the Nature of 
Progreſſions, are not to be conſidered here. This only I ſhall further obſerve; That if the 
Index » ( wiz. of the Power mn the Product of an odd Series) is an odd Number, the 


Product cannot be a Power of the Order d. Suppoſing in this Caſe alſo d = 25 becauſe » 


being an odd Number, is not diviſible by 2 without a Remainder; therefore = or dis 
not the Index of a fimple Power. Alſo, If z is an even Number the Product cannot be 
a Power of the Order u; for that Product being 77 if this is alſo a Power of the Order 
», then dis diviſible by » without a Remainder, which is impoſſible, becauſe 4=5. 


THEOREM XXII. 


Ix any Geometrical Progreſſion, which ſoever of the Extremes you call the iſt Term, 
the Difference of the 1ſt and ad Term is, to the Difference of the Fa rr in the ſame 
Ratio as the iſt Term is to the Sum of the whole Series, except the laſt Term: Or allo, 
as the ad Term to the Sum of the whale Series, except the iſt. 8 ; 
Example: In this Series, 2: 6: 18: 54: 162, it is as 4 (= 6 — 2) tO x60 (= 162 — 2) {052 
to 80 (=2+-6+ 18+ A'S or take the Series decreaſing, it is as 108 (= 162 — 54) to 160 
8 is 162 t0240 (=162 +5418 +6.) Again; it is 4: 160: f: 240; and 108: 160. 


Univerſally : If a Geometrical Series is 4:5: c: d: e, c. L, for the whole Sum put 
4, and let 4 be the iſt, and / the laſt Term; fo that 4, s—1, expreſs the Sum ot 
the _ _ except the iſt or laſt Term; then is it b — 4 (ors Ee a (or a—! 
„2% f, e r IT: II 450 

DEMONSTR. 1. Let us ſuppoſe the iſt Term to be the leſſer Extreme, and the this 
to be demonſtrated is, that ö 2: — 4: 4: —1::b:s—a. Thus; Of, any Num 
ber of ſimilar and equal Ratios, the Sum of all the Antecedents is to the Suin of all che 
Conſequents as any one of the Antocedents to- its Oonſequent (by Theor. IV, cmi 1, 
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But in caſe of 4 continued Progreſſion all the Terms except the Laſt are Antecedents, and 
all except the 1ſt are Conſequents ; ſo that it is I: —a::a:b; and diviſruely s — 7 $— 4 


1.5 :: /: 2: 122: b; but 2 — 44 
| therefore /—@: 5 — 2:27 — 11: 72: b, or, reverſly, b—a: „ :: B:. 
ö — 4. | 


2. If we ſuppoſe 4 to be the greater Extreme, the Demonſtration proceeds _ ſame 
way; only inftead'of = a and [—s, it is a — 6: 4 I:: 4:6 —1::b6:— 4. . 


COROLLARIES. 


1. 3 the Extremes of a Series, and the ſecond Term, (or that next ON of the 
Extremes). we can find the Sum of the whole Series, without knowing or finding any 
more of the Terms. Thus: 

Multiply the Difference of the Extremes by the firſt Term, and divide the Product by 
the Difference of the firſt and ſecond Term, the Quote is the Sum of all the Series ex- 
cept the laſt Term; z to which Quote add the mb and the Sum is the e thing ſought. 


er e e _ . . N 

by For fince b a: : I 225 [, therefore s I= d 1 
ne Or inſtead. of multi ing by the firſt Term, multiply by the ſecond Ter and you'll 
his find the Sum of a the Series, except the firſt Term. For ö — 4: l— 4: : b: — 4 
rm N 


eee ee ad, ==? +a. If we fuppoſe b lefs than , 
yet the Rule is the ſame, and the Reaſon of it alſo; by putting 2 — b and 1 in place 

the Wi of b—a and - . 1 
Again: If we take either of theſe Expreſſions for the Sum. ix. 1 + 1, or 
22 : 1 a; and reduce them, by the common Rules, to a more firple Expreſſion, 


we ſhall find it to be this, A ; 3. e. multiply the laſt and ſecond Terms, and 


from the Product ſubtract the Square of the firſt Term, and divide the Remainder by the 
Difference of the firſt and ſecond Term, the Quote is the Sum. And the Truth of this 
we may alſo deduce otherwiſe. Thus, a: b : : — 1: — 4, (as we ſaw above) and the 
Product of Extremes and Means are equal, vis. ar—a* = b s —bl. To each add bl, 
uud it is b eren 25 abel 4 6, it is bI — &*=bs=—as=b—axs; 
anne by 5 — 4, it is — 


f 


2. From this Expreffion of the Sum, #: e. from this Equal ity, 45 — a= bo — bl; we 
85 alſo the — of theſe Problems, viz. (1.) Having b, 5, l to find @, which is, 4 == 


7 7 hf * (Prob. 6.C.2.B. DL) 3 #, 5,110 find b which ef. 


(3.) — 5 b-t0 bed 1 dels i 12 r. For Gace 5 1— =bs— 
af. Add 42 to each, it is bl =bs— 3 and dividing by E, it is 1 
Lawn Lua | N 
(4) Having a,b, FR to find $=4, which is, #2 Gn S prraeaa 5 
which own immediately from from 4 15. 5751. (5) Haying 4, b, 5—8a to find 


9 which i is, — 2 — | = M m 2 : | : la 


| 
| 
| 
| 
| 
| 


which follow the reſt, vis. ) b—a= 
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In the fame manner having any three of theſe four, wiz. a, Þ—#, N=, A w 


can find the fourth; thus, 5— 1 2— » (which is above demonſtrated, and from 


I— 2 NS 8 b—a. 


= — d a= 


$g—[ ? ol 
1 Again: Having any three of theſe four, vis. ö, FT. I=7, 4; 


| . white x 
we can find the fourth thus, nn Which is above demonſtrated; and 


from which follows, that b— # ; 1—a , and þ = 
5 — 2 X b —a | 
18. 


ScHoLIVUM. In every Geometrical Progreſſion theſe five things are conſiderable, viz, 
the two Extremes, the Ratio, the Number of Terms, and the Sum: From which a Va- 
riety of Problems ariſes, whereof theſe are the chief and moſt uſeful , in which are given 
any three of theſe things to find the other two. But there is one Caſe, wiz. having the 
Sum, Number of Terms, and either Extreme, to find the other and the Ratio; the So- 
lation of which is too much above the Method I am limited to: however, I ſhall not en- 
tirely paſs it over, but bring the Solution fo far as my Method permits, and muſt leave the 
zeſt to ſuperior Methods. 


The Uſe of the Sy MR OL s employed in the following Problems. 


2 the leſſer Extreme. r= the Ratio, which is to be ta- == Numb. of Terms. 

I = the greater Extreme. ken as the Quote of the greater d=. I the Num- 

s = Sum of the whole Term divided by the leſſer, and ber of Terms leſs 1, 

Series. conſequently the reciprocal Ra- or the Diſtance of 
| tio taken the other way. the Extremes, 


PROBLEM IV. 
Having the Extremes and Ratio A, I. r, to find the Sum and Number of Terms s, n. 


SOLUTIONS. 
1. For the Sum. It may be done various ways; thus, 


. 1ſt Method: Having a, r, we have alſo 6 the ſecond Term, for Y ar; then by 4; 


b, I we may find 5, as in Cor. 1. Theor. 22. thus, 5= 2 : 
But without finding b, we have various other ways. | | 
ad Method: Divide the Difference of the Extremes by the Ratio leſs 1, the Quote 5 


l—z2 l—z2 


the Sum leſs the greater Extreme. Thus, 5 — I= ; and F=——= +1. 


: 5 : | 392 
Example: 4 = 3, I=48, az; then is — I= 45 ===, and s=45 +48; 4s 
in this Series, 3:6: 12: 24: 48. | 
 DEMONSTR. By Theor. 22. it ib —«:l—82::4a:5s—l, or ba: a::l—s 51 
But b= a r, therefore MEAS and * 42:4: T — 1:1. Hence 7—1 
— 4 — 4 . : 


:1I::l—8g:s—l, and e=[= 


.- yy  _ - Sw, 7 Py 7... e . af 


te is 


5 4s 


—1 
—1 
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zd Method. Multiply the Difference of the Extremes by the Ratio; and divide the Pro- 
duct by the Ratio leſs I, the Quote is the Sum wanting the leſſer Extreme. Thus; 5 —a 
To 
Example : a=3, I= 48, r=2; then is 5 2 9 . — and s=93. 

DEMON. Since b:a::7:1, (as before); therefore b—82:b::r—1:r, But 6— 2 
b::l—@:s5— 4, ( Theorem2z.) Hence r— 1:r;:l—8&a:s 4, and 9 —4= 
—. and nm DEM 

7 — NP | 

4th Method. Take the Product of the leſſer Extreme and the Ratio out of the greate 
Extreme, and divide the Difference by the Ratio leſs x, the Quote is the Sum wanting both 


1—1 a 1— ra 


Extremes; thus, s—a— [= f and = e . 
Exam. In the preceding Series, . Eur. and s=42 +51=93: 
DzMonsTR. By the ad Method, I =; hence 5 —I—a==S=e — 8 = 


I—a—ar+a_l—ar 


—— =—= + Or thus; If ar (which is the ſecond Term, when 4 is 


the firſt) be made the firſt Term; then, of ſuch a Series s—1 _—, by the ſecond 


Method: But this is plainly =s—1—a of that Series which begins with 4. Therefore, 


c. ; 
5th Method. Multiply the gras Extreme by the Ratio, and from the Product take 
the now Extreme; divide the Difference by the Ratio leſs 1, the Quote is the Sum; thus, 
omg. | 
| Exam. In the preceding Series, A 
Druoxs TR. This Rule is deduced from the ad Method, thus, s = —.— +1 


| 1 
= I—aprl—l __ rIl—s 


1 2 3 and it may be deduced the ſame way from the 3d or 4th 
Methods. Or we may deduce it from the iſt Method, by putting 4 r in the Place of 6, 


thus, Like i = = - by dividing Numerator and Denominator by 4. Or, again, 


from the 2d Method, Thus; If one Term more is joined to that Series whoſe greateſt 


Term is J, that new Term is r/; and putting r I in place of 4, in Rule 2. it is 5 —r 1 = 
r— a 


FAT: But s—r 1 in this new Series is equal to s in the former, whoſe greater Extreme 


mes J. wherefore its Sum is = ; | 
But we may alſo demonſtrate this Rule independently of any of the preceding, thus: 
4:60: —1:— 4 (as has been ſhewn in Theor. 22.), but 1:7::4:6; hence 1:7:; 
Fr Fa and s — a2 =r5—rl, and s —a+rl==75; alforl—-a=rs—s,; and, laſtly, 
img | | f 


. 


— — 
71 - . 


A. 
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4:47. ar. Kee: Le EL ar | Or alſo thus, (independ of Theo. 
121 — 1 1 "2 rem 22.) Let the Series de bee 
r _ ceo 14 * . Ar: Art: &c. : Ag and let 


s it be multiplied by 11 it's manif 
2 -r ars: &c.— ar. — from the Work in the Margin, he 


6 4 or Gn | the Product is Ar — A; and if 
; | ig | this Product is divided wy — 1, the 
. 271-4 = "OY 11 2 


. is 1 Ty} ng 1 ; becapſe' ar" =, and I erer: f 


For the Number of Terms 1, Raiſe the Series from 4 till you end a Term equi 

to I and then you'll have 2. The Reaſon is obvious. 
Or thus: Divide the greater by the leſſer Extreme, and raiſe the Ratio to a Power 
equal to that Quote, its ks is equal to »— 1, or 4; becauſe != 414 (Cor. 6. Probl. III) 


therefore rz ſo in the precoling Series, 48 =3 TY ZX 165 wherefore 4 is the 
Number fought. 

Obſerve, There is another Method of finding u, vi. = By the Logerithms ; And tho? the 
Nature and Uſe of theſe Numbers is not yet explained, E ſhall here, nevertheleſs, deliver 
the Rule, that what belongs to Progreſſions may be found together; but the Demonſtration 
and Application muſt both be referred till Eogarithms are explained. See Page 507. 

Ru E. To find » by Logarithms, Subtract the Log. of a from that of J, and divide 
the Remainder by the Log. of r, the Quote is equal to d or #— 1; chus, d= 


. = . But. obſerve, In this and all the following Solutions by Logarithms, that 


the * will not always be accurately true; and therefore to be ſure of an exact An- 
fwer, the former — is to be choſen. 


Px ROB 2 L K N V. i 224 
Having the Extremes 4,1, and Number of Terms », to find the Sum s and Ratio r. 


1. For the Ratio. Divide the greater Extreme-by the leſſer; extract. that Root of the 
Quote whoſe Index is 2 — 1, or 4, it is the Ratio. Thus, r= Taj. je 


Example a=3, I==48, »=5, then is = * = 165 . | | 
DzMonsTR. IN. (Corll. 6. Probl ut) therefore r. and y= Ti 
(Ar. 1. Book III.) 


S. CHOL lux As to the; ExtraQion of this Root, ſee "what is fad in Book ume :; and 
if the Root is Surd, the Problem i is e in rational Numbers. 


8 For the Sum. Find it by a, I, 2 as above, vir. 5 


Or inſtead of 1 put its Equal Fong and fo the. Rule will be⸗ = H 
D — L Where obſerves. That the Expreſſion * r ſtanding | here diſtin&tly by itſelf, this 
is no other thing than bidding you firſt find r, and then by 4. I, r, find 3. But this Expreſſion 
may be reduced to another Form wherein the Expreſſion of r is-loſt, thus; / — A/ — 80 1 


— — —1= =IxF — „ —— 44. The Manner and Reaſon of * 


— — . . ̃ T—— . ——— ̃ ͤ- .nrn;n;7771mè n ˙—w-i.m. ¹ ͤ - ˙—j — — 
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ne is this, EM i ( Theor. 4. Book II.), and therefore TN xt = =1x H 
A from which ſubuatt & and it is /x H. x f—6*. Again; 1 


n e of And the former: Nethainder, - divided by this; «quotes 


IHK. Tf you exprefrall the Diviſions here fraQtion-wiſe you will per- 
ceive the Method of the Reduction more eaſily. Yet here again ob/erwe, that tho? the Problem be 
' poſſible in rational Numbers, it cannot be ſolved in this Form unleſs I and à are both Powers 
the Order 4. And if it be here objected, That either this Solution is falſe, or the Problem 
impoſſible, fince a true Solution muſt neceſſarily give the Anſwer to a poſſible Problem, 
this 3 is removed by conſidering that this new Expreſſion is only the Effect of 


taking 41 os Ta 7 which laſt may be rational (and muſt be ſo if the Problem 
is poſſible) tho I* and 45 are * Surd, (as has been ſhewn i in Book III.) and the Con- 


"ſequence we are to draw from and 4 being Surd, is not that the Problem is impoſſi- 
ble in rational N umbers; but rather — that makidg theſe Extractions further and further 


in inſinitum, and appl them in this Rule, we ſhall a roach infinitely nearer to * An- 
1 of the Problem. the a l 


— — 1 


= 1 Ti 3 VI. 


W the Extremes a, 1 and Sum 5, to find che Ratio 1 r. Fe, No of f Terms: 1. 


1. For the Ratio. Divide the Difference of the. Extremes by the Difference of the 
Sum and greater Extreme, the Quote is the Ratio leſs 1: Or thus; Divide the Difference 
of the Sum and leſſer Extreme, N the Difference = _ Sum and greater Extreme, the 


— 
Oote is the Ratio: thus, TIE. or =. 


Exam. 4 3, ing 5= 93s wen is = 2 =4H =x, or = 


STS 
=2 FAM * 
Duos R. 1 (Probl. IV.), hence 7—x= T5 (we i. ), 
1 2 ng $—_ 
hence y= 7 l = = Sin es t Wh js, ee. 
vonſtrgted thus; —1 „„ hence r = =. dat d N = 5 25136 
2. For u. Find i. ne, 5. as n Prob. IV. VVV 


* 2 * ＋ 
y 12 4b; | U 2 Ich „ 1 12 7 * 71 8 5 4 
. a a Þ 8 
: * . 33 - Fe : 
— 11 af — 41 1 VC Huber J 2 bi 5 293 ; e 3:16 95 221 


bn Paving r and the Difference of the Sum wer ener of the 0 


— bet ant n ie Bar 0 | 
g N 7 


a 3 
LOT 1 


PRO B- 


— I 
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$20 © nes "PROBLEM VII. 
Havi rn with the Ratio . and Number of Tr 5 
eee 1 erms 0 


1-5; If @ is given, multiply. it by the d Power of f. the Product i is J. 11 Ir 
I is given, then divide it by r, the Quote is a: Thus a -. 

T Example : 4='2, 7=3, — chen is 1=2 x 3 =2.x $1= 162. And | being 
given, then is «= 162 — 81=2. 


DEMONSTR. By Coroll. 6. Probl. III. %%% 


* For the Sum. Apply 4, l, r. as in Probl. IV. thus r= Or it ma be 

bound otherwiſe in the given Terms, thus: DE 1 5 
ar — 2 500 21 $ 
(..) If @ is given, then is 5 == : — For I Seni, . therefore rl =ar—!xp 
rl—a_ ar—s 975 
= ar", whence · ond... ESL,” . 115 ; | 
| Ira —<I I l 
(2. If 1 i is given, then is cen For @ = = a= and . 


txrl—l ID 1. Df fl | 3 
= = „„ 


PROBLEM VIII. 


Having the Sam s, Number of Terms v, and Ratio, u find the Extremes ol. 


1. For @, Raiſe r to the 2 Power; multiply 1 de — 5 ou divide the Pro 
2 2 1 — * e 3 
duct by 119 the Quote is a: Thus, 2 2 — 2 e 
 Exomple: FJ =ß. ; then, is EIS ae $4=2; & in this Series, 


216: 18:54:162. ö © 


45 Druo nsr. — — (nl V. ). . Ran Coroll. 603 


| hence rlm=rxean ct en, and rl—a=ar*—a=2Xr*— 1; wherefore 5 = 
x2=, and 5 xr —1; and lftly a=" — 

TS ; \ 30 edi r 

I 2. For the greater Extreme, Find it by a. SERIE 


Or alſo in the given Terms, thus, find the » and 2 — 1 Powers of 7. and multiply their 


Difference by the Sum ; then divide the 8 _ W the N 0 is the greater Ex- 


Tas, r } «ot 4 


Pigs i In the laſt Series, ig. and . = 
243 —8$1== 162. 


N. and 120 


. 5 


* * * 


" % 
a, 
: 
* 


n 


I — ©” ©. 
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| Damoners. This proceeds from putting 2 in th 2 4 in dies other 


8 ede 69 
Rule, viz. wherein /= Os for thus, /= = — SEL * 


3 1 
rx rn; hence iN n-; Wherefore, alu. 1. EL. 


„ 


1 0 bodrabs your znr ron IX. 


.* eicher 8 a, or L the vans s, and Ratio r, 0 find the: other: Extreme L 
| or 4 4 Number of Terms . 


. For the unknown Extreme. And | . 

** If 7 is given, to find 4. Multiply hs the Sam and gre Extreme, 
by the Ratin leſs 1; ſubtract the Produk from the greater Extreme, the emainder is the 
leſſer Extreme. Thus; 22 1-7 N 7; 3 which being reduced gives alſo this other 
Rule, viz. rl. r. 


_ Example : $38 242, {= 162. 783. den A=162— $0X2=162— 1603. | 
=1 DeMonsTR. In Prob. IV. Method 2. it is ſhewn that s—I=—= 5 A. hence 7 = 


* 1 1 277 and 4 77 5 ng n—I=rl+—rs. . 
2.) iven, © find 7 "the Difference of the Sum 2 lefler "TI 
by de Rado 1, and divide by the Ratio, then to the Quote add 4, the 
7 - 2 71 


: L Þ 4; which being reduced is dle "ES, 


* 


— 


Sum is 7; thus 1 


o. 


- © KH, += E. NE — 
DEMONSTR. in Pe V. it's ſhewn that 5— @ = xr hace FT 4 70 


. 


722 — — — ; 
2 Son 2B X fo om = FE” — — At SY 
ies, I= TA x r. and —.— —_— 2. — 7 þ a= 


. ? 0 1 * \ q 

> #& 3 29 ©: , v : 8 © r 7 : 

. 1 85 y * . ebe Nene e 
— uw 4 


2 ae br by Rest F . 3% (M ound 


Or by Logarithms,, thus: (I.) If 4 ig on. tow: Gia r 
that of oe; and from chis Rematnder ſubtract again the Logarithm of 4: This 
laſt Remainder divide by the Lani of r, the Quote"is 2 1: thus, * 


3 5 | | 
(2.) It 1 is given: 5 From the Logarichra of / alk the 1 of nn and 
Gil OS Log. Leg.. —. 

mn, EY Log. 7 


their 


T4 ; 


dA A T i PR OLE M X. 


Having either Extreme, 4, or I, the Sum «, and Wande of Terms x, to find other 
0 N. Ertreme, l or az and che Ratio 7. N 
i n | | I. For 
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1. For the unknown Extreme. Take the Difference of the Sum and 2 Extreme; 
raiſe it to the » — 1 Power, which multiply by the given Extreme: This Product is equal 
to the Product of the 2 — 1 Power of the Difference of the Sum and unknown Extreme, 


multiplied by the unknown Extreme; thus, Ix s— Þ—* = ax 5 —@—?; wherefore, to 
finiſh the Solution, we muſt find a Number which being. taken from s, and the Remain- 
der raiſed to the »— 1 Power, and this Power multiplied by that ſame Number, the Pro. 


duct ſhall be equal to axs — a*—* if J is ſought; or equal to Ix 5 —/*—: if à is ſought. 


But how to diſcover ſuch a Number is the greateſt Diffculy Nor does my Method and 
Limits allow me to give any farther Direction about it. Therefore I ſhall only illuſtrate 
the Rule by an Example, and demonſtrate the Solution fo far as it is deduced. 


Example: 5 = 242, #=5, 2 = 2, then is — = 240, eee eee 2404 
3317760000, which multiplied by a =2, is 6625520000 = 7 = „ and the 8 
ber ſought is 162 ; for 5 = 242 — 162 80, and 5—Þ>" == 864 = 40G, 
and /x5 =. 162 X 40960000 = 6635520000, .. | | 
DEMONSTR. I= ar-. (Coroll.6. Probl. 3.), and r == ( Probl. 6.) Hena 


[= aX $a —s— t— 4 X $8 — gl — 5 —Þ—r, therefore I Xx 5 == P—: = 
—— AAS a > 4 * & BY 5 — 
Xs — 4 — N : 


2. For the Ratio. (I.) If @ is given. Find a Number, whoſe » Power ſubtracted 
from its Product by 2 ſhall leave a Number equal to ,, that Number is the Ratio; 
1. e. — — ran I_- 3 5 5 | 

DEMoN. l= plz, (cor. 6. Prob. 3.0 and 722 wen { Prob. 9.); therefore 
— Hence ar r, + 4 1. R alſo —4 2 


; | 6— 2 ri—ar rs 


4 0 
| E 
| (2.) If I is given, find r fo that 2 = —, 


DEMox. By Prob. 7. -=; hence gr trat U-; and cr — 
e SER =urs 8 5-en P 
and laſfly, z f=. | 
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| TABLE of the inf SroewPuo v1.nMs, with their d 


th. 


. FEST, Tag 
r ͤĩ eo my bole. 
ale [os | St oF Tn” as 
e reer which is= r- i 


; 
2 * 1 1 1 A 
— 
Lf 


T bY 2 
5.4. 121 ad. 5s as above, or I Ax — 2 * 
| lo . l— log. a 
log. 5 2 — log. s —1 
AV mz CLEATS by 
rr er ——_—_ _ aan 
fF—1I 
Ir <} 
= a 
8x T—1 „INI rA 
6 — : 1 

| N 11 — 1 = 1235 

—̃ͤ — —— a — — — 
„ Eh ar 3 c . 


q 1 . 


Given. | Sought. SOLUTIONS. 


” 


Prob: 


1. 


— — TEXT 1 5 5 « 
6. * bf | 7,7 ee EN, and z— 1 = 


LO SST a” - 
6, as above; or. 


a=l— 


* 


| s =1 . Ir! ＋ rt. 2 2. 0.102. 


3 


— . — — Obes 
For the unknown Extreme, Ix -I ==aXxXs=— 4 


1 4 5 . 1 ws W 7 W e Shes "== IS 47. A wn — . 
For the Ratio, . == wy 4 a 2*"/45 


— 


| = | i 

SCHOL. What has been before obſerved upon Arithmetical Progreſſions holds alſo in 
Geometrical, viz. that any three Numbers taken at random, will not make a poſſible 
Problem in every Caſe ; therefore we ſhall here alſo confider and explain the Invention 
of theſe Numbers, and how by means of any two given things the other three may be 
found. And in the firſt place obſerve. That as we have ſome general Rules in Arithme- 
ticals for inventing three things to make a Problem poſſible, ſo we have here alſo. But 

in; in theſe we found alſo a Variety of particular Rules for the Inveptien of any one 
Tar the three rhings N without being obliged to find any of the ather two, (though 
that Invention is owing to the Rules for finding theſe others); whereas here, the Solutions 
of the preceding Problems do not afford us Rules for this purpoſe in every Caſe; and there- 
fore we muſt be content with the general Rules. And for this Reaſon the Solution of the 
Problems, wherein two things only are given, are comprehended in theſe general Rules; 
ſach of them at leaſt as are ſolvable upon our Method. Now the firſt t ing I ſhall do 
here, is to give you the general Limitations, which the ſeveral things belonging to theſe 
Problems muſt have with reſpect to one another; which are theſe: 92 | 


a may be any Number leſs than s, and not greater than J. 
any Number not leſs than 2, nor greater than 5. 
any Number not leſs than 1. | 
any Integer greater than 1. 
any Number not leſs than a or J. 


Nnz | The 


gp 
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The Reaſons of theſe Limitations, and that there are no other, will be manifeſt upon x 
ſmall Attention to the Nature of een. OD 

Now for the Invention of any three of theſe things to make a poſſible Problem. 

(I.) If the things to be invented are 4, u, 7, or J. u, r, or s, u, r, they may be taken at 
pleaſure within the general Limitation; becauſe from any Number @ or], we may raiſe ; 
Series in any. Ratio. Again; Chuſing any Ratio and Number of Terms, the Sum may be 
any Number whatever, ſince this has no Dependance on r or ». 

(2.) If theſe are to be invented, viz. 4, I. r, or a, I, u, or a, u, 6, or l, u, 8, or r, ls, 
or 4, r. 6. Then take ſuch one of the preceding Caſes, in which are any two of the things 
to be now invented; and with the three things of that Caſe find the remaining thing to 
be invented (by Prob. 7, or 8.) 

(3.) If a, |, are to be invented, you muſt find all the five, by taking, firſt, any one 
of the three Caſes in Art. 1. (in any of which you have one of the things now required) 
and by theſe find the other two. | : =; 


For the Problems; wherein two things only are given, they are all poſſible, except three, 
vi. when a,s, or I., or a,d are given. For any other two they are both found in one of 
the Caſes of Art. 1. wiz. a, u, r. or I. u, r. or 3, 1, r. And therefore, ſince the Numbers 
of any of theſe three Caſes may be taken at pleaſure within the general Limits, this ſhews 
how one of the three things now required (by means of the two things given) may be 
found; and then by Prob. 7,-or 8. the other two are found. For Example: Suppole 4, . 
given, then is z alſo given; for we may take any Integer greater than 1; and by 4, 2, 
we can find /,s by Prob. 7. But if 4, L, or a, s, or I, are given, we cannot find the o- 
ther three; becauſe we have no Method of finding any one of them conſiſtently with the 

two given things; ſince theſe two are not two of {he things in any of theſe Caſes wherein 
three things may be taken at pleaſure within general Limits, as 4, x, 1; I. u, r; s, v, r; 
which are the Foundation of all theſe Rules. 


—_— i * I” * 8 * 


"CHAP 


Of the Compoſition of Ratios and Proporti ons, and things 
1 depending thereon. | 


. the Ratios of two or more other Numbers compared to as many; 

A: - when the Antecedent of the firſt Ratio (called the Compound) is to 

its Conſequent, in the Ratio of the Product of the Antecedents to the Product of the 
Conſequents of all the other Ratios or Numbers compared. Thus: The Ratio of a to 6 
is fard to be compounded of the Ratios of c to d, and of e to f, providing that theſe Num- 
bers be:: I, viz. 4: b: ce: df. Or thus: Take Ratios fraction-wiſe, placing the Antece- 
dent as Numerator over the Conſequent. Then if one Ratio is a Fraction (or Quote) equal 
to the Product of ſeveral other Ratios multiplied as Fractions (or Quotes), that one is {aid 
to be compounded of theſe others; whether it be in the ſame Terms with that Product, or 
only in equivalent Terms. Example: 8: 15 is a Ratio compounded of theſe Ratios 2:3 


ard 4:5; becauſe =2 x 2. Alſo 1:2 is compounded of 2: 3, and 3:4; for * 


DEF IN. 1. 1 Ratio of one Number to another is fad to de compounded of 


3 % 


. . — ; 
© 8 —— 
1 > Os 4 
8 — 7 * 
: * 4 - 0 
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29 1. Now that this Definition, or Character of a Compound Ratio, is the ſame 
= au of » y 4 ; 4 T7 1 ; 6- : 'd * % . 
in effect as the preceding, is evident; becauſe if : == 7 which is the laſt Character, then 


114778} 12. which is the firſt Character; univerſally, if 5 then 4: br c: df. 


2. Any Number, Integer or Fraction, is alſo ſaid to be compounded of others, or to be 
a Compoſite of theſe others, to whoſe Product it is equal: Thus if a= cde, then is 2 com- 
poſire of c, d, and e, and the compounding Numbers are called the Factors of the Compoſi- 
tion. - 5 | | "25S 

z. Two Numbers are faid to be like or ſimilar Compoſites, when having an equal Num- 
ber of Factors, they are all in the ſame Ratio, comparing the leſſer Factor of the one 
Compoſite to the leſſer of the other, and fo on in order to the greateſt. Thus; 6, cd 
are lite Compoſites, if a: c:: b: d, (or a:b::c:d); allo abc, def are ſimilar Compoſites, if 
a:d;:b\r:: cf. | | I Tae. | HAR 

Hence it is ae that all ſimilar Powers are ſimilar Compoſites, the Roots being the 
compounding ſimilar Factors. Thus; 4 4 and 66 are ſimilar Compoſites, becauſe 4: 6 :: 
4: b. „ 


Scho Liu. The peculiar Doctrine of the Compoſition and Reſolurion of Numbers, 
you have in the following Book: But the laſt two Definitions were neceſſary here, becauſe 
of ſome relative Properties of Numbers ariſing immediately from the Conſideration of 
compound Ratios, and which are equally applicable to Integers and Fractions: whereas the 
Compoſition afterwards explained regards * only, becauſe its conſidered in Oppoſi- 
tion to another thing which belongs not to Fractions, as they. are diſtinguiſh'd from Inte- 


4. Two Numbers, 4: 6, are ſaid to be in the duplicate Ratio of other two c:d, when 
the former are as the Squares of the other; i. e. if 4: b:: ca: ck; and if a:b are as the 


{quare Roots of c: d. i. e. if 2:61 245: 43 then 4: 6 are ſaid to be in the ſubduplicate 

Ratio of cd. Again: If 4:6::c5: d, then à: are ſaid to be in the triplicate Ratio of c: dz 
| <4 | 

or if a: b:: 03:65, then are 4: b ſaid to be in the ſubtriplicate Ratio of c: d. Univerſally, 


if 2: b:: cn: du, or c,: d; then 4: h is ſaid to be in ſuch a Ratio as is named from c: d. 

with a complex Denomination expreſſing ſuch a Power or Root of c: d as & expreſſes. 
This was the antient way, and 1s ſtill in Uſe; but it's plain, that ir's as ſimple and con- 
venient a way to name the Order of the Power or Root, and ſay, that 4: b are in the 
Ratio of the Squares or Cubes, or » Powers or Roots of c: d; which is yet eaſier expreſ- 
A | 


ſed in Characters, thus, 4: b: : en: G, or ct: Gf. 
THEORERM I. | | 
IN any Series of Numbers, whatever : : / or not, as A: B: C: D: E, ec. the firſt is to 
the laſt, in the Ratio compounded of the Ratios of all the intermediate Couplets, com- 
paring always every Number as Antecedent to that which is immediately next it. 


 DxMonsTR. A is to E in the compound Ratio of all the intermediate Terms 3 


an b, R= x B xC 2 _ABCD 


F*C HH EEEgBCD? for BCD is common to both Numera- 
tor and Denominator, therefore both being divided by it, the Quotes A and E make an 
equal Fraction or? Ratio f . 1 : New 


1 ——U—ʒů ñ34 —-—̃ — — 
. 
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Now however many Terms the Series has, the Product of the Numerators will be the 
Product of all the Series except the laſt, and the Product of the Denominators will be the 
Product of all the Series except the firſt; and therefore the Product of all the interme. 
diate 4 * will be an equal Fraction, and contain nothing in it but the firſt Term divided 
by the laſt. 5 | 


THrrorem II. 


Any two Numbers whatever are to one another in a Ratio compounded of an inde. 
finite Number of other Ratios, f. e. we can aſſign as many other Couplets as can be re- 
quired, whoſe Ratios compounded ſhall be equal to the given Ratio. 


DEMONSTR. and RULE. Conſider the Difference betwixt the given Numbers, 
and multiply them, by ſuch a Number that the Difference of the Products ſhall be a: 
leaft equal to the Number of the Ratios to be found; then betwixt theſe Products you 


can take as many intermediare Numbers as will anſwer the Problem. For Example: To 


find 4 Ratios whoſe Compound is equal to 575 multiply 2, 3, by 4, the Products are 
8, 12; betwixt which there are theſe Numbers, 9, 10, 11, and the whole Series is 8, 9, 


. 2 is = . i c edi . 
10, IT, 12. But ! and _ by the preceding Theorem, is = 5 * 6 * 1 


Now the general Reaſon of the Rule is this, The given Terms being equally multiplied, 
the Products are in on poi Ratio, and their Difference contains the 999 — of the 
iven Numbers as oft as the Multiplier contains 1. Therefore tis plain, that betwixt the 
roducts can be found as many intermediate Terms as their Difference hath Units leſs 1; 
ſo if you multiply by ſuch a Number as makes the Difference of the Products as great 
as the Number of Ratios required, you can haye as many intermediate Numbers as you 
SCHOLIUM. If the Difference of the given Numbers is great enough for the pur- 
poſe, there is no need to multiply, as if in the former Example, the Numbers given had 
been 8, 12, inſtead of 2, 3. But obſerve, That the greater you make the Difference (of 


Numbers in the fame Ratio), the greater Variety of Choice you have in the intermediate 


Terms and Ratios: So if inſtead of 8, 12, I take 32, 48 (i. e. multiply by 16); then I 
can chuſe any of theſe Series to folve the Queſtion, viz. 32:33: 35:36: 48; or 32. 35: 
36 40 . 48, Ge. a ; 5 a 4 F Fa, 
CoRoLL. Tis plain, that one Ratio is not only equal to the Compound of an in- 
definite Number of others, but any Number required can be taken in an indefinite Va- 
riety. 1 | | 
PROBLEM I. 


An Number of Ratios (or Couplers of Numbers compared) being given, to continue 
. — j e. to find a Series of Numbers, which ſhall be to one ne them 


each to the next in order from the firſt to the laſt) in the given Ratios taken in any Order 


RULE. Multiply the Terms of the firſt Ratio (i. e. that which ought ro be betwixt 
the two firſt Terms of the Series) by the Antecedent of the ſecond, ec. the Conſcquent 
of this by the Conſequent of the firſt, and thus you have three Numbers which continue 
the two firſt Ratios. Then multiply this Series by the Antecedent of the third Ratio, 2 

1 
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the-Conſequent of this by the laſt of that Series, and you have four Numbers which con- 
tinue the firſt three Ratios. Go on thus, multiplying the laſt Series by the Antecedent of 
me next Ratio, and the Conſequent of this by the laſt Term of that laſt Series. The 
Manner of the Work will be clear by an Example: Suppoſe theſe Ratios are to be con- 
tinued in the Order propoſed, wiz. 2: 3. . 4: 5. . 6:7, they reduce to this Series 48: 72: 
90; 105. See the Work of Example 1. | 
The Method is the fame if a Series is required in the continued Ratio of any two given 
Terms, ſo to continue the Ratio 2: 3. See Example 2. | 
Exam. 1. ' Exam.2. © | DEMOoNSTR. The Reaſon of this Rule will 
2: 3 2: 3 eaſily appear without many Words from the Ope- 
| 2:3 ration; by which it's manifeſt that the Terms of 
pre 5 + | each Ratio are equally multiplied, and conſequently 
1 411 9 [ the Numbers produced continue in the fame Ratio; 
1 for 2:3 are both multiplied by 4; then 4: 5 are 
43: 72: 90: 105 87 12:18 27 | both multiplied by 3. Again; 8: 12: 15 are each 
— ä multiplied by 6; and 6: 7 both multiplied by 15; 
1 g and ſo on. 
SCHOLIUM 1. Here we have a new Method of railing a Series in a given Ratio, fo 


45 all che Terms be Integers: In which obſerve, That none of the Extremes can be given 


Numbers, for that is a Limitation which in many Caſes will bring in Mixt Numbers into 
the Series, as we ſhall afterwards learn; | | 1 e 


| CA x as COROLLARTIES. 125 

1. Since the Series produced expreſſeth in Order the ſeveral given Ratios, The Ex- 
tremes of it are in the — ve uy Ratio of theſe given (by Theor. 1.) And for this Rex- 
ſon, in whatever different Order the ſame Ratios may be continued, tho? the Series produ- 
ced will be different; yet the Extremes will not only be in the ſame Ratio, becauſe th 
are the Compound of the given Ratios, but they will be the very fame Numbers; becau 
by the Rule, the firſt is always the Product of all the given Antecedents, and the laſt the 
Product of all the Conſequents: So take the preceding Ratios in another Order, the Serias 
is different, but its Extremes are the fame, as in this Scheme 


4:57 
5 2 657 
RT ; a | 24:30:35 : 
413860: 70: 1 


2. Tis plain, that the Series raifed will always have as many Terms as the Number of 
atios, and one more. 0. 3) v CL 7. - 
3. Tis evident, that the Extremes of a continued Series, (i. e. where all the given Ratios 
ae the ſame Numbers) raiſed after this manner, are like Powers (of the Terms of the 
ven Ratio) whoſe Index is the Number of Terms leſs 1, as in Example 2: where the 
rtremes 4, 9 arg the Squares of 2 and 3; and 8, 27 are the Cubes or third Powers (3 
being 1 les than 4, the Number of Terms); and in the fame manner it will proceed in 
nfinitum, becauſe the leſſer Extreme is multiplied by a, and the greater by 3. 
4 It the Extremes of the Series are only required, 5. e. two Numbers which ſhall be 
in the compound Ratio of the Ratios given, then 'tis plain we have nothing more to do 
but multiply together all the Antecedents, and then all their Conſequents, the two Pro- 
ducts are in the Ratio ſought; and if the ſame Ratio is continued, then raiſe the Antece- 
dent and Conſequent to a Power whoſe Index is the Number of Ratios (which is the 
Number of Terms chat would be in the Series leſs 1.7). 
This follows alſo ſimply from the Definition of Compound Ratio, 


1 
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SCHOLIUM. 2. This is to be remark'd, That tho' the Method of this Problem he 
applied to all the different Expreſſions or Variety of Terms in which any Ratio can appear, 
2. e. all the poſſible different Choices of two Terms in the ſame Ratio; yet we cannot 
hereby find all the Variety of different Series, which are the Continuation of the fame 
Ratio; becauſe ſome of the Series found this way being equi-multiplied or divided, will al. 
ways make a new Series in the ſame Ratio, and which will often be different from any of 
the Series raiſed this way. For Example: $:12:18: 27 is a Series raiſed from 2: 3; and 
if one is raiſed from 4: 6, which is the ſame Ratio, it is 64: 96: 114: 216; and if you go 
on, till taking higher Terms. of the Ratio, the Series will conſiſt of greater Numbers; yet 
betwixt theſe two Series raiſed from 2:3 and 4:6 we have ſeveral others: For by multi- 
_ plying the firſt of them by theſe ſeveral Numbers, 2, 3, 4, 5. 6, 7, we have fix new Se. 
ries in the fame Ratio different from theſe two, and conſequently from all others that can 
be raiſed from any other Terms of the Ratio. And if it is required to find all the diffe- 
rent Series that continue the fame Ratio to a given Number of Terms, the Rule for this 
you'll find afterwards. (See Schol. 2. to Probl.6. Ch. 1. Book V.)) . 


PR OB L E M II. 


To reduce any Number of Ratios (given as in the laſt Problem) to a common Antece- 
dent or Conſe quent, that is, to find a Series whoſe firſt Term compared to all the reſt as 
a common Antecedent, or to whoſe laſt Term as a common Conſequent all the ref 
being compared, their Ratios ſhall be equal to certain given Ratios, taken in a certain Order. 


RULE. Take the Ratios fractionally. and reduce them (by the Rule of Fractions) to 
one common Denominator for a common Conſequent, or to a common Numerator for a 


common Antecedent : Then place the Terms in a Series according to the Order aſſigned. 
Exam. Theſe Ratios, 3 7. Z, reduced to one Antecedent or Numerator are 1 8 4 

IE. So the Series is 56.84.70. 643 but reduced to one Conſequent or Denominator the 

2 $0.96 1, and the Series is:$0 . 96. 105. 120. | . 


1 1a 120 : 
The Reaſon is manifeſt. ' | | S 
8 THEOREM III. | | 
Part I. If one Rank of :: 1s (whether continued or not) is multiplied by another 
Rank in the ſame or another Ratio, the Products are alſo :: J, in the compound Ratio of 
the Factors. * 


Example. [D EMONSTR. AD=BC, and ad ==be, therefore A 
If A: B:: C: D Dx ad=Bcxbe But ADXad=AaxDad, and BC xb: 
And @:b:: c: 4 | ==BbCc3 hence Aa Da = Bb x Ce, wherefore Aa. Bb: : Ce. 
Then L.: Bb:7Gr: Dy, |. Dd: Orthus, 5 8. and 5 = © (by Definitions ) there 


„%% 377 232 T5 46 a a * nene A Ce 
fore * 725 * (i. e. equal Quantities multiplied by equal ), that is B. 57 
Therefore A: Bb::; Cæ: Dd. Or it may be ſhewn by another Repreſentation, thus 


T1 Exam in Numbers. 

A: Ar: :B:: zB Moyberein the common Ratio 3: 4:: 6: 8 
C: CV: D: D- of the Products is plainly r.. J: 71:15: 21 

2 d od... 3248;;00;: 169 
; 05 12 Part 
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32 Cit 


Chap. 4. Ratios and Proportions, &&. 2381 
part II. If one Rank of: : is divided by another, (The Quotes are ::/ in a Ratio 
which is the Quote of the Ratio of the 1 N a by the Ratio of the other. 
Thus in the preceding Examples it is >: qi: S: J. 


c ; 
2 4.D\..830 
DEMONSTR. ADS. and ad=bc, therefore ( 229) 77 
N. ABC 0 
(=7* =); hence — 5 Font . 8 8 | | | 
Or thus: Dividing each Antecedent by its Conſequent (by the Rules 1 Fractions), 
Ab b 


4. A 
the Ratio of the firſt Pair is . XS and the ſecond is 5 X < But * 
C 


5 and 4 =S, by Suppoſition ; therefore 5 X == 5 X 23 that is, the Ratios are equal 
and conſequently the Terms are : : /; alſo the Ratio is the Quote of the given Ratios, for 


111 143 E 
13 3 0 2 7 RS: + TORE} 


| | | Aj 
But the whole will appear yet more eaſily in the other Repreſentation, thus, G: SE : 
BF br An Ac al Boe. . . 
5 HF for = „ and 5 = i; hence the Ratios are equal, and N alſo 
the Quote of the former Ratios, wiz. r and u. 


Exam. in Nutnbers. —_ 3 r 
5 Sv CCC ͤĩ˙ AAA 17 19 


in: Is Products are uin divided by one of the former Series, it makes 
14: 45 = 84 270 | an Example of the ſecond Part. 


The Reverſe of this Theorem is not univerſally true; for two Ranks may produce : : I. 
which are not themfelves : : J, as an Example will ſnew. This Rank, 6, a, 2, 3, by this 
2, 9, 9, 9, produces this:: /Rank, 12:18:: 18: 27. 


 ScHoOLIUM. There are many Propoſitions demonſtrable by the means of this Theo- 
rem alone, eſpecially the 1ſt Part; which nee but a very ſmail Help to demonſtrate, 
[ chuſe to bring them here as Corollaries, and ſhall expreſs them only in Characters, leaving 


* to expreſs them in Words at length, and apply Numbers at pleaſure, except the two - 
it, which are of more frequent Uſe. 


| g Tf A:B::C:D, then follow theſe 


CoOROLLARIES which ariſe from multiplying -- 

1. AA: B. :: AC: BD. A: B:: C: D by A: B:: A: B 
2. A: CI :: AB: COD ASC::B:D by A:C::A;C 
3. A : BC: AC: Wb A:B::C:D by A: C:: A: C 
4. A: AB:: CD: Db A: B:: C: D by A: A:: D: D 
5. A : BC C:: B: D. A: B:: C: D by A: C:: B: D 
6. AB: AC:: BD: o A: C:: B: D by B:A::D:C 
2. AB: BC:: BC:CD -- ------ A: B:: C: D by B: C:: B: C 
8 AC:BC:: BC: Bb A: B:: C: D by C: C: B: B 
9. AB: AP:: AD: Co > = -B: A:: D: C by A: D:: A: D 

10. AC: AD:: AD: BDñ: - C: D:: A: B by A: A:: D: Do 

O o CoROLI 
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CoRoLL. 11. An: BA:: Ca: Da; that is, if any four Numbers are:: I, fo are their 
Like Powers, whatever the Index be; the Deduction of which from the Theorem is plain; 
for it A: B:: C: D is multiplied by A: B:: C: D, the Products are : : I. viz. Az : Bx. C. 
: D*; and if this again is multiplied by the ſame Rank, A: B:: C D, and theſe Product; 
alſo by the fame, and fo on, the laſt Product will ſtill be a proportional Rank; and ib; 
plain, they will be Like Powers of theſe Roots, A: B:: C: D, the Index ſtill increaſing by 
I at every Multiplication. 

The Truth contained in this Corollary may alſo be proved thus: Since A: B:: C: D, 


then is 32 5 therefore the Like Powers of theſe fractional Roots muſt be equal, 


which Powers are 85 = 5⁵⁵ therefore An: Bu: : Ca: Dn: Or alſo AD SBC, and IP 


— rn 
BC : But AD =A"x Da, and BC = B N n; whence A®; B* :: Ca: D. 
Hence again, The Reverſe of this Corollary will eaſily be proved, viz. That if four Like 


Powers are:: I, fo are their Roots; for ſince Au: B*;; C“; Da, then 155 =_ = and the 
n Roots of theſe Fraftions are 328. therefore A: B:: C: D; or thus, A Du = Ba C*, 


* er- 17 XD = Be (by Theor. 1. Ch. 1. Book III.); and hence AD=BC, and 
Apain; It follows, That of a Series I. the Like Powers are alſo l, and reverſly. 


CoROLL. 12. A*: AD::AD:D-; that is, the Product of two Numbers is 2 mean 
Proportional betwixt their Squares; for A: D:: A: D, and A: A:: D: D; which two 
Ranks multiplied produce A*: AD: : AD: D=; or thus, A X D*>= A Dx AD. 

SCHOLIUM. This is a Corollary of the Theorem, but independent of the Suppoſition 
of A: B:: C: D; and itfhas alſo a Demonſtration independent of this Theorem; thus, A: D 


:: A: AD, by Equi-multiplication. Again; A:D::AD:D=; and hence, A*:AD:: 


AD: D. 

Example: Take the Numbers 5 and 8, their Squares are 25 and 64, their Products 40, 
and ah "pk pr a | 

Or, All theſe Corollaries follow from the equal Products of Extremes and Means, founded 


all upon this, that AD=BC, and that ADx BC= AD = EO. : 


TruroREwmM IV. . 


Two compoſite Numbers of an equal Number of Factors, are to one another in the 
compound Ratio of theſe Factors compared one to one in any Order. 


DEMoNsTR. Take any two Numbers, A, B, and ſuppoſe A 4 be, and B = 


11 . SE pc 
m no, then is F=——; But —— =— XxX - X therefore . 


SCHOLIUM. This Propoſition is the fame in effect as this, viz. If the ſeveral Factors 
of the one are divided by thoſe of the other, and the Quotes multiplied together, the Pro- 
duct is equal to the Quote of one whole Dividend by the other. 


LEMMA. 
When ſeveral Fractions (or Ratios) are continually multiplied together, the Product & 
equal to the Product of as many equivalent Fractions (or Ratios) expreſſed in any other 
different Terms. | g | Exam. 


Wn — —_ ; 


n 
) 


J), 
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| r 2, A „ fmt. 
Example : If +=, and + 28. then 3 * * 26. . j 130 


DEMON STR. The Reaſon is manifeſt from this Axiom, That equal Fractions multi- 
plied by equal, produce equal; i. e. equal Fractions of equal Fractions are equal. 

CoRoLL. The continual Product of any Number of equal Fractions (or Ratios ) 
expreſſed in different Terms, is equal to ſuch a Power of any one of them as has for its 
Index the Number of Factors (or Fractions multiplied), that is, the Square if they ate 2, 
the Cube, if 3, @&c. | | 


Exam. If 3885 then : * =; * 3 or the Square of T 
Again: If 112 then 83 x 75 535 TX D or the Cube of -. 
EM 


1 . E=i —*—5 = is TK E x, ove. = ©x*x% 4 
Univerſally ; If >=-, * Ge. then is * —X 2X'T,X 2 * 


&c. making as many Factors in this Part as the other; ſo that fif the Number of Factors 


(or equivalent Fractions) is 1, and any one of them is 7 the Product of the whole is = 
8 (chat is, 7 raiſed to the x Power.) : 


| TrroREM V. 
Two like compoſite Numbers are in the Ratio of the like Powers of any two of their 


fimilar Factors, the Index of the Power being equal to the Index of the Compoſition (or 


Number of Factors.) Thus: | | 


If ab and AB are like Compoſites, i. e. a: A::b:B; then ab: AB:: 42: A2: (i. e. ab 


to AB is in the duplicate Ratio of @ to b); and if abc, ABC, are like Compoſites, they 
are as 43: A3 (or in the triplicate Ratio of 2 to A.) Generally; If 2 be d. &c. ; ABCD, 
Oc. are ſimilar, let the Number of Factors be 2; then it will be, abcd, &c. : AB CD. 
N6- =O, -- 0 


Dru x. The Reaſon of this is plain from the laſt Theorem, and Corollary to the Lem- 
2 be d. &c. 3 


4 | 
ms. For FC EEE ge EX P- c. (by Theor. 5.) and theſe Factors being, by 
Suppoſition, equal Fractions or Ratios, their Product is equal to Kb by Corollary to the 
Lemma; that is, a bed, G c.: ABCD, &.: : a: A®. | bh 


THEOREM VI. 


IN every Progreſſion, the firſt Term is to the laſt as ſuch a Power of the firſt; whoſe 
Index is the Diſtance of the Extremes, or Number of Terms leſs 1, is to the like Power 


tios, i. e. E= = X ON Ge. which, are in Number equal to a, and all equal to one 


other; wherefore their Product or Compound is equal to the » Power of any one of 
| : O 2 | them, 


py? 
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them, viz. of the ſirſt. or F (by Corol. to Lem. preceding); that is, 1 whence A: 
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L::A®:BY | | 
This is demonſtrable alſo without the Lemma. Thus: If A is the firſt Term, the Ra. 
tio 7, the Diſtance of the Extremes z; then is the ſecond Term Ar, and the laſt Am, 


— n 
and A: Arn: A: Ar (AR). For the Product of Extremes and Means are equal; 
vis. AX AX Anx Ar. ' | 
The Reverſe is not true, viz. that if the firft is to the laſt of a Series in this Ratio, the 
Series is ; for the changing any one of the Terms will ſhew this to be falſe. 
CoRoL. If the Extremes and Number of Terms of a Geometrical Series are known, 
we learn from this Theorem a Rule, how by theſe to find the ſecond Term. Thus: Mul. 
tiply the laſt Term by ſuch a Power of the firſt, whoſe Index is the Number of Terms 
les one; and divide the Product by the firſt Term, the Quote is the like Power of the ſe- 
cond Term, whoſe Root being found is the thing ſought. "The Reaſon of this Rule is ob- 


vious; for ſince A: L:: An: B, therefore Ax BY == Lx A", and Bu = Dt according to 
the Rule. But obſerve, Since * A*—7, therefore BR = L x A®—*; which faves the 


Trouble of one Multiplication in raiſing A, and alſo the Diviſion by A; and ſince» is here 
ſuppoſed to be the Number of Terms leſs one, therefore » — 1 is that Number les 2; 
1. e. it is the Number of Means betwixt A and L; and if we call » — 1 2 n, then is » = 
w—1. And to find the firſt of any Number of Means betwixt A and L, (or the Mean 
next that Extreme which is called the firſt, as A) which Mean call B; The Rule is this: 
Multiply the laſt Term by the * Power of the firſt, and from the Product extract the 


7+ 1 Root; which is thus, B= anx 1 x 


THEOREM VII. 


Ir four Numbers are proportional, viz. A: B:: C: D; then as many Means as fall be- 
twixt A: B (in any Ratio as 7) ſo many alſo fall betwixt C: D in the ſame Ratio. 

DEMoN. From A raiſe a Series in the Ratio r, as A: Ar: Arz, Gc. and "tis certain 
you muſt come at laſt to a Term equal to B; becauſe tis ſuppoſed that B is the laſt Term 
of a Series raiſed from A in the Ratio r. Now » being the Number of Terms — 1, dis 
plain that the laſt Term of the Series is a 1 =B, * Raiſe alſo a like Series from C; thus, 
C: Cr: Cr=:Cr3: exc. Ca. Theſe two Series being in the ſame Ratio, it will be A: 
An:: C: C; that is, A: B:: C: CM: but A: B:: C: D; therefore C =D. Again; 
C: Cn have as many Means as A: Arn (i. e. as A: B) by the nature of the Series raiſed. 
Therefore, laſtly, C: D (=C: Cru) admit as many Mears as A: B (A: Ar). 

The Reverſe is alſo true; for if A: B and C: D admit an equal Number of Means in 
the ſame Ratio, they are in the ſame compound Ratio; 1. e. A 5 228 30D. 

SCHOLIUM. Here we do not diſtinguiſh betwixt Integers and Fractions, but take 
Numbers in general; yet when we ſpeak of Means, we always underſtand rational Terms. 
In the next Book, you'll learn what Qualifications of the Extremes make the Means Inte- 
gers or Fractions, and what do or do not admit of rational Means. 


| TruroRE mm VIII. 
AN two Numbers which are like Powers, as An: Bu:, admit as many Means : : lf, a5 


the Index leſs 1, (ot #—1) in the Ratio of the Roots A: B; that is, 1 if they are ſquare 
Numbers, 2 if they are Cubes, ec. | 

DEMON. If a Series is raiſed (by Problem 1.) in the Ratio of A: B: to a Number 
of Terms equal to 2 o+ T, the Extremes will be An: Bu: (by Corol. 2, and 3. to that Prob- 


lem); and when the Number of Terms is » ET, the Number of Means will be 2 —1; 
therefore, Ge. VT OO REM I 


. WMS 
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The Reverſe of this Theorem does not hold; as an Example will ſhew, pix. 16: 24: 36 
54; wherein tho? there are two Means, yet the Extremes are not Cube Numbers. Hur it 
the leſſer Extreme is 1, the Reverſe muſt always hold; becauſe the Terms of that Series 
are the ſeveral Powers of the ſecond Term, (Corol. 2. Prob. 3. Chap. 3.) Afterwards you'll 
find it demonſtrated, that they are either ſuch Powers, or Equi-multiples of ſuch Powers. 

ScHOLIVUM. If it be required to fill up the Means betwixt An and Ba, knowing their 
Roots A: B; the whole Series may be raifed by Prob. 1. | 

Bur J ſhall here add another Demonſtration of this Theorem, from which we ſhall ſee 
more particularly the Compoſition of every Term in the Series, and a new Method of 
filing up the mean Terms required. Thus: Suppoſe a Series of the Powers of An: and 
B*; beginning with 1; theſe are Geometrical Progreſſions in the Ratios of 1: A, and 1: 
B, and have an equal Number of Terms (by what has been already explained.) Place 
theſe two Series the one above the other in a reverſe Order, as in the following Example: 
Multiply the one Series into the other, i e. every Term of the one into the correſpondent 
Term of the other, and the Products make a Series of z + 1 Terms, whoſe Extremes are 
0 A"; Ba: in the continued Ratio of A: B, (viz. the Compound of the Ratios of the two 

Series multiplied) as has been already demonſtrated in Theor. 3. and is indeed obvious in 


e this firſt Caſe by Inſpection into the 
1 A*; A : : A, Ge. A :1. Series itſelf. And here we ſes how 
b 123 : BY : BB, Sc. Ba— : Bn. every middle Term is compoſed of 
K IN BA: B AU 2: B AA, Cc. AB : Bi. the Powers of the Roots; and fo 
8 FED | | we have a new Rule for ſolving 
. Problem 1. when the given Ratios are all equal; being, for Example, A: B. Or if the 
1 Extremes are given, and alſo the Roots, we can fill up the middle Terms more eaſily than 
by Prob. 1. by making up the Series of the Powers of A and B, and then multiply them 
together in this manner. i 5 | 
Bur the fame Truth, as to the component Parts of the middle Terms, will alſo appear 
| | from the Method of Prob. 1. as here: Suppoſe the Ratio A: B 
” A: B to be continued, tis done thus by Prob. x. And *tis plain 
A 2B. I achat continuing it on, the Root A will be once more com- 
5 LAB :BÞ pounded in every Term at every Multiplieation, and one Term 
= | A :B. more will be added, which will be the next higher Power 
1 A3; AB: ABEL: B3, Cc. | of B. 38 * : | | 
" 5 . TIECEEON | 
ed, | Any two like compoſite Numbers admit as many Means as the Index (or Number of 
component Factors) — 1, and in the Ratio of their ſimilar Factors. Thus: 1 
in If A and B repreſent two like Compoſites of two Factors, they admit 1 Mean; if of 
three Factors, they admit 2 Means, and ſo on: Generally, if they are compoſite of an 2 
ake Number of Factors, they admit »—1 Means in the Ratio of any two of their ſimilar 
ms. Factors; ſuppoſe 4: b. (i. e. @ in the compoſite A, and bin B.) 
ne · | 1 21 „* wo 1 pj _ 
Demon. By Theorem 5, A and B are in the Ratio of che 1 Powers of any two of 
their ſimilar Factors, j. 6. A: B:: :. But (by Theor. 8.) cn: bu: admit 7 1 Means 
in the conſtant Ratio of 4: b, and (by Theor, 5.) A: B: admit as many in the fame Ratio. 
8 The Reverſe of this Theorem is alſo true, but the Proof of it depends upon ſome things 
Jare not yet explained; therefore it muſt be referred to another place. (See Theor. 34. in F. 11. 
esd), Ra Bobo 5 
ber 
r0b- 


SCHOLTUM.. If the compo ent F ctors are Known, the! mean Terms may eaſily be 
fükd up, 3 their Pace Co p Grions Wee frer the Method of this Example. 
Suppoſe 12 5 and BCE che cue like Compolites, the Sexies mill be thits eg 

| 5 a 16 


—— ̃ꝓ—— — 


——— 


. \ 3. * "pF 1 —— ä 4 [4 » + a 245 
betwirt B: C, in the fame Ratio of bcc. 
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:bede A: ede AB: de ABC: e ABCD: AB CDE. In which the Means are filled up, 
by taking out the firſt Term of the leſſer Extreme, and putting in the firſt of the greater: 
and ſo on in Order, taking out the next Term of the firſt Extreme, and putting in the next 


Term of the laſt Extreme, till all the Terms of the firſt Extreme are taken out; and that 


the Series thus made is - / in the Ratio of the ſimilar Factors, is manifeſt by Inſpection. 


But if we only know the Ratio, (i e. any one Couplet of the ſimilar Factors) the Means 


muſt be filled up by the common Rule of Prob. 3. Chap. 3. 


COROLLARTES. 


1. The Product of two Numbers which are like Compoſites of two Factors, is 2 
Square Number; ſo if N, M are 1 compoſed of two Factors, they admit one 
Mean, as X, and then 'tis plain, N M Xa: Or, independently of this Theorem, it may 
be demonſtrated thus: Let N ab, and M= AB, and becauſe they are ſimilar, a:þ 
: A: B, and a BA; wherefore à BX VA (=abXx AB) is a Square Number, whoſe 
Root is aB=bA. bh | 
The Reverſe of this Corollary is alſo. true, wiz. That if two Numbers, A, B, produce 
a Square, they are Like Compoſites of two Factors; but the Demonſtration of this belongs 
to another Place. (See Coroll. 1. Theor. 34. inF. 11. Ch. 1. Book V.) 

2. Any two Like Compoſites of an even Number of Factors produce a Square Num- 
ber; for any two of the Factors of the one, and the ſimilar two of the other, produce 2 
Square by the 1ſt Coroll. The like will any other two do; and theſe two Squares multiplied 
together will produce a Square (by Theorem 1. Book III.) and fo on, taking in the two 
next Factors. Example: If there are four Factors, abcd; ABCD, becauſe tis 4: ö: 


A: B. and e: d:: C: D; hence ab AB=3B, alſo cdCD=TPD*: And, laſtly, abc 4x 
ABC DS FDB = 7B7D. Or thus; ſince 2 B A, and DAC, there- 
fore Be DAA C; and theſe multiplied produce 2b cd ABCD= aB7D, or 


AAN. . i] 

3. If the Product of two Like compoſite Numbers of an odd Number of Factors is di- 
vided by the Product of any two of the ſimilar Factors (one in each Compoſite)the Quotient 
is a Square Number. Example: If A, B, are two ſuch Numbers, the leaſt Number in A 


being a, and the leaſt in B being &, then I fay, 2 is a Square Number; for when one 


Factor is taken out of each there remains an even Number of component Factors in each, 
whoſe Product makes a Square Number: But by dividing the total Wer of all the Fa- 
ctors by the Product of any two ſimilar ones, we effectually take them away, and reduce 
the Cale to zu Number bf :FaQtors; 7! 2 0 LPT ONS tt OP 


* [7-4 


| THE OREM X. = 

IF betwixt any Number A, and each of two others B and C, there falls an equal 

Number of Means, there fall as many betwixt B and C, which'are in the Ratio of the 2d 
Terms of the two Series from A to B, and CCCc6œ6œ . 

DEMONSTR. — the firſt Mean hetwixt A and B is b, and the firſt bet wirt 

A and C is c, then, by Theorem VI. theſe Proportions mark d in the Margin are true (2 

| 565432 aps 22? inn being the Number of Terms — 1); and hence this is al'o 


„ SA:b----- B I true, B: C:: la: cn; but (by Theorem 8.) betwixt 6: 
Series, LA n KC C | there fall 71 Means in the Ratio b: c. ( viz. as many 


| B A® : þ* | as fall by Suppoſition betwixt A: B and A: C; for » be- 
ence 3 A : C:: 7 ning the Number of Terms — 1, the Number of Means 
D eee therefore, (py Zbeorew 7.) there fall as an) 
Sx: ON 1 ec F314 1:1 'SCHO- 


Lam n * 
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SCHOLIUMS. 


1. The Means that fall betwixt A: B and A: C muſt manifeſtly be in different Ratios; 
for they muſt be different Numbers, ſince there are an equal Number of them, and tend 
to different Extremes, B and C; but the Means betwixt B and C may be in the fame 
Ratio with one of the former, or different from both; for if we ſuppoſe A: B:: B: C. 
then the Ratio in the Series from B to C will be the fame as that from A to B. 

2. The Reverſe of this Theorem is this; If any Number of Means fall betwixt two 
Numbers, C, B. there is another Number, A, betwixt which, and each of theſe, C, B, there 
fall as many Means. But the Demonſtration of this depends upon ſomething not yet ex- 
plained, and muſt be referred to another Place. (See Theor. 27. and 28. in F. 11. Ch. 1. B. V.) 


TH EOR EM XI. 


Ir one Extreme of a Series is a Power whoſe Index is the Number of Terms — 1, 
the other Extreme is alſo a like Power. Or thus; If two Numbers, whereof one is an » 


Power, admit 2 I Means, the other is alſo an 1 Power. If the one Extreme is A® and 


the other B, I ſay, B has an » Root; i. e. If 1 is 2 then B is a Square Number. If »= 3 
then B is a Cube Number, ec. 


DEMON. Betwixt 1 and An there fall »— 1 Means, ( viz. all the inferior Powers 
of A) and ſince there fall as many by Suppoſition betwixt An and B, therefore (by the 
lat) there fail as many betwixt 1 and B; and hence, laſtly, B is an » Power, wiz. the u 
Power of the ad Term of the Series; for all the Terms of a Series from 1 are the Powers 
of the 2d. ( Coroll. 2. Probl. 3. Ch. 3. ER | 


TrtrtoReEemM XII. 

Or four Numbers :: }, if any three of them are Like Powers, ſo is the 4th, and its 
Root is a 4th ::1 to the Roots of the other three compared in the fame Order as their 
Powers: Thus, if 2 : : cn: d, 1 ay, d is an 7 Power, and 4:b::c: at ; 

DEMONsTR. Betwixt an: ba, there fall »—1 Means (Theor. 8.) and as many be- 
twixt ca: 4 ( Theor. 7. ), therefore d is an » Power (Theor. 11. ); which is the firſt Part. 
Again; Suppoſe d=r",fo that Ir; then becauſe a: b*;; cn: y, therefore @: b;:c:r (The- 
rem 3. Coroll. 11.), that is, 4: b::c: di becauſer di, which is the laſt thing. : 

Or thus; Since 4 En: : en: 4, therefore I == d; but === therefore _ 
#, or a:b;:c:d. | 


CH AF. V, 


Containing the Compariſon of unequal Ratios ( wherein the 
Ratio is always to be under ſtocd as the Quote of the 
Antecedent by the Conſequent ) : With the Compariſons of 
Arithmetical and Geometrical PRoroRTIONS. | 
Obſerve, For the Words greater and leſſer, I uſe theſe Signs, 7 and L.. Thur, A 7 B, or 


ALB, ſignifies A greater or leſſer than B; and A: B 7, or C: D, ſignifies that the 
Ratio of A to B js greater or leſſer than that of C i Su ls Yori 1 8 
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* 


the iſt 


F. I. The Compariſon of Unequal Ratios. 
TrnroremM I. 


F to each of two unequal Numbers, 4. b, be added or ſubtracted an edual 
1. Ratio of the ra lefler, but the Ratio of the Differences greater, 840 N 
A given unequal Numbers, compating the greater Term to the leſter; or, contrarily, com- 
paring the leſſer to the greater: Thus, if @ 7 b, then apc:bÞci, La b, and a—c: 

—c 7 #:6. Example: 3 7 2and3 +4:2+44£ 3:2, and 3—=2:4-27 3:4 

DEMONSTR. If a:6::c:4, then a+c:b+4::4;b (Theor. 4. Ch. 3. B. IV.) but be. 
cauſe @ 7 b, therefore c d and b c 7 b +4; wherefore @+c:bÞ+cLakc:b+d 
(Ax. 11.), and conſequently a KC: UL 4:6. 

But comparing the leſſer to the greater, proceed thus; b + d: a,: b: a; but b 
7 b+84, therefore b+c:a+ 7 bÞ+d:a+c hence b +c:a+c 7 ba. 

in; For the D TENCES, 4 —- 6 — d:: 4: b, but a 7b, hence c7 d, and b—: 

- d, therefore a—c:b—c 7 a—c:b— d, and conſequently, a—c:b—c 7 2:6: 
But comparing the leſſer to the greater, then b — d: a—c: 3 3 and ſince d L. c, there- 
fore TE > c, and hence b—c:a—c—bL4b—d:a—c, and conſequently, b—c: 
a — 6 4. 5 

The Reverſe is alſo true, viz. If aÞc:b4J-c L b, therefore a7 b; and ſo of the 
reſt of the Parts, which is eafily Folger Wot „ l 


THEOREM II. 


Ir four Numbers are:: I, 4: b:: c: d, the Antecedents 4, c, being leſs than their Conſe- 
quents, and 2, b, the two leaſt of the four, then, by equally increaſing or decreaſing the 
two Antecedents, or the two Conſequents, or both, the Proportion is deſtroyed, and the 
Ratio of the firſt. Coupler fo alter'd will be leſſer or greater than that of the ſecond in 
theſe Circumſtances, viz. Fi | | . | 

1. By equal Addition to the Antecedents, the 1ſt Couplet has the greater Ratio; thus, 
aSn:b7c+Þ+n:d. EY | 
1 2. 1 equal en of the Conſequents, the 1ſt Couplet has the greater Ratio; 
thus, a: b— 1 7 c:d—n. ne, | 
3. By equal Addition to the Conſequents, the Ratio of the 1ſt 'Couplet is leaſt ; thus, 
a:b+n {cd +n. : _ 

4. By equal Diminution of the Antecedents, the Ratio of the iſt Couplet is leaſt ; thus, 
42 — #:b{.ce—n:d. - a | 22 EE 

5. By equal Addition to all the four, the Ratio of the 1ft Couplet is the greateſt; thus, 
a EA: TE JC dE. | 14 | 

6. * equal ee ae a * the four, the Ratio of the firſt Couplet is greateſt; thus, 
2 — 2:4 — 7 c— 3:4 —%. : Nn mona 5 

7. By equally increaſing the Antecedents and diminiſhing the Conſequents, the Ratio of 
the 1ſt Couplet'is the greater; thus, EN: U- 7 tn: dn. 

8. By equally diminiſhing the Antecedents and increafing the Conſequents, the Ratio ot 

plet is the leaſt; this, a—#:b+z L- d-. | 
| DEMONSTRATION. 

"Caſe 1. A e d. For a EN: 74 (Theor. 
Fre nA: 7 bid; | 
perd n ly of this) a+#:67 cÞ+3: 


x.) but a: c::6:4, there- 


5 


and hence (9 hee: zth, below; which is demonſtrated _ 


SKN 


e 


it 
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52 57e: d —n For bn:d—n Lb: 4 (hw. 2.0 8 :: zhence 

ERS 4: oy 2 7 b—z#: d—z, therefore « b—n 7 c:d—n '( Theor. 7.) 

Caſe 3. a: bn Cc: d=. For b: d:: a: c, ** 25277 : 4 (Theor. 1. ), con- 

5 $08 (by Theor. 7.) b-=: a e] and, reverſly, 
2 

74. 3 : 4. For a2: c:: b: d; but a—n:c—#L/ a:c, or 5: d, i. e. b: 4 

7 . - A, and (by Theor. 7.) 6: 2 2 7 4. c-; and, reverſly, @ —»:b { 


| ap 2 
1: n: d. For multiplying the Antecedent of the one into 
NCTE: — of dar 2 6. Frchues which 27 the Antecedents when the two are 


_—_ to a common Cons uent) are ad an + dnþnn, and bc Þ+bucon+un; 
the 1ſt of which is the Sener, becauſe taking equal Parts out of both, viz. ad= be, and 
12 2, there remains in the firſt a * d= ͤ ＋d and in the ſecond buy 2 = 


. 2 — 7 ＋. (Theor. 14), therefore the 1ſt is greateſt, i. e. EA: U 


E "Caſe 6. a—#: b—#7 c—=#:d—n. For multiplying the Antecedent of each into the 
5 vent of the other, the Products are 24 —- 4 — 4 ＋ 2, and bc —b 3 
. ar; out of each take u, and compare the Remainders, which are ad— an + d, and 
be. -U Pes; yh a d be, and 4d b + c, therefore the 1 is greateſt, i. e. a —# 
—2 74 — 2:4 — . 
e Caſe 7. a+n:b—n7 cÞ+n:d—n. For a TA: 1274: c, or Y: d ( Theor. 1.), and 
A a= L: d (Theor. 1.), therefore a+: el b—n:d d—z, and 2 E-: U —2 
e A: 4 - (Theor. 
Tees. Dee : ds. For a—»:c=n Ls c, or b: d (Theor. 1:), and 
b＋2:d＋- 7: d; hence a—s; emen d4＋ 2; and laſtly, 2 — 2: b+n £ 
-: d ＋. . (Theor. 9 


ne CoRoLL. All theſe Caſes are a icable to Numbers in Geometical Progreſſion. I 
he ſhall only mention the Application of Caſe 5. and 6. thus: By Addition or Subtraction of 
in the ſame Numbers, to or from each Term of a Series 1, the Sums or Differences are 
not I; but (com them from the leaſt to the greateſt) does continually 2 
155 thus, if a: b: cd, Gr. are L then -: £4 7 1 ee d+n, & 
be fm the grenſt oth a, does continually nere 
05 : . 
; my 2 _TuzoREM m. 1 20 | 
” Ir a: 1 4 md e e 
15 Example: 6.7 78: 13, or 6:7 7 793 d 6.48, 727. 83455 or 9. 


DEMONSsT R. It cann t be that b d; for ſince à C or=c, then 4: b would be . 
US, or e: 4, contrary to Suppoſition;z and it would be yet more ſo if we ſuppoſe 1 d 


b 7:4. 


1 


Ir : b c:4, allo Eb e, then is 2 e. 
Example: 6:2 7 5:3, and6 +2=5 3, then 67 5. | 
DeMonsTR. - Suppoſe a=e, then muſt b L d to make 2: b e: d; but if a c, 


andb  d, then ab Ce contrary to Su lation. And if we f « £6, it will 
yet more aronply follow that a+ bids. eh. yy 


The Reverſe is alſo true, vis. * De 4 4. + then s 9: rd. The 
Reaſon is Mien the > preceding Me a 54 + if of 


2 ; 5 Tas 6: 


The Reverſe nnen Prove, vis. 1 24 n. ene 


n ts F i EY _ 


— 
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| Txzonzn v. 
IF 4:6 7 e: d, then is ad7 be. 


DEMoNSTR. c+n:d7 c:d; Wes te ue bs 2; b: Pest aul than 54 
 be+bn, hence ad 7 bc. 


|... Or this Truth is in effect already demonſtrated in Fractions, where it's ſhewn, that it 
- 7 7 then ad 7 bc. 


Tha c of this is alſo true, vis. If 447 be) then 6 7 for © ts 


and © * =, by equal Diviſion. 


ane Vi 
IF 4a: be: A 
DER MONSTR. . =: 12 5 . i. kun. cor. 13) and if 5 7 J. therefore © 27 


which Conſequence is alſo proved already from the Nature of Fractiots. 
Or thus, Take 4: b: :c +=: 4 whence d: FINE 16: 0; but: e therefore 


d: e7b: a. 
[Pa VII. 
IF a: bikes d, then, . 74: 3 ek 


C a 


DEMONSTR. 7 37 = (Ch. 1. gen. Cor ia hend r? 7 7 therefore 77 7.5 


which is alſo already e in the re, of Fractios. 
Or thus, Take @: ah” hes d, whence a: Mu 4; br 4: 22 en, cons 


quently #: 7 b: :d. 
| TSO N VIII. 


T 421 27% then, ange. Yo. 4 6:6 41 «:b, but 6: 5: JL 
4 21 ” + + A 5 8h 75 je 


Danen ern Takes: n „ b+d:, 4: b; but a +c:3+ 
La therefore a+c:b4ÞdL a:b. Again; Take c: wh 4: b+n,then 
2 dþ+b+#::c:d; but a+t: bÞd7 a eu CT. therefore af. b P 


For the ſecond Part: Since 4 b7 ec: 4. therefore, alternatch, 4: % b:d (Theor, 
Ert then the 3ſt art it is EI eL ate, and 7 b 
Alternations of all theſe Conclutons is true by vertue j* the receding Theorem. 
The converſo of this Theorem is alſo true, viz. if e: UA c: dj; then'a:b 7 c. 4) 
— 0 the 700 en (=4): -, (=b)'7 c:d (taking aLs, 
d inſtead of a, b, in the following Theorem), that is, 4: 0 77:4 Converſe 
= * other Concluſions will be found the ſame I 


THEOREM þ 8 


IE 2:1 ed, then, &v vel, @—c:b—d a:b, and alſo ©: d ain, a—b: 
- In, onbf7 and alſo, 7 :b 574 a 7 * Ag 

DEMoxs TR. Take 2:6: e : 2 1 2: b; but 2 — e: ond 
7 a—c—#n:b-—d, therefore a—c:b—4d7 a:b, and conſequently alſo c:6, 2 
is L a: b. Tho other Part, or 4—d: cd 7 4:6 or b: 4 is proved the ame u 


taking @:c7 b: d 


- * * 
tC Yo 


a 
b 
p 


a, 
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The Converſe als ane. and gan Ich in the fame manner as the Con- 
verſe of that upon this. 


sSchoL TUM. As we have argued from the eee to the lecker i the preceding 
five Theorems, ſo we may argue the ſame way from the leſſer to the greater; for this is all 
contained in the other; becauſe if 4:6 7 c: 4, then 22 #48 _ and it's no matter” which 
of the two Ratios we ſuppoſe to be greateſt. | 


ncaa 


Tr there are two Ranks of four Numbers each, whereof the Antecedents of the one 


are the. Conſequents of the other Rank, as 4, ö, c, d, and , e, d, f; and if 4: Je. 4, 
alſo b: e7a:f, then is, a: ei. 


If a:b7 c:d DEMONSTR. 4:c 7 6:4, and b: d e: Theor. hence 
andb:e7d:f | 7 u, and. 016,77 e. 7.) 7 5 
then 2: 7 6 | | 


TAuEORREN d 21 


or wa R anks of four Numbers each, where the Antecedents or Conf uents of both 
are the ſame Numbers, as in the Margin, and the Ratio of 
a | the firſt two greater than'that of the other two, the Ratio of 
and e:b7f:d the Sums of the Antecedents to that of the Conſequents, is 


eater than the Ratio of the two common Terms. 
then Pe: bo ef: :4 DzMonsTs. Take 42 — 2: 5 :: c: d. and e — m: 6: 


*. A774 T den =» + 6m: 6+ f: : b: (Theor. 8. Chap. 3.); bur 
a Ts by Ef r ee E 


or V :d. 


NEN XII. | 55 
Or 8 . Extremes of the one are the Means of 65 other, as in 
the Margin; if 4: b7 c:d, and b: F e, then 4: e 7 F: d. 


* bT:d '|' DHEaEMonsTR. ad7 be, andbe ' bee. dener © d 
bremg fre 1 -anq's: e 7 f:d, by Converſe of the 5 K 0 74 


4% 7d 


scholl tu M. If the Ranks ard {6 diſpoſed that the Extremes or Means 97 the! one 


are. alſo. the Extremes and Means of the other, as in the Margin; yet we can draw no 
( , Concluſion, becauſe all that immediately follows, is only that a d he, and 
a:b7 c:d | ef 7 bc; but leaves it undetermined, whether ad is Se or' not. for . 
e:b7.c;f | may be either way; as theſe, Examples ſhew, pix. (I.) 366.7 "LY 157 and 
9:6 7 4: e e bene: 67 4:15, and 8:6 7 4:5, and 
37 7 5 


126 II. Arithmmetical and Geometrieal emo, bre 


LE MMA. f 


7 four Numbers are proportional, either Arithmetically or Geometrically, the 125 and 
Fc of the four ate the two Means or the two Extremes. 


4 4 De The leaſt of the four is eher one © of the Faremes or 
DE one of the + Fer . | | | 
| Ppa | ” SPL. ; | te Tha 


| 
| 
'4 


— — 
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. That à is the leaft, then becauſe 4 L. b, ſo is c L d; but e is alſo greater than « 
(which is the leaſt of the four), and hence 47 b; conſequently 4 is the greateſt. 

383 If 5 is the leaft, then, taking them reverſly, b, ka, 4 Co becauſe the one Extreme 13 
the leaſt, the other is the greateſt (by the iſt Caſe), i. e. in the other Poſition, the two 
Means are the leaſt and greateſt. OT | 

CoROLZ. Of four Numbers, : /, or :: I, the two greateſt or the two leaſt, are one 
of them an Extreme, the other a Mean. 5 


| TNHEOREM XIII. | 
Ix four Numbers are:: I, the Difference of that Couplet (i e. of that Extreme and 
r which conſiſts of the greateſt Numbers is the greateſt; fo if 4: b are greateſt, b— 
47 4— . | | | 
Example : 


BEES, i DEMONSTR. b—a:d—c::4:c; but by S tion 4 7 c, 
e 8 al - therefore b—a7 d—c; or if a, c are greateſt, then, becauſe c— 4: 
+ . 2 os 6 ; : 4— :: 4: b. and 4 7 b. therefore c — 4 7 46. 


Co ROLL. Of Numbers in I, a: b: c: d, &c. the Differences taken from the leſſet 
Extreme 4, do continually increaſe; thus, 6 — 4 L c- LA — c, &c. for 4: :: b: c, and 
b. e the two greateſt, hence c—b7 6— 4, and ſo on, t b the Series. 
School lu u. In the laſt Chapter (Theor. 18.) it is demonſt that theſe Differeences 


make a Series J. 

hp HE. | TneoREgM XIV. . | 
Or four Numbers :: I the Sum of the Extremes and Means are unequal ; and that Sum 
whoſe Parts are the leaſt and greateſt of the four, is the greateſt.”  _ 
DEMONSs TR. If a is the leaſt, then is 4 the greateſt (Lemme), 


«:b::c:d| 5 | 
8 and I fay, a+d 7 b+c; for c, d or d, b are the two greateſt; ſuppoſe 
Z:2::6:4 . 5 7 1 5 
2: 3 :: 4: 6] pap: (Sdps) i 7-2 ＋ ＋ e (e). Or if 4, b are the 
x 1 two greateſt, then alſo 4 — 6 7 22 er 


|  Th+. X 1 

IF b is the leaſt, the phe greateſt, and bÞc 7 ad; which is plain from the Al 
ternation of the Terms, viz. 6; :: d: c, whereby the Extremes are the leaft and greateſt, 
as before. 1 | 

Cox ol I. If three Numbers are = I, the Sum of the Extremes exceeds double of 
the Means; thus, if 2: b: :b: e, then ＋ 7 2b. And, particularly, it exceeds by the 
Product of the leſſer Extreme into the Square of the Difference betwixt the Ratio and 1; 
for if we take 4:47: a, then is «Sar =axr* +1, and z 7=8Xx2r, allo a x 


41 — 4X27 =4X Har 1 IE 
TRHEOREM XV. 


If three Numbers, 4, 5, e, are ==, and other three, 4, 5 F. alſo L, and in the fame 
Ratio, viz. 4:5::d:e, then the Ratio of the Sum of the Extremes to double the Means, 


is the fame in both Ranks. 


a, b, c c e 5 
4 6, 9 D Mons rTR. ::: d. f Tbeor. 19. Chap. 3.) ; hence 
2 e, 7 2 1:4. ＋F: : :d: But ſince 427 244er therefore 6: 
3, 13, 18 I A.:: e; conſequently a+c:d+Ff::6:e:: 26:20 


42 ＋ : 24 727 5 2446. e £01 30 | 
4+9:2X6::8 pet Or, alternately, a+c:26::d+f;2e. 
05S as | a4 1 | 


THE O- 


B 


A. 2 DEMO NST R. Let A: B: C be . and the two Geo- 
Tut go metrieal Means as iti the Margin, viz. XB betwixt A and B, 


e betwixt Band C; then the Squares of theſe two, with 
the Square of the Mean — 7, B, are —1; for theſe Squares are AB: BB: BC, which 
zre the Products of the Series A. B. C by B, and conſequently they are —1 (Th. z. Ch. 2) 


TRHEOREM XXVIII. 5 5 
{T's poſſible to find three Numbers — 1, ſuch, that the greater ſhall be equal to the 
Sum of the two leſſer ; but to find ſuch three Numbers i is impoſſible. 


DEMO NS TR. For the 1ſt Part, it's evident, and the Rule is this; Let the leſſer Ex- 
tremwe be equal to the Difference, thus. 4.2 4-3 4, where 3a=28 +84. For the 2d Part, 
irs demonſtrated thus; Let a, b, c be any three Numbers I; then @ being the greater 
Extreme, and if 4 = b+ c, then b+c:b.c, are I. . whence ce bb, and 1 


this is poſſible, chen (by Problem 6. Chap. 2. Book III.) © = V = — 5, or 
s y/ —.— =; but this is impoſſible, = not being a Square Number; for tho' bb is 
| a Square, yet 5 not being a Square, 5 5b cannot be a Square (Theor. 2. Cor. 4. Ch. x. B. III.) 
b wberefore is impoſſible that C 4c : b: c ſhould be = 7. | 
CoRoEL. If three Numbers are = I. it's impoſſible that the leſſer Extreme ſhould 
. be equal to the Difference of the greater and Mean: For, in the preceding Example let 
- -c, then is a bc, which is inconſiſtent with @: b: c being J. 
he 1 15 £ 
4 THREOREM XXIX. 
2 tom - "> w 75 Al. N | 740: 4 % 
- Ir the Extremes of two Series ] having an equal Number of Terms, are:: / (or in 
the ſame Ratio), any two correſponding Terms in the one and other, are allo : : J. 
of DEMO NST R. If a:e::A:E, then a:b::A:B; for the 
the TH I oY OY Ta f c ne E — A 
ys A. B. C. D. E | two Differences are = and B — A t 
| * \ 9 7 oF , 52 » 7 f : . 4. — 7 | 4 ; | . | * ” - | 3 N F * 
being the Number of Terms, Problem 5. Chap. 2.); hence b = a —— and B=A 
1 0 | | | „ 3s | —2 E—A 
Tr, bor _ a: Are E, therefore 4. A:: — 4: E— A:: oy : == 
= and hence again, a: A: : 44 — i A+ ==> or B; whereforezlaſtly, a: 5: : A B. 
Again; Since a: A:: e: E: and 4: A:: bB, therefore b: B:: e: E, or b: e:: B: E; and be- 
| cauſe we wu now conſider b, e and B, E as Extremes, therefore, by the ſame Reaſoning as 
ence belore, it will follow that b:c::B: C, and fo on, thro? the whole Series. And again; Ta- 
. king any two correſponding Terms in each, at whatever Diſtance, they will be : :/; be- 
5 cauſe they are the Compound of the ſame ſimple Ratios; fo a:d:: A: PD, alſo b: d:: B: D. 


and ſo of others. 
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TRHEOREM XXX. 


BET WIr each Term of a Series =1, take a Mean : J. and theſe Means are al =] 
DEMONSTR. If 2. 6. c. d. e. &c. are 1, then the I Means are <2 : Xe 


+4 &c. But (by Theor. 18. Chap. 3.) a +b:bþ+c:c +4, &c. are I, therefore thei 
Halfs are fo (Gen. Coroll. 15. Chap. I.). | 


THEOREM XXXI. 


Ix three Numbers are I. and if to any one of the Extremes be added that Number 
which is a 3d = to the other Extreme and the Difference, the Sum is a 3d ==1 to the 
preceding two Terms. | 


Example: 4.6.8 are L and 4.6.9 are I, g=8+1, and 1 the 3d =/ to 4,2 
and 2 the common Difference in the Series 4.6.8. Again; 8.6.47 are I, and > 


the 3d ! to 8. 2. 


DEMONSTR. 2. 4 b, a+26b are I. Let 4, b, c be I. then are 44 ＋ʃ5. 


2 ＋2 b Tc, =I: For a a+Þ2bÞþc=a+2abÞac, SA 24 ＋ (becauſe 


ac=b, ſince 4: b: c are ]) = PE,, therefore 2: 2a +b:a+2b+c are I, the 


Product of the Extremes being equal to the Square of the Mean. 
Or if we take theſe —/, a, 4 — b, 4 — 26, and theſe, 4: b: c. I, then a: a—b: 


2 — 2b Te are I, for a a—2b+. =a*—2ab bac=at— 2 ab Þ br =7= 6 
CoROLL. If three Numbers are +1, a: bre, then any one of the Extremes a, the 


Sum of that Extreme and the middle Term, a+6, and the Sum of both Extremes with 
double of the middle Term, a 26+ c, make a Series +1. | 8 


PROBLEM I. 


To find three Numbers I ſuch that the Quote (or Ratio) of the Ratio of the Ex- 
- tremes, and the Ratio of the Mean and common Difference, ſhall be greater than any 
aſſigned Ratio (taking the Ratios of the greater to the leſſer). ; 


. 


RVUL E. Suppoſe the given Ratio is 4: a, where 47 a, then the three Numbers ſought 


are 4: ad: a+ 24; for the Ratio of the Extremes is £ = 20 that of the Mean and Difference 


. 6 +d 2 2d 244 da 24 42724 . 4 
1 then 5 _ 8 _— - 24 X 8 which 15 greater than g 


PrRoBLEM II. 


To find a given Number of Terms — 1, whoſe Extremes are in the Ratio of two giron 


Numbers, and the common Difference is the Difference of the ſame two 3 . 
| | RLE. 


| an BG] 


DS 0 —- y 


Chap. 5. Proportions compared. | *295 
| RULE. Suppoſe the given Numbers are a, b, (446) and the Number of 
Terms; theſe Products, viz. » — 1X a, and a — 1X6, are the Extremes of the Series 
ſought ; by which, with the given Difference, b— a, the Series may be filled up. | 
Example: The given Ratio 3: 5, and Number of Terms 7, the Series is 18. 20. 22 · 
24+ 26. 28 30. | '* 5k 


DEMONSTR. @:b::ax#—1:bxXx#—7, andtheſe, aX%—T,andbX 3— 1, being 
madethe Extremes of a Series I. whoſe Number of Terms is #, the common Diffe- 
are is (y Probl. 5. Chap. a.) =b—a, dividing the Numerar 
and Denominator equally by 2 — 1. | | | 


_-PRoBLEmM III. 


y To find two Series — | in which the Extremes are in two given Ratios, and the common 
Difference equal in botln. | 88 


2, RuLls. Suppoſe the given Ratios are 426 and 6 d. find (by the laſt) two Series 

— whoſe Extremes are (the one) in the Ratio of 4: b, and (the other) of c: d, with any pro- 

2 poſed Number of Terms in each; then multiply each of theſe Series by the common 
ifference of the other. . - 

þ. Example: The Ratios 2: 3, and 4:7- I firſt find theſe two Series, 6.7.8.9, whoſe 


Extremes are 6:9 (::2:3) and 12-15 . 18.21, whoſe Extremes are 12: 21 (::4:7); 
uſe then mulciplying the 1ſt Series by 3. and the other by 1, the Products are 18 84 12 
he and 12. 15. 18. 21 the Series ſought. | AAS 127 toads OSes" 


+ DEMONS TR. All that needs Demonſtration here is, that the two Series firſt found being 
7. multiplied by one another's Differences, the Products are two Series having the ſame Diffe- 


rences; which is plain (from Theor. 3. Chap. 2.); for let the Differences of the firſt two 
Series be d, c, then the Series whoſe Difference is 4 being multiplied by c, the Products 
the are in the Difference 4X e; and the Series whoſe Difference. is c being multiplied by d. 


in the Products are in the Difference c x but d Nd, therefore the Rule is true. 


PROBLEM IV 


To find a Series of Numbers , Wboſe Extremes are in 2 Ratio not leſs than a given 


Ex- one, and the Difference of the leſſer Extreme and the Term next it not leſs than a given 
any Number, the Number of Terms being alſo given. 

RULE. Suppoſe the given Ratio 4: C, and the given Number »: Then I find (by 
ugfit Probl. 2.) a Series - of the Number of Terms propoſed, whoſe Extremes are in the 
ence Ratio a: b, and whoſe Difference is b ; if b—a LA, then I multiply the Series found 

by ſuch a Number as ſhall make the Difference of the leſſer Extreme and Term next it, 

Gn at leaſt =», Take this Series, or the former Series if b—@ is =or 7 u, and continue 

4 15 4 firſt Terms into a Series I to the propoſed Number of Terms; it is the Series 
ought. | 5 

Ain D t.n&aK DEMONSTR. Let A. B. C. D, &. be a Se- 

= A 8 N 4. 1. ries —/ of the given Number of Terms, whoſe 


| Extremes, A: X, are in the given Ratio, 4: b, and 
A (=6b — @)notleſs than : Then the 2d Series, A. B. L. M. 2c. being I, of the 


ſame 
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fame Number of Terms, and the 1k and 2d Terms being the ' fame, two Conditions of 
the Problem are anſwered, viz. the N umber of Terms; and Difference of the xit and 2d 
Terms: What retnains to be he then 8 only Yite Wer the Ratio of the Extremes Y 
A is not leſs chan che given Ratio b: 2, or X: A; which is thus proved: In the Series — /, 
A: B: C, &. the Ratios of every Term to che preceding leffer Terin do conſtantly de. 
creaſe (Theor. 16), and X: Ais in the compound Ratio of all the intermediate Ratios; but in 
the Series I, A: B: L, &c. the Ratios being equal, and Y: A in the compound Ratio 
of the intertnediate ones, it mult be greater than X: A. Or thus; In the Geometrica 
Series the Differences from the leſſer xtreme do conſtantly increaſe (by Theor. 13), but 
in the Series “ NN the ſame; therefore Y — Ais greater than X -A, andY 7 X, 


conſequenly Y :A 7 


ScHOLIUM. If the Problem is 1 ſo that the Extremes of the Series to be 
found ſhall be in a Ratio not excecding the given one, then proceed thus: Having 
found a Series —/, whoſe Extremes are in the given Ratio : b, and the Difference of 
| * the leſſer Extreme and that next it = b — a, 28 
X that repreſented in the Margin, A B. C, & U. X. 
EN &«e U X wherein X: A: : b: a, and the common Difference 
1 L. IM. N, Gr. O. X | =b=2; then] contrive a Series I, downwards 
| | > 9 from X: U to as many Terms as the other Series, 2 
X: U, G. N: M: L; and becaufe the Differences decreaſe from the greater Extreme X. 
therefore M — L is leſs than X—U ; for the ſame Reaſon, and the Equality of the Diffe- 
rences in the other Series, it's plain that L is greater than A, and .confecuently X: L is 
leſs than X: A (or 6: a, the given Ratio): But, laſtly, becauſe M L Z b— 4, I mul- 
tiply the whole Series by ſuch a Number as makes M L not les chan b — 2; and ſo 
theſe Products make the Series ſought. 4 ieren 


— 


1 


C HAP, 


22 


= 5 Tj A> 


3. 7 5.9 


Chap. 5. Proportions (CPF We | 293 


Tan EN XVI. 


ly ihres Numbers, 41 e, are 1 (a * greateſt), and other three, d,e,f, alſo 17 (d 
the greateſt), but in a leſſer Ratio than . other; then the Ratio of the Sum of the Ex- 
—— . 8 the Mean in the 1ſt Rank is greater than that in the other; thus, ac 
20 20. 

$ DEMoNsTR. Take three Numbers, I, b, n, l, whoſe Mean is the 
4, b, | ſame as that in the 1ſt Rank, and the Ratio equal to that in the 2d Rank, 
de, f | wiz die:: I: b; then, becauſe 4:6 die, therefore a: U 7 1: b, conſequently, 
m 42713; and becauſe alſo b: b: m, therefore c n; but ac=bb= 1m, 

a 57. = __ c; and bool 4 hy the great ' _ — 2 four, 
therefore a+ c 7 I- Theor. 14.), an conſequently, @+c: 2 m: 2b, which 
proyes the Theorem in this Caſe. But, again (by laſt Theor. ), fince d, e, 3 — J, b, m, are 
in the fame Ratio, therefore df: a e: 1 26; and it's now ſhewn, that 2 c: 
1 ih was Sn W 10 d+f:2 


Turo xVII. 


Or four Numbers : I, the Ratio'of that Couplet which cane 4 3 


1 comparing the leſſer Term to the greater, and, contrarily, comparing the greater 
to the leſſer. 


6b: e, d 
$72 8. 10 


DEMoNSTR. If a, b, c, d are: I. and c, d the two greater, alſo 
4 7 e, then 77 7 for ON SF then a. aA: c. 
e. Take their Ratios, vis. | vis. Aeg and TE » and compare them by 


Wt them to one common 8 the new Numerators are acÞ+an, and ac 
+ xc, md grower Boy: the foi ers becauſe 04 4, common n you and FO 7 


1c 7 #8, conſequently, —T— (= 5 2 2 (=) 


CoRoLL. In a Progreſſion —1, e avay Tp nn 7 AN he eve 
ONS IEA increaſe; thus, if a, b, e, d Sc. are 1 and « the leſſer Ex- 


— ET 2 &e.* Example : OF his Progreſſion, 1. a, Þ 4. 5» &c. 
the Ratios increaſe = 273 3424 f. Ge. 


. XVIII. 


Or four Numbers : I, the Produ of the Extremes and Means are unequel, and ther 
of the-leaſt and greateſt Terms is the leaſt Product. 


DEMON STR. Suppoſe 4 the leaſt and d the greateſt, then either c- 
„ b: c, 17 or Lor = . n ee, gps 


Terms, and, by the laſt, 57 F. and, conſequently c 6 7 4 d. Again; 
Suppoſe . 6, then are b, O the two greateſt and if de alternate the Terms thus, 9.0: 
14, then, by the laſt, 5 7 © 2, and hence bc 7 d 


If the'feaft and greateſt are atk two Means, then, b —_— the Terms, become 
the Extremes, then it falls within the preceding 3 1 


294. Arithmetieal and Geometrical Book IV. 
| CoRoLr. If three Numbers are I a.b.c, the Product of the Extremes, 4, 7 
is leſs than the Square of the Mean BI. andthat by the Square of the Difference; thus 


Take 4.4+4, +24, and ox TP +244; allo, H = +2aad +4. 


* r nere: no en F 
- THEOREM XIX. 


Ir there are three Numbers, a, 6, e, L, and other chreg, d, e, f. alſo I, and with 
the ſame Difference, the Product of the Extremes, and Square of the Means have the 
ſame Difference in both Ranks; thus, 26 - nuf - %. | | 


* 


Da MonsTR.- Let che common Difference in che two Ranks be u, then 
e. i b pode %% ITE) WIT 5 4. 4, 


„„ 7 75 74 

? \ 3 1 5 1 | 

{ * 0 . 

a x 1 _ 4 pd * - * + 

# * * * * . f , 4 
HE OR E M > i 

4 * * 8 „ * 1 
+ V4 . 5 2 . 24 . * 


x three Numbers, @, b, c, are . and other three, 4, e, f, alſo + L but wh a 
leſſer Difference, the Difference of the Product of the Exremes, and the Square of the 
Mean in the 1ſt Rank, is greater than that in the ad Rank. 

8 DE MONS TR. Let n, and d—e=x, then (by Theor. 18.) a: 
7 on f M, and df —ee==m*, but, by Suppoſition, m 7 u, hence m* n , 
aud conſequently ac—bb 7 df —ee. ä | 


p we * 7 1 ? 
; * n * 
2 
74 * * 3 | * 6 N 
4 8 \ 3 : 2 a N ; 
= on: ors M XXI. 
5 " $ ny 
- o * 5 3 { — 
js % Ss : 
LY 


1 


\ _ a 


1 « "OY 3 4 4 3 7 ws 222 2 ws nt Dur 7 p 1» 4, TY PT Pa: a el. 4 e 
HE Mean Arithmetical betwixt two Numbers is 4 greater Number than the Mean 
Geo! | ical. 18 24 „„ ws r 8 


DE Mons TR. The Product of the Extremes is equal to the Square of the Mean 
Geometrical, bur it's leſs than the Square of the Mean Arithmetical (by Cor. to Theor. 18.) 
conſequently this Mean is 1 Than the other: Thus, betwixt A, B, let the Mean ! 
be C, and the Mean +7 B; then is AB DP, but AB Z CC. therefore DD CC, 
or CC 7 DD! Example: Betwirt 2 and 8 the Mean: I is 5, and the Mean: : lis 4. 
ScnoLlun. If we expreſs theſe Means according to their proper Rules, we find the 

ean : I exceeds the Mean : : , by half of the Difference betwixt the Sum of the Ex- 
tremes, and double of rhe Geometrical Mean; for theſe are I, a:ar:ary, and the 


Arichmetical Mean berwixt s and erf is ET; And, laftly, T — or = 


aLarr —2a7 ve oe 


2 . HV A MKAXNOSY HK + 
--14 i. HEOREM XXII. 
ka ela l 4 ; i, ) „ 


To the ſame three Numbers, 4, b, c, take a fourth: I, », and a 4th:: I, 4, and ordet 
them ſo that the two firſt Terms, a, b, are either the two leaſt or the two greateſt of the 
four Terms, then is » 7 or L d in theſe different Circumſtances, viz. (I.) If a, b are the 
two leaſt; and 2 b, then is 2 7 d. (2+) i 2, b are the two leaſt; and 4 Lb, then is 2 
Ca- If Jay are the two greater, and « 7 b, then is d. | 4 If a,b are the two 
e , ono at TRE 


, 
1 * 1 5 6 f 
& . . * * P 
7 * 0 * 4 151441 7 FF) # 4 * ? 
> 4 d 
K 1 0 N- 
— * y * . " _ . 
, , : * », © 
8 1 8 1 1 - * © 


_— yt =» 1 


= 888282 w 


a S VT 


26 


of 


| hence = 7 5 at 7 4 
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DE Mons TR. 1. If a, b are the two leſſer, and 4 7 b, then is 


. 27 „N But J= I — * -, and conſequently a d 


4: b:: 4 


(2.) 4, b, the two leſſer, and à L b, then 1 5 L 5 1705 but 7 4 hence 


. 7 6 and * 2 4. 6) ab the two greateſt, and. 4 7 b, F: 24 (Theorem 1705 but 


187 beer 5 , and .. 0 ) 8 the 00 rac and's L. b, hen is 77 25 


# 
5 


Cox oLL. To two Numbers a third * increaſing, is leſs than a bid: 1; but, 
e e | 


TA XXIII. 


or uae 8 1 take their Squares: They cannot bly b be vr; but the Dice 
rence of the iſt and 2d Square will be to the Difference © the zd and 4th in the Ratio 
of the Sums of the common Difference, and double the leſſer Term in the ere 


Couplets. Thus, if a. b:. a. then 6. — 4: oY 2 +F=T; 2 


DEMONSTR: Take four Terms, thus, #e+d:b .bJ-d, their es are 42. 
T2 AT. l, + 2bd-+&, ind the Backe ure 204 +62 +8, which, 
by equal Diviſion, are as 24+d: 2b +4. Is A eint! ; 122. . Ef 


CoRoOLL. A ayeobre rip get; ? cannot poſſibly be. 4 


TAGAN XXIV. 9 


Or four Numbers: 15 the Difference betwixt * os = the: Squares of the "ENDS 
md. the Sum of the Squares of the Means; is equal to the Product of twice the common 
Difference, multiplied into the Difference of the iſt and 3d Terms, the Terms being fo 
ordered that the 1ſt and 3d are leſs than the 2d and Ach. Thus, take 4. b; c. d. where 


45. 24 then . He. N 2 3 


pres rn Take 2. web's: 4. 444 wer Siquarcs are 2 Ln maid, ba, 
F+ 2 b4+#;. the Sum of the uares of the Extremes is 4 Taba, and of 
the Means it is ELA T. ; and the Difference of theſe Socke is plainly the Dif- 


ference of 20d and 22d (the other Pars bein equal), i. e. 2bd—2 ad dx HA, or 
244 —2bd=2dxXa—b. ror if 5 


Cox oLL. If three W a, = 4 are =. or 26= ad, then the Difference 


FETT 
ble the Square of the common Difference. 


— 


7 


THE o- 


ical: and Gu Bo OR IV. 


1 Sd 1 
TuzoxguXXV: 


| Is three Numbers are I, the Ratio of the ie 66 the Game 
that of the Mean and common Difference. 


Duos TR. Take 2. 6 . ada I. irs is impoſſible that it can be 4: 15 


24: : d: 4 ＋ 43 for if it is, then a X 4 FI=dx;a+ad, i e. 4 d= 44 4; 
whence, taking ed from both, it is . a ck, which is — — 1 is not a — 
for then a Square , and a Number not a Squa Gra Ger They e contrary to 
be ee e eee CS, x. Bro UL See Coroll. after N ä 


ScHoLIUM. If the Extremes are in the Ratio of 1: 2, the Difference and Mean 
will be as 1: 3, as this Example ſhews; a.a+d. a+ 2d4=2 4. whence 4 2.2 d, and a - 4 
2345 and, 1 if the Extremes are in the Ratio of 1: 3, the Difference and 

Mean are in the of 1: 2, 25 here, 4, 24, 3 4. in Theorem 26. * 


n demonſtrated univerſally, whatever the Nef 
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Tuzoxs x XXVI. 


IF D ef and if 3 of the Extremes 
BUOLE BEE © equal to the Ratio of the Mean and Difference of the other Rank, 
1 the Ratio of the Rel in the aſt Rank s qual es the Rato of 


IIs Gemar Rank, 
a . © {lg pad Danses bs . The Extremes 
6. of the ad Series are the Difference and Mean of the iſt Series, 
22 7 and therefore in this Caſe it remains only to be ſhewn that the 
4 ES «+4 CCC 
2 2 $__ ) Difference of he ad; which is plain, for #2: 4:3 — 


1 d= aA 1 ; but f 2 22424 a, therefore, 


2? 


r and whoſe Extremes are u 
d:a ot for Example, D, E, F. where we ** pin d: ad. then (by Theor. 31. 


below) D : :E::d: e ee - =a(= 97 +4 ::# :6 
+29. | h | | 
TuxoREN XXVII. 


Ir three Numbers ae ee an them a Gen Mean, the FEES 
of the Mean -I is a Mean ] betwixt the Squares of the two Geometrical Means. 


: Dx MoN- 


S 


. 2 


late 


0 N- 


5 | Henna Tapas 
brat: $ [5:8 'C $907 :3 10 OY 1 26 91 


: CHAP. VL 


0 Hermmica - ; It in which I oe this Sign, hl, for 
© 0,5 On be Words Harmonica ly Proportional. 


þ I. . Contains the Tu EO ar, confered: purely « as an Arichmezical 
0 104 de ae A 5 | 


de BRODEDMAL 
_ I N G 3 Numbers, to find a fourth bl with cham, taken i in a certain g. 
en Order. 
5 Rubs. Take the Product of the firſt and third, divide it by the Difference 
of the ſecond and N the firſt, the —— 1s e Number uy” So to theſe, 


A,B, C, a fourth . 5 on r 


Era. To theſe 3, 4, 6, a ſburth 2 is 9 5 ide «LB then 2X3 I pak 50 2222. 
Laſtly, 189 ſo that theſe 4 are V, Vis. 3, 47 6, 9, fo for theſe. are geometrically 
rtional, dig. 3:9: : 4—3 (Er): 56 (=3)- 
emon. Tet four Numbins 5 b be repreſented by theſe Letters, A B, C, D; then 
if A is greater than B, theſe are : : I, vis. A : D 55 A- B: C-. Hence A C— 
AD=A DB P, and adding A P to. both theſe Eq it is ALA DP-B D 


B&D, and dividing e by 2 A—B, it is D 5 which is the Rule. 


Or it A is leſs than B, then A D:. r D-; hence A D—A C=B D—A D, 
and-adding A C to both, it is A D=B D—A DTA G. Again, ſubſtracting BD—A D 


N it is A C=2 AD—B D age EY and dividing by 2 _— it is 


D= A ab 


"2A—B 
[COROLLAREES. HY | 
iſt. We can by the e Method find a third Hi to two cio aa if we take 
the ſecond Term twice to make three given Numbers; and then the Rule will be 
plainly thus; divide the Product of the two given Numbers .by the Difference be- 
twixt the ſecond and double the firſt, the Quote is the Number ſought. 
Eta. To theſe. 3s 4, a third Þ} is 6 and to theſe 6, 4, it is 33 rer 405 d by he 


18 


Rule uniyerſally t e theſe A,B, a gina ph dn 5 Tas eo FRY 


4 * 228 2 2 0 £ 


3 (2 e. third or 4th 2 de 0 ble when 2A) {or double the firlt 

n tho feccnd B; but not otherways. The Reaſon is plain, becauſe. 
bog Dore © 2 AER? is then ſo ore op real Numher ; but if 2 A is leſs or only equal to B, then 
n is no real Diviſor, ſo that a third or foutth i to the given Numbers is . 


425 To theſe 3, 6, ol 3, 6, J, chere is no third or fourth Y, becauſe doable the 
erm is t 15 
irſt Term i is left s See e 0 ee. 5; or as 36, becauſe uble the 


9: * 2*, Obſerve 


RON 611 s "s 
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29, Obſerve alſo theſe other Characters of two or three Numbers, to which a third 
or fourth I is poſlible, viz. If to two Numbers, a . 4 arithmetically proportional 
(which two laſt Words are marked thus: I can be ound either increaſing or decreaſin 
(as it can always be increaſing) then a third i to the ſame two Numbers can be * 
contrarily decreaſing or increaſing; becauſe in this Caſe double the firſt Term of the 
199 9 cater than the ſecond. Thus if A, B, C, are h then 2 B= 

C; conſequently a N. to B, Ci poGible.. 4 if a third: to C, B, is poſ. 
ſible, 2 fourth Þ] to B, C, C, and any other Number, „C, D, is alf ſible; for 
the ſame Reaſon, viz. becauſe 2 B is greater than C. Laſtly, If three umbers are 
:I, and if to. the middle Term. with ei A eee 
three Numbers a fourth /} is poſſible in this Order, vis. If A, B J, and if to 
B, C, a third I is poſſible, then alſo to A, B, Ca fourth Hi is poſſible; for ſince A: B 

B: C, hence a A: B:: 2 B: ©; but 2B is greater than C, elſe a third 27 to BC 
would not E poſſible; therefore 4 A 1s greater than B, which makes a fourth bl to A, 
*T he Reverſe of all theſe are alſo true and neceſſary to be "mak remathed z thus, if to 
B, C, or B, C, D, a third ar fourth V is poſſible, then reverſely, to C, B, a third :} as 
A is alſo paſſible ; for by Suppobtion 2 B.is greater than C., _Bhich is al the Condition 
neceſſary to make A ble, ſince A=2 . Again, if A, B, C, are: : I, and if 
to A, B, C, a fourth I is poſſible, then a third 57 to B G is alſo poſſible; for this re- 
quires onl that 2 B be greater than C, Which it will be Went A is greater than B, as 
it, is in a fourth þ4 to A, B, C, is ble. 

2d. From any given Number a Pa or Series M may be found decreaſing in 
Infinitum, ey not denz Tor for it wy. 5 whenever the Iaſt found Term is 5 
to N the Double 9 the Fay; 1 155 1 12, 15, 20, 30, 

continued no further inc robe we, E 88 r ; yet it's 
poſſible to find two Numbers ym x which 9 7 — ara of Terms V ma New. 
5 24 mg y ol 5 Theirwe d 4 8 2 —— Cage ys 

of Terms, a Ros. 8s ich cannot done ven Number, thoug 
4 pls Series decreafi decreafi ang, becauſe, 2 A—B * not be ee Caſe an * 


PROBLEM II. 
To find a Maan hl beit two Numbers. 


Rule. Divide doable their Produ by their Sum, the Quote is the Menn ſought; 


thus \berwixt A,B, a Mean 1 is JI 


Exa. Gwen 3, 6, the Mean is 4; thus, — then 2X18=36- and 36—9=4 
For theſe are . 3, 4, 6, becauſe 3 : 643 (=): : 6-4 (=2.) 
Demon. If A are i, decreaſing from A, and increaſing from C, then it is 


A: C: AB: B. G, and roverlly. C: A: BC: A-, whence A B-A C= 
AC—BC; and adding BC to each, it is AB—AC+BC=AC,; again, adding AC 


C: 
to cach, Aenne (=AF-CxB) wn © Gs and, Laſtly, e 
Rule. 
TR EOAZM I. 


155 four No Numbers ” be 3 multiplied, or apnided, the e Produfls or r Quotes are 


Exa, 


SO we 2 


E 


ef =” mam oo 
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Bu. 1ſt. If theſe, 3,4, 6, 9, are multi wo by 25 the Produtts 6, 8, 12, 18, are 
þ, whick again divided by 2 Quote the | | 

Demon. The Products or Quotes of the 


the Extreams ; and the Differences of the Products of the middle Term and Extreams, 
2 they are greater or leſſer than the Differences of theſe Terms themſelves, yet 
roportionally, and that in the Ratio of the Multiplier or Diviſor, which is 


1 are ſtill in the FOR Ratio with 


the Ratio of the Products of the Extreams ; therefore there is ſtill a geometrical Pro- 
in the Products or tes, betwixt "the Extfeams and the Differences of "le 

wa the mean Terms, 5. e. theſe Products or Quotes are Y. 
Or, ſee this Truth alſo in el Characters thus, 1. Let theſe be A, vis. A, 
B, C, D, that is A: D: : A—B: CD; then are theſe h, Ar, Br, Cr, Dr, That is 
Ar: Dr: : IN L Cr—Dx, for theſe are the plain Effects 'of multi lying r into the 


: Is, vis. A: D AB: C-, therefore the Products are:: I, vis. 


A Dr: e Cr— Dr, That is, Ar, Br, Cr, Dr, are V, according to the Defi- 


As for Divifion, it 18 but the Reverſe 1 has für, and 0 Ra Denen is 
— MR 


a 


Any three Terms Þ} being equally multiplied or divided, the Products or 


Quote will be ; Nee by taking the middle Term twice; they make four Terms 
N, for 2, 3, 6, is the ſame as 2 gs z 6, as to bh, 
0 


2d. As any three Numbers l, al Reafon any Series « continually bl 1 


u 
equally multiplied or divided, the duct s or Quotes are ſtill Y.. 
3d. B this T. 


heorem and Problem firſt, we loves how to find a Series V, confiſting 
of any Number of Terms, all — thus, begin with any two Integer, and end 
a third bl decreafing g if it's a F or mird 5 uniber reduced to a Fraction, then 
multiply the two given Numbers by the Debominator of this Fraction, the Produtts 
with 3 the Numeratot are three Terms b, To theſe j join another Term I decreaſing ; 
— if it's Fractional, multiply all the 1 by. its Denominator, and theſe Pro- 
ducts with the Numerator are four Terms V continually ; after this manner go on 


to any Number of Terms. Zut you learn an eaſes Way of ſolving this Problem 
afterwards. ® 


ath. We learn Ka os bow io find = 7 —- os — } or I in Inte ers, betwixt every 
two adjacent Terms, of which, there 2 3 A 17 alſo Integral. Thus, take any 
Series —}, or all Int then find 


which being all or of 
them mix'd Numbers, reduce 2 whole 94 1 firſt found, — Ek the — 


to a common ee and os N nee ö fe, Numbers > ſought, and alſo the 


.. o 


If there is 2 Serics. of Numbers, Eren th nnn 
there is a ries, o J. as, 4, E, c, c. iner or decre 
their Reciprocals, vig. 1 + 4 3 Kc. 8 4 hat Pro grefion N 2 or > 
eng; 17751 e 14,0% 4, Stg. 27e + 
their Reei 


> 2 % r are 34 
Demon, ( ©) If 4, l, c, d. Sc. is a Series ine 


% FE 8 100 2 e X T 1 evidently from the Natur 


ap. iſt c 
20. If the king aflerted in t th res —.— — . any three Numbers in ets 
=; 1 hl, 8 mp pectin V 


cuſs fer be ſo [iy 1 Terms — | in ” Paogreflion be- 
: or lr is no other an to have N 
three Terms in 1 ee ee of the Series: J or Hi. 2258 


* 
; 6127 1 
* * 7 
* 


B b 2 : 0 What 
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. What remains to.be proved then is only this, viz. That if any ihtee Term 
Þ, c, are : I or , their Reciprocals muſt be contrarily #}: or :; * 1 how char 
| 5: 2 OX, | _b—a 

Ar 2 | . f . ab d 


i be * 
Cub. bong els 


(x*) Suppoſe 4, 5, c. are =1, then 2, 4, + are I, that is, 2 


b—s —b © 


: f —. * E SA i 1 14 g Iz : 
4 , T7 — — 3 69 [OT — „ ; Ke Y. O 
That is, * n . . whence it is, 2: 2 2c „ „ 2. Suppoſe g 


5, c, are be 7 5 are I, for fince 6, b c, are bl, 4 a 1 ·4 =, 
ä 1 „ . c=b „ 4 
.. ß ]⅛ ⸗ , , 


AI, and gi f hence 2,5, f are =. 


Exam. 1. 2, 3, 4, are =I, and 4, 4 +, ; Ge & 2h e3 144 (3): {= (=. 
21 arenen dee N 4 n T.) 
Exam. 2. 37 4, 6, are El, and +, Ty Z, arc 1, for — =.) =L— (S.) | 


. « '» a 
- 


Pf Assen 

1ſt. This Truth: is univerſal, whether the ſuppoſed Numbers are Integers or Fra- 
ctions; becauſe 5 expreſſes the Reciprocal of 2, whatever 4 be, from the Nature of 

8 0 2 1 . 9; jo 35: - __ | Sn j 2? 3 8 #. 2 

5 Al 25 Ne dhe Thing Þ pas 10 Ho 22. n N n 


„ © ear en. wditt < 


-— 


. 14 tilt ien 10 1120 : oy 
the. Reciprocal of — ( =.) a 5811 2 | 


24. If any Series conſiſts of Fractions (either all, or only ſome of the Terms) then 
xf the whole Series is reduced to a common Denominator, the new Numerator is 
2 Series of go of the ſame Kind of Progreſſion (i, V or }) with that redu- 
ced ; becauſe the new Fractions are ſo, fince they are equal to the former ones, and 
the Numerators: are Equimultiples of the Fractions (for they are their Multiples by 
2 2217 LLCT T2336 þ YHEDC CS e n 

the.common Denominator, fince g. X be 3) and, Lay, the Equimultiples of 
any Series, -I, ==} or Il, are of the ſame Kind ; as has been ſhewn of each in their 
„„ v7 An 22 1 => 5:28 © bak 97 won oth D020 mYpal Dy 
ee eee ee eee 
Series of their Reciprocals (which are all Fractione) to a common Denominator, is this, 
Arithmericals,.'' 2, 3, 4, ] Of the given Series of Integers take every Coup- 


— — — ] élet reverſely in Order from the begianiog, and 
| Ratio's 


— 


1 continue them as ſo many Geometrica 
4, 3 | (by Prob. I. Chap. 4.) as in the annex d Ex- 

| 7 — —— | ample; the Operation of which you'll, cafily 
Harmonicals, ' rz, 8, 5 _ | \ perceive to be the fame as that which finds the 
I, 4 | new Numerators where the Recipfocals of theſe 
Hurmonicals, 6e, 40, 30 24 tor z chus, 4, , Kr. reduced, tlie new Numerators 


are 3X 4=12 2 X'4=8, 2 & zs. And 4, T, T, Ne 1 55 
ZXA4X oO; 2K 4 X-5=403"2 3 X5=305 2X ; * id, and ſo on; which 1 
Jet more evident in this Example in Leet Bur yer fn 


oF, oa > * CY 
C o 7 4 ny J 378 3 & 
: £21126 cl 10 110100 Round 2713 al 21939 1 - 


. With- 


il 


* 4 

5 
A 4 2 
4 

* 1 


N 2 5 
* To RC. by ad ets * 
N r Jo £ nl - 1 
— . a $-%;; * a * 
2 * 7 « 


+. 
* +, 
— 


4 4% Without regard to the Bale eee Elions.to | 
— {| one Nenominator, we can eaſily demonſtrate that theſe Pro- 
ducts have the Quality aſſerted in the T heorem,. vis. that if 
a, b,c, d, &c. are —Þ or hl, the Products ſo made are con- 
trarily Y or - I; Thus, theſe. Products are Series in the 
I | reciprocal Ratio's of the given Series (as has been demonſtra- | 
if 2 d, ( | ted in the Problem referr'd to) but the Reciprocals of the j 

— — | why Series are Numbers alſo in the reciprocal Ratio's of 
g led, acd, abd, abc | the ſame Series, therefore both theſe Series (vi. the Series 

— of Products and of Reciprocals) have the ſame Quality ; 
2 which is thus proved. Let a, , c repreſent the Reciprocals of any three Numbers, 
| and A, B, C, other three Numbers, in the ſame Ratio's, viz. a:4:: A: B and h: c 

: B: C, then comparing theſe, it is 4: A:: c: Cor a: :: A: C. Alſo, a: A: 

a: B—A, and c: C:: -=: CB. Again, comparing the laſt three Proportions, 

it is —4: -A: : : C-; or b—a: c—b:: : A: C-. Theſe Pre parati- 

ons being made, fuppoſe now that a, b, c, are Vl, i. e. a:c:: b—a: -b, then are. 

A, B, C, ; or, A: C:: B- A: C—-B; for becauſe a: :: A: C, therefore A: C 

: 4: c—b, and becauſe, bþ—a : c- :: B-A : C—B, hence A, B, C, are : 
þ Again, ſuppoſe 4, b, c, are J, or b—a==—b, fo are A, B, C, or, BA C-. 
t For it is above ſhewn that /—4: c—b :: B—A : C—B, and therefore if +—a=—b 
7 ſo muſt B=A=C—B. In the laſt Place, ſince the Thing is true of three-Terms, it's 


: : 4 7 


fiſting of the 2 Number of Terms, and multiplying continually into one another all- 
of 


1395007 rio 992 dans 138821924 981 1 $2738 35/9 Þ 5; 5 
; 34d. Further, though # Petia cf may be continued are decrealing from any gi- 
1 0 

8 


all Integers, its done thus; take a Series : }, conſiſting of the given Number of Terms, 

! I Integers, and the goniouel Produ& of all the Te re, 8 the leſſer Extreme, is 

bers ſought, and the continual Product 
ch 


z next the 1cf] rel | © leiee of the, Terms ſought. All this is plain from 
J the 8 Operation, wherein e ery Term of the, I rande is the continual 3 
| the Terms of the Arithmiericals, KG the Correſpandent im order, 7. e. 4, 

E % * 1 f 


1 
4 
” þ 
« 
.C 
* 
1 


"+ . * : 
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__ 5th, Hence we learn the Solution of this Problem, vis. to find a Progreſſion of any 
Number of Terms , and whoſe Extremes ſhall be in any aſſigned Ratio; which 1 
folved thus: Find a Series —/ of the ſame Number of Terms, and whoſe Extremes 
are in the given Ratio (by Prob). II. Ch. 5.) then the Reciprocals of theſe or their 
Numerators, being all reduced to a common Tenominator, are the Numbers here ſought, 
6h. We have alſo the Solution of this Problem, vis. to find the firſt of any Number 
of Harmonical Means betwixt two given Numbers, / Hus, Take the Reciprocals of the 
wen Numbers, and find the firſt of the propoſed Number of —} Means betwixt them 


(as directed in Article 24 of the $:hol. after Coroll. 8. Probl. 4. Ch. 3.) the Reciprocal - 


of this Mean is the }} Mean ſought. a 3 
7b. We have alfo the Solution of this Problem, vis. to find two Integers, betwixt 
which a propoſed Number of 5 Means, all Integers, may be found; T has, take any 
Series - betwixt whoſe Extremes there is the propoſed Number of Means; the con- 
tinual Product of all the Antecedents, and the continual Product of all the Conſeyuents 
are two Numbers ſuch as required ; this is manifeſt from Scholium 3d. 


Ting WBLEET7-:- | 

If four Numbers are:: I, A: B:: C: D; and if betwixt each Couplet you take a 
: Mean, as x betwixt A: B, and y betwixt C: D; then the two Antecedents or 
ps CORRS with theſe two Y Means, are alſo: :I; thus A:x::C:y, andB: x 
22D: . | | a * „ OS OS 9 
Demon. Let it be A: B:: Ar: Br. (inſtead of C, D) then A, x, B, being multiplied 
by 7, the Products Ar, xr, Br, are 1 (Theo. I.) alſo A: :: Ar: xr. But Ar=Cand 
E. d e xr=y. conſeq. A: «:: C:. But again, A: C:: B: D, therefore, 

Aſtiy, B: xł 2: D:. N : L 
| - oLL, If Pr EA every two adjacent Terms of a Geometrical Series a , Mean is 
taken, theſe Means make alſo a Geometrical Series in the ſame Ratio. 
Geom. a, b, c, d For a: I: : h n; ora: h: I: n; alſo, b:c::m:y, 
III. Meays I. m, ». {| therefore/:m::m:n; and ſb nnn. 

D EEE 

In an Harmonical Progreſſion, any three Terms, whereof the Middle is equally di- 
ſtant from the Extremes, are alſo B. W FR 
Exam. In this Series 10, 12, 15, 20, 40, .60, theſe three are H, 10, 15, 30; alſo 
theſe 12, 20, 60. Ss | . hh . 
Demon. Since by Sch]. zd. to Theory. II. an Arithmetical Series can be found, each 
immediate Couplet whereof is in the reciprocal Ratio's of the Correſpondent Harmo- 
nicals, and of the Series: J, any three Terms, whereof the Middle is equally diſtant 
from the Extremes, are: } ; therefore the Correſpondent to theſe in the Series V muſt 


alſo be bl. | 
5 c 5 
If there are four Numbers ſo ſtated, that the two middle Terms are : } with the one 
Extreme, and I with the other, theſe four Numbers are: J. 
Exam. 2: 5: : 8: 20, are:: I; 2,5 8, are: J, and. f 8, 20, HI. Univerſally, if 4, 
b, c, are: J, and &, c, d, are Hi, en, 4, 5, c, ff ͤ = ROI | 
Fs 1 1 Demon. Suppole a, ö, c, are: I, then to b, c, a third 


eee Bl is (by Pro rt, Cor. x.) but to a, 5, c, a ath 


=, and this is equal to the other ;; for 4, J, c being : I, therefore gzz2þ==c, hence 
be 


* 


Ice 
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| Or alſo thus, ſuppoſe any two Numbers, &, c, a 3d: I to c, i, 
20-0 8 b 0 0 C | ä ? ; 2 be 3 * 
"pooh 26 is 26—c, and a 3d i to b, c, 9 and theſe 4 are manifeſt- 


| | — 
ly : : 3; for by the common Rules a 4th : : I, to 2b—c, b, c, is = 


The Reverſe of this Theorem is alſo true, viz. that if four Numbers are: : I, and 
if the two Means with one of the Extremes are: J, or hl, they are contrarily H or: } 
with the other Extreme. The Demonſtration of which is contained in the former; for 


whether we ſuppoſe three Terms: I, 2 c, b,c, or three Terms , 5, c, —— 


the 4th : : I will be — or 2 —cL, which is contrarily N: or: with the other Ex- 
treme. | 


SCHOLIUMS. | 
1ſt. As either the Theorem, or its Reverſe, are demonſtrated independently of one 
another, ſo. the one being fuppoſed true, the other may be demonſtrated by its 


| 1. Suppoſe the Theorem true, the Reverſe is demonſtrated thus, if a, B, c, d, are 


::h, and 4, b, c, : J, then ſuppoſe a third % to b, c, is u; by the Theorem 4: b:: c= 
1 I 42522 6 2 hence — 2 B, 1 bl. The Demonſtration will proceed 
the ſame by ſirſt ſi ing 4, b, g. to be hl. | | 
29. f — Reæverſe — the Theorem is demonſtrated thus; let a, h, e, be 
% and 5, c, d, V; then to 4, l, c, let a 44h : : I be n, by Suppoſition b, c, u, are hl, 
(becauſe 4, b, g, are :I, and à, G, c, u, are: : J.) But ſo alſo are b, c, d, conſequently, 
2 and 4: þ::c:d. If a, b, c, are ſuppoſed , the Demonſtration proceeds. the 
e way. | : 
2d. We may find Examples of this Theorem in Integers, by taking any three Inte- 
ers, which are: J, and to them finda 4th: : J. If this is an N You have what's. 
dught; but if it's fractional, multiply all by the Denominator. Thus if 4, b, c, are 


three Numbers : I, the 4th: : I is A and if this is not an Integer, then multiply by: 
the Denominator a, and the four Numbers ſought are 44': ah: ac: bo. Y 
, | TBEOREM VI. 
If there are four Numbers ſo ſtated that the Extremes with one Mean are : I, and 
with the: other , (i. e. if betwixt any two Numbers you put an Arithm. and alſo an 


Harm. Mean) the four. will be:: J. | | ; 
Exam. 6: 8: : 9: Iz are: : J, 6, 9, 12, are: I, and 6,8, 12, bl. Univer/ally, if a, c, 


1 % | Dee. Bewixt 6 and l. + Mn b den 
a- * . | 


1 is = but the Products of the Extremes and Means are evidently equal, there- 

ore the four are:: J. ; Fg 2 
The Reverſe of this Theorem is alſo true, vis. if four Numbers are : }, and if the 

Extremes with the one Mean are: J or I, they are contrarily Mor: I with the other 


Mean ;. 
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Mean; the Demonſtration of which is contained in the forttier, for a, . b repreſent 


any three Numbets : I, and a, 24 4 any three *; and if a, b, are the Extremes 


of four Numbers: : I, either of theſe other Expreſſions one of the Means, it's 
ſhown that the other . will be the other len which is an: } or Y Mean be- 


twixt the Extrenies a, b, if the former is contrarily H, or: J. 
N © a ; 62 1 — + 38301 112. 4 J 


FEIRELE RN” n Send u twin n £15 1G 5 8 
1. Suppoſe either the Theorem or its Reverſe true, the other may be demonſtrated 
by means of it, aſter the ſame manner as was done in the laſt Theorem. | 

2. We may find as many Examples of this Theorem as we pleaſe in Integers, after 
this manner; take any two Integers, and betwixt them find a mean V, which being 
a mixt Number, reduce all the three by its Denominator to other three Numbers, 
which ſhalt be all Integers, and ſtill Y. (by Theor. iſt) then if the half Sum of the 
Extremes is an Integer, it is the Arithm.Mean, but if it's not Integral, double the three 
Terms already found, and then the half Sum of the Extreams will be an Integer. 


Exam. If I take 3 and 5, a mean ii is , therefore multiplying all by 8, I have 
24, 39, 40, bl; and a mean : I betwixt 24 and 40 is 32;; therefore 24, 30, 32, 40, is an. 


Example of what's required. But if I take 2, 3, their harm. Mean is , and I reduce 


them to this Series 10, 12,15 ; but here I cannot have a mean: in Integers, therefore 

1 double theſe Numbers, making 20, 24, 30, and the mean: I is 25; and fo 20, 24, 
255 30, is an Example of what's required. Oe rn 2 

Hence again, If it were propoſed to find out two Numbers, the half of whoſe Sum is 

an Integer, and alſo whoſe Sum is an aliquot Part of double the Product, it's plain 

from the preceding Demonſtration, that if we find any Example of this Theorem, the 

Lxtremes are Numbers ſuch as are here required; for the Remes being a, b, the 

12 7.3 211 3 3 in 


I! ˙ A wm̊a aii E So 4.735 


3. This Theorem and the preceding may coincide, vis. there may be four Num- 
bers: : I, - whereof the two Means may be: I with the one Extreme, and þ} with the 
other; and alſo the two Extremes may be: } with the one middle Term, and / with 


the other, as in this Example 2: 3: : 4: 6 4 but this Coincidence does not always 


happen; for either of the Parts may be found by it ſelf without the other. So theſe 
6, 8, 9, 12, is an Example of this Theorem; but not of the other; as theſe 3, 6, 9, 
18, 2 theſe 3, 4, 6, 8, belong to the former Theorem, neither of which belongs 
to this. | 1A 54 | 

* CoroLL. If betwixt two Numbers, A, E, are put three Means, an Arithmetical 
(B), Geometrical (C), and Harmonical Mean (D), theſe Means are in Geometrical 
Progreſſion; the Geometrical Mean being the middle of the three; for AXE=BxD, 
alſo AXE=CXC, therefore BxD=CXC, or B.: C: C:: P) . | 


; | TARHREROREM VII. =, 5 
If four Numbers are iv ſtated that the two Means with the one Extreme are +], and 
with the other: : J, theſe four are Hi. V 5 : 

| Exam. 3, 4, 6, are hl; 4, 6, 9, are :: I, and 3, 4, 6, 9, are Hl. Univerſally, if 4 


, c, are:: J, and b, c, d, V, then a, b, c, d, are hl. 
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bers 2 J whith may be expreiſed 22 = : 6: c3 or three Numbers „ eee e 
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e ee 2 2 e np 
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Difference add the ſourth — ger rg ns third Term; ph. this Sum — 

rat the ſquare Root, to which add the half ofthe: third Term this laſt Sum is the 


Xu ſought. 


6, # i being leſs than c) ſuppoſe a fourth Contra #4 is 4, then is 


8 1 222013 * ITE 1 > 10 ti: 18 3351 21210 


o ww ©OD 


; 2 (= 1 2 which I find thus; 48 45 then. IG f 
ls, whoſe fourth Part is 4, Which Adel 15 to 12. m— A 55 


Root is 4, 2 (the half of 4 4).the Sum is 6, 
Caſe ad. If the Rrſt Term is greater than the ſecond” Term, the Rule is this; Prom 
the Square of the firſt Term ſub the Product of the firſt and ſecond ; and this Dif- 
. 2 
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3:2 37 44 5 : 64 8 when 11 997-7 ed Sf 
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| : Shar E at B, C 
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Upon theſe Examples ob/erve, That they are diſti ed into three Caſes, accord- 
4c or a: B, or h: c, are made the firſt nd Terms: Then in every 
there are four Caſes; and in the — theſa.thex ird and ſourth Terms are the 


— — but of the third and fourth Caſes the ſourth Terms only are common; 


por can a Pro abe ſtated with theſe reverſed, while the firſt and ſecond Terms keep 
the fame 7575 then the Com would be diffimilar. Thus it is impoſſible, 
tha 8 ſhould, ace -, becauſe & is leſe thaw a; but g- is greater than 
reater than 4. Then the laſt Caſe of che third Claſs is marked im- 
fame Number 4 is taken from each Term of any Ratio of Incquality, 
Remainders cannot be in the ſame Ratio; eee 
e een be in the Ratio bene n 
1 5129; KA nt: BLM; 
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then-obſerve 4 great Difference botwixt the. Nature of. theſs harmonical Pro- 


K and the Geometrical and Arithmetical ; vis. that in theſe laſt, becauſe every 


Adjacent. are Proport ional, therefore ſo are every four either Adjacent or taken 
tuo and two at equal 2 J bu itte ner ſo - in the harmonical Kinds, ifor tho evety 
three Adjacent are . yet every. four. will, not beſo, neither will the Conclufon hold. 
r Terms. to there. 2974286, 8:5 An 01 38412 dl . 2 2 in 71) 77 Aisttz 2 N 
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9. 2. of the Nome and Application of: Harmonical Proportion. 
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over the Surface f any Inſtrument. dr Table; ant ſetting under it, -in any Point that 
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theſe Names, Octave, Fifth, &c. which will ſhew a further Application of the Har- 

monical Proportion, Let A: H be an Octave; A: D a Fo and A: E a Fifth; 

AB. CD. EE. Gn then A: C a Third great pm pi 
on 


| | Third greater, (from the Di of the Fifth 
4 . . 4 D: 92 den „ f H be a Third leſſer, 
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Again, A ing a Third 
A bem: bo and B to We, ook Laftly, Let & be taken in the fame Ratio 


Se h A be r for 9: 8:3 %. And then we have 
eight in ſuc] Re of Tone to one: another, —— the Series or Succeſ- 
Priciplcs of which is led the natural Scale of Muſick, which contains in it all the 


iples of Harmony ; wherein, befides the Concord-Relations,. theſe. are. alſo ver 
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conſiderable, which are betwixt the ſeveral intermediate Sounds, as A. B, B · 4 Se. 
which are called the Degrees of the Scale; of which there are but three different ones, 
vis, that of A to B, as 983 of B to C, as 10:9; of C to D, 8 165. That the 


* are the ſame, and in what Order they are, oh ſee by — E * 


ons: Or fee. them here, where the Lengths « the Serings.s are ſet a oye them, and 


their mutual Fan) betwixt they below. SoB i : L of A, Ci 6 B, 


7 1 17 : 
ne 


# % A 8 * |- of C. aid fo on. Now * Relations of 
5 8 3 8 each of theſe Sounds to the fundamental A 
E 5 3 z 5 15 2 | being named according to the Number of 
A*B:C:D-Ec-F- G H] Notes from A in the Scale, hence are the Names 
„ of Third, Fourth, Sc. So the Relation 5: 4 
730" 16'S 20 ET ES of called a , becauſe it's that betwixt 


| A: Ce which baving one Note betwixt them 
re in all three Notes of the Scale; za for the ſame Reaſon 6 : 5 is called alſo a Third 


the —— betwixt C and E. But 5: 4 is a 8 ue and therefore ca] 

de Third ch 39 the ather 55 is called r. For the: like Rea 
apy N A twixt A 5 eee E, 
1 falled alle' Fiſch. 8.55 5 beeyixt Az F Þ. + BY 3 betwixt C: 
eo „ runaling eſſer ; and e H i alk 1 e, . 
intermediate 18 ut te O0 
next, and 16: os they recalled Seconds 'are — called, particular ly, 9: 8 a greater 
Tone, 10 : 9 a lefler Tone, 16: 15 2 Semi- Tone, (the Word. E Ta here 
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. 1. Of Quantities Commenſirable and, Incommenſurable, and their 
Ratios : Shewing how the whole: Doctrine of Ratios and Proportion 
is reduced to the Science of Numbers. | 


"HE two grand Branches of Pure Mathematicks are Arithmetick and Geometry. 

As the Object of the firſt is Number, called alſo Baue diſcontinued ; fo 

the Object of the other is called 1 or alſo Quantity continued; the 
oo of which are Zines, Surfaces and Solids. Theſe two Branches are ſo conneR- 
that the-firſt is neceſſarily ſubſervient to the other, which without it would be uſe- 
leſs, or rather could have no Being at all; for the Conſideration of Numbers runs 
through the whole Science of Geometry. Among the Principles that are common to 


both Subjects, the moſt remarkable are contained in the rine of Ratios and Pro- 


e N Train hot&-equatty in ee e 
. that this is an univerſal Doctrine in Mathematicks, _ 3 — to both its Bran- 
en 


ches; but the Way of explaining it, ſo as it may compre both, has been Matter 
of Controverſy among the Mathematicians; while ſome. have approved Euclid's Me- 


thod (in the fifth Book of his Elements) and others have cenſured it; ſome of them 


objecting againſt the very Foundations of his Method, and others complaining only of 
the Tediouſneſs and Difficulty of it. To my preſent Purpoſe ; I have only theſe two 
Things to obſerve : | | 
rfl That as I have never been able to help thinking Euclid's Method tedious and 
ifficult (without Regard to other Objections; for I enter no further into the Contro- 


Thoſe who are curious may ſee Dr. Barrow's learned Defence of Euclid, in 


1c? FM 
his Mathematical Lectures) fo I ton, ez they have been juſtly blamed, who 


* * of Proportion, have. anly given us that of Numbers; without 
SPA Gi * 3 | * 1 explain- 
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Fer / Proportion." | 315 
224 07008 ry is applicable” to n Kids of Geothettic Qyantitice. 
2d. Ae I think this may be done in 4 v -reafonable Senſe Þ it will make m 
eier Mork than Buclid's Method ; z and w/o the whol 288 of Ratios 2 

to che Science of Arithmetick; by bringing the Nenn 'of all Quantities 

ct the Notion of 'Numeral ee 'in 1 ſuch 4 Skate that the af Tad may be 

applied in the ſame Pemionſtrari tion to all Kir $ of Quantities; 3 whereby the Method is 

untveHſal, * 2 

WE order to "this I ſhall filt conßder che Nature of Geometrical intitle, As they 
diſtinguiſhed into Commenſurable and Tucemmenſardble”: Thus, 

i One Fer the f Line, Surface, or Solid may be equal 46 a certain Part or Pale 

of another {of the fame Kind ;) and hence tis 1 that.the Definition of Geometri- 

eil Relation, applied to Numbers, a pal all Y ap cable to ſuch two agnitudes, and 

vs ito the ſame, a8 the Relation of one Number to another ; Jo if the one is 


12 of the other, they aro to one another as 4% ber che ohe being divided 


ito a, | any Parts as 5 expreſſcs, (te other is diviſible. i into a . of the ſame 
ual 2 5: A theſe 00 M agnitudes are hence ſaid to He eee 
g TJ 51 ſame Ma apnitude is n to bath, go 575 1 ne 1 


n A Times without a om which it is 


I” cert al 
10 to l ih 21 both, and they to be ae e Thus in the proſe 
Outs the ai enen © V pate of the one und + + Part d 2. aber. 3 


But en every cw Geometrical al Quantnc (of the fame Kind) are not CommenKurable, 
or have not a e Bart ; (as the Gramerets: 1 25 We and: demonſtrated 
Caſes Aceh Ep of ei N ind Ry Ara bs 
mn N antitles, : can not be accurately a apply d to 
N ncommen ee e For though there is àa Relation)of comalining Al Lees 
ne bee Wixt 78 > ach e 3 Vet- It ia not ſuch that e 7 the pr 
«pre . a a Part arts of tho other; and therefore! is. not. the fame.” preciſely 
umber to another for if. it were ſo, the: Magnitude: repreſented ab; 
8 nit . the Muunbare;imoGd de, an aliquot Part of both; (and Jo chef 
es 2 _ Glan 9 241% ard aol ti ide io des n 
t though Inc arable, Quantities'are not. accurately as Number to Nuinber, 
jet i they. . int — 9 Condition. eine nene 
þ ar hoo them from ee 
yet dogs not of it e . 2 of chdir (yr mr" op of xi 
one agoth 1 Pp! I's | 1 E\ Relations of {ſeveral Incommenſurables:; be 
15 arg aJl, 6c hy Ali this Reſpest e Net tim this genucral: Notion of incom 
ede Be bove alan Conſcgutace which furniſhes fuchizr Ades of thair Rex 
os as . inguiſlies tung andcicomtains a Character or(Mark:ofuthoir 
teen whichit giaung an W ee ene 
j mugs ow? yas 2190 2 nc: „ A1 


tyra. EE % Þ have or 4 cmthoOn -dlaquot i Part, then thin mechfharily⸗ ltd» 


ern A, being takcnout.ofithe  reaver B. as oft as is, derade 


NY ani * laſt Redimindek, eels = 
Das: 16 Jet a e Anf going oh in tlis fre: Mami, faking) t 
5 a f . fn poecallings therd: A —— 
and leſs 


f 2 Remainder, 


EA. 


— 


ab  Arubmatick" of Ratios. Book IV. 
Remainder, chen the Diviſur muſt be a, common Meaſure.to the given Quantit 
A, B; the . ich you ſee plainly in the Demonſtration of 1 © Nabe ten 755 
e eee 
which is equally applicable to any two Quantities. d e e 
Now here is one way of concejving, the Relation, betwixt theſe two Magnitudes, 


= By the infinite 1 84 of Quotes arifing from theſe alternate Diviſions; and 


, if any other two Incommenſura the ſame Way di 


theref les, as C, D, | 
; vided, give the ſame Series of Quotes by ys — their elation is like and 


equal to the former; and conſequently we may ſay theſe four: tudes are Pro- 
— 8 ey A: B P 8 D. Put — PR We. can ——.— conceiye 
of the Equality and Incquality of the Relations of different Incommenſurables (and 
have reduced them, in one Senſe, to AUDREY, yet ſtill we want ſome more par. 
ticular Exponent of theſe Relations; by Mean, which, we may bring them more 
directly under the Notion of the Relations of Number to Number; ſo that the whole 
Doctrine of Proportion may be comprehended in the ſame Principles and Method of 
Demonſtration, already uſed for Numbers and commenſurable Quantities : And this 
may be done different Ways in Conſequence of the preceding Principles. 
1. In the alternate” Diviſion of B by A, and A by the Remainder, and ſo on; 
the farther the- Operation is ſuppoſed to be carried on, the Remainder becomes the 
leſſer ad Ininitum; and confequently we come the nearer and nearer for ever to a 
Quantity Which is a common Meaſufe or aJiquor Part to both A and B; for if we 
Thould come at laſt to a Di viſion without a Remainder, the Diviſor would be a com- 
mon Meaſure to A, B; and tonſcquently. the leſſer the Remainder is, the nearer is 
the Diviſor to ſuch a common Meaſure 3 and as the Remainders diminiſh infinitely, 
it follows that th „ ee the Condition of a common Meaſure of A, B: 
Wherefore ſuppoſing A, B 5 | 
another; the Quotes: will approach nearer and nearer ad Inſinitum to true ant com- 
ete Expreſſions of theſe Magnitudes; ſor as the laſt Remainder may be — 
leſs than any aſſignable Quantity, ſo will the Quotes of A, B, by the laſt Diviſor, 


xpreſs two Quantities that want leſs than any aſſignable Quantity of A and B3; 
and conſequentiy A and B are infinitely near in the Relation of theſe two Quotes, 


i. e. infinitely: near, aa Number to Number. Or we may conceive it alſo thus: 
Suppoſe | any of the two Quantities, - as B, divided into any Number of equal 
Parts, each of which is leſs than the other, A; then will A contain a certain 
Number. of e eee over; elſe A, B were 
Commenſurable: And che more Parts B is- eee is ſmaller, ſo 
A contains the more of them, with a lefler Remainder : And by ſuppofing the Num- 
ber of Parts of B increaſed gradually ad e, the Number of the ſame Parts con- 
tained in A; does alſu increaſe, and the Remainder decreaſes ad Inſinitum; fo that 
what we take of A becomes nearer and nearer, ad Infinitum, equal to A; and conſe- 
quently the Relation of theſe Numbers becomes nearer, ad Inſinitum, to a true Ex- 

of the Relation of theſe two Magnitudes, A, B; fur they expreſs the Rela- 
tion of two Quuntities, one of which is equal to B, and the other equal to A, infi- 
nitely near, or within leſs than any aſſi Difference: Which ſhews us alſo this 
remarkable Truth, that what hinders any two Magnitudes to be 9 
rable;'is a than any aſſignable one; which being neglect· 


Magnitude infinitely little or le 
ed as nothing comparatively, the two Quantities are Commenſurable, infinitely near. 
Un this Minne then all Quantities are reduced to the Relations of Number ro Num- 
ber, 1 Relations inta ſuch as are accurately fo, and ſueh as are ſo infinite · 
Ty nent. And the valuable Uſe and Application of this is, that 'wharſdever Concluſions 
can be drawn from the Proportion 'of Numbers, dhe lame muſt hold true in the 1 
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Appen Of Proportion. AK. ps * 
on of — PUR the itely near 2 to. Number: 
pac four rp tonal 1 Weller dee — — repreſent A B:: C D, — 
may. 1 wich — ſame Way as if they were Number. For Gnce there are Num- 
C 


two Quantities al 2 either accurately or infinitel 
near, the der ca os be falſe 2.7 ble the W by indefinite — 


o Numbers : Since whatever Error might be Gong them determinate to any 
72 dee ee x: en 

a becauſe this can be, dope. without End, ral Con n 

e ron te Ez 2555 i . | SE fame Demon- 
ſtrations reach to all of Magnitudes, Comm Robe and Incommenſurable ; and 
FT 8 the e Doctrine of Proportion 1s reduced, to.the Science of 
t tic d 


ene Jin 

29. There is alſo another, and perhaps, al 0 cr Way bete conce i g and expreſſing 
ons of Quantities Inc | uppoſe two 5 

Aand B; if B, e greater, is divi Ty het Qua, 8 emain- 
der m; fo chat B 2 A, % Times, and the Quantity, n over; which is In- 
commenſurable. to B (for elſe A and B voy Lbs = Comment le:) Agan, we can con- 
ceive A divided into a Number of each of, Spich is 4 lefſer Quantity 
than ; ſo that yz contains a certain of theſe Parts, or is equal to a certain 


Fraction of A, with a Remainder nſurable to ; conſequently B contains A, 
q Times, and that e with the Reraidder þ bver : In like Man- 
ner we can 7 9 5 equal to in Fradction of A, with an Incommenſurable Re- 
vuinder © zu ſo that B contains * imes, J u the Sum Fam. of thoſe two certain Fracti- 
70 of a Rae with the Remainder d oyer. Manner we may proceed ad In- 
fnitum, conſidering the laſt Remainder as a n 19 9 170 of B, with a ag Incom-. 
infinitely ; ſo that B is, Th to. 4. Times A, 

and the, Sum ons. of a Tims, (i. e. herefore B 
ly wy Ti Ar 3:7. repreſenting. the Sum olf % and, that Wia Series of 
Fractions, ans eh the eine Oh tuo other A e e dixided * 


he ll, the ares he) all the fam. Hr be ers 
viding. the leſſer and the | ner abaye. mentioned; then the 
Lag the > ſame ny eg B, t 15 1 is Be ; and theſe 
405 AA: B;: Br. Thus Te: being ea an univerſal Method. of rep teſenting 
ll Quantitics and their, Proportion; Fo For e intity, A re preſet nts, Ar will re- 
reſent — 2 g "which is either Comme; 957 e t0 it, ic Fa 7 a determinate 
lumber, Integra or Practy al, or Iacammen urable, i pf 7 al Number mixt of a 
whole Namber, and an 5 Eng, 5 — 50 may be the greater 
of the two, and. Ar 5 mn 1 5 Bier a certain 
F 9 cercalilyg ; and in both Caſcs, 
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. Arubinetick.of Ratios. 3˙9 


AP that] Mall add farther upon this iob, is in ſhort this, vis. That as we can form 
10 diſtin particular Idea of the Ratio ot any two Quantities, which are not as Number 
to Number; ſo in the Proportion of Numbers, or of any Quantities which are as 
Number to Number, thou bd the abſtract Relation of any Number or eee being 
equal to a certain Part or Parts of 3 (which is the 1 e of two 
Numbers, or Quantities expreſſod by Numbers) is no rea abſolute Quantity, yet 
the 88 that Relation, (which is the Thing I call the Ratio, in diſtinction 
2 Ears. wage, 28 ſelf, of which it is the Exponent) being a Fraction 

oper, diffe rent Eqponenta, or Ratios, as I take the Word,” arc capable 
1 ti 25 cud and of being compared in Quantity che 4 * Way as different Fra- 


Ajons are; Thus, for Example, if A Fo E of B, and C = = of Dz then we may ſay, 


| that the Ratio 'of A to B is greater than hat of; c to D.; z in no other 'T hing, 


than that A. is a greater Fraction of B than Cf; tor being ny to a common 


Denomination they are = E=2" ab and 3 17 which i is the fame Senſe of the Quanti- - 
os a Ratio that we have heard above in the Doctor's Reaſoning: For theſe four 
ios are either four Numbers, or ercprefſible, according to the ſuppoſed Ratios, 

by four Numbers, vis. 2: 3, and 4:5; 9 and by! reducing he Practions, or Exponents . 
4 the R&ations,: to a common Whieh is — the Ratios to a com- 
mon Conſequent, they ae 10 21 8 15 and from the C ariſon of the Ante 
cedents '16 and 12, the ee of the Ke or Ratios s made, and their 
un determined. 8 | 19 © 


Obſerre al, That we ee e npare 7 1 den; ber if B, D are Things of 
diferent kind, no ſuch Compariſon can be made; and though they were of ont 


Kind, _ = of D might be greater, than oi, B, according as the — of B. 


and . to be. But we enen the te ekt Fa = and 2 85 


£7 
which expreſs the Relations without re ard to any | Dis or. Likenef of the 
Faire Been che immediate Subj def Relation is mere Qua Beck 


n 
no more, but that the Terms of th Relation be of. one Kind in pn ons Couplet.z PY m 
then it is plain That; A's being 4 2. of B is being a greater Part of it, than tage. 5 
dt bo is of it; ider Lind of e A, B, and C, D are. yd 


Ache Aurhors, ortheir: Rollowony/ whom Pryor oppoſes, were Content with this : 
Notion of the Quantity of a hes then n they, ſhould be farced.torown,...that the 
Ariththetick öf Rivas is in 2 oincid lent X24 that. of Fractions (w "If are 
wlative Numbers, Ge re latively, to others) and { o they 
wound have 0 Nen ms fk 1 27 A 23 lee e 3 or of any different No- 

tions about theſe Quantities, Some of theſe Au- 
thets, ' however etend to think about f tios, as Quantities of a parti- 
cular Species; 15 as 2 delete them no other way than as e of the Antece- 
dent divided by the Conſequent (which are N or reducible to ſuch) ſo they 
perform all Operations with them as Fractions: But there are others who form a quite 
afferent Notion of the Arithmetick of Ratios; and though the Ground of the Appli- 
ation is perhaps arbitrary and whimſical, yet as.it is capable of being propos 'd in other - 


II more 
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:more: reaſonable Terms, and is, indeed, no other but the s of ſome of the 
3 pn J ſhall here ene. Shale it. 17 10 $5 


27 1 Of the Aue, of Rades, 5 tis bes 
591 Suppalo-jny Nuinbers, WY 4 8 containin any Ratios! hs Ratho of the Ty 
tremes a: eas, by the Authors I ens” Bae in Gang called the "Sai 'of 'the interme- 
diate R atws, vis. 4 , Be, c: d, die,; ſor no other Reaſen;! know, than that 
they are continued into one Series, and fo exhibit + certain K ind of Ad junction of the 
Ratios. This Operation or Problem is plainly then no other than this, bis. 

Having two or more Ratios given, to find the Ratio of the Extremes of a Series, 
hoe intermediate Terms are in the goes Ratio; the Solution * which ſee in Co- 
roll, IV. Probl. I. Chap. IV. ra: 49360971 0 

Exam. To add 2 23 and-4-: 5 the Benn b. B 2/5 fifa 3 — 3 os; make 
this Series 8: 12: 15; and by the Rule referred to, the Sum or Ratio ſought iz is thus 


found, viz. 2x4 — ig 80 that, in the laſt Place, you may obſerve, that this Addi 
eee eee ee and rot 4 
dition of Ratios confidered as F 


r ee of :Quaneitics, | 


the Sum is greater than any of the Parts ; yet in this Application the Sum will al- 
ways be a leſſer Ratio, conſidered as 2 Fraction, 222 the Parts, if they are 
all Fractions; but it will be when they are improper Fractions. 
| And 10 b the laſt cs, if we confider only the Diſtance of the Terms in a Series of 
Numbers, then the Extremes being at greateſt Diſtance, in [this reſpect, the Ratio of 
ee bor to rake i in this Manner n a very ancſtical Nov 
of its Quantity. Anz, he) 


. o⸗ the Subſrattion of Ratios. A 


| This depends upon the former, and is to be conceived thus : Let there be any three 
Numbers 4: b: c ; then as the Ratio 4: c is called the Sum of 4: h and h: c, ſo either 
of the is calls the Difference betwixt the other and , 0 and ſo is reducible to thi 


Haig — Ratios,' ro find a third, zohich being continued into ont Eries, deut h one 
of the given Ratios, the Extremes fall be in the other T Ratio. The Solution of 


. which is oppoſi to that of Addition, and is therefore dividing the Subſtra- 
hend as a — by the Subſtractor. * 


Exam. To ſubſtract 2: : 3 from 8 en os Remainder nrg erge- 
. this Serics ſhewn I6: 24:30; where $6: 24 : 223 2430: 2 3, and 16: 30 

82153 or this Series, 24: 30: 183 3 5 453: er and 24.3 452: 8: 2 
Ren all which it's nee to obſerve, that th reducing the two 
Ratios to one common Antecedent or Cbstegue (b (by Fs II. Ch. IV. )the Ratio 
other two Terms found, ing whats er called te Remainder x be 
Os Oe ors FAR. EL 


0 


y 1 , 
ws 4 1 * £ . 9 9 * 2 L + Fx ? ' 4 wer &- 
3 z * 1 & 5 3.4 4 #3 "a SabL ALT 3 a 
& 
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Chap. 6. Arnhbmetick of Ratios. 

J. III. Of abe Multiplication of Ratios: | 
Caſe r. The Multiplier being an Integer, this is nothing but a repeated Addition 


„ 


of the ſame Ratio, or the Continuation of the ſame Ratio to a given Number of Terms; 
and ſo reſolves into this, vi. | EMS : | 

Finding the Ratio of the Extremes of a Series =, which is in a given Ratio, and 
the Number of Terms 1 more than a given Number (which is the Multiplier.) Which 


is the Application of Cor. IV. Prob. I. Ch. IV. Thus, to multiply the Ratio : & by 3, the 


product is a: b; and univerſally 4 : þ multiplied by 2 is *: . For the Extremes 


of a Series I in the Ratio 4: b, and whoſe Number of Terms is »+1, (or the Num- 
ber of whoſe intermediate Ratios is z) is by Cor. IV. Probl. I. a: G. 

Exam. The Ratio 2 : 3 continued to'5 Terms is 16: 24 : 36 : 54: 81. And fo 
16: 81 (=24 : 34) is the Product of 16: 24 (=2: 3) by 43 becauſe this Ratio is re- 
paated in @ Series 4 Tithes:” OE : 1 

Schor. A Ratio may be alſo multiplied oy ction (which is the ſecond Caſe.) 
But as the multiplying by a Fraction, and dir 
Thing, and the Operation depends upon the Div 
refer this till the firſt Caſe of Div 
A x 


on by a whole Number; I muft 


IV. Of the Diviſon of Ratios. 


Caſe 1. To divide a Ratio by a whole Number. As Diviſion is F d to Multi- 
lication, ſo is the Senſe and Work of the Divifion of Ratios to that of Multiplication. 
Therefore as in a Series = I, a: h: c: d: e, the Ratio of the Extremes z : e is called 
the Product of the common Ratio 4: & by the Number of Terms leſs 1; ſo that com- 
mon Ratio : b is oppoſitely the Quote of the Ratio of the Extremes a: e divided by 
the Number of Terms leſs 1; ſo that this Work reſolves into this Problem, vis. 
Having one Ratio given, to find another, which being continued into a Series =I 
given Number of Terms (viz. I more than the fropeſe Diviſor) the Extremes ſhall be 
in the given Ratio. The Solution of which is plainly had by Coroll. Theor. VI. Ch. IV. 
02, finding the ſecond Term of a Series =}, whoſe Number of Terms is #41 (n being 
the propoſed Diviſor) and whoſe Extremes are the Terms of the given Ratio. For 
this ſecond Term with the adjacent Extreme, or that Term of the given Ratio which 
we chuſe to call the firſt Term of the Series, contain the Ratio ſought. 40 850 
Exam. The given Ratio, 16: 81, and the Diviſor 4, the Ratio ſought is found by 
the 2 referred to, 2: 3, which is equal to 16: 243 as in the Series 16: 24: 36: 
4 Br, | Reg 
Caſe 2. Both for Multiplication and Divifion. To multiply a Ratio by a FraQtion, 
or divide it by the reciprocal Fraftion. Let any Series =, be a: b: e: d: e:; 


then as 4: F is the Product of 4: b by 5, (the Number of Terms leſs 1) and a: b 


the 4 of a:f; ſo a: is >, and d, 7 of 4 F; ora: fis L of a: c. and 


5 of a:d; that is, 4 : © is the Product of 4: f by , or the Quote of a: f by LY 


Wherefore, as Multiplying by a' FraQtion is a mix'd Operation of multiplying and di- 
ding by an Integer; ſo this Caſe is folved by applying the former Caſes of multi- 
plying and dividing Ratios by a whole Number. Thus univerſally, to multiply by 


= (or divide by =) multiply by », and then divide the Product by w; or firſt di- 


T4 yide 
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a Fra 
nding by its Reciprocal, are the ſame - 
ifion be explained; where you'll ſee both explained 


322 | Arithmetick of Ratios. Book IV. 


vide by m, and then multi ply by u, (which will make the Work eaſier.) For tis plain, 
that the Ratio @ : f, divided by 5, gives 4 : þ z and this multiplied by 2, gives a: c, 


the = of a:f. Or, multiply 4: F by 2, and call the Product 4: J; then is 


Lf: dt therefore betwixt F: I there fall 4 Means in the fame Ratio, as that 
of 4 b, making in all this Series, a: b:c:d:e:f:ig:b:i:k:l. Now here 


4 c ½ e: g: 1: Ie ; therefore 4: c is the — of a: h, that is, the —efdouble 


of a:f ; the ſame as the Double of 4: ö, which is the — of a: f. And this hey 
the Advantage of beginning firſt with the Diviſion. , 

For a particular Example. Suppoſe 8 : 2) multiplied by = (or divided by 2) the 
Product is 4: 9; as in this Series 8: 12: 18: 27, where 8: 12: a, and 
$:18::4:93 and as 2: 3 18 Ef 8: 27, ſo 4: 9 is = of it: But had we firſt 


LES 
multiply'd, the Queſtion would have appear'd in this Series, 64 : 96: 144 : 216: 
324: 486: 29; wherein 64: 129 :: 8* : 27%, the Double of 8:27; and 64: 144 
(or4:9; for 64: 144::4:9) is the 7 Partofit; becauſe 64: 144: 324: 729 are 
==}. To conclude, IT Rent 3 c 

The Senſe of this Caſe may be reſolved into this Problem, vis. To find the Ratio | 

uf he Extremes of a, Serias v containing a gives Number of Terms, (viz. 1 more 

the Numerator of a given Multiplier, or the Denominator of a Diviſor) and whoſe 
Ratio is ſuch, that another Series may be found in the ſame common Ratio, whoſe 
Number of Terms is another Number gives, (vis. 1 more than the Denominator of 
the given, Multiplier, or Numerator of the Divifor) and whoſe Extremes are in a 
given Ratio, (vis. that propos d ta be multiplied or divided.) The preceding Series 
and Explication ſhew maniſeſtly that this is the true and proper Meaning of multi- 
plying or dividing a Ratio by a Fraction. 

Caſe 3. To divide one Ratio by another, both of one Species, 5. e. having two 
Ratios. of one Species given, to find how oft the one is contained in the other; or to 
find that Number by which the one being multiplied (according to Caſe r, Aſultipli- 
cation of: Ratios). the Product ſhall be to the other given Ratio; and if the Di- 
viſor is not an aliquot Part of the Dividend, we are to the greateſt Number of 
Times it is contained in it, and: alſo the Ratio that remains over. 

Rule. Sabſtra& the Diviſor from the Dividend (by Subſtraction of Ratios) and 
the ſame Diviſor from the Remainder, and the ſame Diviſor again from the laſt Re- 
mainder, and ſo on continually, till the Remainder be a Ratio of Equality; and then 
the Number of Subſtractions is the Number ſought; in which Caſe the Diviſor is an 
aliquot. Part of the Dividend: Or, till the Specĩes of the Ratio in the Remainder is 
di t from that of the given Ratios; and then the Number of Subſtractions lels 
r is the greateſt Number of Times the Diviſor is contained in the Dividend ; and the 
laſt Remainder but one, is the Ratio that is contained in the Dividend more than ſo 
many Times the Diviſor. | | | 

nus, if the Series 4: h: c: die is +), then is 4: h contained in 4 : e four 
Times: For : þ taken from 4: e, leaves h e; and from this taking 2: b (or H 
the Remainder is c: e ;, and from this take 4: þ (or c: d) the! Remainder is 4 6 
and from this take 4: 7 (or d: e) the Remainder is 1: 1.3, and the Number of Sub- 
ſtractiona being 4, this is the Qu „ n 5 ; 


Again: 
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Again: Suppoſe 4: h: c d are =), but d: e a different Ratio; then ſu 


the Series to increaſe from 4 to e; tis plain that d+=e mult be greater than c= 


— or 
2 muſt be leſs than a third Proportional to c: d; for if it were greater, we ſhould have 


another Term betwixt d and e in the preceding Ratio. Now then, 4: b from 2: e, 
leaves h: e of the ſame Species. Again, 4; & (or 5: c) from h: e leaves c: e of the 
ſame Species; 41 h (or c :d) from ct e, leaves d: e df the ſame Species. Laſtly, 
1: b from die makes the Remainder 4b : ae, which is of a different Species; 


1 and de, beitig both Ratios of the leffer to the greater z and! =. a proper Fracti- 
on leſſer than A the Quote 2 is an improper Fraction. If the Series decreaſs 


from 4 to e, then is e greater than a true third Proportional to c: d; ſo that when 4: 5 


is taken from di: e, che Remainder © is a proper Fraftion, becauſe — is in this 
Caſe greater than g. Wherefore the Number of Subſtraftions, leſs 1, vie. 3, is tho 
Quote; and the Remainder of the Diviſion is the Ratio d: e. 
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Cluntaining theſe following SUBJECTS, 
I . V 5 
I. Of the Compoſition and Re- IV. Of Infinite Decinial Fradlims. 
++. Jolution. of Numbers, ||. Of Logarithms. . 
II. Of Figarate Numbers, |[VI. Of the Combinations of 
III. Of Infinite Serien. Numbers. © 


CHAT i 


Of the Compoſition and Reſolution of Numbers : Or, The Dadrine 
of Prime and Compoſite Numbers ; with that of the Commenſu- 
rability and Incommenſurability of Numbers. | 5 


— 


9. 1. Containing the General Principles and Theory. 


n een ese 


DEFINITIONS. 


I NE Number is ſaid to meaſure, or be a Meaſure of another, when it is 
contained in it a certain Number of Times preciſely ; ſo that being taken 

out of it as oft as poſſible, there ſhall nothing remain over. Thus, 4 mea- 

ſures 12; becauſe it is contained in it preciſely 3 Times. Obſerve alſo, that one 
Number is ſaid to meaſure another by that Number which is the Quote: So 4 mea- 
ſares 12 by 3 ; and reciprocally, 3 meaſures 12 by 4: And hence any Number with 
the Quote, by which it meaſures another, may be called the reciprocal Meaſures of 


that Number. 
__COROLLARIES. 
1. Every aliquot Part of a Number meaſures it; and every Number which meaſures 
another, is an aliquot Part of it. 
2. Unity meaſures every Number by that Number it ſelf; and every Number mea- 
ſures it ſelf by Unity ; and theſe are the greateſt and leaſt Meaſures of any Numbers; 
which are alſo reciprocal Meaſures, 1 


* 1 * . N i ye 1 ih | ; II. 
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II. A Number is called the Common ang / 1 of two or more Numbers, when it 
meaſures each of them: So 3 is a Common Meaſure of 6, 9, 12. And if it's the great- 
eſt NE 2-40 meaſures them, it is called their Greareſt Common Meaſure ; as Uni- 
is their Jealt. | 
7 III. A Number is called a Prime Number, which has no Meaſure, but it ſelf and 
Unity; as 2, 3, 5, 7 3 and which conſequently is the Product of no other Numbers. 

IV. A Number is called a Compoſite Number, which has ſome Meaſure befides it 
ſelf and Unity; and which conſequently is the Product of ſome two other Numbers: 
For every Meaſure has its Reciprocal, and their Product is the Number meaſured by 
them, from the Nature of Diviſion. Thus, 3 meaſures 12 by 4, and 3 Times 

is 12. | 
: V. Two or more Numbers are ſaid to be Commenſurable, when they have ſome: 
common Meaſure befides 1. Thus, 6: 9 are Commenſurable, becauſe 3 meaſures. 
them both; and 5, 10, 15, becauſe 5 meaſures them all. | 

VI. Two or more Numbers are faid to be Tycommenſurable, when they have no 
common Meaſure beſides 1, as 3, 4; or 4, 5, 6. Such Numbers are alſo ſaid to be 
wh one another, or among themſelves; though none of them be really Prime 
aL | | 

Coror. Two or more Prime Numbers are Iucommenſurable, becauſe they have no 
Common Meaſure but 1. And hence again; if ſeveral Numbers, A, B, C, Sc. are 
Commenſurable, no two of them can be Prime Numbers; and if one of them is a 
Prime, it muſt be the common Meaſure of the Whole; elſe they have no Meaſure, 
ſince that Prime has no other Meaſure beſides 1. . ä 

Scaor. Tho' Unity is a common Meaſure of all Numbers, yet the Notion of Compo- 
ſition and Commenſurability is limited fo as to exclude 1 from being a Meaſure : For 
fince I meaſures all Numbers, if this were admitted, there would be no ſuch Diſtincti- 
ons as Prime and Compoſite, Commenſurable and Incommenſurable. If we take 
Compoſition in the largeſt Senſe, then Unity is the only Number which we can call 
Smple; all others being Collections or Compoſitions of Units: But this Confideration. 


is too general and ſimple to be of any Uſe in diſcovering the Properties of Numbers; 


and therefore the Compoſition here treated of, is that particular Kind which depends 
upon Multiplication, taken in its more proper and ſtrict Senſe, as applied to the Re- 
br of Numbers, or multiplying them by a Number greater than Unity; becauſe 

n as a Multiplier, makes no. Alteration of the Number to which it is. 
apply d. | 7 ; | FO ict, | 

OH erde alſo, That Integral. Numbers only make the Subject of this Chapter: 
For if Fractions wete admitted, then there is no Number, either Integral or Fractio- 
nal, but ſome Fraction will meaſure it. For Example; Let A be any whole Num- 


ber; take any Fraction whoſe Numerator is 1, as —, it will meaſure A; the Quote 


being 1A. Again, let 2 be any Fraction, *tis meaſurable by this Fraction _ „ :the.- 


Quote being En. Again obſerve, that the Diſtinction of Fractions into Sim- 


| AB: „„ | | 
ple and Compound, explained in Book II. is nothing like this Diſtinction of Prime 
and Compoſite ; even though Multiplication is concerned in that Compoſition ; for 
that is merely a Diſtinction of two different Forms of expreſſing the fame Quantity: 
Thus, = "of 4, and 15 are but the ſame Thing differently conceived. and expreſ- 
fed : So that if we take the Notion of Compoſition in General, as the Effect of Mul- 
| | ; | tiplication, f 
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tiplication, then - is a compound fractional Number, tho expreſſed ina ſimple Form: 


And in this Senſe we can call that only a Simple Fraftion which is not the Product of 
two real Fractions, proper or improper — ſuch improper ones whoſe Value is an 
Integer, and not a mix d Number) and ſuch only are all Fractions, whofe Denoming. 


tors are Compoſite Numbers. Example: = is a Simple Fraction, both in Form and 

in its Nature; becauſe no two FraQtions produce it, or it is not the Fraction of a Fraction; 

but this . is Simple in its Form, and in its Nature Compound ; for it is T- of , 
3 


10 | 33 
and => of 2, or & of =: And this Simplicity and Compoſition is what belong 
to . le but has nothing to do in the Subject of this Chapter. 

VII. A Number is called Even, which is Meaſurable by, or is a Multiple of : ; 25 
2, 4, 6, Sc. ; 
VIII. A Number is called Odd, which is not Meaſurable by, or is not a Multiple 
of 2; as 3, 5, 7, Ge. T's 


Tp " COROLLARIES. 

1. An odd Number divided by 2, leaves 1 of Remainder. | 
2. Take the natural Progreffion 1. 2. 3. 4, Sc. and beginning at 2, take every 
other Number, i. e. take one and leave the next continually, and fo you have the 


whole Series of even Numbers, 2. 4. 6. 8. 10, Cc. for the Series, 1, 2, 3, Oc. 
having 1 for the — ———— the 9 on of any 3 and the next 
but one, is 2; ent inning at 2, and taking every other Term, we have a 
Series differing by 2; which 2 with 2, is — the Series of Multiples of 
2, bl. e. of all eves Numbers. Hence again, if we begin at 3, and take every other 


P. © 
Term, as 3, 5, 7, 9, Sc. we have the Series of odd Numbers; which proceeds alſo 
by the common Difference of 2. | 1 1 


3. If we take the natural Progreſſion, . 2. 3, c. and double each Term of it, the 
Series of Products is the Series of eves Num 


bers; becauſe it is the Series of Multi- 
ples of 2. And taking the ſame natural P on, if we take the Sums of eve 
two adjacent Terms, thus, 1-þ2 : 2+3 : 34, Sc. theſe make the Series of 0 
Numbers 3 : 5 : 7, Sc. for the firſt, 14-2==3 is the firſt odd Number, and the Se- 
ries proceeds by the conſtant Difference of 2; becauſe every two adjacent Sums 
have one Part common, and the other Parts are either two ad N 


| Jac t odd Numbers, or 
two adjacent even Numbers; which differing by a, therefore the Series of Sums differ 
by 2 ; and becauſe the firſt is 3, they muſt make the Series of odd Numbers. 


4. 1 added to any even Number or ſubſtracted from it, makes the Sum or Remain- 
der the next greater or leſſer odd Number; and 1 added to or ſubſtracted from any 
odd Number, makes the Sumor Difference the next greater or leſſer evey Number. A- 


gain, 2 added to or ſubſtrafted from any even or odd Number, gives the next greater 
or leſſer Number which is alſo even or odd. 


J. All eves Numbers have 2, 4, 6, 8, or o, in the Place of Units if they exceed 
8 ; for they proceed from the continual Addition of 2 to it ſelf, and to every ſucceed- 
ing Sum; but the firſt of them are theſe 2. 4. 6. 8. 10, and conſequently the ſame 
Figures mult circulate continually in the Place of Units. Again, all odd Numbers 
above 9, have in the Place of Units, one of theſe Numbers, 3, 5, 7, 9, or 1; for all 
odd Numbers proceed from the conſtant Addition of 2, firſt to 1, by — to the Sum, 
making the 5 odd Numbers theſe, 3, 5 


f : 7.9, IT, 3 Whence. it's plain, that the 
ſame Figures will continually circulate in the Place of Units. : an 
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3. All even Numbers, except 2, are Compoſire. But of odd Numbers ſome are 
Prime, as 3, 5, 7, and ſome Pom tte, as 9, 15, 21. And fince the two Series of 
even and odd Numbers comprehend all Numbers, it follows, that, 

6. All Prime Numbers are odd, except the Prime 2. | 

Scuor.. An odd Number may meaſure an eves, as 3 meaſures 12 : But an even can- 
not meaſure an odd. Alſo the Product of two even Numbers, or an odd and even, 
is arg even; as the Product of two odd is old 5 the Reaſons of which you will 
learn afterwards. And upon theſe Things are founded the following Definitions 
2 12 Compoſite Numbers are divided into evenly even, oddly eben, and oddly 
od 91 | | 

IX. An even Number is called evenly even, which an even Number meaſures by an 
even Number, or is produced by two even Numbers, as 12=2X6, and 24==4X6. 

X. An even Number is called oddly even, which an odd Number meaſures by an 
even ; or is ueed by an odd and even, as 18 = z. 8 

| XI. An odd Compoſite Number is called oddly odd; becauſe an odd Number mea- . 
ſures it by an odd, as x5==3X5. ; or it is produced by 2 odd Numbers. | 

Obſerve, Becauſe no even Number meaſures an odd; therefore dd Compoſites are 


but of one ſingular 2 viz. oddly odd; therefore to call an odd Number Compo-—- 
7 


ſite, implies oddly odd; but of even Numbers there is a Variety: Alſo beſides the pre- 
ceding two general Diſtinctions, it's remarkable, that ſomie of them are evenly ever 
only, i. e. they are not alſo oddly oven; as 8=2x4; which no odd Number can 
meaſure, Some of them are oddly even only, i. e. which are not the Product of two 
even Numbers, as 14=2X7. Laſtly, fome are both evenly and oddly even, as 


12==2X6=23X 4. 


Again, obſerve, That though 1 may anſwer to the general Definition of an odd 
Number; yet it's excluded in all that follows eſpecially in what relates to the three 
laſt Definitions; becauſe theſe Names imply Cotmpoſite Numbers, in which x is no 
Component Factor in a proper Senſe. It's true indeed, that if we apply 1 as an odd 
Number, in ſome of the following T heorems they will ſtill be true; but then it is to 
no Purpoſe, becauſe they will comcide with forme ether Thing. | 

XII. A Number is called Perfect, which is equal to the Sum of all its aliquot 
Parts; as 6=3+2+1, which are all the aliquot Parts of 6. 

XIII. A Number is called Abundant, the Sum of whoſe aliquot Parts exceeds it; 
3 12, whoſe aliquot Parts are i+2Þ3Þ4+6=rs. | 5 | 
XIV. A Number is called Deficient ; the Sum of whoſe aliquot Parts is leſs than 
«; as 8, whoſe aliquor Parts are 1þ24-4=7, © 


AXIOMS. 3 | 
1ſt, If a Number, A, meaſures each of the ſeveral Numbers, B, C, D, Or. it wilt 


ogg their Sum. And if it meaſure them all but one, it cannot meaſure the 
um. | | 


ad. The Number A, which meaſures tho gun of two-Nuttibers, BJkC if it mea- 


ſures one of theſe Numbers, it will meaſure the other alſo ; or, if it meaſüres the 


| 1 of ſeveral Numbers, and alſo each of the Parts to one, it muſt meaſure that one 


Coror.. The Sum of two Numbers is Commenſurable with each of them; of it is 
Incommenſurable with each of them; and cannot be Commenſurable with the one, 
and Incommenſurable with the other: And the Commenſurability or Incommenſura- 
bility of the Sum with each of them, is according as they are to one another Commen- 
ſurable or Incommenſarable.;: and feverſoly, as the Sum is Commenfurable or not to 
each of them, ſo are they Commenſurable or not to one another. 


zd. The 
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za. The Number A, that meaſures another, B, meaſures all the Numbers that B 


mea ures, i. e. all the Multiples of B; and what is meaſured by A, is fo by all the 
aliquot Parts of A. | 3 | | 


| COROLLARIES. 55 

1. No even Number can meaſure any odd Number; for then 2, which meaſures 
all even Numbers, would meaſure an odd Number, contrary to the Definition of an 
odd Number. 85 | Fol 

2. It a Number, A, is a Multiple or aliquor Part of another, B, which is a Multiple 
or aliquot Part of another C, which is ſo of another, D, and ſo on; then is each leſſer 
of theſe Numbers, a Multiple or aliquot Part of all the greater, i. e. A of B, C, D, 
Sc. B of C, D, Oc. | | 

3. From this and Ax. 2. follows, that if one Number, A, meaſures each of two other 
1 B, C, it will alſo meaſure the Remainder aſter B is taken out of C, as oſt 
as A i f e | 

155. Of whatever Factors any Number is compos'd by Multiplication, it is reſolva- 
ble into the ſame by Diviſion; i. e. it is meaſurable by each of theſe Factors, or the 
Product of any two or more of them z and the Quote is always the Product of all the 
reſt of them: Thus, if N ad, then N - a = bed, and N ab cd. 

Scaor. A Number may be diſtributed into Parts, ſo that though another Number 
can meaſure none of theſe Parts; yet it may meaſure the Whole: But if it meaſures 
the Whole, it's always poſſible to ſeparate it into Parts, each of which that Number 
will meaſure. Again, if a Number meaſures none of the Parts, or not all of them, 
and yet meaſures the Whole, it muſt meaſure the Sum of all the Remainders that 
happen upon the Diviſion of the ſeveral 'Parts ; for theſe being taken away, it mea- 
ſures what remains; and meaſuring the whole, therefore it meaſures the Sum of theſc 
Remainders, which is the other Part of the Whole. | 


he 3 PROBLEM I. | 
Of all the odd Numbers, not exceeding a given one, to diſtinguiſh which of them 
are Prime, and which Compoſite ; and conſequently to find whether any odd Number 
is Prime or Compoſite. | | 
Rule. Begin with the Number 3, and take the Progreſſion of odd Numbers 
3, 5» 7, 9, I, Sc. till you have the given Number: Then beginning at 3, the firſt 
Prime odd Number, ſet ſome Mark, as a Point or Daſh over the third Term after it, 
and over the third Term after this, and ſo on till you have not 3 Terms within the 
given Limit. Then begin at 5, and number 5 Terms after it, ſetting the ſame 
ark over the 5th, and over the 5th after this, and ſo on continually as long as you 
have 5 Terms; do the ſame from all the following Terms 7, 9, c. till you come to 
one after which you cannot find as many Terms as it exprefles. And obſerve that 
where, in the Courſe of the Work, you find a Mark already, you need not put a new 
one, The Numbers thus marked, are all Compoſites, the others not marked being 
all Primes. | | ne 
Exam. To find all the Primes from 3 to 79, they are theſe; 3, 5, J, 11, 13, 1), 


19, 23, 29, 31, 37, 41, 43, 47, 53» 59, 61, 67, 71, 73, 795 4s you ſee them marked 
in this Scheme: | | 
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therefore, i an odd. Number i is, compoſite, it is a 5 


equidifferent.) But 


from this one 
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Mom. Since an odd Number canngt be an even (Coroll. I. Ax. IIId. 
55 ; 55 Maid of ſome leffer odd Oe 
by. ſome other; and hence tis plain, that i if We. can iſtinguiſh all the odd Numbers 
within the Limits of the Queſtion, which are the Multiples gry each odd Number by 
every. other, we have all the Compok tes within the Limits of the Queſtion. Now that 
theſe are truly found by the Rule, I thus prove : 

The common Difference in the Series of od Numbers is 2 therefore a Term di- 
fant from an 1 as far as this Term expreſſes (i. e. the third Term after 3 ; or 
fifth after 5, Oc.) is the ai e of that former Term by 3; for it exceeds that for- 
mer by as — imes 2, as its Dae from that former, 2... by the Multiple of that 
former by 2, or of 2 by that; and conſequent] it is 3 Times that former. Going 


one Period further, according to the Rule, the next Term we mark exceeds the 


Term laſt marked, by the ſame Difference as it does the firſt Term, i. s. by 2 Times that 
firlt Term (becauſe egy uidiſtant Terms taken out of an Arithmetical Progreſſion, are 
e laſt marked is equal to thęe Times the firſt, and that now 
71255 excceds the falt b. by two Times the firſt, and therefore it is equal to 
+2, or 5. Times the firſt: For t e ſame Reaſon the, next marked will be 3, or 7 
Frcs the firſt; and ſo on in the Progreſſion of odd Numbers, 5. e. the ſeveral Terms 
marked in numbering from every 'Term, are the Multiples of this Term by all the 
Terms of the odd Series from 3. Wherefore we have found all the Multiples, not exceed- 
the Limits of the Queſtion, of every odd Number by every odd Number, i. e. all the 
wh compolits Numbers regard $0906 co nſequently. what are not marked are all prime. 
CHOBLIUMS. .; 
That the Rule a agd, Dem monſtration of this Problem. might not by too embaraſſed and 
difficult, I have left ſome Things to be exp lied b here, by! which the Work i is made cafier. 
If Of the Series of Compoſites numbered from - mark the ſecond, which is 15, 
with a double Point or Daſh ; then from that one begin the Numbering by the next 
odd Number 5, and mark the ſecond, of this new Series with a double, Mark; then 
8 7, and ſo on through all 
low one another in order, and 
therefore * tis always the af doable ig at 9 0 we begin for the next Step. Thus 


The 21 745 is this: Take & any Term of the 7940 Series, its Multi les bby' each of the 
receding Leſſer coincide with "he Multiples of each of theſe. by t Example: 
he No tiples of 7 by 3 and 5 are the 19-14 as the Multiples I 3 and 5 5 7; whence 
l is 2 that if all the Multiples of all the Terms preceding any given one are mark- 

en we have ſo many of the Multiples, of this one already 1 pared as do not ex- 
88 its Product into the preceding Term; and ſo we 5 9p] v.59 be begi ** this Pro- 
t-the 
w 


duct in numbering by this Term. But again, it is plain, of any Term 
85 the preceding, and its Product into the following, will haye dat one Compoſite 
berwixt them, vi. the Product of that Term into it ſelf; therefore the Product of 
any win apt the 75 og the ow” 1555 Mal Progy of 925 Fes Es into its 
peeve in ence, Le we mark all t tiples of z, the umber, 
od begin MoD f 7 at the (8nd Co Compoſi 2 Ness. 95 ſhall have all the Mul- 


we all have. all the ultiples of 


We may yet fave a good. E of trouble in writing down the Series of odd. Num- 
8 this Method : 


pple the given Limit be 99,. write Erzi the Namberaſy . © 5 5 in one Ling, 
reckoning each of ther as fimple, Units; 7B; na 


and of theſe, write 
e 8 9e 99 W e 1 21 e s Abe 


ppb of 5.3 and . age EN by 7 Vat the! ſccand « of theſe ener by 5, 


= 
| 


| Tame Way 


Number, we have the = fog ſolved, and there we may 
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ing chem, as in the ann eng Sch eme! the _ 
, un ans Es ge n the $0 e 
d Numbers rom the Space in the Waner nike 
left, a o, and under t, and numbered t o N. Rig throu . 
- that Eme, and ſo ſuccefitvely through the reſt of the Lines, are 
Places in which ow the odd Numbers, ſet down one after aer 
Ain TN to 99, would fland : And without writing them 
down, their Places are known thus; take the Figure in the 
Mare af 10's of any Nitmber in the worn] cnc on the left Hand, 
and ory in the Place of Units in the upper Line; chen 
ne here the Line of Spaces from the Figure in the Place 
of 10's, ng the Column of Spaces from the Figure in the Place 
of Units, do meet, is the Place of that Number. Wherefore if 
a begin 2 the joe e under z in the firſt Line of Spaces, and 
Ae e in Kb end this 3 the right Hand 
mbc F ea every 11060 ch be e e Hef . 
m re t „ we Gay Primes an mpoſi tes the 
5 . Nie e lain Advantage of Eafc ag? the Work, that we 
Have not hs Tepable of writing down all the odd, Numbers paul. There are 
* 2 ta 115 rats Method, which 800 444 855 . * _ 
: e imit be 99 9 Jumbers upon t e upper ine to 99; 
the Series o. 1 2 3 2 9 gg. Pg 00 the, Left, Ceſky 1008. f 
hy his Jou 7 11 Con 25 ccive ho of be tia E ry! he mage to oF, Na Aﬀter- 
0 4 Table icd to „with other Work upon it, 
ts. ſerve other uſefal 1 1 55 ke id 0 
3a. When you begin to me by BEIT fee arſt if it he a Prime or Compoſite, 
which the able wilt Thew, according as the Place of it is marked or not ; for all the 
— peſites within the N which do yot ent! the 1 dan of this Term 
int th Tales 
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marked; and thereſbre if "Ter is Comp! 1 it 15 21 read . Then if the 
_ ofa Nerm 8 4 Apen 0 on he Rite {bur if it is Compoſite, all 
ultiples are already . becauſe they 155 Uh es of any of its compo- 


news Parts, and all the es of theſe are alread ROO Only it will be neceſ⸗ 
hee 5 5 5 oe ly 1 f. te in oxi Y 


Pp ofea 12 85 8 er Us geen dere de kante or -Coijpaſ 

weren to fin wes e Primes and ,Comp ofites. within that Li 

Ju ' the Work the Mir * al Saen its alls FP on the given 
op 


5e have al- 
ou 1 the ueſtion ſolved for all Nerd not exceed- 

451 N Y 8 II.) you'll fee ano- 
nr Erl Prime 0 1 Compoſite, ez; 9 carrying a 


cher che ES Cay 
1 = 2 u KAR = on rhis' 99 B, That all Wee rs Which ve 5 in 


the Place of Units, as 1 35. Oc. ite eh cafurable by 5 ; for if 
— e 1 le of 5.5 therefc hich. meaſures 

o is a tiple of 10, and conſequentl tiple o er N ich meaſure 
Both the Parts docs 20 mech woe 7 5 51 an, 1 95 therefore it 


mit; for if in the 


ready a Table _ 
ing he Limi 


oy pats alle Gl N. iber Wh 96595 5 ON Pe gate, exceß in 1 20 its Places, 
115 1 ade by that Pl Tigate 15 6333 e r | 
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is in all its Places, the Number is Prime in ſome Caſes, and in ſome Compofite; ſo rx 


u Prime, 111 is Compoſite, for it is =3X37. . 
c SM ot 


To ind, if two or more given, Numbers arc Commenſuraple or Incommenſurable g 
aud what is their greateſt common Meaſurec , 


. > Gofol.; Jer ˙ Deninrs.: +; ori, X 
The Rule and Reaſon of this Caſe we have already explain'd [ Book II. Chap. II. 
Probl. V. ] where it is taught how to reduce a Fraction to its loweſt Terms by firſt 
finding the greateſt common Meaſure to its Numerator and Denominator. I ſhall there- 
fore refer to that Place, and draw from it theſe Corallaries. | 


Derne 13 auth 5 | 
ea wo a GOROLLARLIES ee 
1ſt. Whatever Number meaſures any two Numbers A, B, it will alſo meaſure theit 
greateſt common Meaſure. If you look back to the Rule and Operation referred to, 
this Conſequence will be evident. For whatever megfures the given Numbers, i. e. 
the firſt Dividend and Diviſor, meaſures. alſo the firſt Remainder (Cor. III. Ax. III.) and 
Fee it meaſures: the ſecgnd Davilos (udien is the, firſt Remainder) and the 
ſecond Dividend (which is the firſt Diviſor) and ſo on through all the fucceeding Di- 
viſors and Dividends to the laſt; Diviſer, 775 is the h common Meaſure. + 
Exam. The greateſt common Meaſure of 84 and 156 is 12; and becauſe the Numbers 
2, 35 4% 6 do meaſure both 84 and 156, therefore they meaſure 12. | 
24 Two Numbers, whoſe Difference is 1, are Relative Primes, for their greateſt com- 
mon Meaſure is 1, this being the very firſt Remainder. And for the ſame Reaſon any 
Series of Numbers differing continually by x, axe relative, Primes, fince no two of 
them, whoſe Difference is 1, can have any other common er EX, 
3d. Two odd Numbers differing by 2 are Ihoommenſurable; the firſt Remain- 
der is 2, and the ſecond is 1. Hence alſo any Series of odd Numbers differing by 2 are 
Incommenſurable.. ' 30 3411.31 2804 88 F int ot £32 „ . 1 
4th. If two Numbers, A, B, are Incommenſurable, then when any Multiple of the 
lefler, A, as #A, is taken out of the greater, B, the Remainder. B- uA is either 1, or 
a Number Incommenſurable to A: For if any Number meaſure A, it will meaſure A; 
and if it alſo meaſure. BGA it will meaſure By and ſo A, B would be Commenſurable, 
contrary to Suppoſitiol. 1 Err. 1 


- 


111 — * iS > 


OTE: ow a1 S021 CTU DIX £2 IPRS If | 
| $9772 Caſe II. For more than two Numbers. 

Rule. Find the greateſt common Meaſure to any two of them; then find the 
{ame for the Number now found, and any other of the given» Numbers; and again, 
for the laſt found, and another of the given Numbers; and fo on, till you have gone 
through them all, and the laſt found is the Number ſought. | 
24 40 52 Exam. The greateſt common Meaſure of 24, 40, 52, is 4, found 
— 38 RAY s 3 the greatoſt common Meaſure of 24.40 u 8, and that of 8 

and 52 18 4. een Ht 


| x. B. C. D „ ee. 1. Dao. 1. Since #2 Meaſures A, B, and 2 meaſures 


me nv»: nin, C, therefore n meafurcs A, B, C (Ax. III.) Again, o 

I | meaſures u, D, and » meaſures Ay , O, therefore o mea- 
ſures A, B. C, D and ſo it proceeds! tar over, d. a cacti: Number ound in che Ope- 
ration W 4 commun 


„„ Multi eto all che given Numbers. It 1 a duns ölen 7 
_ 2*, The Numbers found are the greateſt comtion utes of the given Numbers: 
r, what meaſurcs A, B meaſures n, and what meaſures m2, r, me , (Cor. l. 


Uu 2 Caſe 


3 3 2 Of Prime and Compoſite Numbers. Book V. 
Caſe I.) therefore what meaſures A, B, C, meaſures , and * it is not 
greater than 2, which is therefore the 2 common Meaſure of A, B, & Again 
what meaſures A, B, C meaſures (by the laſt Srep) and what meaſures , D meaſures 
o (Cor. I. Caſe I.) therefore what meaſures A, B, C, D, meaſures o, and conſequently 
is not greater than o, which therefore is the greateſt common Meaſure of A, B, C, D. 
The ſame Reaſoning is manifeſtly good from one Step to another for ever; from 
which we have plainly gained the following Truth, vis. 
CoroLL. 12 Whatever meaſures any Numbers A, B, C, &c. meaſures their great- 
eſt 5 eaſure; ſo that all their other common Meaſures are aliquot Parts of the 
greateſt. 1 oy 
Scnor.. An Integer being divided by a mixt Number leſs than it ſelf may quote an 
Integer, and upon that Aceount we may ſay, that the mixt Number meaſures the 
other ; ſo that a mixt Number may be the common Meaſure of two or more Integers, 
For Example, 18 and 24 being divided by 1 For } quote 12, 16. But from the pre- 
ceding Demonſtrations we learn theſe Truths: ̃ 


| : COROLLARIES. | 

6th, A mixt Number can never be the teſt common Meaſure of two Integers; 
for it's ſhewy, that this muſt be an Integer, viz. the laſt Remainder of a Diviſion 
of Integers : Hence apain, | TH TOH TEA IS BH | 

7th. No mixt Number can be the greateſt common | Meaſure of any Number of In- 
tegers, for then it might alſo be the greateſt common Meaſure of two Integers. 
 Brh. Two Integers which have not another common Meaſure in Integers but 1, have 
not one of any kind, except, perhaps, an aliquot Fraftion, (vis. ſuch as has 1 for its 
Numerator) or ſome equivalent one; for r being their greateſt Meaſure, no other Num- 
ber can meaſure them, except it be a proper Fraction ; but no other than an aliquot Fra- 


ction can do it: For ſuppoſe any other, as =, if it meaſures A, B, it mcaſures alſo their 


greateſt Meaſure 1, which is impoſſible ; becauſe the Quote of x by - is which can · 
not. be equal to an Integer preciſely, for then 7 would be equal to an aliquot Fra- 
Cilion, i. e. ſuppoſe - r or =, then is ==, contrary to Suppoſition 5 
9th. Integers that have a mixt common Meaſure, have alſo an Integral one 
reater than 1 ; for their greateſt muſt be an Integer, and it muſt be greater than 1, 
— mixt Number, which is always greater than 1, is 3 to meaſure them. 
But obſerve; Two Numbers may have an integral common Meaſure greater than 1, 
and yet have no mixt common Meaſure. 1 den bag . >. 
160) 8 FO PF El TA 2OAEN E wg | 3 
Every prime Number, A, is Incommenſurable with every Number, B, which it does 
not meaſure. ; ; 
- Demon. If A, B, are Commenſurable, then either A or ſome other 
Az; . B=$. |. Number meaſures them both; either of which is contrary to the Sup 
| | tion. © L. Lein . Af ien | TOE Y 
.. CoROLL. 1 B, C, Sc. if one of them, as A, is a Prime, it 18 
the common Meaſure of the whole, elſe they are iIneommenſurable. And if it do 
meaſure che hole, it cis their greateſt and /only common Meaſure, becauſe it ſelf has 


10 ether Meaſure but 1. a 
8 Tas 
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eite LH | | TRHEORE M II. | D 

5 If a Number, A, meaſures one, B, of two Numbers, B, C, that are Incommenſurable; 

y it is Incommenſurable with the other, Wc. - FSH 

* Demon. If any Number meaſures both A and C, it will alſo mea- 
m 3 ſure B, which A doth meaſure (Ax. 3.) therefore B, C are Commen- 
O | fſarable, contrary to Suppoſition. | 

I Obſerve, The Reverſe will not always hold; for tho' A is Incommenſurable with C, 

he it does not follow that it will meaſure A; becauſe it may be Incommenſurable to both 
K'and C; as in Caſe A be z. | | 

in e | | Yo | 

de N |  TuronrEM- III. | 

* Numbers a, b, c, &c. that are leaſt in their Ratios, are like aliquot Parts of, or do 

e. ually meaſure, any other Numbers, A, B, C, Sc. that are in the ſame Ratios reſpe- 


avely; that is, a Meaſures A, and & meaſures B, Sc. equally. Alſo, the Number 
by which they meaſure them is the greateſt common Meaſure of A, B, C, c. Re- 
verſely, The greateſt common Meaſure of certain Numbers A, B, C, Sc. meaſures: 
them by Numbers a, b, c. &c. that are leaſt in the ſame Ratios. 

4 WO D | DzmMon. 12. Since, a: b:: A: B, and b:c::- 
Dividends, 28 5 p 15 : * B-: C, Q. then alternately a: A:: 51 B, alſo : 


Diviſors, . 3. 5.. [B.: : c: C, &c. hence ==, Ge. f 


4 0 


| vip p 
ye N, Bro: Cs #5 $00 ates and ſuppoſe that theſe equal Quotes are | 
as Common © uote = not Integral (or if à does not meaſure A, c.) yet 


becauſe they are equal, therefore the integral Part is 
the fame, and fo alſo is the Fraction. Let the Remainders of the Diviſions ber, 6, 
7, Cc. then theſe Fraftions are, CE — Sc. but being proper Fractions the. 
Numerators 1, 5, r, c. are leſs than their Denominaators a, B, c, Oc. and being equal 
Fractions they are reſpectively in the ſame Ratios, i. e r: S1: 4: h, and 6 übe; 
hence a, b, c, Sc. are not leaſt in their Ratios, contrary to Suppoſition; and therefore : 


8 a, b, c, Sc. muſt meaſure A, B, C, equally. Again, the Quote 4 is the greateſt 

common Meaſure of A, B, C, Sc. for whatever it be, it meaſures A, B, C, Sc. by the 

lame Numbers which were before the Diviſors, vis. a, b, e, &c. (from the Nature of 
_ Diviſion.) But if A, B, C, Sc. are divided by any Number, the Quotes are alſo in the 
95 ſame Ratio (from the Nature of Ratios.) Alſo the greateſt common Meaſure muſt give 
5 leſſer Quotes than any other Meaſure, and therefore either q is the greateſt common 
5 Meaſure, or a; b, c are not the leaſt in their Ratios; But 4, l, c, &c: ate leaſt in their 

i Ratios, therefore 9 is the greateſt common. Meaſure... | N 
The Reverſe of the Theorem is, manifeſt from the Nature of Diviſion. 
| Scuor... Though Numbers a, b, c, d, do equally meaſure others, A, B, C, D, and 

FR lo are like aliquot Parts of them, it does not follow that they are leaſt in their Ratios ; - 

for in order to this, they muſt meaſure them by their greateſt common Meaſure. . 
- ues and „„  o  GOROLLARSES. 7805 

ff. Numbers that are nat leaſt in their Ratios are Equimultiples of ſuch as are ſo, 
19 becauſe theſe are like aliquot Parts of the others. | 29) gd fo As . 
do d. Here we have another Proof that a Fraction can never be the: greateſt common | 
has Meaſure of ſeveral Integers; for then the leaſt in their Ratios would not meaſure other 


Numbers in the ſame Ratios, as they muſt do by what has now been ſnewn. 
- 394 ahve 1 : OI 4 34. K. 
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zd. We learn here how to find Numbers that are leaſt in the ſame Ratios with other 
wen Numbers, viz. by finding the greateſt common Meaſure to theſe given Num- 
ers, and. by it dividing them, the Quotes are the Numbers fought; fo the leaſt in 
the ſame Ratios with 9 : 15 : 21, are 3 : 5 : 7, for the greateſt common Meaſure of 
the-former is 3, and the Quotes are 3 5. . 5 i 
Tun dou NTT 
Numbers a, b, e, d, &. that are leaſt in their Ratios, are Incommenſurable ; and 
the Reverſe, Incommenſurables are leaſt in their Ratio. 
Dod. If 2, b, c, d, are Commenſurable, then being divided by 


a, 5, c, d, their common Meaſure, the Quotes will be in the ſame Ratios, and al- 
2, 3, 6, 7, | 'fo leſſer Numbers; therefore; 4, b, c, d, are not the leaſt, contrary to 
. 1 is — 12 4 4 Su fition. - _ 4 77 7 1 5 3 
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For the Reverſe, If the leaſt Numbers in the ſame! Ratios with a, Þ, &c. are leſſer 
than they, then will theſe Numbers equally meaſure them by their greateſt common 
Meaſure (T Beo. I. N But a, &, &c. being Incommenſurable, have no common Meaſure; 
therefore they are leaſt in their Ratios. Rs | 


: 7ſt. Since Numbers being leaſt in their Ratios, and being Incommenfurable, do neceſ- 
ſarily follow from one Gee, we may put any of theſe in place of the other in any 


Propoſitions ; particularly in the preceding Theorem; ſo that if Numbers a, b, c, &. 


are Incommenſurable, they do equally meaſure any others in the ſame Ratios A, B, C, 


Sc. and hence all the following Corollaries. . | 

2d. If Numbers 4, ö, c, &c. are Incommenſurable, others in the ſame Ratios A, 
B, C, Sc. are Commenſurable, and alſo all Compaſhys ; for a, b, c, &c. do equally 
meaſure them, and the common Quote does reciprocally meaſure each of them; which 
therefore are both Commenſurable, and all Compeſites. Hence again, TELE 

- 3d. If four Numbers are: : I, a: b:: A: B, no three of them can be prime Num- 
bers, nor conſequently the whole; [or thus, to three prime Numbers a fourth : : J can't 
be a whole Number] for if 4, &, are Primes, they are Incommenſurable, and ſo A, B, 
are both Compoſites. Whence again, if three Numbers are ::}, A, B, C (or A: B:: 
B: C) none of, the Extremes with the middle Term, nor conſequently all three, can be 
Primes i. e. to two Primes, A, B, a third: :; } can't be an Integer] for it A, B, are Primes, 
22 B, C, are Compoſites, ſo that B is both Prime and Compoſite ; which 1s 
abſurd. | , 3 

In another Place (ſee Theo. XXII. Cor. III.) you'll ſee it demonſtrated, that betwixt 


two Primes there can't be 2 geometrical Mean, either in whole Numbers or Fra- 
Ons. | | v4 8 einn n . Rs = 


TAEORAEM V. 


I any Numbers A, B, C, Sc. Incommenſurable, are meaſured by other Numbers 


u, b, c, Sc. (i. e. A by a, and B by B, &c.) theſe laſt are neither in the, fame Ra- 
tios with the former, nor do they meafure them equally, nor, Laſtly, are they Com- 
menſurable. . 1 45 

DzMoN: 4, b, c, can't be in the Tame Ratios with A, B, C, Oc. for ſince they mea. 
Fare them, it would follow, that they meaſure them equally ; becauſe if 4: A::5:3 


then =. z and whatever the common Quote, ivit will reciprocally meaſure A, , 
C, which conſcquently are not Incommenſurable. Again, Whatever be the Ratios of 


a, b, c, if they meaſure A, B, C, equally, the Quote will reciprocally meaſure eg: 
1 W 
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which therefore are not Incommenſurable. LZaſtly, If a, b, c, are Commenfurable, 
their common Meaſure muſt meaſure A, B, C, -which they meaſure ; conſequently A, 
By. C, are not Incommenſurable. And obſerve, that this laſt Article dots alſo prove 
the 1 £2 for if a, b, c, and A, B, C, are both Incommenſurable, they can't be in the 
lame los. 1 wet BY +7. v i]: = —— 6 
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If a Number, A, meaſures the Product of two others, B, C, and is Incommenſura- 
ble to one of them, it will not only be Commenſurable with the other, but alſo mea- 
Win 03190706. l 33 d en holte eine If 3 8 
. Demon. Let A meaſure BC by P, then is it A: B:: C: D; but if A, B, are 
Incommenſurable (or leaſt in their Ratio) therefore A meaſures C, and B meaſures D 
equally, by the laſt. e, i e REST. 
F ERR + 1k a teat non 
Iſt. If a Number, A, meaſures the Product of two Factors B, C, (7. e. if four Num- 
bers are: I, A: B:: C: D) then will it either meaſure one of thefe Faktors, B or C, 
or be Commenſurable to each of them; for if it's Incommenfarable to any one of them, 
it meaſures the other. But if A is a prime Number, and meaſures BC it will ne- 
ceſſarily meaſure B or C; for if it do not meaſure B, it is Incommenſurable to it (by 
Theor. I.) and conſequently meaſures C, by this Theorem. © © . 

24.1f a Number, A, is Incommenſurable ro each of two Factors Band C, or if it's In- 
commenſarable to the one, and-does not meaſure the other, it cannot - meaſure the 
product (i. e. A, B, C, being Integers, and A: B:: C: D, then A being Ineemmen- 
ſurable to both B and C, or Incommenſurable to the one, and not meaſuring the 
other, D is not an Integer ;) for if it meaſures the Product (i. e. if D be alſo an In- 
teger) and is Inceommenſurable to one of the Factors, it meaſures the other, and ſo is- 
not Incommenſurable to it : Both contrary to Suppofition. Hence again, 

zd. If A is Incommenſurable to B, it can't meaſure the Square of B, i. e. a third: : 3 
to two Numbers A, B, that are Incommenſurable, can't be found in Integers. 

Scaor.. As A's being Incommenſurable to Both B and C. is a certain Conſequence of 
their being all three prime Numbers, ſo Coral. zd. Theo. IV. is in effect comprehend - 
E .... ᷑ 

Again, though three Numbers be Incoinmenfurable (which is a different Thing 
ſrom one of them being ſo to each of the other two) yet D may be ititegral, — 
223 142 6. oo ox Rn e 364 81 20 = TH" IE 10127 3 | 1 n 
Further, in the various Cireumſtances of A, B, E, being all Compaſite Numbers, or 
only Commenſurable, Obſerve (19) 'Fhat'though'they are all Com ofites, yer a fourth 
in Integers may be impoſſible, becauſe A may be Incommenſarable to both Band C., 
which 1s conſiſtent with their being el Compoſites, as in theſe 4, 6, 9. (29.) Though. 
they are all Compoſites, and alſo Cemmenfurable, yet a 4th Integral may be im- 
roſfible ; as in theſe, 6: 10 :: 14, to which a 4th is 15 +. But to underſtand the 
general Reaſon of this, and what Cireumſtances of their Gormpottion makes it ſo, de- 
pends upon ſome other Principles than v have vet heard, and which you. will find af. 
| terwards' (ſes Seb. III. Deo XXIII where I Hall fhew you the general Character 

upon which depends the. ath's being Integral or not: Ea obſerve, . That 
the three? given: Numbers being Commènſurable, if the firft of them, A, is a prime 
Number; then is D always an kr eger;\ for in this Cafe A is the comman Meaſure, . 
and beeauſe it meaſures B and C it will alſo meaſure: BC fo that P, which is the 
Quote, is an Integer,” 120 100% 30nd 11 C14, en n ee N Res AY 1 * ? p 
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r 
1 * Number A, which meaſures any compoſite Number B, muſt be a prime 
= B=r: | . DMoOx. If A is a Compoſite, then its component Parts will mea- 
9 88 15 ſure B (Ax. 3.) and conſequently A is not the leaſt which mea - 
ſures B, contrary to Suppoſi tion. 


Fae e ee e enen, 1 855 
1/?. Some prime Number meaſures e Compolite ; or, every Compoſite is mes. 
{ured;by (i. e. is the Multiple of) ſome Prime; for there muſt be a leaſt Meaſure, 
and that muſt be prime. _ LE” 14 . | 
2d. Every Number is either a Prime, or may be meaſured by ſome Prime. 
3d. Commenſurable Numbers have ſome prime common Meaſure ; for their com- 
mon Meaſure is either a Prime, or ſome. Prime meaſures it, which therefore will mea- 
ſure theſe Compoſites: And hence alſo,” if they have ſeveral common Meaſures, the 
leaſt of them is a prime Number. Reverſely, Numbers that have no prime common 
Neaſure are Incommenſurable. K | NETS 


J F flkt:* :5m-:; | 
There are an infinite Number of prime Numbers: Or thus, no Number of Primes 

can be-afligned; but another may be found different from all the given ones. 
AXBXC.- G e - Demon. Let A, B, C, Sc. be any Number of Primes, 
| a + K whoſe continual Product is P, to which add 1; then if P+ 
mb | is a Prime, tis R different from the given ones; but if 
it be Compoſite, ſome Prime, as 2, meaſures it (Corr. 1ſt. Theo. VII.) and this is a 
different Number from any of the given Primes; for if it be the ſame with any of theſe, 
then it will meaſure P their Product (Ax. 3.) but tis ſuppoſed alſo to meaſure 

Pr, therefore it muſt meaſure 1 (A. 2.) which is abſurd. e 


PIT; 2 | 4 


ES N „ Tu z ORE M IX. Oo, i} © * 4 
Take the greateſt Number of Factors, a, b, c, &c. of which any Number, N, can 
be compoſed (or to whoſe Product it is equal) they will be all prime Numbers. 
br _ | Don. If any of them be Compoſite, the component Parts of it 

8 are alſo Components of the given Compoſite N (Ax. 3.) and fo the 
ron 4 | propoſed Number of Factors is not the greateſt whoſe Product makes 
N, contrary to Suppofition. So if a=Xy, then is NIX. 

Conor. Every compoſite Number is equal to the Product of a certain Number of 
Primes, viz. the greateſt Number of Factors by which it can be produced. 


2 TnRO REM X. 

A Number, M, which is the Product of a certain Number of given Primes, a, b, c, d, 
&c. whether they are all different Numbers, or ſome of them oſtner than once invol- 
ved, can be meaſured only by one of theſe prime Factors, or the Product of any two, 


or more of them; that is, it cannot be meaſured; by any other prime Number, nor by 


any Number which has in its Compoſition any other Prime, i. e. which is the Multiple 
of any other prime Number; nor, Laſtly, by any Compoſite, which, though it have 
in its Compok d 
the ſame Primes oftner involved, 5. e. is the Multiple of a greater Power of any of the 
Primes than what M is ; as, if M has in it only the Root or Square of a, and this other 
has in it the Cube of 7. , * 
an. 


tion no Prime different any of theſe that produce M, yet has any of 


RR = * aac woo. tu © oc ao — 
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Exam. 2X3X7X11==462 ;. which Compoſite 462, cannot be meaſured by 5, which 
js a different Prime; nor by 15, the Multiple of 5 ; nor by 9, the Square of 3. 
DzMoN, 1ſt. That M is meaſurable by any one, or the Product of any Number of 
its own Component Primes, 1s Für, by Axiom 4. And. 1 
- 24. That it can be meaſured by none other, i. e. by none of theſe deſcribed in the 
Theor, which plainly comprehend all others, is thus demonſtrated,  _ 
(i.) It cannot be meaſured by any other Prime, as rx. . | | 
For e is Incommenſurable to à and 25, becauſe both are Primes different from ; 
therefore it cannot meaſure their Product 4h (by Cor. 2. Theor. VI.) and fo is In- 
commenſurable to it (Theor. I.) and being alſo Incommenſurable to another Prime c, 
it cannot meaſure the Product abe (Cor. 2. Theor. VI.) and hence is Incommen- 
ſurable to it (Theor. I.) and being ate Incommenſurable to another Prime d, it can- 
not meaſure the Product, abcd. And fo the Reaſoning proceeds for ever. 
thus alſo. Let d be any Prime different from x, or the Product of any Number 
of Primes all different from x ; then, upon Suppoſition that x cannot meaſure d, I ſay 
it cannot meaſure the Product of one Prime more, s. e. dm (m being alſo a Prime 
different from x z) for if & meaſure dm, let it be by 7 then is x: d:: n . But 
x being a Prime, which does not meaſure d, then are x, d, Incommenſurable (T heor. I.) 
and ſo x meaſures m (Theor. IV. Cor. 1.) which is abſurd, becauſe m is a Prime, 
and different from x. But * cannot meaſure another Prime; therefore, by what is 
now ſhewn, it cannot meaſure the Product }f two others, nor conſequently the Pro- 
duct of three' others, and ſo on, i. e. it cannot meaſure the Product of any Number 
of others. „ „„ BY fe 
| (2%.) It cannot be meaſured by the Multiple of another Prime; for then that Prime 
would alſo meaſure it ( Ax. 39 which is contrary to the Jaſt Article. . 
(39.) It cannot be megſurec oy any Number N, which tho it has init no other Prime, 
yet has any one of the ſame Primes oftner involved, For ſuppoſe any one or more 
of them is oftner involved in N than in M; then; imagine all the Prime Factors of 
I N, that are alſo in M, to be taken out of both, 5. e. let both of them be di- 
N) M | vided by the continual Product of all theſe common Prime Factors, and call 
A) B | the Quotes A, B, they will be in the ſame Ratio, or N: M: : A: B. But now, 
l of thole Primes that were not ſo oft involved in MN as. in M, what were more 
of any of them in M than in N, and what were not at all in N, will remain in B; 
and what were more in N than in M, will remain in A; (by Ae. 4.) but none of 
theſe will be in B; for becauſe there were fewer of them in N than in N, therefore 
they were all taken out of M ; conſequently there will be ſome. Prime in A, which 
is not in B, and therefore A cannot meaſure B; for then that Prime would meaſure B, 
contrary to what is ſhewn. Therefore laſtly, N cannot meaſure M, becauſe N: M: : 
A: B. And if A cannot meaſure B, neither can N meaſure M. 1 


COROLLARIE S. 

1ſt. Of two Compoſite Numbers, A, B; if there is in the Compoſition of the one, 
any Prime which is not in the other, or any the ſame Prime oftner involved, .theſe 
two Numbers cannot be 1 For in theſe Circumſtances, the one cannot meaſure 
d. M, the Product of a certain Number of Primes, 4, G, c, d, Sc. cannot be equal to 
(or the ſame Number with) N, the Product of any greater Number of Factors, whatever 
they be; nor to the Product of any other Choice of an equal Number of Factors; nor 
ality, to the Product of a leſſer Number of Pacters, which ate All Primes. Por (I.) A 
ſeater Number of Factors are either all Primes, ur are reſolvable into a greater Num- 
ber af Primes ; and therefore, kong bers there muſt neceſſatily be foun forms Priane 
: g * | erent 
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different from any of theſe in M, or ſome of theſe oftner involved; and ſo N cannot 
meaſure M, and ſo not be equal to it: (2.) For another Choice of an equal Number of 
Factors, they are either all Primes, and therefore muſt have ſome different Prime, ora 
greater Power of ſome Prime; and ſo they cannot be equal (by the firſt Cor.); or if 
any of them be Compoſite, then being reſolved into their Primes, there will be à greater 
Number of Factors; and fo it coincides with the firſt Caſe; (3.) For the laſt Caſe, 
'tis already demonſtrated in the firſt ; where it's ſhewn, that a greater Number of 
Prime Factors cannot produce the ſame Number as a leſſer; the Reverſe of which is 
the preſent Caſe, which we may alſo prove in this Manner, vis. A leſſer Number of 
Primes muſt either have ſome different Prime, or a greater Power of ſome of the 
fame Primes ; and ſo N cannot meaſure M, and therefore cannot be 1K to it: or, the 
Factors of N are a Part of the ſame Primes that compoſe M, and ſo N will be only a 
Part of M. Hence again reverſely, | | | 

3d. The ſame Number, M, cannot be reſolved into a different Number of Prime 
Factors. For Exam. It cannot be reſolved into 3, and alſo into 4 Prime Factors: 
Nor into any one Number of Prime Factors, with a Variety of Choice: But every 
Compoſite has a preciſe limited Number of determined Primes ; ſo that neither in 
the particular Primes, nor in their Number, can there be any Variety. 

4th. Two unequal Compofite Numbers may be compoled, either of a different 
Number, or the ſame Number of Primes : But in both Caſes theſe Factors are either 
all or part of them different Primes, or ſome Prime common to both, is oftner in- 
volved in the one than inthe other. But then obſerve, That the lefler Compoſite may 
have either the lefler or greater Number of Factors; for that depends upon the Num- 
bers themſelves ; thus, 42==2X*3Xx7 ; and 221=13Xx17. 

5th. A Number, M, which is the Product of any two or more Factors, whatever 
they be, as Ax BC, Sc. being reſolved into its Primes, theſe can be no other than 
the Primes into which the Factors, A, B, C, Sc. can be reſolved ; for elſe the ſame 
Number could be compoſed of different Primes, contrary to Cor. 3. And hence again, 
e is no Prime in the Compoſition of any Power, but thoſe which compoſe the 
£c00?. | 

gh. No Numbers can meaſure any Power of a Prime Number, but either the 
=o it ſelf, or ſome other of its Powers ; for every other Number has in it ſome other 

rime. 

7th. Whatever Prime Number, N, meaſures any of the Powers of any Number, 
A, as Ar, the ſame will meafure the Root A, and all the other Powers; for fince 
N meaſures A®, it muſt be one of its Component Primes, i, e. one of the Primes that 
compoſe A, by Cor. 5. therefore N meafures A, and all its Multiples, or all its other 
Powers. Hence again, 1 0 | 

8:4. If any Number, N, | meaſures A®, and does not meaſure A, it's a Compoſite 
Number ; for if it were a Prime, it would meaſure A. | 


| TrzonrEtmM AI. | 

Of all the Component Primes of any Number, N, only one (if there be one) can be 
— cent greater than the Root of the greateſt Integral Square, contained in that 

umber. | 

DxO. 1/7. If the given Number, N, is a perfe& Square, then it has no Prime in 
its Compoſition, but thoſe that compoſe the Root. (Cor. 5. T heor. 10.) 

2d. It N is not a Square, let A be the Root of the greateſt Integral Square con- 
tained it; then is KIT greater than N: And if we take two Primes greater each 
than A, they muſt be, the one of them at leaſt equal to Ir, if not greater; 2 
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the other greater than this one; conſequently their Product will be greater than 
ITT“, i. e. greater than N: And therefore they are not both Component Primes of 


N, fince they produce a greater Number. 


PROBLEM Ul. 
To find all the Component Primes of any Number. 


Rule 19. Find all the Prime Numbers, not exceeding the Root of the greateſt In- 


Square, contained in it. 'Then, = LS 

20. Beginning with 2, if the given Number is even; or with 3, if it's an odd 
Number, try if 2 or 3 meaſures it, and do the ſame with the Quotes, as long as the 
ume Prime meaſures them; but when it does not meaſure, apply the next greater 
Prime in the ſame Manner; and go on ſo till you have tried all the Primes, not ex- 
ceeding the Root mentioned, or till you find a Quote which is a Prime Number ; then 
all ell Primes, which were Meaſures tothe given Number and to the ſucceeding Quotes, 
together with .that Prime Quote, or the laſt Quote, to which there was no Meaſure 
among the Primes found, by the firſt Article (which is alſo a Prime) are the Compo- 
nent Primes of the given Number. 5 
Exam. 1. To find the Primes of 42; the Root of the greateſt Square contained 
in it is 6 and the Primes not exceeding this, are © 


» 3, 5. And trying 42 by theſe, I find 2 meaſures it by 21 ; but this cannot be 


2) 42 meaſured by 2, therefore I try 3, which mealures 21 by 7, which is 2 
3) 21 Prime Number; as is alſo known according to the Rule, by this, that 
1 neither 3 nor 5 meaſures it; therefore 2, 3, 7, are the Component Primes 
of 42=2X3X7, 5 | a | 

68796 | Exam. 2. To find the. Primes of 8796; the Root of the greateſt 
34398 | Square contained in it is 262; and the Primes not exceeding this, are 
I7199 23, 5, 7, 11, 13, Sc. and trying, I find 2: meaſures twice, 3 meaſures 

3 Ti 


5733 | 
rer] apply 7, which meaſures twice, and the laſt Quote is 13, a Prime 


9T. 3, 3s 3% % 3, © 07 | 4818 
13 Drmom. As there is no Matter in what Order any Numbers are ap- 


— — W uw ud 8 Þ 


ply'd by continual Diviſion, fince the laſt Quote will ſtill be the ſame : 


So if certain Primes apply'd by continual Diviſion, in whatever Order, do meaſure 
out the given Numbers, then it's plain, from the Nature of Multiplication and Di- 
viſion, that the continual Product of theſe Diviſors, will again produce the ſame 


Number: And if certain Prime Factors produce a Number, no other Variety or Choice 


whatever of Prime Factors, can produce the ſame Number, by] Cor. 3. Theor. 10. 
What remains then to be ſhewn is this; that when we have got a Quote, which nei- 
ther the Prime laſt apply d, nor any greater, not exceeding the Root mentioned, do 
meaſure, that Quote is a Prime: The Reaſon is this; none of the preceding leſſer 
Primes can meaſure, it; for each of theſe are ſuppoſed to be taken out of the 5 


Number as oft as poſſible; and ſince none of the Primes, not exceeding the Root 


mentioned, can meaſure it, none of theſe exceeding that Root can meaſure it, unleſs 
it ſelf be one of theſe Primes; for if another could do it, the Quote would be a 
Number leſs than the Root, and muſt be either a Prime, or meaſurable by a Prime, 
which reciprocally would meaſure it ; conſequently none greater can do it, unleſs it 
ſelf be one of theſe greater Primes ; and therefore it muſt be a Prime Number. 


"Ss | Conor. 


N 


/ 


mes ; 5 does not meaſure. 637, the laſt Quote, by 3; therefore I 
637 umber ; therefore the Component Prime Factors of 68796, are 2, 2, 


CORO EE — —— 
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Conor. By this Method we can know whether a Number is Prime Compoſite, 
though we. have a Table carried only as far as the Root of the greateſt Square. con. 
tained in it; for if none of the Primes of this Table meaſures it, then it is 3 
Prime. POE” 5 CA e 

|  ScnoLrivnms. | | 

1/2. If a Number has c's in the firſt Places on the Right-hand, cut them all off, 
and proceed with the remaining Figures, according to. the Rule; and then among the 
Primes of this Number reckon as many 2's and as many 5's as the Number of os cut 
off; becauſe 2X5==10, ; and all together are the Primes ſought. | : 
Again, if an odd Number end with 5, try it with 5 before 3; becauſe 5 will certain. 
ly-meaſure it, though 3 will not always. l ao 

ad. If you have a Table of Primes and Compoſites extending to the given Num. 
ber, or to the Jaſt Quote after it is meaſured as oft as poſſible, by 2 and: 5 ; (for 
which ſee the laſt Article) then feek every other Quote (which is not meaſurable by 
2 or 5) in the Table; becauſe this fhews whether it's a Prime or Compoſite : So that 
being 2 nine, you know the Work is ended; and being Compoſite, proceed accord- 
to ule. | tor | 
f But again; we will often have the Trouble of trying Primes that do not mea- 
ſure the given Number, or fucceeding Quotes, and which would be faved, if we. knew 
* leaſt Prime that meaſures any of theſe: Now this we may know by help of the 
able of Primes and Compoſites ; if the en are fo marked as to ſhew the leaſt 
Cen 2nums of each Compoſite ; and how this may be cafily done I ſhall here 
EXPIAIN, „ 3 3 ff BITES 25 

When you are to number Spaces by any odd Number, ſee firſt whether it's a Prime 
or Compoſite (by the Table 3) if its Prime, write it in the Places of its Compoſites, 
7. e. in the Spaces where Points are placed by the former Method, unleſs ſome leſſer 
Prime ſtand there already; as will certainly be, if the Cotnpoſite belonging to that 
Place, has in it a leſſer "ED tor then it's a Multiple of that leſſer Prime, and is 
therefore already marked with its leaſt Prime. Obſer vs alfo, that with this Prime you 
ſet ſome other Mark, as a Point or Daſh, upon the Place of the ſecond Compoſite, in 
numbering by this odd Number, in order to know where to begin for the next. 

If the ; Frag by which the Spaces are to be number'd, is Compoſite, all its 
Multiples are already marked; only you muſt number ont the firſt two Periods, that 
the ſecond Compoſite, in numbering by this Term, may be particularly marked (as I 
have done in the following Fable by a Colon: ) in order to know hyw to begin for the. 


The following Table, carried to 999, is made up in this Manner: The Uſe of 
which, for finding the Component Primes of any Number, is this; | 
If the Number is even, meaſure it by 2 as oft as ble: If it ends with o's cut 


them off, and reckon as many 2's and 5's among the Primes ſought ; then proceed 


with the laſt Quote or remaining Number (or with the given Number, if it's odd) 
thus: See by the Table if it's a Prime or Compoſite ; if Prime, the Queſtion is 
auen if Compoſite, you have its leaft Component Prime; by which, meaſure it, 
and ſeek the Quote in the Table,; meaſure this by its leaſt Component Prime, and 


3 on till you have a — — which is a Prime; and that Quote, with the preceding 


Divifors are the Primes ſought. 


Table 


— — . —— — — —— ——— — 


TasLE of Prime and Compoſite (odd) Nrs. from 3 to 999. 341 


Jr1z13\4151617 1919} Obſerve, As the Numbers of the firſt Column on 
F — — . = the Left are carried to 99; ſo the Numbers on the 
3]71_|3| |[3102! 'Head of the Table are to be reckoned as Hundreds: 
ZHS r is 1003 2 is 200, Ge. And for any odd Num- 

3| Ji ber above 99, take the Number of its Hundreds on 
ai zi the Head, and what in it is leſs than a Hundred 
11 1 „ion the Side, and in the Angle where the Lines 
II F317 fe gf Tb. from each meet, is the Place of that Number: So that 
Er in compoſing of the Table, the Numbering is along the 

EHF Columns from Top to Bottom, from the firſt Column 

under o, and ſo on in Order, through the reſt, (which 

ZEN is ſo far different from the little Table before given, | 

7130113} 13] | that there the Series of odd Numbers was ſet on the 1 
nz 3 | 13171 (J Head, and ſo the Numbering was along the Lines, 

ii from left to right.) If we would make a larger Ta- | 

5 5 IF ble, then continue the Series of Numbers on the Head, 

I rf ||| from 9 to 10, Pf, 12, Cc. as far as you pleaſe, keep- } 
e EA ing the ſame Column on the Left 5 and reckonin | 

EEE theſe Numbers on the Head always as e ng 1 | 
13 ELUHZAE many Hundreds; and continue the Numbering 
17|_| 31_1:3þ3}--|-7134 through the Columns in Order; and ſo the Table 

3Þ5þ5.þzþs [15 þ315 þ5.| may be carried to any Length: For Example ; If the 

V3 [193 [5 fe4l3 þ 4 Series on the Head is carrie to 99, it is 9900; 2 

FF + *|—} ſo the greateſt Number is 9999. I the Series on the 
EE ==] Head is carried to 999, it is 99900 ; and the greateſt 

N _ Number is 99999. 

EEE Again, If there is a Line over any Number, in 

Isa any Space, it ſhews that to be the Square Root, 

:3113Þ | 3]_} 1317] | an&alſothe leaſt Prime of the Number belonging to 

ri 7} 34113} that Space. If there are two Numbers in any Space, 

EE the greater is the Square Root, and the other is the 

Ann — potion: 

Eee , Obforvs' alſo, That if a Number is a perfect 
$1213]. Squarej- then we may find all its Primes, by 4 Table 

13] 113}: 113] ' cartied no further than to che ſquare Root, ' or the 

31713 5 3 odd; Number next below it, if the Number is even. 

Ze For if we take all the prime Factors of the Root 

Z] twice, theſe are the prime Factors of the Square. 

11515 JF. Another Uſe that may be made of this Table, 

l 3 2 | 3: That by, id we can caſily find, whether any 

e Number, odd or even, is a perfect Square, and what 

13 DESDE is the greateſt" integral Square contained in it, if it is 

34__1713}__j1x31839__ not; — 5 ; 

ME! 2 zi“. Suppoſe S ed is an odd Num- 

$|S[3[515:#3:15|5|3| ber; ſeek its Place in the Table, and if it's a com- 

Ta pofite Number then find the Place next before, and · 

A 7; 7 19 3 11 alſo after it, that 1 marked with Colon 35 and * 
EFF take the Space that is in the Middle betwixt theſe 
|——| LE AS: two (ſor by the Conſtruction of the Table, the Num- 

„EEE ber ef Spaces betwixt them is odd, and therefore has a 
IEEE middle Space.) I the given Number is in that middle 
iZ Space 

372|_| 3129/13] 3]7 [23 

r 

ee 

3:13 |$1315|S[315 [+ 

LEE 1 1713-3 

3: 1:3'3:] | 13130. 
VVV e 
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Space, it'sa ſquare Number, becauſe the Space next before-it marked with a Colon is the 
Place from whence we begin to number Spaces by ſome odd Number, which is the 
Place of the Product of that odd Number by the preceding-; and the next Space mark- 
ed with a Colon is the Place of its Product, by the following; and therefore the 
middle Space betwixt them is its Square, or Place of its Product by it ſelf. So that 
the middle Spaces betwixt every two marked with a Colon, are the Places of all the 
odd ſquare Numbers. Wherefore if the given Number is not in one of theſe middle 
Spaces, it cannot be a Square, and the greateſt Square contained in it is that belong- 
ng to the middle Space next it, towards the Beginning of the Table. 
If the given Number is Prime, it's certainly not a Square, and you find the 

ateſt Square contained in it the ſame way as — fog | 

Obſerve, It you would find the Root 4 any Square found in the Table, number 
how many Spaces there are marked with a Colon the Beginning of the Table, to 

that one next preceding the Place of that Square; number as many Terms after 3 in 

the Series of odd Numbers, the laſt of them is the Root ſought ; ſo if there are 5 
pointed Spaces, the Root is 13, the 5th Term after 3, and the Root of 169. But as 
in making the Table, theſe Places of Squares are the firſt compoſite Spaces in number- 
ing by the ſeveral odd Numbers, which are the Root of theſe Squares ; if we not only 
mark theſe Spaces with the leaft Prime, - but alſo with their Root, it will be the more 
convenient for this purpoſe ; ſo that if any Space has two Numbers in it, the leſſer is its 
leaft Prime, and the other the ſquare Root of the Numbers belonging to that Place. 
And if its leaſt Prime is alſo its ſquare Root, we may either write it twice, or uſe ſome 
other Mark to ſhow it, as a Line drawn over it, as I have done in this Table: And 
thus the Places of all odd Squares, and alſo their Root, are known by Inſpection with- 
out any Trouble. | | 

29, If the given Number is even, ſeek in the Table the odd Number next lefler ; 


% 


if it's a ſquare Number, the given Number can't be a Square, becauſe the Difference of 


two integral Squares can never be 1, and that odd Square is the greateſt contained in 
it; but if the next lefler odd Number is not a Square, ſeek by the Table the next 
-odd 2 z take its Root, and add 1 to the double of it; if the Sum is equal to 
the Difference betwixt that Square and the given even Number, then is this a ſquare 
Number, whoſe Root is the even Number next above the Root of that odd Square : 
But if that Sum is either greater or leſſer than that Difference, the given Number is 
not a Square; and if the Sum 1s greateſt, that odd Square is the omen Square con- 
tained in the given Number; but if the Sum is leaſt, add it to the odd Square, and 


the Sum is the greateſt Square contained in the given Number. The Reaſon of this 


is obvious from the Nature and Compoſition of Squares explained in Book III. particu- 
-larly this, that AÞ1'=A'+2 ATT. | | 


PROBLEM IV. : 
+ To find all the different Numbers that meaſure any given Number. 


5 Rave 4 all the Component prime Factors of the given Number by the laſt 

2. Set them all in a Line; but thoſe that are oftner than once involved, ſet them 
down but once, and inſtead of the reſt of them ſet down the Series of their ſuperior 
Powers, till you have a Power whoſe Index is the Number of Times that that one 15 
involved in the given Number; theſe are ſo many of the different Meaſures ſought. 
And though it is in Effect the ſame Thing, which Prime is firſt ſet down, yet one Or- 
der may prove more convenient than another for the following Part of the * ; 


414410 


Pn ** * 
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therefore ſet down firſt all thoſe Primes, which are but once involved, and then thoſe 
that _ _ with their ſuperior Powers as above, ſetting thoſe firſt that are leaſt in- 
yolved ; then, : . 

39. Beginnin from the left Hand, monly the firſt Number by the ſecond, and ſet 


the Product under the ſecond ; then by the t 
5 0 Numbers, ſetting the Products under the third; and ſo on, by every ſucceed- 


ing one 


the Num 
ply all t 


ird (of thoſe firſt ſet down) multiply all the 


of the Numbers ſet down) multiply all the preceding Numbers, ſetting 
the Product under their Multiplier. | | 

_ But obſerve, That when you come to uſe for a Multiplier any ſuperior Power of 
any of the Primes, you muſt not by it multiply any of the leſſer Powers of the ſame 
Root, nor any of the Numbers ſtanding under them; only multiply all the other Num- 
bers preceding theſe, 5. e. all the ſame Numbers which were multiplied by the Root. 
And to get theſe Products moſt conveniently, take the Root, and by it multiply all 


h 


on ig under it, and ſet theſe Products under the Squares ; then multi- 
ele 


Products ſet under the Square, by the fame Root, and ſet the Products 


under the Cube, and ſo on. 
Exam. 210; its Component prime Factors are 2, 3, 5, 7 ; for 2x3X5X7=210. And. 
its ſeveral Meaſures are theſe following, diſpoſed and found according to the Rule. 


*| $ E451 34 | | 
610 14 CCC 2 et 1D | ; | p ; 
| Firſt I ſet down 2, 3, 5, 7, then I multiply 2 by 3, and ſet the 
— r Product 6 under 3; next I multiply 2, r „6, by 5, and 
| 25 ſet the Products 10, 15, 30 under 5; then I nab all the pre- 
70 ceding Numbers by 9, and ſet the Products under 7; and all theſe 
105 Numbers are the Numbers ſought. 
210 5 


Exam. 24. 65525 its Component prime Factors are theſe, 2, 2, 2, 3; 3; 75 13, 


whoſe continual 


roduct is 65 52, and its ſeveral Meaſures are theſe following; found 


thus, | | | 
CAS — The Primes 7, 13, are but once involved, 
T-:139 3+ 3:3: 9: 2 3+ 4: $85 and ſo I. ſet them firſt down; 3 is twice invol- 
911 21 63] 14 2 36 ved, and I ſet down 3,93; then 2 1s thrice in- 
39 117] 26| 52] 104| volved, and I ſet down 2, 4,8. Then I begin. 
| 2731819 182| 364| 728] and multiply ) by 13, and ſet the Product 91 
- 6] 12] 24| under 13. Next I multiply all the preceding 
42 84 168] Numbers by 3, and ſet the Products under 3; 
: 78] 156 312] then I multiply by 9 all the Numbers prece- 
a 54611092 2184 ding the Column, over which 3, the Root of 9, 
' 18] 36] 72 ſtands, and-which I do, by multiplying all the 
| 126| 252| 504 | Numbers ſtanding under 3 by 3; then multi- 
234| 468 936 BIS all the preceding Numbers by. 2; I ſer 
| 163813276 6552 E e arr and for the following 
Tl T7 Numbers 4, 8, which are Powers of 2, by them 
Imultiply all the Numbers preceding that Column over which the Root ſtands, i. e. 
all tele which were multiplied by the Root; and this I do by multiplying all the 


Numbers ſtanding under 2, by 2, and ſetting the Products under 4; then by. the ſame 2 
L multiply all the Numbers ſtanding under 4, and ſet the Products under 8, 


DEMeN. 
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Duo. 12. er any different Primes, a, b, c, d, &e, 


4 : „ c:d .\| their Product 4 U c d, &c. is meaſurable only by theſe primes, 

ab : ac : ad or the Products of any two or more of them ('7 heor. X.) And 

| bc : bd | to find all theſe Meaſures, we ſhall firſt ſuppoſe only one 
abc: cd prime Number, a, that has no Meaſure but it ſelf (ſtandi 


abd alone in the firſt Column) but ſuppoſe another Prime, b, 5 
| 2 * Hplied auto it, then the Produtt ab has far Meaſures a, b, and 
C a 

a bed another Prime be involved, it's evident that Product abc has 
3 for Meaſures all the Meaſures of the preceding Product 4h, 
with all theſe, in which the new Prime can be concerned, which plainly can be no 
ether than c it ſelf with its Products, into all the Meaſures of a0 (which are all the 
Numbers of the preceding two Columns.) Join another primed d, the Product 2 bc d 
has for Meaſures all the Meaſures of a + c, er with all theſe Products in which 
the new Prime d can be concerned, i. e. d it and its Produtts, by all the Meaſures 
of a þ c (which are all the Numbers of the preceding Columns) and ſo it goes on what- 

ever Number of different Primes we ſuppoſe; which is all accurding to the Rule. 
2%. I any of the different Primes are oftner than once involved, it's evident that all 


 *their Powers, to that one whoſe Index is the Number of Involutions of the Root, are 


Meaſures of the given Number. Then having by the Root multiplied all the Num- 
bers ſtanding already in the Columns preceding it, we have all .the Meaſures of the 
given Number in which that Root is but once involved; and to have thoſe in which 
T's twice or thrice involved, [or in which its Square or Cube, &;. are ſeverally con- 
cerned, according to the different Powers of it involved in the given Number} it's 
plain we muſt multiply theſe ſeveral Powers into all the Numbers preceding the Root 
Ci. e. thoſe into which the Root was multiplied) but having done this we muſt not al- 
ſo multiply any of thoſe Powers into any other of them, nor into the Numbers ſtand- 
ing under theſe others, becauſe thoſe new Products would either contain a greater 
Power of the ſame Root, than the given Number contains, and ſo could not meaſure 
it (by Theorem X.) or would coincide with the Products of ſome of the higher Pow- 
ers, by the Numbers preceding the Root. Thus, in the preceding Exam. 2d. if we 
multiply all the — ſtanding in the Column, which has 2 in the Top, by 4, this 
will be the ſame as the Column which has 8 on the Top; all which Numbers un- 
der 8 are the Products of 8, by all the Numbers preceding the Root 2, becauſe the 
Numbers under 2 are the Products of all the preceding Numbers by 2, which Pro- 
ducts therefore multiphed again by 4, will be equal to the Products of theſe pow 
ding by 8, fince q4Xx2=$8. Again, we are not to multiply any of theſe in the Columns 
under 2 or 4 by 8, becauſe the Numbers of the one of theſe Columns have 2 involved 
in them, (being the Products of all the preceding Numbers by 2) and the other has 
4 involved (being the Product of the fame Number by 4) and conſequently if theſe 
were again multiplied by 8, they would have a greater Power of 2, than the given 
Number has, in which 8 is the greateſt Power of 2. But then to find the Products 
of all the Numbers preceding the Root by the higher Powers, it's evident we can find 
them by multiplying gradually all the Numbers under each Power by the Root: For 
theſe under the Root arc the Products of the preceding by the Root; therefore theſe 
Products multiplied again by the Root are the Products of the ſame preceding Num- 
bers by the Square ; and ſo on. a | ae Fi „ h 
CooL... It it's required to find all che aliquot Parts of amy Number, find all the 
— of it; (excluding the given Number it fel) ave the aliquor Parts 
ught. 


Tuzo- 


(which make the firſt and ſecond Column.) Again, let 


K a+ A ou 6. 165. hy 
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If one Number, A, be Incommenſurable to each of two or more other Numbers, 
B, C, D. &c. tis alſo Incommenſurable to their Product B, C, D, Sc. and re- 


C% 


verſely⸗. 


Dzon. Since A is Incommenſurable to each of the Numbers B, C, D, c. thereſore 
A has in its Compoſition no Prime common with any in the Compoſition of any of theſe 
(cor: zd. Theor. VII.) and conſequently none that's common to the Product of any two 
or more of theſe ; becauſe the Primes of theſe Products are no other than the Primes of 
their ſeveral Factors (Cor. 3. Theo. X.) The Reverſe is plain from the ſame Princi- 
ple; for if A is Incommenſurable, or has no Prime common with the Product of any 
two or more of theſe Numbers B, C, D, Ec. then it has no Prime common with any 
one of theſe; fox if it had, it would alſo have a Prime common to the Product, ſince 
the Product has no other Prime than what belongs to the Factors. 

Schorf. Tho' this be the direct Demonſtration, yet it may be proved very fimply 


aſter Euclid's Way, thus: If A and B C are Commenſurable, then what meaſures A, 


one of two Incommenſurables, is Incommenſurable with the other, B (Theo. II.) and 
becauſe it is Incommenſurable with B, yet meaſures B C, therefore it meaſures C 
(Theo, VI.) and becauſe it meaſures alſo A, hence A, C are not Incommenſurable, 
contrary to Suppoſition, and therefore A and B C are Incommenſurable. For the 
fame: Reafon A and B C D B CD) are Incomimetiſurable'; and ſo on, whatever 
Number of Factors you ſuppoſe to each of which A is IncommenſurableQ. 
For the Reverſe; if any Number meaſures A, and any one of theſe others, it will 
alſo meaſure the Product of them all (which is a Multiple of that one) therefore A 
is not Prime with B C DE, Sc. contrary to 8u —— q e e 2 eee 
. Coxor.. If any Number, A, is e ene e to another B, it's ſo alſo to all the 
Powers of that other, as B*, B*, Oc. Theſe Powers being the Produkts of Numbers 
to each of which A is Incommenſurable; for they are all the ſame Number B, ſince 
B=BXxB, and B*=BxBX&B, and ſo on. 5 3 
*. In forming the contrary to this Theorem, there muſt be ſome Limitations, 
18. If A is Commenſurable to B, and C, c. its ſo alſo to their Product B C, &c. 
for it would be fo, though it were only Commenſurable to one of the Factors. 
2. If A is Commenſurable to B C, c. tis ſo alſo to one at leaſt of the Factors 
(for elſe it were Incommenſurable to the Product) but not neceſſarily ſo with them 
all; as here, 4 is Compoſite to 6, and to 6Xy=54, but not to 9; ſo that as in the firſt 
Part, the contrary is larger, or requires fewer Conditions than the Theorem, in the 
ſecond Part it extends not ſo ſar, or draws not ſo great a Conſequence. 


EE bY: os | Oh 2 ou rods th 

If any Numbers, A, B, C, Oc. are Incommenſurable, each to each of any other 
Numbers, M, N, O, Oc. then the Product of any two or more of the firſt Set is In- 
1 to the Product of any two or more of the ſecond Set. And the Re- 
Verte. tO or : N , * 85 * * 5 2 N 
Demon. This follows either from the fame Principle as the laſt, vis: the Numbers, 
A,B, C, Oc. having no common Prime with any of the Numbers M, N, O, Oc. none 
of the Products of any two or more of the one, Las any common Prime with any one, 
ar the Product of any two or more of the other. Or we may deduce it from the laſt, 
thus, A is Incomimenſurable with M, N, O, Oc. by'Supy tion, and therefore it's ſo 
with MN, NO, MO, or MNO (Tbeor. XII.) Bat the ſame is alſo tree of B and 
C; conſequently each of theſe laſt Products conſidered now as one Number, is Incom- 
1 a Y y menſurable 


1 
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menſurable to the Products of any two or more of the former, that is, with A B, Ac, 
BC, or ABC. The fame Reaſon! is equally go how many Numbers ſoever chere 
bei in each Set. 

For the Reverſe, vir. That igen the Products © of ey two, or more Nunbes ta- 
225. out of each Set, are Incommenſi rable to one another, ſo aße the ſeveral FaQtors of 
the one Set to thoſt of the other: This 1s plain from hence, that if we ſuppoſe. any 
two of them, as A and M, to be cement then that Number which medfing 

each of them, will meaſure any Product in which they are concerned, and 1 theſe 
Products will be Commenſurable,” contrary to Suppoſition. 

Cororr. If two Numbers, A and B, are Incommenſurable, a oy Does of the one, 
as As, is Incommenfurable to any Power of the other, as Por 555 and the Revere, 
if Au, Bu, are Incommenſurabk, ſo are A, B. i 
- Exim. 3 and 5 are Incommenfurable, and; ſo a are 9, + and 25 their Squares; alſo 27, 


85s woes and the Square of 5 5 | wherefore iCany Feaftion, oP. is n its lonef 


4 hos # 


Terms any of i its Powers wo ae, 2s Ken ny. Revere, 


B. 
5 XIV. 


If any e 8 another B, they wil any Power of A, as A", meaſure 


the like Power of the other, Bu. And reverſely, If An. — — Ba, ſo will A meaſure 
B; and alſo, every other Power of. u v me re the like Power of B. 
Dzmon. A wu nd P rung but what's in B, nor any; oftner involved, elſe it could not 
meaſure it; but the prime Factors of A being — inyolved in 8 as thaſe of B arc 
in Ba, it follows, that as there is no Prime in An but what is Be, fo there i 18 none oft- 
ner involved, and conſequently An meaſures B. The Reverſe is with the ſame 
Principles, Or we may make the whole Demonſtration as fimply 1 
A 6 Let A meaſure B by D, thas is B-A=D; then is 
= dp = > „ % 13D, and (by: Cor. 11th. Theo, III Book ll. 
= 8 = 2605 * Chap. Iv. ) A®":B*::1: Da; but 1 meaſures Du, there- 
. — ſo — 64 An meaſure * Fer the Reverſe, Let B 
A*=DP, which is an Integer b N : I: 4D. b 
ing Powers of the * — e Shoe; (hy heo, Nil, Ko iv. Chap. IV.) D is a Pow- 
er of the Ord Order a: ſo that An, By 1 11 Xu * refore (by Cor. 2. 
. III. Cb. IV.) A: r X. But 1 meaſures X, and conſequently A, meaſure 
Band, hence — other rr of A vill aun * like e N 


| PAK XV. 
If any Compute Number meaſures another like Compoſite, ſo will the ſeveral Fa- 
Qors of the the correſpondent Factors of the other. 
Thus, Pi Berg Compoſites, and 4, & two of the llar Fafion; then if A 
meaſure . {0 will 2 and  Reverſely, ff 4 meaſure , fo will A mes 


R 


= den, Pactors, that is, A: B «og V. Book LV. Chap. I. N. l 
e airs B, ther geek ref, and therefore (by, * 
mcaſurcs þ TOI 30 94#7 
"For.the Reverſe, If 4 meaſures, ö then does A® meat 
4: e ———— 18 therefore, A moaſarcy: 
e Df 91251n9> eRuborl Rial Stad: 10 D elanwps 039 
l 5 | Tut 


. 0g at) b bat 


2 wa 


Dinos, Like 3 arg in Noor 15 the like Powers of any of the * | 
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x 21915 41 18 : 8 vo 1200 [21 : SLRS os 
On wo REN 4 Ad Js IK) 

If two Warder A, B. ate compoſed of an equal Number of Aiferent Primus they 
anne be” Gepe . . 

DzMoN. 19. They cannot be ſd 15 y taking theſe Primes for the 
Azpt5xty, Ge qi fimilar Faftors; beeauſe” if bur Namder are I they cannot be 
Ba=zX5X1t, Oe. all Primes (Cor: 3d. Teo. V.) conſequently no two of the prime 
eee of the ene Compound are: : I wick any two of the other; 
therefore, Laſtly, Though theſe Compounds be fimilar, yet the Similarity docs not 
depend on the taken in that manner! 
29. They are not Siniilar y taking any Products of theſe prime Factors for the ſimilar 
rar; ＋ any one, or the Product of any two or more of the Primes of the one 
is Incommenſurable with any one, or the Product of any two or more of the 
Panke ef de other (Theo. XIII. ) therefore te us take any two of ſuch Products out 
of the Primes of each Compotind,” of a ſingle Prime, and a Product out of each, or 
two Primes cut of the one, and two Produkts out of the other, or, Laſtly, a Prime 
and a Product out of the one, and two Primes or to Products out of the other; yet 
theſe cannot be:: I, becauſe each Couplet of the compared Terms are Incommenſura- 
ble, which is inconfi tent with Proportionality; for if a b:: A: B, then if a, h are. 
Incommenfurable, A, B, are Commenſurable (by Cor. ad. 75 heo. IV. ) 

Laſtly, Since Numbers can be but one particular Way. 3 of prime Factors, 
and no other Numbers can meaſure them; but theſe or their Products; and ſince, as 
we have now ſeen, neither theſe" tor their Products can make fimilar Factors, they 
ean have none Lach; 4. e. they cannot de like” FIRE. or r they' cannot be reſolved 
into a an Mn Number Sf. ale Factors. 


AD of PROBLEM: v. 


10 god the leaf comtnon Maltiple o any given Numbers, Ay B, G, D, &e. which 
are all different. 


N. B. For brevity” we all me x/e, > Mulepie; co: e, for common Malti- 


EGS, 


ple; and J: xle, for Kat 


C ſe J. 1 tevo Numbers, A 
Roſe He If Ie menſurable; as 4, 7, Ui Product A Rus is their 
f Toy J Combrenfaratble; mu DO two, Wen in — Ratio, as as 


di Dung, x . 1E A, . * W then i is AXB their 
e t is 4 ch.: %%; and 4 ſhew that it is the J: xe, let 
: A and N Number, as N, and let the Quotes 
= SN «bes O D, thus; A: (NC, and B) ND; but the Dividend N 
AAB 66 being common, the Diviſors and Quotes are reciprocally : I, 
A FB I That ift A: Br: Dri © 3 and A, B being Incommenſurable, they 
AB 1 meaſure D, C. equally (Thror. H.) Again; N==A C and AB: 
=: AS:: Brio, therefore Ag N:: B: C. But B meaſures C, 
nr therefore. A B meaſures N, which is. therefore greater than A-B, 
ic "aff = ; cunſequently any other Number than A B, which | 
52 cb. Wend Past By ig greater than Ad, thetefure this is the ie Nejjj | 
29% If A, Bare Commenfurable, and. a l I the leaſtꝭ in the fame Ratio with A: B. 
den u A or aBp: 9 col» bd to>AyB 3 Sor Alis Hgiof A, And dB of h, alle A Ag. 
N aj Al = ib their Þ: lap r meaſure any other Number, —_ 


8 D SEE "*% 
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by C, D, fo that as before, A: B:: D: C; then becauſe A: B:: 4: B, therefore 3 
5 : D: C; but a: þ being Incommenſurable, 4 meaſures D, and & meaſures ( 
equally ; alſo, Ab: AC:: h: C, and A N, therefore Ab:N::b:C; and ſince 
6 meaſures C, ſo will A þ meaſure N, which is therefore either the fame N umber, or 
greater then A þ ; hence A h is the I: xe fought — ; 

Cororr., The leaſt co: x/e of two Numbers, A, B, meaſures all their other co: xj; 
which therefore are the Multiples of it; for it's proved that A B, or Ab, meaſures any 
other Number, N, which is ſuppoſed to be a co: xi to A, B. Th | 


Cafe II. eee than two Numbers, as A, B, C, D, &c. 
Rule. Find the } : xle to any two of them; and then the } : Xle to the Number laſt 
found, and another of them; and ſo on till you go through them all; and the laſt found 


is the Number ſought. _ (ft ao 0 25 1 | 
444] _ Demon. Let A, B, C, P, ene; and the }: xz 
| Exam. | of A,B be m; of m, C, be n; and of », D, be O. Ifayzu 
0 8 the I: xe of A, B, C; and O, that of A, B, C, D; for, 
132: 84: 168 10. A, B meaſure in, and m, C meaſure u, therefore A, B, 
XX: Be DD C meaſure 2. N n, D meaſure O, and A, B, C, meaſure 
m: n 0 | u, therefore A, D, meaſure O; and ſo it 4 for ever, 


i. e. each Number ſound in the Courſe of 
co: Ve to all the given Numbers fo face. 

2. They are their leaſt co: xles; for what is a Ne of A, B, is ſo of , and what is 
à Xle of m, C, is ſo of » (Coroll. Caſe I.) therefore what is a c of A, B, C, is ſo of 3, 
and conſequently it is not leſs than 2; which is therefore the I: xle of A,B, C. Again, 


e Operation is a 


2 


what is a X le of A, B, C, is ſo of » (by the laft Stop) and what is a xle of », D, is ſo of 
O Coroll. Caſe I.) therefore what is a xe of A, B, C, D, is ſo of O, and conſequently 
is not leſs than O, which is therefore the I: We of A, B, C, D. The ſame Reaſoning 
is evidently good from one Step to another for ever; from which we have gained the 
following Truth, vis. | Rs ; 5 
Sen. Conor. The Jeaft common Multiple of. any Numbers, A, B, C, Oc. is an 
aliquot Part of all their other co: Xe, or theſe are Multiples of that. 


ä £2 e enen 
1ſt. The eding general Corollary may be demonſtrated 1 endently of an 
Caſe of this recs T; bus, Take any Number, N, which I, the /: he of A, C 
Sc. does not meaſure, 1 ſay it can be none of the co: x/es of A, B, C, Cc. for fince 


does not meaſure N, (the Quote of }) N is a mix d Number, ſuppoſe, A Hence, 


* 1 ; 
by the Nature of Diviſion, Nz==A}+r. Now A, B, C, Oc. do each by Suppoſition 
meaſure I, and conſequently they meaſure its Multiple AJ ; but } is the leaſt Number 
they meaſure, therefore they cannot meaſure y, which is leſs than J, being the Re- 
mainder of a Diviſion in which I is the Diviſor. Laſtly; What meaſures one Part, and 
not the other Part 7, cannot meaſure the whole Ar, which being equal to N, con- 
ſequently A, B, C, E9c.. cannot each of them meaſure N, a Number which their J: */? 
41 8 A: „ | 

2d. Though it be true that m meaſures , yet we cannot hence conclude, that the | 

J: xle of certain Numbers is a greater Number than that of a Part of theſe Numbers, | 

becauſe they may happen to be equal; ſo m may be equal to u, as in this Example. 

The 1: Je of 3, 4 is 12, which is alſo the J: xe of 3, 4, 6. This however is certain, 

that the }: XJe of the whole giren Numbers can never be leſs than that of a Part of 

them; for it's ſhewn, that n muſt meaſure 2; or, for this obvious Reaſon, * 
X e 7 


Of Prime and Compoſite Numbers. 349 
J: Xle of the Whole is a co: e to any Part of them, and can't be leſs than their } : xle, 
which would be abſurd, == N 
Again, the Caſe in which it ha 3 that the J: xe of the Whole is equal to that 
of a Part: is this, viz. when one of the given Numbers is equal to, or an aliquot Part 
of the leaſt co: Xle of a Part; for then it's manifeſt from the Manner of the Operation, 
that this Equality muſt happen, as you'll ſce by examining theſe Examples: | 


JI: xles 12 12 12 . 60. 60 


2. If Numbers are given, to find their }: X/e; and if ſeveral of theſe Numbers are 


the ſame, or equa], as A, A, B, C, It's plain that we have no more to do, but 


find the I: xe to all that are really different Numbers. But if we ſhould a Ply the 
Rule to all the given Numbers, without confidering that ſome of them are 5 ſame, 
the fame Number muſt neceflarily anſwer for the I: xe; the Reaſon of which will 
alſo appear from the Nature of the Operation ; as here, the J: Ade of 3, 41812; and 
if to the given Numbers you join another 4, the J: xle is not thereby changed, becauſe 
12 being a e of 4, their Ratio in loweſt Terms is 3: 1; ſo that the Number found 
upon joining of the new 4, muſt neceffarily be the ſame as the laſt, for 12: 4: - 
3 2 wa and according to the Rule :2X1 is the Number ſought, which is the laſt found 
co: N ο;. i 2.4 Y 

4th. This Problem is to the ſame Purpoſe with this, viz. To find the leaſt Number 
that has Parts denominated by certain given Numbers; for a Number which has a 
Part of the Denomination A, B, Sc. muſt be meaſurable by A and by B, Sc. and 
the leaſt Number which has ſuch Parts muſt be the leaſt Number me — by. (or 
the leaſt common Multiple of A, B, G c. 4 | | 


| | | TazorzmM XVII. os tan 
The prime Number which meaſures the J: x of certain Numbers, A, B, C, D, Oc. 


will alſo meaſure ſome one of theſe Numbers. 


DxMON. 19. Take two Numbers, A, B, if they are Incommenſurable, then is AB 
their J: xe; and if a Prime p meaſures A B, it meaſures A or B. (Coroll. 1. Theo. VI.) 
If A, B are Commenſurable, let a, b, be Incommenſurable (or leaſt in the ſame 
Ratio) then is A&==4B, the I: xle of A, B; and if p meaſure A and à B, and does 
not meaſure A, nor B, it muſt meaſure both b and a (Coroll. 1. Theor. VI.) which 


therefore are not Incommenſurable, contrary to Suppoſition. 110 
eo . 2. If there are more then two Numbers, as A, B, C, D, ſup 
ec 1 m the I: Ne of A: B, and the }: e of m: C (i. e. of. 


m. n. C.) Again, o the }: xe of 1: D (i. e. of A, B, C, D); then 


III if p meaſures o, it muſt meaſure 2 or D (by the firſt Article) if 
not D then , and conſequently it meaſures either #2 or C; if not C then 2, and con- 
ſequently it meaſures either A or B; ſo that it muſt neceflarily meaſure one of the 
Numbers A, B, C, or D; but howmany Numbers ſoe ver there be, the ſame Reaſoning. 


will evidently hold through them all. 


ee ee eee TAIOAEZ NM XVIII. + ah = F 
Of certain Numbers, A, B, C, D, Sc. if each of them be ſeparately Incommenſurable 
to any Number, N, ſo. is M their I: xle. | | 


DMON. If any Number meaſures N, M, then ſome. prime Number meaſures them 


(Theor, VII. Coroll. 3.) which therefore (by. the laſt) meaſures ſome one of the given 
Numbers; conſequently each of theſe is not Incommenſurable to N, contrary to Suppo- 


ſition. THE o- 
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TRE ORA N XIX. 
be 8 Common Meaſure, n, and the leaſt Common OY M, of two 
Numbers, A B, are reciprocally Proportional with them ; thus, 
DEMON. Take a': b, leaſt in the Ratio of A, B, then is * ; 9a 
AC rr Hence 2 Ab==amba=Mrz But it's manifeſt that : am: : bi: ban, 
at is, 77 : : 


5 R 0 B * E M. | 

Any Number of Ratios Farah Sur. to . 1 in Integers, i in any Order, 
and in their leaſt Terms. | 

Rule. This Problems may be ſolved two different Ways. 

Aer hod 1. Continue them by Problem I. B: IV. Ch. IV. and then, reduce the 
Number fornd: to their leaſt Terms (by Corol. 3. beor. III.) 

Obſerve, If the given Ratios are in their loweſt Terms, then being continued in 
this Manner, the Numbers! found, will, in ſome Caſes, be in the leatt Terms, but 
not in every Caſe, as theſe Examples ſhow, Vis. 3: 8, and 4: 7, which are in thei 
loweſt 'Ferms, being continued, make this Series ; 12: 32 : 56, which has a Common 
Meaſure, 4, which reduces it to this, 3:8: 14. Again, Theſe, 2: 3, and 4: ), 
make this Series, 8: x2 - zT, Which is in its loweſt Terms Bur if the given Ratios 
arc ae or the ſame Ratio to be continued, then this Method is ood. But I (hail 

he Demonſtration till after the ſecond general-Method is explain'd. 
7 Method 2. The wow rage —— loweſt Terms (or re- 
A:B, % j duced wo .) 1 as A: B, and 
EF: G n poſe on Find E, the } :Xle of B: C, 

41 „0 | (Prob. V.) then find E and G, by theſe Propertions, i „ K Ty. 
beg F: E, and 8 F: G; then are E: F: G the Num- 

ougr ht. 

3 "har E= F, G, continue the. given Ratios,' is manifeſt from the Con. 
ſtruQion : For A: B:: E: FP, and C: P:: E: G. And that they are the leaſt 
Numbers which ebntinue the given Ratios, is thus proved: Suppoſe any other 
Numbers, 4 : b c, which are in the given Ratios ; I fay, theſe are greater Num- 
bers than E: F: G; for, A: Br: - 455 but A Bare leaſt in their Ratio; 
therefore B meaſures 5. Again, C::D::4:c; but C: D are leaſt in their 
Ratio ;. therefore- C meaſures ; therefore alſo, F, the I: x _ C, muſt mea - 
ſure b. (by Gen. Coro. Prob. V.) A - Since Bb un: : 6, and F 
Wehle, therefore E and G, do eq. meaſure 2 and C5 p< 5 — a, b, c, 
7 greater than E, P, 194 which are therefore the leaſt that continue the given 

atios. Te 
nA if oft 10) e K. Sappoſe 3 given Rating, A : B, C: D, E: F. Find 
A's B, my Dy 'E- F. eggs, Ge R I, the 3 . continue the 

1 2411 2 fieſt Ratios; then find N; the i: xle to L: E. * 

Su M2 * Th Bd L\N, beer Proportions, I: M. H: L. G. K. 
a: : 
vis. K : L.: 1 5 

DEMON. "Tis _ they canvas the given Ratios; and they are the leaſt that do 
for For ſuppoſe any other Numbers; that alſo continue. theigiven Ratios, as : 4: 0:0. 

1 that 9 5 muſt be greater than K: L.: M: N; thus, A. B: d: * but 
B are leaſt in their Ratio; theroſore B W ee Again, C: 2D. 5 and 


0: DICE leaſt in their Ratio; therefore Q meaſures b. Hence again, H, — Ie of 


C, mesſures 6 bat alle Wy 144 þ4 G4 therefore L meaſures c. Again, E. mn 
.C3; & 


and this E F: N.; then are iheſe che Numbers ſought, 


a AS Aa a Aa - on 


1- 


SO HT Ryu T —» © T 


— 
RN. 
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62d. 2 E: F, Nr vers leaft Terms, r c ; therefore, M, the ]: ve of 


meaſures c, but 


bg K, L, N, do * meaſure a,b, 4: 1 a, b, c, d, are greater than 


K, L, M, N, Which are t 


Numbers, 
Numbers M: N: 


G. And laſtly, 
. 028, allo G: 


A:B, C- D, E: F. GiB 
XL 


Nen O: P 
8: 1 0 
2 ic: 1515 


fi 5 3 oh mal K : 
therefore E meaſures c 
c; and becauſe O: P: 


75 and n 7 
C 


cqall meaſure a, b, c, e. Hence a, b, c, d, e, 


9 find Q 


: K: 4: 


: L: 5: d; and becauſe M meafüir 


es c, 


erefore the leaſt that continue the given Ratios. 


Ill. Sup ſe four Ratios, A: B, C: D, E: E, G: H; continue the firſt two by he 
T. K Li) 8 being the J: xe of B, ©) and continue the firſt three in the 


(O being the }: Xle of L. E) then find T, the } :X/e on 
R, 8, U, by theſe Pro 8, Dix. P PZ: : M: 
T2 H: U then Q, R, S, T, U, are the Numbers ſoug 
Daxuow. They continue the given Ratios gan 
and that they are the leaſt Numbers which do fo, 
I prove, by ſhewing that any other Numbers, 7, B, 
541 Ty d, e, which continue the ſame Ratios, are greater 
t han 'they : Thus, e , en C:D:: 
C5 therefore = and do both meafure Þ ;- 
| 0 — conſequently, K, the }: xe of B, C, does mer 
1. 5 2c, therefore L. meaſ Again, E: F: 


ures c. 
Aud hence again, O, the } : Je of L, E, does aHo acai 
therefore both P and G Oy 


:c:d, and G: 1 es 
the J. xle of P, G, does meaſure d : But now T: d: 

e; and becauſe T oor d, therefore Q, R, 8, U, 
ter than Q, R, 8, T. U. 


which therefore, laſtly, are the leaſt that continue _ given Ratios. 
As I think the Progreſs of this Rule, and its Reaſon, ad Infinirnm, will be clearly 


perceived after what's explained, I ſhall carry it no 
ral Remark, vi. That for ev 1 


further ;. but only make this gene- 
ery ſucceeding Series, or every new Ratio added, we be- 


n always with the I: xle of the Antecedent of the new Ratio, and the laſt 
| « the preceding Series; and making that the laft but one of the Series ſought, 


ve find the reſt by Pro 


ions drawn from this and the Terms of the preced! Series, 


ther with the Ratio added ; then the Term which was firſt found, is a brincli⸗ 
"Mediam for e that the Numbers found. er the given ] Ratios in 


the leaſt Terms. 


ee, 


if, Either of theſs two Methods are uni verſal, 1 the, given Ration ate „ A 


rent or the fame; 


its leaſt Terms, and 


and are indeed the only Methods that pve this Problem, in all 
Caſes; but in that Caſe where the ſame 
continue it 


Series ſound will be in its leaſt Terms ; 


tio is to be continued, if we take it in 
by the Problem refered to in the firlt _Merhod,, the 
as I have already ſaid in an Obſervation, af- 


ter the firſt Moved 3 and which [I ſhall now demonſirae : Thus, 


5 4 7 7 { 
N 7 22 108 
„ His 
N 2 * 
8 12 718. 27 
a Fo 2 3 3 7 


1 


16: 24: 36: 54: 81 
| Oc. 


"© "Extremes of the Series are 1; 
1 775 Ratio; 
mh 


ding ſecond MerÞof : Por if you compar 


By the Method of this A it's e that the 
Powers of the Terms of the 

and theſe being Pen ne, (or in 
elr leaſt Terms ) their like Powers muſt be ſo (Theor. 
XIII. Car.) But the Extremes of a Series: being, Encam- 


15 1 menſurable, the Whole muſt be ſo. 


Or, The Truth of this will alſo appear from the prece- 
e this Operation ex- 
actly with the preceding Rule, you will find it's the very 


ſame Work which would be made by that Rule; only in 


| the 


this Eme Rat Caſe it is eafier Work, becauſe of its being 
ame * 2 in its leaſt Terms. py 


| 
| 
| 
i 


in the 
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- Obſerve alſo, That the ſame Series is made by the Series of the Powers of the gi. 


.» 


ven 'Terms of the Ratio, "4; together in a reverſe Order; as has been ex. 
plained in Schol. to Tbeor. VIII. B. IV. Ch. IV. and which is expreſſed in this 
general Form: firs a | | 


An; A- „ B 1 A2 B* ; Sc.: A x B +: BY 


. 2d, In B. IV. Ch. IV. Prob. I. Schol. 2d. IT have obſerved, That tho' we take all 
the poſlible Expreſſions of the ſame Ratio, and continue a Series by each of them, 
et this would not exhauſt all the Variety of Numbers, in which a Series in the ſame 
atio might appear; and the univerſal Method of finding all that Variety was referred 
to another Place: And here we plainly have it: Thus, 
. Raiſe a Series from the leaſt Terms of the given Ratio, to the propoſed Number of 
Terms ; then ſucceſſively multiply this Series by 2, 3, 4, Sc. taking the Multiplier 
n th Order of the natural Series, ad Infinirum ; and you ſhall have hereby the Se- 
ries in all its poſſible Variety: For it is firſt in its loweſt Terms, and then in all the 
Multiples of theſe ; which neceſſarily exhauſt all the Variety: Becauſe a Series is 
either in its leaſt Terms, or in the Multiples of theſe (Theor. I.) Therefore, if 
A : B expreſs the leaſt Terms of any Ratio, all the poſſible Variety may be expreſ. 
Ted in this general Form: 1 r 


A*% : Ar % A*—B*x : & c.: AB*—'s : Bax. 


Where, according to the infinite Variety of Numbers, in the Order of the natural Se- 
ries, that x may repreſent, ſo will the Series be different: So x, being 1, the Series 


is in its leaſt Terms; becauſe 1 does not multiply ; but in all other Values of x, the 
Series is Multiple of the leaſt Terms. e ex 
Obſerve alſo, That if x is any Number, which is a Power of the Order » (1-+:, be- 
ing the Number of Terms of the Series) then the Series, with that Value of x, is 
what would ariſe by working, according to the Rule in Schol. I. with ſome of the 
greater Terms of Ratio, which are always Equimultiples of the leaſt Terms; 
Thus, Let «=, then is A*x= A Af (by Theor. I. B. III. Cy. I.) and 
Br BR =, and theſe Extremes are plainly like Powers of Ar: Br, Equimul- 
tiples of the leaſt Terms of the Ratio A: B. But all the greater Terms of this Ra- 
tid are univerſally expreſſed by Ar: By; and the Extremes of a Series rais'd from 
theſe, are univerſally Tf: B7Þ : Which ſhews that all the Variety that would ariſe 


by with all the different greater Terms of the Ratio, is had by making x any 
Power of the Order u. And laſtly, If & is any Number, which is not a Power of 


the Order u, then we have all the reſt of the Variety, which cannot arife from work- 


ing according to the preceding Rule; becauſe whatever Terms of the Ratio we work 


with, as Ar : Br, the Extremes will be Tf: Ft, fimilar Powers; but x not be- 
ing Ur our of the Order 1, A: B' cannot be ſuch Powers (Cor. 4. Theor. II. 
S. III. Ch. I.) | . y AN | 


Obſerve, ally, That in a Multiple Ratio, or whoſe leffer Extreme is 1, all the Vi- 
riety is had by ing Series from all the different Expreſſions of the Ratio; which 


1 


in this Caſe only has the ſame Effect, as multiplying the leaſt Terms of the Series. 
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hi. II. Relating all to Geometrical Progreſſions. 
er e THEOREM XX. . £ | 

If a Geometrical Series is in its leaſt Terms (i. e. all the Terms Incommenſurable) 
the Extremes are ſuch like Powers of the leaſt Terms of the Ratio, whoſe Index is the 
Number of Terms leſs 1. And if the Series is not in its leaſt Terms, the Extremes 
are Equimultiples of theſe like Powers of the leaſt Terms of the Ratio. 5 

Dzmon. This is plain from the. Method of raifing a Series in its leaſt Terms, ex- 
7115 in the preceding Problem. (See Schol. 1.) For if a Series rais d from the 
eaſt Terms of the Ratio, is in its leaſt Terms, and the Extremes are the 2—1 Pow- 
ers of the leaſt Terms of the Ratio; alſo, ſince two Series in the ſame Ratio cannot 
be both in leaſt Terms, and conſiſt of. different Numbers; therefore the firſt Thing 
ropos'd is manifeſt. Again, if the Series is not in leaſt Terms, it conſiſts of Equi- 
multiples of the leaſt Terms, (ſee Schl. 2. preceding Problem) and conſequently the 
Extremes are Equimultiples of the 2—1, Powers of the leaſt Terms of the common 
Rama 3c Nof. , ,  eractirns ws. = | 

Scnor.. As every Series, not in its leaſt Terms, are Equimultiples of the leaſt ; ſo, ac- 
cording as the common Multiplier is, or is not, a Power of the Order u, the Extremes will 
be, or will not be, ſuch Powers : And comparing Fla with the Extremes of the Series, 
in its leaſt Terms, we may obſerve, that the Extremes of every Series have one of 
theſe three Qualities. | | in aa ; Wet 
1. They art Powers of the Order #, ;. but not alſo Equimultiples of other Num- 
bees which are ſuch- Powers: And this happens only when the Series is in leaſt 
4 Erms. £Lk $4 O41 | "00>? 3 & 0 N „ in * f 1 i» 
20, They may be Powers of the Order u, and alſo Equimultiples of ſuch Powers; 
which happens only when the leaſt Terms of the Series are multiplied by ſome Power 
of 2 1 is. when. a Series is raiſed from any ſuch; Terms of the Ratio as are 
not the leait. . NY : 

30. They are Equimultiples of Powers of the Order u; but are not ſuch Powers 


* 


plied by ſome Number which is not a Power of the Order 2. 


ff. If four Numbers are: :I, A: B:: C: D; and if any two of the Comparative 
Terms, as A, B, or A, C, are Similar Powers of any Order; the other two, C, D, or 
B, D, are either Similar Powers of the ſame Order, or they are Equimultiples of ſuch 
Powers: For if A, B are Powers of the Order u, they admit #—1: Means; and ſo alſo 
do C: D; 2 by this Theorem, they are either Powers of the Order u, 
or Equimultiples of ſu en. ett N eee, oo. | 

zd. Two Numbers, A, B, that are like [Compoſites of n Factors, are either both 
Powers of the Order u, or Equimultiples of ſuch ; for being like Compoſites of # 
Factors, they admit of »—1 Means; i. e. they are the Extremes of a Geometrical Se- 
ries of 3x Terms; (T beor: IX. B, IV. Ch. IV.) and conſequently, by this Theo- 
rem, they are either, c. | 2a 5 . | f 5 


Tu ZOon ZN XXI. 


wy a Geometrical Series is in its leaſt Terms, or Incommenſurable, ſo alſo are tho 
Extremes. i : eee ee UEINTS 1 III INE BE | 


themſelves.: Which happens when the leaſt Terms of the Ratio (or Series) are multi- 


io 1 * * - ” - 5 
, , - 
| 2 ; : > 4 b- * a ; Di 
* 4 * , 5 &* « - _- * E 0 — 
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Dzmon. The Extremes are like Powers of the leaſt Terms of the Ratio; but the 
eaſt Terms are Ii rate (Ther. IV.) and their like Powets ave alſo Iycon. 
menſurable (T heor. XIII. Coroll.) 


OROLL. If the Extremes of a Series afe Cormenſurable, the whole Terms are ſo; 
for the Whole: being rms ne {6a are the Extrem 


I Geometrical . 15 f 25 Mee, th ae Terms, 
n eve Ca was Atto' 18 not E EX» 
cludling likes of the Extremes, are Cormenſurable. 

Dgxmon. By the Work of the preceding Problem, as ir is repreſented ' in Sybol. 1. 
all the Terms of the Series are Nd ls of the leſſer Term. of the Ratio, except the 

ater Extreme ; and all are Maltiples of the r Term of the Ratio, except the 
r Extvertie : Wherefore in all Caſes, the c Ferms are Commenſura afarable by by that 
Term of the Ratio; | 
; COROLLARE E 8. | 

Tf, All the Terms of every Geometrical Series, exc: t the kw Bama, in ſome 
Caſes, are, Compoſite Numbers: For if the Ratio is ultiple, the leſſer Extreme 
may be 4 Prime, arid then alt the other Ferme are Multiples of it: But if the Ratio 
* not Multiple, all the Ferms are 3 Nuctibers ; whicls are cither Powers or 
Multiples of the Terrtis of the Ratio again, 

24. No Term of any Geometrical Series, except the lellar Ex eme, eau be a Prime 

Number. And henc 8 
Z3udũͤ. Betwixt two Numbers there cannot bes Gedmetrieal Mean in Þ whole 
Number, nor conſetiuently in 4 mix d Number; becauſe tlie Mean is the ſquare Root 
of the Product of the Extremes ; which not baving an Integral Root, has none at all 
(by Theor. XIX. F. HI. CF. I.) And more generaliy, betwixt two Primes there falls 
no Number of Grometrical Means; for ? Meare they e be, e 
Fer; oy iy ara be Fraflicnal, ar you ll fee ir 9880 XXV. 


Pros XXIII... 
r . Tenne or Is 
commenſurable, another Integral Term carmot be added, either increafing. or de- 


Data The Series being its its leaſt Terms, if we fuppoſe another Integral Term 
added, then in this iner Series, the whole Terms, n 
d, are not Commenſurable ; which-is to the laſt Theorem. 

take this other Demonfr ation : Let A, B ant L, be the firſt, fecond and laſt 
Term of a Series, in its leaft Terms ; to which let another Ferm, x, bs added; then 
16 A: I: L. . But A: — ſurable; becauſe the Series from Atto . 
is ſo (Theor. XXI.) therefore A meaſures B. Aud hence again, A meaſures every 
Term of the Series ; the Ratio being in this Cafe Multiple, 7. e. every Term bein 


an aliquot Part of the next greater wr uns ans n But if 
meafures L, thor A, 1 


Corxort. To two Natnbers — a Nd: in Gromerrical Proportion, 
cannot be an Integer. | 


SCHOLIUMS. 

19. The Senſe of this Theorem is the ſame with this, vis. If ; a Series is in its leaſt 
Terms (the Ratio not Multiple) the laſt LL; cannot be to any Integral Number in 

the ſame Katio, as the firſt Ferm to the 
2. Though the Extremes of a Series — Commenſurable, and at the ſame Time 
42 both Compoſite Numbers; yet it will not follow that another Integer can be ad- 
ed to the Series; as here, 9 30: 45; the Extremes, 20, 45, are both 3 
uUmders, 


mag Ms => 


menſura 


which it is a Part, and to which another Integral Term i is 


Zo 
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Numbers, and Commentarable ; yot another Term in the ſame Ratio is mot Integra 


for it is 4 ha Bat Vrgch es ay alſo gernoultrate independens tly of any Pts 


Example. In every Series, all the Terms, except the leſſer Extreme, are both 
Commenſurable and Gompaſme Numbers: And ¶ the. Series tis in its leaſt Terms, 
another Integra] Term cannat che added ; but F we take the Lerm next the leſſer Ex- 
treme, and mene gręateſt Exeremes for the Extremes of a Series, they are both Com- 

ble and Compoſite ;' yet another Integral Term cannot be added above the 
r Extreme becauff what. is added to this Serigs, is alſo added to the Series of 


ae wn to be impoſlible 5 


* * its e fn fe 5 which * : 1 11 
rater of a Series, hi its o 3 7 tegral Term, 

2 15 Mk be de ” educed from 1 en N. ifs aachen Let A, Ft ve, he 115 e and 
rms, of a Geometrica pe 8 Term zade d after L is Integral, let it 
belle M. then . B: L 1 o that A meafutes BXL ; (for M= BEA. ) 
ck eee there is no ae in the Compoſition of A, but 1 is found in the 
. of BL (i. e. either n B or, L) nor ie Prime oftner 0 and b! A, than 
it is 1 BL > For stherwiſę A cauld not meaſure ty Theor. X.) andio M would 
not nteger. 


Thus then me Cee mbat.are the Conditions « hens Hop. has apts 


ee e le an Integer. 


| _ TONNE STE no ; 
As e e pf cm Abt ja a , | when bg lebe meaſure 


(FLEET 2 there be any 
beret the later: does not e eg —— 900 1 af the; flee Pall 


a any of. E rg [ $? RR 
n Lf, Jet any Saget be thus, d nt e 4 65 , Bain | 
| ee any lafler, the Quote is ſame lis 18 Kia 3 
1 . Lategor, , er.; l in eg 
its Root year; ye ſo — . — * Ir is an SL, 
its Torre ay — ey 


d. The ſecond 8 
any gfeatęr, 12 N lire b greater, 0 


tion. | 
ROLL. t f. A\ a bet EG en it is 
the greateſt common 2 Pepe 8 SI it meaſures : bn the 2 erms, 
and is its own go Ry - 


— is obvious from t wars | ; for far any xm meaſures 


. 


(Emo e . 
Ane he Jefler Pas :of 2 Series, is a Prime Number, the Ratio of tht Gories is 


Maultipl or every leſſer Ter greater. 
e i es no 550 che e EN B, ue Nie Number, 


Bare Tycommen < e; on dy chere c: ird For al Term 
IEY don 


i Coroll. ion ; 2 E A Kok mon every 
er Term meaſures every greater. 


Cororr. If the leſſer Ext of, a Ba is a Prime Number, that Series cannot be 
an 1:00 TEM 5 becauſe the e leſſer Extreme meaſures W Whole. 


4 it ONs a Sl. z et rn 3 1 1 XX I coritena | 1 590 . 11 
Whatlidas Number meaſures the 322 of a — Lin me dere wy 4 mid 
le Terms; or thus, the common Meaſure of che Extremes 1 is ſo to the whole 


Series. 


22 2 DEMON, 


| 
' 


— —. 
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Dxxon. Let the Series be, A: B: C, Cc. :: L, and ſuppoſe that ñ meaſures the 
| Extremes A, L, by theſe Quotes, 4, I; that is, —=4, and Z=; chen is A. Li. 


J; and as many Means as fall betwixt A;: L, fo many fil betwixt 4. I in the ſame 


Ratiz, Let the ſecond Series be a, ö, c, Oc. 1 then is A: 4: : B: O but Ane, 
therefore B=mb, hence =; bo 6. m meaſures B by b. In the fame manner will 


the Reaſoning proceed to bike next middle Term C; for, B:: :C:c; 5 but B=ny, 
and therefore C=me, and Oct; and fo of all the ret. 


Cogorr. Hence we "Wy an eaſy Rule for finding the greateſt common Meaſure of 


any Series, vis. by finding that of the Extremes. 


Schor. This Theorem is true, whether the Sl . all 18 or not, and whe- 
ther m be ſo or not. 


. 7 HE O RE NM xxl. 
As many Geometrical Means as fall betwixt any two Numbers, A, L, ſo many there 
fall 7 each of them, and their eſt common Meaſure. 
Dzmon. 1*. If A, L are the leaſt in their Ratio, then whate yer Number of Means is ſup- 
2 to fall betwixt mon, as #—1, the whole Series is leaſt in its Ratio, and A, L are 
owers of the Order » (Theor. XX.) As ſuppoſe Aa", and Lb; now a", In 
being leaft in the Ratio, 1 is their greateſt common Meaſure, and betwixt 1 an, allo 
"PE 1 h there fall »—1 Means (Cor. III. Prob}. III. S. IV. Ch. III ) 
o. If A, L are Commenſurable, Tet n be their greateſt 9 Meaſure, and A- 
m=B; L-m=D; then are B: D leaſt in the Ratio of A: L (Theor. III.) and be- 
in the ſame Ratio, ther therefore they admit as many Means 5 T heor. VII. Book IV. 
Chap. IV.) But by the Laff in ar betwixt 1 and B, or D, there fall as many 
Means as 17 P, or A: as ſuppoſe 9—1: Bar again, ſince Ag, 
therefore : A: 1 B. and deen 1: B, there fall 1 Means; conſequently there 
fall as many Review: A. And becauſe L, hence W LIZ T. D; and be- 
twixt 1: D hoo fall —1 Means, conſequently as iy betwixt m : L, that i is as ma· 
ny as betwixt A: L. 
Scho. By the ſame Reaſon there will fall as many Means botwixt A or L, and any 
of their common Meaſures, as fall betwixt, A: L Cn nent 27 
TMEOREM XXVII. 
As many Means as fall betwixt any two Numbers, A, B, fo many all betwixt each of 


-them and their leaft common Multiple M. 


Dzmoxn. Let m be the greateſt common Meaſure of A, 55 then (by Theor. XIX.) 
A:: B: M; and (by 7 ber. XXVII.) chere fall Means betwixt m. A 


gs Aran B (by THeor. VII. Book 300 Chap. IV.) as many 
— tr or A: M 1 a ge © 


A or m. B;ũ that is, as many as betwixt 
A : B. e, cups 


1 XXIX. 


| Of a Series in continued Proportion, take the Series of the dene common Mes 
ſures, or leaſt common es n top ee Terms; _ are alſo in one 
mane ah ett i jd DL FR CET 


* 
+ < : ao & EE FTE 4 y =, 1 7 11 
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| DzMoN. 19. For the greateſt common Meaſures : Let } 

A: B: C: D: Cc. | be that of A, B, and m of B, C, and # of C, D; alſo, 
1 e the leaſt Terms of the common Ratio of the 

a : firſt Series. Now, I, n, » do equally meaſure A, B, C, 

| vis. by 4; and they alſo meaſure B, C, D equally by S; 

(Theor. III.) and, Reverſely, a meaſures A, B, C by J, m, u, and þ meaſures B, C, D 
by 4, m, ; hence J, m, M are continuedly in the ſame Ratio as A, B, C; that is, as 


dh: o ; | 

29. For the leaſt common Multiples: Let I, m, » be the J: xles, then is Ab, 
BU, Ch; hence I: m:: Ab: Bi. A: B, and 1 :. BU. Ch: : B: C; 
therefore } : m: m n. | 


1 %% % oa ; | | 

If any Numbers, +=, are in their loweſt Terms, as A, B, C, D, and L, the leaſt Terms 
of whole Ratio are 4: b; whatever Number, m, meaſures any Term of the Series, it's 
Commenſurable with à or 5h. p 

Dzmon. The Series being in its loweſt Terms, and & : þ the loweſt Terms of the 
common Ratio, then the Extremes are Argan and Ln; and any middle Term may 
be expreſſed ax . (See Schol. I. Probl. VI.) Now, if 22 is Incommenſurable with 
4, and 5; it's ſo with any Power of 4 and h, and with any Product of any Power of the 
one by any Power of the other, (Theor. XII. Coroll.) wherefore it cannot meaſure any 
Term of the Series, contrary to Suppoſition. 


THEORENM XXXI. 


I A: B C :D, &c. are ==), and in their loweſt Terms, each of them is Incommen- 


ſurable with the Sum of all the reft,” © | | 

DzmMon. Take any one of them, as, B; I ſay B, and AJ-C+D are Incommenſurable; 
for if they are Cormentarebli let n — both; and take 4: , the loweſt Terms 
of the common Ratio ; then, fince 7 meaſures B, it is Commenſurable to 4 or & (by 
the laſt); ſuppoſe to 4; and lets meaſure m, and a, therefore » meaſures a, B, and 
Tb (becauſe » meaſures mn, and n meaſures B and AÞ CFD). But 2, the 
Antecedent of the loweſt Terms of the Ratio, meaſures all the Antecedents of the Se- 
ries, A, B, C, Hg. (theſe being all Multiples of A, as appears from the Work of 
Probl. VI. as it is in Schol. tft.) And fince # meaſures a, by Suppoſition, therefore 
it alſo meaſures each of theſe, A, B, C Mt but it meaſures alſo AÞ+C+D, therefore 
it meaſures D (Axiom z.) conſequently it meaſures each of theſe, A, B, C, D, which 
therefore are not leaſt in the Ratio, contrary to Suppoſit ion. 

If inſtead of 3, we take þ, the Confequent of the Ratio, the Demonſtration will 
be the ſame ; for then h meaſures all the Conſequents, B, C, D, Sc. and conſequent- 
2 meaſures them all; and becauſe it meaſures AÞ-C+D, therefore it alſo mea- 
ures A, i. e. it meaſures each of theſe, A, B, C, D, Ec. contrary to Suppoſition. 
How many Numbers ſoever you ſappole, and which ſoever of them youtake, the De- 
monſtration will ſtill be the ſame, from 4 meaſuring all the Antecednts, and 6 all the 
Conſequents. 8 He RY = 


Tauzenzx XXXIL 961 
Of a Series =}, and in their leaſt Terms, any one of them is Incommenſurable to 
the Sum of the whole Serie. 5 


DEMO. 


258 Of Prime and Compoſite Numbers, Bock V. 
DxMer. Any one of them is Incommenſurable to the Sum of all the reſt ( (by the 


laſt) and this Sum added to that one (which makes the Sum of the Whole) is yung 
menſurable to any of the Parts added (Cor. Ae. ad.) ci. to that one. 


5 Ta EzOAEKNu XXXIII. 8 
[fa:b:c:d4: &c. k: 1, 58, and in 2 equallyimgsGare A; B: C. 
D, Sc. K: L, by n; alfo if 7 : 5 are the leaſt Terms of tbe Rate, and neither v 
them. ow . m, then another integral Term cannot be added to the laſt Series, 
c 
Dzxcon. Since a : b e, &c. do meaſure A: B:C, Sc. by tn, e the laſt Series 
is the ſame as am: bm: em, &c. km : lm, and the Krſt Series the fame as r: -, 
&c. to 8; then r, s being Incommenſurable, ſo are , 56, or : I; and 5: f 5:4. (Cor. 


Ti 11 Again, km: Im: : Im: F the Term added; which is not Integral; 


for £ "4 =2 hence . but + is denise to beth: s wk and conſe. 
quently LY Th. XII.) and atv it does not meaſure an, thorefore it Sow not meadure 


64m ; (Theor. VI. Cor. 2d.) chat is, the Term added is not Int 
Scher. By the ſame Method of e by — — Ss an 


two Num 
bers, 4 :b are eaſt in their Ratio, and do equal Ar mor ay, Ab, by, 
which neither @ or Y meaſures, 2 B. is impoſũ ble in integers; far 


A=am and B=hm, and the third ==] i nn, But x being Lcemmenfarable 
to B, is ſo to 45 and 1 it Lo r ea m, "I oo. not _— bm. 


. 


- Tu o nN XX NIV. 
The Extremes ef 1 Geemetical Series, whoſe Ratio janet Mulcipls, dk 
== Numbees, Index ix the Number of Denms leſe a: So. af the geries 
has three Terms, the Extremes ure ant > © oor gain 
four Terms, the Extromes are compoſed of three: Factors, 
Dzmon. The Extremes of every Series are cither like Powers, whoſe Index is the 
Number of 'Torms leſs 1, ore | axe lee of ſuch 525 . XX.) 
If hey are Powers, the Truth of this . As imagines te Owe gompre- 
honded under the Notion of like Com eee es of like Pow- 
ers, as «FI x4", the 5 Truth is 2 mY a An ch. aber pet ur, ("ts 
K*, "ac. xÞx}xb, in one, ar in the ather equally ; then 
it's plain that xa: z the FT 1 ane and 75 4 
Bat now ohſerve, * go Similaci 222 Cempeſition may be i in ſome Caſes, al- 
ter a Manner different from any of ee tepteſented; in which all the Factors 
in each Extreme are equal among themſelves, as when they are like Powers ; or al 
as in BE, 88 Caſe; ; fo in Taye Caſes, Iſay, the Similar Compoſition 
b will be b. y Factors, re All wong theinſelves 4 in each Extreme: And 
in 12 Cate, th Wah thay are not all different, yet neither will 'they be all equa), 
except one, Now, Fecaie the preceding Demonſtration-repreſerits the Extremes of a 
— as compoſed after two particular Ways, though there are alſo others; therefore 
I ſhall give another Demonſtrazjan-of he Theorem, unlimited to any particular kind of 
Similiar Compoſition, and which compreherids them all: And afterwards I ſhall ex- 
plain the Limirations of ſome partioutar Caſes. 
Let the Extremes of a Series be A, N, and the Term note! greatet Extreme (d) 


be M. Then, I ſay, 17. If 


2 PNS. en. 2 S8 


rns 


Chap. I. Of Prime and Compofite Numbers. 359 


1. If the Theorem be true in every Cafe where the Number of Terms is u, it is 
aſo true when the Number of Terms is r; which I thus prove: | 
10. If from A to N, including both, there are 41 Terms, then from A to N, ex- 
cluding one of them, there are » Terms; and by Suppoſition the Theorem is true, 
of » Terms from A to M: Suppoſe as many Terms, leaſt in their Proportion, as the 
Series A.. . M; the Extremes of this new Series, are, by Suppaſition, like Com- 
pofites ; which we may repreſent thus, vis. ab&c. cd&c. ſuppofing as many 
Factors as 2—1. Diſpoſe theſe under the other, as in the in. Then, * 
| | 2. Since ab&c.: cd&c. are Similar Compoſites, it is 
J OE 4 :::: d; and ſo through all the Factors, comparing them 
ab&C. « . . cd&c.: in Order, the leaſt Factor of the one to the leaſt of the 
- other; and ſo gradually on to the greateſt. Again, this new 
Series being in the leaſt Terms, and in the ſame Ratio with the other Series, from 
A to M, every Term in that Series will meafure its Correſpondent in this equally, 
and that by their greateſt common Meafure, ſuppoſe : efore 1mXab&c.=A, 
39. Compare the ſecond Series from cd&c. to as many of the other, taken from N, 
towards the Left-hand, and they are alſo leaft in the ſame Ratio with theſe ; becauſe 
theſe are Part of the fame Series proceeding from A; conſequently each Term of the 
Series, abc... . . cd&c. meaſures its Correſpondent, in this Part of the firſt Se- 
ries, equally, ſuppoſe by » ; thus, cd&c. meaſures N by ; hence, ct =N ; 
{ that, for the firſt and two laſt Terms of the given Series, we have new Expreſſions 


— — are theſe ſtanding under them, in the annex d Scheme in the 
1 25 4. Since ab&c. cd&c. or A, M, are Simi- 


. : N lar Compoſites, by Suppoſition, it remains on- 
Mabe. . . .. Xcd&c- : wxcd&. to be ſhewn that MN c. and nxcd&c. 


| that is, A and N are alſo Similar Compoſites ; 
which is done thus, The Series from e. to ccd. is in the continued Ratio of 
to n 3 for the two laſt Term, vin 21xcd&c. uxcd&c. are plainly ſo; wherefore the 
ſecond Term of the given Series being called B, its equivalent Expreſſion in the other 
Form, is 2Xab&c. ; but mnxab&c.: 3Xcd&Cc. : : mxab"&c. Nah Kc. (=B*.) the In- 
dex 9 being the Number of Terms leſs r. (Theor. VI. B. V. Ch. IV.) Again, 
becanſe ab NC.: nxab&Cc. 9. 20 m 23 therefore wxab"&c. : B:: ; 203 
(Cor. 11. Theor. III. Z. IV. Ch. IV.) wherefore alſo mxab&c. nxcd&c. : : . 
Hence again, ab&c. : cd&c. : : m: a (3—x being the Number of Facters in 
4b&c.) but by Suppofition, 4: c::b:d; ſo that —== ; and the like being true 
; . e . > abihe. 
in Xs of the Factors of ab&c. Cd8cc. compared, therefore Nc. Nc. 
== 5 Wherefore ab&c. : cd&c.: : a: on, and ab&c. : cd&c. :: mn: -u. 
Hence a: ci :: h; n, and 4:c::m:sn (Cor. 11. Theor. III. B. IV. 


Ch, IV.) Wherefore, laſtly, mab&c. ncd&c. that is, A, N are Similar Compo- 


lites of 9—1 Factors, A being the Number of Terms in the Series which is the firſt 
Part of the Demonſtration. But, | 


2d. The Propoſition is true of = three Terms, A: B: Cin a continued Series, 
„e. A and C, ate like Compoſites of two Factors; which is thus demonſtrated ; 


Take 


' 
i 
: * 
= 
x 
| 
| 
| 
} 


A, B are the Extremes. 


Caſes ; then the Theorem may be taken without the Limitation... 


poſition, by equal Factors only. T 


Number of Similar Factors; 
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11 Take 2 : b, the leaſt in the ſame Ratio, with A: B and B:C, 

A: B: C they muſt equally meaſure A, B, ſuppoſe by c; and B, C, ſuppoſe by 
4: 5 | 5 | IT C | 

ck d; that is, 7 c, and 7e Alſo, 724. and 7 =; there. 

ac: ch: ùd fore ac = A; ch=B==ad, and d C: Wherefore, ac: bc : d, are 

in the ſame Ratio continuedly, ſince they are equal to A: B: C; but 


it's plain, that ac: be: : 4: b, and be: Gd: : c d. Hence a b: d, that is, 


ac and bd are like Compoſites of two Factors. + RT | 

3d. Therefore the Theorem is true in all Caſes; for it is true in Caſe of three Terms, 
by. Article zd; and it follows from the 1it Article, that it's true of four Terms; and 
from this again it's true of five Terms, and ſo on for ever. 8 


6 COROLLARIES. | TT 
| If. If the Product of two Numbers, A, B, makes a Square Number, theſe Num. 
bers are like Compoſites of two Factors; for if ABN, then A : x : B is a continued 
Series, whoſe Extremes, A, B, are, by this Theorem, like Compoſites of two Factors. 
2d If it is A: B:: C. D, and if A: B are like Compoſites of any Number of 
Factors, C, D are like Compoſites of the ſame Number of Factors; becauſe they ad- 
mit as many Means as A, B, or are the Extremes of an equal Series, with that of which 


al e ,27 12 ene ae 3 © Jiu 9001-7 
1ſt. The Reaſon of limiting the Series to a Ratio, which is not Multiple, is, becauſe 
if the Ratio were Multiple, the leſſer Extreme may be 1, or a prime Number: But 
as I is allowed to be a Power of all Orders, and conſequently to be a Compoſite of i, 
as a continual Factor, for it is IX IXI, &c. If we alſo allow x to be a in other 
ad. It has been ſhewn, that the Extremes of every Series are like Powers, or the 
Equimultiples of like Powers; and in ſome Caſes, that they are both. Thoſe that 
are like Powers only, and not alſo n of like Powers, have a Similar Com- 
hoſe that are not like Powers, have a Similar Com- 
poſition only by Factors that are not all equal ; and which, in ſome Caſes, will be all 


different; in others not. Laſtly, Thoſe that are both like Powers and Equimultiples 
of like Powers, have a Similar Compoſition, both by equal Factors, and by ſuch as 
are not all equal. I ſhall explain theſe Things a little more particularly. 


(19.) Thoſe that are like Powers only, have a Similar Compoſition only by equal 
Factors: The Reaſon of which, is this; Such a Series is neceſſarily in its leaſt Terms; 


for if it is not, the Extremes are either Equimultiples of like Powers, or they are 


ſo, and alſo like Powers; and therefore not like Powers only, contrary to Suppoſition. 

Now, if a Series is in its leaft Terms, the Extremes are like Powers The leaſt 
Terms of the Ratio; the Index being the Number of Terms leſs 1 (Theor. XX.) 
Thus the leaſt Terms of the Ratio being 4: b, the Extremes are 4", ba; buta:b 
being Incommenſurable, fo are 2, * (Coroll. Theor. XIII.) ſo that there is no 
Prime common to a and þ*® 5 or which Reaſon they can. never be reſolved into any 


that compoſe them, or Products made of theſe Primes, which cannot be Proportional: 
For ſuppoſe that x, ⁊, are any two Products, made of the Primes of 4; and y, v, two 
made of the Primes of ; theſe Products are Incommenſurable each to each, i. e. 
& to y, and S to v; becauſe the Primes of a are all different from thoſe of 5" ; 
wherefore x, y, 2, v, are not Proportional; for if they are, then x, 5, being Incom- 


menſurable, 2, v, muſt be Commenſurable, contrary to what's already ſhewn. 


Hence 


cauſe theſe Factors could be no other than the Primes 


mm en > Mw cod cw ww. tt Me > @ Jklvr :: ww. . ou £m;A2 ce 


. 1 6 : : s : 
grunt we' know 1 to-fod al tha Team a a are ſimilary Com- 
te, by Factors only, whoſe Number is the Number of Terms leſs 1, we. 
y finding w * they are in their leaſt Terms. 
(3%) Joſe, that arc, mot like Powers, have a Similar Compoſition only by Factor. 
that are not all equal: This is obyious. - - 
eee — not * their leaſt Terms, and y jet ars like Powers of the 
12 u, it's manifeſt apes Articles, that they are ſimilarly Com 
poſite by Factors all — ; 2 alſo y ſuch as are ae equal. 
"Bus c * for the two laſt Caſes, py it-is no caſ In all 8 to. det, ing 
whet er t ie Feen es admit of a fimilar Compuſi tion, y Factors th at are all 
or by Factors that are partly different and partly equal; or whether. it may not be —5 
Ways. . The(a Things anly I find evident. x. That for a Series of three Terms, whoſe 
Extremes are not Squares, the ſimilar Factors muſt be all different; becauſe there are 
but tro them ; the Ia vention of which Factors is 717 thus, 6, U, being the leaſt 


Terms of the Ratio, /, H, are the Extremes in Terms; and therefore in 
the preſent Suppaſition, che Extremes arc 25 of theſe, uſa, CURE aXanm, 
and b*Xom== Ibm, 22. 2+ For a . where the Extremes are 
not leaſt in their 1 and yet are C . . cd either all 
three different, or two of them equal, 3 the * different, from theſe: The Rea; 
— and the Invention of theſs Factors, eee e thus g it has 
eon, 


that ſuch a Caſe happens enly wh is raiſed, after the Many 
ner of Problem I. B. IV. Ch. IV om duch Tanz of Pes Ratio which are not the 


leaſt. Suppoſe then the leaſt Tanms n 1 BA: qb, and the Terms from which 
the Series is raiſed, to he am, im (lor be Bquimultiples of the former) 
then are che Extremes, am, Ju; ahi is, REY which ars reſolvable into 
theſe Factoss, vis. n u α,)i, and B bee, — ta the fore 
mer; or thus, am aN , and bν m = xbhxhmò, ſimilar with the former, 
(48. ) In all Caſes where the Extremes are like Powers, yet not in their leaſt Terms, 
aud the Number of Terms more than faur, choà 3 :reſolyable into fimilar Fa- 
Qurs that are not all equal, theſe two Ways, bib. 1 aving. all the Factors 
except one, as ſhewn in the firſt Demonſtration of the Them. Or, 2. By F 
which are not all equal except one, pet not all different. This laſt will eaſily appear, 
thus ;- The Extremes, according tothe C ſuppoſed, are to he: expreſſed 
a mand Bann, which are reſolvable im this Manner, via. i K d H. and 
lm N- xb m- &c. taking ſo many Factors in this Manner till 2 and zz, in the 
one, and 5, in, in the other, are as oft involved, as the Index z expreſſes; or they _— 
be raripully yeltleoty 28 bus, anöttagcCαα m , GI. and 4%: RNS c. 
bent, 12 This Theopen's a kind of Reverſe to Fiboop, IX. B. Lad Oh: IM: 


"TuzrorREtM XXV. 


e ee TI vy rs of Serie be „ and 
ü rn EY 5 e 1 a by 
: N N= N 4 e Comp Rates 865 the Setics will 1 e 
in the Margin. Now the Extremes being Integers, 
by Suppoſition; ſuppoſe the laſt of them to be OT them does Na meaſure AMa 
(elſe eee ene is: nat Integer) hut u it cannot e fince tis Incommenſu- 


rable to:it thexauſe; N. ia ſo t N (ber, X HI. Arend 55 1 by meaſure 
A. (Theor. M.) conſeqnently all the iert 'Powers;.ofi Ne ec 
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they alſo meaſure all the Multiples of A, #. e. the Denominators of all the middle 


Terms, being Powers of N, inferior to Ne, do meaſure all their Numerators, which 
are Multiples of A, Therefore, laſtly, all theſe middle Ferms are Integers. 
Cogorr. If in the Progreſs of a Series, beginning with an Integer, there comes 3 
Fractional Term, fimple or mix'd, there can never after that be any more Integer 
in it; becauſe, if that could happen, then betwixt two Integral Extremes a Prall 
nal middle Term might happen, contrary to what has been demonſtrate. 


6. II. Containing @ Variety of Problems, concerning Geometrien 
Progreſſions, confidered with Regard to their Terms being Integral 
or Fractional ; whoſe Solutions depend upon the preceding Doctrine. 

IN a Geometrical Series there may be a Variety of Changes from Integers to Fractiom 


{proper or improper} or from theſe to thoſe ; all which depend upon the Relation 
of the | 


Term of the Series to the Ratio; and of theſe, conſidered alſo by them- 
ſelves ; as whether the firſt Term is an Integer or Fractien, and whether the Ratio 
is Muſtiple or not. From whence ariſes a new Set of Problems, relating to theſe 
Series ; which have been referred to this Place, becauſe the Demonſtrations depend 
* che Sary > won of Numbers by their Primes. I ſhall begin with explaining 


various es that can be in a Series. 


It is required to ſhew all the Variety of Changes from Integers to Fractions, and 


mix d Numbers, and from theſe to thol n 
— 1 ole 5 and to give. Rules for the Invention of Series under all the 
e Variety. 1 e s 21 30 


en ang —T 29x02 Hs ol 5 

This Complex Problem may be reſolved into two Parts, as we eonſider the Series 
to increaſe or decreaſe : Let we ſhall have only one of the Parts to demonſtrate; be- 
cauſe the Variety of the one is comprehended in the other. I ſhall firſt explain the 
Variety in an increafing Series, and the other will cafily be ſeen in that: But in order 
to this, there is one general . relating to both Kinds ; which being of Uk 
in the particular Parts of the „L ſhall premiſe aa 2 
hee v $8553 305 an 420 Ca Ea: 

If an increafing Series begins with a Proper Fraction ever ſo ſmall ; if it's a finite or 
determinate one, and. the Ratio alſo determinate ; then, after a certain Number of Terms 
continued in Fractions, it will increaſe to a whole or mix'd Number, and that too, 
greater than any aſſignable Number. 3 | 3 en ; 

Again, Let a decreaſing Series Sous with a Number ever ſo preat's if it's finite, 
and the Ratio ſo a}ſo ; it will. decreaſe to 2 proper Praction, and that too, leſs than 
any aſſignable one. Th v] 
but if any call for it, they will find it afterwards in Theor. I. and IL. Ch. III. 


- > 


We proceed to the Solution of the Problem. 
: Parr I. For an Increaſing Series. 


Caſe I. If the firſt Term of a Series is an Integer,” the Varieties are theſe ; 
1. It may continue in Ii. tegers; which neceſſarily follows from 4 Ratio: For 
It's plain, that the Product of tuo Invegers will be an Integer. That the Series cin 


e Reaſon of all which. is evident and needs no Demonſtration; 


8 R-AEacoT 8 
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not continue in Integers, if the Ratio is not Multiple, the next Article will 


ſhew 


2%. It may change into a 'mix'd Number; and there it will continue; which re- 
quires and follows from a Ratio not Multiple; as in this Example, 4:6.:9:135 : 


20 J, &c. the Ratio being 2 : 3. : 
H Dzmon. The leſſer Extreme of a Series being 
AM AM AM! % A, and the Ratio, in its leaſt Terms, N: M, the 
A: 3E _ Series is expreſſed as in the Margin. 5 
ie | Now, as the Denominator ſtill increaſes in every 


Term in à determined Ratio, vis. 1: N; ſv it will become neceſſarily, after a cer- 


tain Number of Terms, greater than A (by the preceding Lemma) and the firſt 
Term wherein that happens (and conſequently all above) will be a mix'd Number 5 


let that Term be al I ſay, Na does not meaſure AM; for N, Mare Incommen- 


ſurable; and ſo are Na, Ma (by Coroll. T heor; XIII.) But if Ne meaſutes AM“, it 
will alſo meaſure A; (T heor. VI.) 5. e. a greater will meaſure a leſſer, which is ab- 


ſurd.: Therefore Ne does not meaſure AM“; or W is a mix'd Number : For the 


ſame Reaſon all the Terms above are mix d. 

But again, - Obſerve, that there may be a mix'd Number before the Denominator is 
greater than A; as in this Exam. 6 : —*=9 : z 4: And leſt it be ſuppo- 
ſed, that after a mix'd Number, which comes into the. Series before Na is greater 
than A, there may come an Integer; we ought to demonitrate univerſally, that af- 
ter a mix d Number, there can never be an Integer; and this on have already 
ſeen, in Cor. Theor. XXXV. Where you alſo ſee, that from an Integer there can 
be no more Changes but into a mix'd Number. 

Or, the whole Demonſtration may be made more fimply ; rhus, It's evident we can 
chuſe a Number, N, which is Incommenſurable to A; and being ſo alſo to M, no 
Power of N can meaſure the Product of A into any Power of M; 
8 (Theor. X.) Hence none of the Terms of the Series, aſter A, will 


Caſe II. T he firſt Term being a mis d Number, the Varieties are, 

„ 1“. It may continue in mix d Numbers for ever; 
A AM AM AM, the. | | which is neceſſarily effected, either, r. By a Multiple 
F P FP B I Ratio, 1: M, provided M be ſuch, as to be In- 
1 ne commenſurable with B: Or if B has any Prime 
different from any of the Primes of M, or any the ſame Primes, oftner involved ; for 
then, by what's ſaid inthe laſt Caſe, B can never meaſure any of the Numerators. 2. By 
| | 5 a Ratio not Multiple, as N: M, provided N has in 
A AM AM AM I its Compoſition any Prime which is not in A; or any 
3 * BY © Bris PNY &&. | the fame- Prime oftner involved; or if B has any 
x ab tend prime which is not in M: For in any of theſe Cir- 
cumſtances, none of the Denominators can ever meaſure its Numerator. | 


Exam. 1. 34: 104:31$:94+ 3 the Ratio being 1: 3. 
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becauſe theſe are 
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Ri 5 4 3: : lee It may paſi from a mix d Number into an Integer, 
A AM A. 4 Sad ſo continue for ever; which can be effected only by 
15 B 1 : &. a Multi Ratio; 1: M, ſuch, that M have in its Compo- 
| 1  *_ Ffitton all the Primes that compoſe B. I fhall firſt proye 
that ſuch a Ratio will bring the Series to an Integer; which is thus evident: M ha- 
ving all the Primes that are in B; if they are allo as oft involved, then it's plain, that 


B meaſures M; ; and.conſequently Ms an Integer, Again, However oftaer the 


Fime Primes are involved in B than in M, yet bein 33 and more inyolved in the 
higher Powers of M, there muſt be a Power i in which they are all oſtner involved than 
in B; and hence it's plain, that there will at laſt be a Tem kn the Series in which B 
meaſures the Power of M in the Numerator, therefore that Term muff be Integral. 

Again, after an Integer comes into the Series, it muſt continue for ever in Integers, 
becanſe the Ratio is Multiple. 

In the next Place, I ſhall demonſtrate, \ that no other Conditions will produce this 
Variety: And, (I.) A Ratio not Multiple, though lit could bring the Series to an In- 
teger, yet it could not continue ſo, as has been proved in Caſe I. Art. a. (2.) If M 


has not in it all the Primes of B, it cannot meaſure B (Theor. X.) and hence alſo3 


will never meaſure any Power of M, becauſe Ma has no other Primes than M, (Cor. 5. 
Theur. X.) And ſince B is Incomtnenſurable to A, therefore (by Cor. 2. T heor.. VL) 
it cannot pieaſure A M', that! 2 none of the Terms can orer be 8 1 


| Exam... 3 37 Tre 112 UE Sc. the Ratio x: EM "= 3 


Oſerve, Ane of this Variety may be ee hate e — Tie 


any teger, and any Multiple Ratio, whoſe greater Term is 1 1 ta the afſumed In- 


er, and yet is not an aliquot Part of ĩt; by this ou'll, find at leaſt one mist Term 
be ow that larger from which A e le: pe K 12 5 Wards in the manner 
propoleg „But 855 other Method ſhes the fin © a Ve the 
Zarpakicion pf Wan ens apt þs of Us in Tyre of f 
13 Ni may paſs from a mixt Number into an In cr, Na . dee iuto 3 
mix d ide Kad ſo continue; which can be cet Tony 57 4 a not Null, 
as N: M; ſuch, that M do contain in its Compoſition all the different Primes of B, and A 
all thoſe ol N * which ann Wa oft at leaſt involved in A as in N. The Reaſon of 
which is chis; if the Ratio were Multiple, then 


* M. AM* _ either the Nen into. an Inte- 
k a, Ab, 286 9 85 J Por wo ren Caſe 


bf there be any Printe in B, Which 
18 not in M; or in N, e RL) it Again, ie fm T beor. X.) that none of 
the Diviſors, as MN will ever mcaſure the Dividend AM”, Alſo, e Ptimes of N 
muſt not only be all involved in A, ie leaſt as oft involved in A 5 
ia N.; for, if any of them ig oftner in N, it will be: much more, ſo in the, higher Pow- 
Dok N:; and hence (by . X.) none uf he \Denomigators--can-ever 7 its 
Numerator, 1. e. none of the Terms will N N an Integer. Theſe tre the 

Conditions: But yet more particularly, 
B; then conceive, that one of them —_ — in B exceeds its Index in N, by the 


greateſt Difference; alſo conceive the leaſt Number, which multi lyin the Index of 


that Prime in M will uce a Number not leſs than Its Index in then muſt N be 
ſuch, that takin uo 2223 whoſe Index in. N and. A. differ leaſt, and multiplying ! its 


dex in. N by the Piodutt ſhall not be greater than its Index in 
W r for otherwiſe, before we dome to —— 


A, The Reaſon Aach 


of the. Primes oſ M are oſtner invo 1 in 
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which the Power of M contains all the Primes of B as oft involved, which is nece 

to make an Integer, the like Power of N in the Denominator will contain all the 


primes of A as oft involved; and therefore in all the Terms above they will be oſtner 


involved in N, and conſequently the Denominator will never meaſure the Numerator, i. e. 
there will never be an Integer in the Series. 


Theſe Conditions are pan enough to ſhew the Invention of ſuch a Series;  where- 
of take this Example, "= : 5 70: 525: 78 MI : the Ratio being 2 : 15; and that 
you may compare it wah the Sreceding Condit! Tn the Compoſition of the firſt Tertn, 


repreſented by 37 ü this, 22 2 SDS, and the Ratio M.. 2 . 


X3X5 "0: -. & 
Theſt are all "i Changes from a mixt Number, becauſe when a mixt Number fol- 
rs, the Semies can never * again into Integers; as has been ſhown in 


25 . Ker. 


Caſe III. The firſt Term being a proper „ Fraftion, rhe Varieties are theſe. | 
Tre. J It may paſs into a mixt Number; and continue ſo; which is oy by a 


Ratio Multiple or not Multiple, qualified as in Variety I. be Ml; for 5 A may be ei- 


ther a proper or improper Eraction; and fince wich the Qualif cations refer'd to there 
can never be an Integer in the Series, and by the premiſed Lemma it muſt encreaſe 
either to a whole or mixt Number; therefore it wh paſs into a mixt Number, and 
there continue. 


Exam. 1. 3 EE =, Sf. the Ratio x : 3. 
De . 5 2. 375, Oc. Ratio 2 5. 
58 116 


29 q 

105 It may pals inte a Ar e and chere continue; Which requires 2 
Multip e Ratio, qualified as in Way V2 « Ce H. with xhis fu Farthe®, -thet 55 
M the Leaſt P. FM Which B meaſures, the Produtts of all the: * . — ng. 
M multiplied into A, muſt be leſs than B; = it's lein chat it will paſs firſt into a 
mixt Number. 

Examples are cafily invented by taking M qual to B, or to any Multiple of it; or 
taking ary Integer A, And 2 Manie Raf r tech, that M is greater than A; for 
then cominwing the Series downwatds, it will uit Had ino a e which 
it proceeds 1 in the Manner | gym | 


Exam. : = 2:6: 18, De. 


35% te way ye OO d les 40 l 8 
continue; "fp ke uires 9 Mont e Ratio qualified as in Pay. 2. Caſe Il. with this 
further, that ſupps e leaſt Power of M which B mecalures, ſome of the 
next inferior Powers foie 25 ſhall p et 4-5 a Number greater than B ; which 


cally invented; or may 1ple of Far. 2. Caſe II. and conti- 
456 Nabe FR be i 1 ft a into pee Faction, . cannot be 
an Integer both above and below 4 ber in the fame Series. | 

Exam. 675 : 112 —: 8 F wed 2] Ge. Ratio 7 : _ 

[49.1 e Ware then Fed 57 ond ſo it muſt 
continue, by V irtue . 88 Fort 


by 2 0 not Multi- 
ple. 
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ple, ASAT as in V. z. Caſe IT. with this further, that ſuppoſing N ; the leaſt Pow. 


er of N N which multiplied by 5 A makes an Integer, all the e Powers produce 


a 8 Fraction. The ee of Examples is eaſy, by aſſuming any Integer A, 
and : a Ratio not Multiple, N : M, ſuch, that NA be leſs than M; for then * is 2 


proper * and ** A: = _\ Oc. repreſents the Series med. 
Exam. "= : 4 :*2 : Oc. Ratio : 19. Soy 


I 


7 
"5.7 i 4 then into an Integer, and laſtly, into a 
mixt Number ; which requires a — not Multiple, qualified as in VJ. 3. Caſe ll. 


with this further, that ſuppoſing A Na = the leaſt Power of A which multiplied into 
7 & produces an Integer, ſome of the next inferior Powers ſhall produce a mixt Num- 


ber; Examples of which are invented by taking an Example of V. 3. Caſe I. which 


being continued down s muſt fall into a proper Fraction, but never into a whole 
Number, becauſe there is a whole en” > above the mixt. | 


B , E; 22; 70:525: 78 _ &c. Ratio 2. 15. 


PART II. For à decreaſing Series. 


The Varieties here are included in the former, and therefore I need only to me 


them, thus, 
Caſe 1. Tie firſt Term being an Integer, then 
1. It may paſs firſt into a proper Fraction, and {o continue. 
*. r ©. 26 daagart mixt Number, and then into a proper Fraction. 


27 ? II. The frf Term being a mixt Number. 
5 It may paſs firſt into a proper Fraftion and continue ſo. 
It may paſs firſt into a whole Number, and then into a proper Fraction. 
30. Ie may pals firſt into a whole Number, then into a mixt, and laſtly, into a 


Caſe III. The ne fl Term a proper Frattion. 
It can only continue in F 
Scnor. In the following Problems, a given Ratio, or the ſame Ratio, do always 


| H Fraction. 


comprehend a Ratio witl its reciprocal; either of which is to be pn, as we take 


fan and we ſuppole a Ratio always in its eaſt Terms. 
PROBLEM VIII. 


Any whole Number being gi ven, with any Ratio, to find how many Integral Terms 


2 poſſibly be joined in the continued Series with A, taking it either encreafing 
or decreaſing, or ze buck Ways, in that given Ratio. 


Gonndnat 


| we muſe thi Pol i two Parts, according as the 4 given Ratio 1 


tiple, or not. 
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Caſe I. The given Ratio Multiple. Then it's plain that the Series proceeds encrea- 
fing ad Infinitum in Integers; but is limited decreaſing. Thus; let the given whole 
Number be A, and the Ratio M: 1; then if M is greater than A, there can be no In- 
tegral Term added; if MA, then there will only be one which will be 1; but if M 
1 of than A, then the Number of Integral Terms that can be added is equal to the 
Index of the higheſt Power of M which meaſures A; and if M does not meaſure A, there 
can no Integer be added; all which is manifeſt in this general Expreſſion of the Series, 
I? - . 15 : - Oc. But this Solution requiring, that every Term of the Series 
be actually raiſed, we may ſolve it otherwiſe ; thus, refolve A and M into all their 
primes; and if there is any Prime in M, which is not in A, or any the ſame Prime 
oftner involved, then M does not meaſure A, and fo there will never be an Integral 
Term after A: But if A contains all the Primes of M, and all of them at leaſt 
as oft involved; take that Prime whoſe Index in A exceeds its Index in M 
by the leaſt Difference; alſo ſeek the greateſt Number, which multiplying the Index 
that Prime in M, makes a Number not er than its Index in A, that Number is 
the Number ſought. The Reaſon of which is obvious, for theſe Terms will always 
be whole Numbers, till ſome one at leaſt of the Primes of A is oftner involved in the 
Power of M, which is the Denominator'; and it's evident that this will happen firſt to 
that Prime, the Index of whoſe Involution in M comes ſhort of its Index in A by the 
leaſt Difference; and ſince any Power of M, as Ma, is the Product of the like Powers of 
all the Primes of M,, the Truth of the Rule is manifeſt. | 
Exam. Let 72 be the given Number, and the Ratio 4 : r; then taking the Primes 
of 72 and 4, it is 1 and 4=2X2. Now there being but one Prime in 4, 
whoſe Index is 2, and the Index of the ſame Prime in 73 being 3, I find that 1 is the 
greateſt Number, which multiplying 2, the Index of 2 in 4, produces a Number not 
2238 35 _ — of 2 in 7a; therefore there can be but 1 Integral Term added, 
a hero, u 18 : 41: CC ...... | 2 : 
- Caſe II. The Ratio not Multiple. It's plain that the Number of Integral Terms is 
limited, both encreafing (by Par: I. Caſs I. of the preceding Probl.) and decrea- 
fing (by the preceding Zemma';) and to find the Number, take it firſt encreaſing, 
| | EST | and ſuppoſe the given Num- 
AN? ANT 1 AM AM AM. Se. ber A, and the Ratio in its 
MW NP II NN N N I leaſt Terms to be N: M; the 
| „% OT ⁵⁵ OT 8 8 Index of the greateſt Power 
of N, which meaſures A, is the Number ſought. The Reaſon of which is this; ſup- 
poſe the laſt Integral Term to be N, fo that Na meaſures AM", but it does not 


meaſure Me, they being Prime to one another, becauſe” N and M are ſos therefore, 
by (Theor, VI.) N does meaſure A ; but it is alſo the greateſt Power of N that does ſo; 
for if a greater does, as Na, then that will alſo meaſure AM and fo Aar is-not- ; 
the laſt Integral Term, contrary to Suppofition. Laſtly, . Becauſe: the- Index of the 
Powers of New their Diſtance after ray ner lg ule is true. - N 

20. If the Series is to be taken de then the Index of the greateſt Power of 
M, which meaſures A, is the Number ſought; ſor the ſame Reaſon as was explained 
in the preceding Article. | wow? 


Obſerve, That this Caſe may be ſolved the ſame Way as-Csſs I. by,comparing:the* 


creaſing, | 


392 


| 
| 
| 
| 
| 
| 
| 
| 
N 
' 
| 


then ie the Number ſought, the Sum of the Indexes 


% 
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39. If it's propoſed to find the greateſt Number — ral Terms that can be join. 
ed in the ſame Series with A in the Ratio N: M, taken. enereaſing and decrea. 


{ing ;; then find ſeparately how many can be added enereaſing in the Ratio N: M, and 


how many de g in the Ratio M: N; the Sum is plainty the Number ſought. 

Bam. Let the given Number be 52=2X2X2X3X3; and the Ratio be 2: 3 ; then is 
the . Number of Integral Terms that can be joined with it, 5, vis. 3 above and 
2 below, making this Series, 21 4: 32 : 48: 2: 108: 162: 243: 364 4. For 8 the 
third Power of 2 is the greateſt Power of it that meaſures 7a, — 9 the ſecond Power 
of z is its greateſt Power that meaſures 52. Fo a 

Scnor.. We may make the preceding Problem yet more general and unlimited, by 
ſuppoſing no particular given Ratio; but propoſing to find the greateſt Number of In- 
tegral T'erms that can paiibly be joined in the fame Series with  giyen Integer in any 
Ratio whatever; the Anſwer to which is an infinite Number, becauſe with a Multiple 
Ratio the Series goes on encreaſing ad infinitum ; but if we take theſe Limitations, viz, 
I*, A Ratio Multiple and a decreaſing Series; then though R Ratio is gi- 
ven, the Problem maybe ſolved. Tus; reſolve the given Number, A, into its 
Primes, the Index of that one which is oftneſt involved is the Number ſought, and 
that Prime it ſelf is a Ratio which will make the Series. Example, If, 12=2X2x2x; 
z is the given Number, then you can join in the ſame Series decreaing, only three 
Integral Terms, 3 n —— of 2 in a, and the only Ratio that, ean effect this 
is 2 1, Which makes this Series ) : 36 f 18 2 9.4.4+-1.:0b/arve, ae, bat if chen 
are more than one of the Primes of A involved to the. {ame Power, Which . is the bights 
of any concerned in it, then any of theſe Primes, or the Product of any two or more of 
them, may be made the Katia; ſo if 216=52X2X2x 3X3%X3 1s * Number, the 
Auſwer is alſo 3 3 and the Series may be made in any of theſe Ratios, and in theſe 


only, vis. 2. I. or 3: 1: or 6; 1, making theſe different Series 216: 08 34 27: 


or 216 2,72: 24.: 8. Or, Laſtly, 216 : 360 C 1. Thus we learn, net only bow to 
ſol ve the 2 blem, but to alte all gg el of Ratios that can poſſibly Hive it, 
The Reaſon .of which. is obwous, - ff nth on int dT UI 

[2 n, 2. We ſhall fuppoſe the Problem limited to a Ratio not Multiple, without 
any determined or given one; then is the Solution made. thus, reſolve. A into is 
Pri and take thefe two, the Sum of the Indexes of whoſe Involution in A, is the 
greateſt, that Sum is the Number ſought 4 and theſe Primes are the Terms of a Ra- 
dio, in which the Series may be made; and if feveral of theſe Sums which are the 
greatelh, are equal among themſelves, then the Primes to which they correſpond, or 
the Products of any two or more pf them, make all the different Ratios in which the 
Series can be made. Exam. Let the given Number be een: 


: x and 3, vis. 4 and 3, 
which is greater than the Sum of any other two Indexes; and therefore the Ratio 1 
2 3, which in this Example is the only one. that can make a Fee oy Integers joined 
to 5 which Series is this, 896: 1344: 2016 : 3024 : 4536 : 6804: 10206: 15309. 
- - 39. If ita propoſed only to find the greateſt Number of Terms that can be 
joined, increafing or decreaſing, ſeparately confidered ; then take the Index of the 


Prime, which ts oftneſt involved in A, and that is the Number fought for an encrea- 


fing Series; that Prime, or any other as oft involved, or the Product of any two or 
more of theſe, being the Antecedent or leffer Term of the Ratio, which can produce 
the Series, to which we may take any other greater Number, which is Prime to it for 
a Conſequent. Then for a decreafing Series we muſt chuſe that Prime whoſe Index 
is the ;greateft, chat has another Naur leſſer than it ſelf, and Prime tolit. So in the 
3044, the greateſt Number encreaſing is 4, the Index of 2 in 


preceding Example, 
3024 ; and in this Caſe there is an infinite Choice of Ratios, becauſe we may = 
| | ; an 
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Number greater, and Prime to 2, for a Conſequent; but for a decreaſing Series, 
* Number S only 3, the Index of 3 in 3024, and there is but one Ratio, vis. 3: 2, 
which will produce the Series, becauſe there is but one Number, vis. 2, which is 
leſſer than 22 Prime to it. Take this other Example, gad N NN xz. 
To this can be joined at moſt 3 Terms encreaſing, the Index of y or 3 being 3; and 
the Series may be produced by any Ratio, whoſe Antecedent is 7 or 3, or 21. Again, 
decreaſing there can at moſt be added 3, which alſo can be 1 any Ratio whoſe 
Antecedent is 3 or 7, or 21; which makes a limited Number of different Ratios, be- 
cauſe there is a limited Number of Terms leſſer than theſe Antecedents and Prime to 
them, which are theſe, 3: 2, 7: 3, 7: 3, 7: 23 and if at is made the Antecedent, 
the Conſequents are theſe, 2, 4, 5, 7, 8, 10, I, 13, 14, 16, 19, 20. But the abſolutely 
teſt Number of integral Terms that can ſtand in the ſame Series with 9261 is 6, 
whereof 3 will be greater, and 3 leſſer, in the Ratio 3: 7, which is the only one 
that will make the Series. 6 ett „ 5 
„ PROBLEM IE; + 5, 15 | 
A whole Number being given, to find a Ratio in which it is poſſible to join a given 
— of integral Terms, and no more, in the ſame Series with the given whole 
SoLuT. If we take the given Number for the — Extreme of a Series, then the 
Problem being poſſible in the Circumſtances of the given Numbers, may be ſolved in 
ſome Caſes by a Malogle Ratio only; in others by a Ratio not Multiple and in others 
by both: But if the lefler Extreme is given, it requires a Ratio not Multiple; which it 
does alſo, if we confider the given Number as one of the middle Terms. Thus, 
Lr l 1. Let us take the given Number, A, for the greater Ex- 
xt A. 24 8&9; treme of a Series, then-reſolve it into its Primes; and if the 
r Index of any of its Primes is preciſely equal to the given 
9 1 20 Number of Terms, that Prime, or the Product of any two 
or more ſuch, or any ſuch Product multiplied again into any of the Primes which 
have a greater Index, is the greater Term of a Multiple Ratio which ſolves the Pro- 
blem. And if there is any Number leſs. than it, and Prime to it, that being made 
A makes a Ratio not Multiple, which alſo ſolves the Problem. ZBut if none 
of the Primes of A has an Index exactly equal to the given Number of Terms, the 
Problem is impoſſible, making the given N the r Extreme of the Series. 
Exam. Given 567, and the Number of Terms 4, then the Ratio ſought is 3: 13 
for 567==3X3X3X3X7, and there is not another Ratio that will anſwer; but take 189 = 
3X3X7, and the blem is impoſſible. To HE: ine d 8 
2%. The given Number being the lefle Extreme, find the Antecedent of the Ratio 
bought the ſame way; as in the preceding Caſe ; and for, a Conſequent, any Number 
greater, and Prime to it: So 567 being the leſſer Extreme; and the Number of Terms 
4, the Ratio ſought muſt take 3 for the Antecedent, any Number greater, and 
Prime to it, for the Conſequent. , |  --, 6 | 
30. If the given Number is conſidered as one f the, middle Terms indefinitely, 
then take theſe two Primes of A, the Sum of whaſe lofdexcs:; is equal to the given 
Number of Terms, and thęſe ate the . of l tio, which folves the Problem z 
and, of the Terms to be added, Shame will, be;as many, greater than the given Number, 
as the Index of the leſſer one of theſe two Primes, and as many decreaſing as the In- 
dex oſ the e lotta 6%; Hs eros? 
Exam, Given 12=2X2X2x3X3, and the Number of: Terms 3, the: Raves 21.4. 


19 CY 


the Number of Terms greater being 3, and the leſſer, being 2; and in ths : Call 
there is no other — the Solution. Bas rr © "3 52$==2X2X2X4X3X7X7 _ 
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the Number of Terms 5, it may be ſolved by this Ratio z : 3 or 2 ), with 3 Term; 
greater and 2 leſſer ; and if the Number of Te erms is , Aena is ſolved by ini, Ra Ratio 
3 :) with 2 Terms greater, and à leſſer, or wich this Ratio 6 (=2X3) : 7 with 2 
greater and 2 Jefler. "Obſerve, if che Sum bf no two of the Indexes is exactly 

— to the given Number of Terms, then the given Number cannot ſtand as a middle 

erm in the propoſed Circumſtances. ' 
Wy of all 7 is 77 ſpecially. if it be A wich: the procein 

Scxor.. If the pro - Nitrabes of ibn um is o, That i is, to find a Ratio 
— which it's im idle to join any integral Term to a given — we have no 
more todo, but, take any two Numbers which .contain a Prime different from any in, 
A, or any the ſame Prime oftner involved, and make theſe the Terms of your Ratio; 

for then it's plain; chat in ſuch a Ratie you can 2 no integral Term, either greater or 
leſſer, becauſe none of theſe Numbers can meaſure A | 

Again, if the Ratio is required to be ſuch, that the Number of integral Terms to be 
—_ is infinite, | then take any Napf Nane. C241 | 
| 5 RO BT, EM x. 

To and 3 Mes with — a given 3 8 no more, of . 
Terms can be jomed in the Lame Series in «given Ratio. 
Soroy. 19. Af the Ratio is Multiple, the Problem 46 plainly impoſſible ; for to any 
an infinite Number ef integral Terms may be added in any Mult: Ratio; 
yet if we limit ic I 48 c conſider the Number ſought as the greater Extreme of a Sc. 
ries, bon Tolved thus; 7 if the greater Term of che given Ratio has any of its Primes 
involved ta an Index Preciſely equal to the given Number of Terms, then any Num. 
ber which is a Multiple of chat bower of that Prime, is the Number ſought ; but i 
none of its Primes is oft invel ved, then is ce Problem alf impoſſible. 

2. If the Ratio, is not Multiple, raiſe ies Terms to the Power whole Index is the gi 
ven Number of Terms lefs'r; and theſe are the Extremes of a Series in that Ratio, 
having the given. Number of Terms, and te Wich it 46; impoſſible 10 add another in 
Integers' ( "Jeor. . And chele Peers, er or any of the middle. Terms of the 
Series, whereof t o Exetemes, whith afe exftly ſound (id. Sold. VI. Sol. l.) 


are Numbers w Eee the Problem, and are indeed the only Numbers that do. 


- ſo.  And-obſerve, if * . ag to nd the Number er fought, To chat it ſhall be 
any * one of the” eee "of the middle erms, r by. what's 
en „ td WF wot 06 tet Wt 6 nos Lek ; 

Exam. The Ratio 2: 23, Number of Teri 3 1 take e tk e of 2: 3, 

DS. 2K NX z ant 3037 x3K3m==2 43, and ths Aro Extremes of the Series; 


the mitldle Terms being « CIP Fee A; 
A hap: ws AB: 't SE Ade 
144901  2L 33 4 S158. 31.5 V4 

I. rhe-propoſeld ptunsber ef 88 Mukiple Ratio the Probln 
18 0 A tio m 
186 im — 1 wen” Number is to be mage the leſſęer Eritreme' ; but if we make 
2 870 0 gester, then Leaf take r Pr 0 , Artecetone of ithe Ratio, 
or eon er, 0 75 ie har bot al de a1 the: 2 Antecedent. or 
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II. Tf chere is no particular Ratio given, nor any Limitation, #. e. if we demand an 
Integer, with which can be join 'd only a certain Number of — Terms in any Ratio, 
then the Problem is Aare bie, becauſe in a Multiple Ratio there may be an inſinite 
Number of Terms encreafing ; but ſuppoſe theſe general Limitations, © 
1. That the Number ſought be the greater Extreme of a Series; then it may be 


found, thus ; of any prime Number take that Power whoſe Index is the given Num- 


involved to a higher Power; and to that Number can be joined the given Number of 
integral Terms decrcafing, in 2 Ratio whoſe Antecedent that Prime is. 

Exam. Let the Number of Terms be 3, then 8 is the Number fought, and the 
Ratio 2: 1. Or 8X5==40, and the Ratio 2: x 3; but 16 is not ſuch a Number, becauſe 
it admits of 4 Terms in the Ratio 2: 1. Again, 2) =; NX; is a Number anſwering 
the Problem, and the Ratio is either 3: 1, or 3: 2, making theſe Series 27 : 9: 3: 1, 


ber of Terms wel take any Multiple of ſuch a Power, provided it has no Prime 


4: 19 112: . | | 7 | | 
20 Suppoſe the Limitation is to any Ratio not Multiple; then take, as before, that 
power of fome Prime, whoſe Index is the given Number of Terms, and that is the 
Number fought ; the ſaid Prime being the Antecedent of a Ratio which ſolves the 
Problem, encreafing, any greater Number and Prime to it N the Conſequent. 
Alſo, if chere is 5 — leſſer than it, but greater than x, that being made Conſe- 
vent will be a Ratio which will ſolve it decreafing.” Laſtly, If you take any two 
rimes,' and involve them each to ſuch a Power, that the Sum of their Indexes be equal 
to the given Number of Terms, then the Product of theſe Powers is a Number to 
which the given Number of Terms, and no more, can be added, taking part of them 
greater, and part leſſer; which may alſo be diſtributed in any Proportion; for what- 
ever Index the lefler Prime is raiſed to, that will expreſs the Number of Terms greater 
than the Number fought, and the Index of the other is the Number lefler, theſe two 
Primes being the Teums of a Ratio that anfwers the Problem; and in this Caſe the gi- - 
ven Number of Terms is the greateft Number of integral Terms abſolutely that can be 
Exam. Given Number of Terms 5. I take 3zxzxzN 3 2243, which is a Number 
to which can be joined 5 integral Terms, and no more increaſing, the Ratio of which 
muſt have 3 for its Antecodent, and any Number greater, and Prime to it, for a Conſe- 
quent as 4; and deoreaſing it can alſo admit; Ferms, but hmited to this one Ratio 
not Multiple, wiz. 3 : 2, becauſe 2 is the only lefles Number prime to 3. Again, 
108 {=3X3X3X2X2) can have joined with it only 5 integral Terms in the Ratio 2: 3, 
whereof 2 will be greater and 3 leſſer, as here, 32: 48:74 :-108 : 162 233. 
III. If it be propoſed to find an Integer, to which it is impoſſible to join any Integer 
in the ſame Series, in any Ratio, the Problem is im ol bbe; ente to any Integer 
en be joined ar Jeaſt angther Imteger, 


(222) e (27 ee DEA n 
Any Fraction, proper or improper, 7 icing given, toſind how many fractional Terms 


di fx 8 I 
can poſſibly be joined with it in the ſame Series. 


* 


: = - $0LV TION. Ry | , 
If there is no further Limitation of this Problem, the Anſwer is an infinite Number; 
tor if the Fraction is proper it admits an infinite Number 2 — Terms, decrea- 
ling in the ſame Series in any Ratio whatever; and if it's an improper Fraction, then 
allo an infinite Number of fractional Terms can be joined encreaſing or decreaſing, or 
both Ways; for the Series being continued both Ways, there can't be one Integer 


above 
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above and another below; (by Theor. XXXV.) therefore the Series will continue in 
Fractions one or both Ways. | F i 
But as the Number ſought may be limited on one Side (though it can't on both) we 
ſhall enquire upon what Side it is limited, and to what Number of Terms. Thus, 


| - -: Cafel. The given, Ratio Multiple, as E: M, T 

re.) The Series will continue for ever in Fractions decreaſing: If the given 
Fraction is oper, this is manifeſt; and if it's improper, you ſee the ſame Truth 
from this Con deration, viz. That if ever there comes an Integer into the Series, 
from that reverſcly it will continue 2 to a mixt Number (from whence it pro- 
ceeded downwards) which is i ble ,in a Multiple Ratio, becauſe every Term is 
ws Product of two Integers. erefore there can no Integer come into the Series. 

3 1 N : 14. : | | 9118 - ; 
(29.) Take the Series encreaſing from the given Fraction, and the Number of fradi- 
onal Terms that can be added, will in ſome Caſes be finite, and in ſome infinite, 
which the following Rule will diſcover, whether the given FraQtion is proper or im. 
Be 2: Mt proper; Thus, reſolve M and B both into their Primes; 
A AN AM. %, | and if there is any Prime in B which is not in M, then the 
„ li Number of Terms required is infinite; for B can ne- 
1 5 | chew 41. 57 ver meaſure any. Power of M, and being Prime to A, it 
cannot meaſure any of the Numerators (Cor. 2. Theor. VI.) Again, if all the different 
Primes of B are found in M, and as oft at leaſt involved; then is B an aliquot Part of M, 
and hence = is an Integer, therefore there can no fraftional Term be added. Zaf- 
, If all the Primes of B are in M, and ſome of them alſo oſtner involved in B than 
an M, then take all of theſe whoſe Indexes in B and M have the ſame Difference, and 
that, the oft of any other of them; and chuſing that one of theſe, whoſe Index is 
reateſt, find the greateſt Number, which multiplying its Index in M, will make 2 
rodudtt leſs than its Index in B; that Number is the Number ſought ; for it's the Index of 
the greateſt Power of M which B does not meaſure, ſince B meaſures none of the Pow- 
ers of M till you come to one which has all the Primes of B, at leaſt as oft involved; 
but any Power of M is the Product of the like Powers of all its Factors (as follows from 


Theor. I. Book III. Chap. I.) Hence the Truth of the Rule is clear. 

Exam. 1.5 or = and the Ratio 1: 7; there can never be any integral Term, be- 

cauſe all the Primes of 15, which are 3, 5, are different frem ). 

Bam. 2. = or , and the Ratio 1: 6. There can be no fractional Term added, 

becauſe 3 is a aliquee Part of 6, whereby the very next Term will be an Integer. 
Exam. 3. 5 or 2. and the Ratio 1: 6. Here a4=2X2X2X3 and 6=2X3 ; then 


4. | od a 
the Index of 2 in 24-is 3, and in & it is x, and the greateſt Number, which multiplyin 
x will produce a Number leſs than 3 is 2 ; therefore there can be but 2 fi — 


Terms joined with the given one; as here, 2:2. E: sz: And RE 


1 34 34. 24 * 
430, 2700 16200. 6 . 1 ir e 6 le e eee en 
* — 2 — 28 N 75. . 8 "I : : 
34 24 - 24 5 * a bo nl N $4 h 2 2 a 4 74271 


cal 


iſe 


mon Factors, out of the Numerators and Denominators. | 8 
1 3.35 8o __2X2X2 X2X5 and M795 . Here there will be 3 
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Caſe 11. The given Ratio not Multiple, as N: M, which aue ſpall again ſubdivide 
+ according as the given Fraction is proper or improper. | 
1.) If the given Eraction is proper, it's already ſhewn, that the Series muſt con- 
tinue for ever in Practions decreaſing, but will not in all Caſes do ſo encreafing ; and 
* 85 the Number 2 may be found thus; reſolve A, B, N, 
A AM Au- 2 M, into their Primes, and if there is any Prime in N 
F FN BN OO which is not in A, or the ſame Prime oftner involved; 
N or again, any Prime in B which is not in M, then the Se- 
ries will continue for ever in Fractions; becauſe the Denominators can never meaſure 
any of the Numerators. But if none of theſe Circumſtances happen, i. e. If there is no 
prime in B which is not in M, nor in N which is not in A, nor any the ſame Prime 
oftner involved in N than in A, then if all the Primes of B are at leaſt equally involved 


in M, the very firſt Term after 3 is an Integer. But if any one or more Primes of 


B are not ſooft involved in M; take all of thoſe whoſe Indexes in B and M have the ſame 
Difference, and that too, the greateſt of any other of them, and chuſe that one of theſe 
whoſe Index is greateſt; then find u, the greateſt Number which multiplying its In- 
dex in M, produces a Number leſs than its Index in B, and that is the greateſt Num- 
ber of fractional Terms; ſuppoſing there can be an Integer; the Reaſon is eaſy: And 
to know if there can be an Integer do this; take all the Primes whoſe Indexes in N 
and Ahave the ſame Difference, and that, the leaſt of any other, then chuſe that one whoſe 
Index is greateſt ; and if the Product of its Index in N, multiplied by »+1, produces a 


Number not exceeding its Index in A, then the a+rTerm after is an Integer, and u 
2 Number ſought; but if it's greater, the Series will continue for ever in Fra- 


Exam. 1. and Mor Me. 
| r N 22 2x11 N 43 3Xx3Xx5 
will continue for ever in Fractions. | 
Exam. 2, 3 =#2—3X]X2 nd M275 — SENT Here the very firſt Term af- 

3 7 ⁰ 0” ub 


tcr— is an Integer, vis. 4. x LTor INTRA I Ero, by taking away com- 
B . SXII 3X7 5 155 


Here the Series 


p - 0 


56) 3X3X3 X3X7 2 
fractional Terms after = which I find thus; 3 is the Prime in B, whoſe Index ex- 
ceeds its Index in M by the greateſt Difference, and no other have the ſame Difference z 
alſo 3 is the greateſt Number which multiplying 1, its Index in M, makes a Product 3 
leſs 4 its Index in B, which is 4. Again, as there is but one Prime in N; vis. 2, 
whoſe Index is only 1, this multiplied by 4 (=»+1) produces 4, a Number not ex- 
ceeding 4, the Index of 2 in A; therefore 3 is the Number ſought. But if we ſuppoſe 
A'to be 40=2X2X2X5, then becauſe the Product 4 exceeds 3; the Index of 2 in A, 
therefore the Series muſt continue for ever in Fractions, becauſe the a1. Term after 
A is the firſt that could poſſibly be an Integer, upon the Conſideration of the Primes 
of B compared with the ſame in M. But then this is hindered by the Conſideration. of 


the 


| 
| 
| 
| 


| the Nurnber ſought. 
A A 


374 Of Prime and Compoſite Numbers. Bock V. 
the Primes of N, compared with the ſame in A. For at the »-+1 Term, there is 2 
Prime in N, whoſe Index is greater than its Index in A; and conſequently cannot 
meaſure it, nor can it ever after; becauſe its Index in N is Nil increaſing. 

(2“.) If the given Fraction is improper, the Number of fractional Terms in the Se- 


ries after —- 7 either increaſing or decreaſing, is found the Tame Way as in the laſt Ar. 


ticle. And obſerve, that if the Number is United increaſing, then it's certainly ing. 

nite decreafing ; but if it's found infinite, increaſing, it may be either finite or ;nfinit 

decreaſing, : 
25 el SCHOLIUMS. 

1ſt. In p ropoling to. gad how many fractional Terms can be join d to a given Fra. 


Dion, we bade not diſtinguiſh'd betwixt r and improper Fractions; but that! 
Mall here conſider. Aba + Pope = 


19. It's plain, that from an i improper Fraction, all the r Terms, increafi 
muſt be improper ; but decreaſing, they may be partly ＋ and partly improper; — 
if there ſtands an Integer below. the given improper Fraction, all the intermediate 
Terms are improper Fractions. 

2. From a given proper Fraction, all the fractional Terms decreaſing, are proper; 


but increaſing, they may be partly proper, . improper; and, in _—_ Caſes, al 


1 
ig Ht there are but two Caſes concerning the diſtinct Numbes of and im- 
proper Fractions, wherein a Rule is wanted: The firft is to determine how many im- 
Fractions can be joined, decreaſing, to a given one in any given Ratio. The 
Tecond 3 1s to find how many hum per Fractions can be joined, iner ng, to a given one 
in any Ratio. Now if the Ratio is not Multiple, in either of theſe Caſes, I know of 
no Rule but actually raifing the Series; but if the Ratio is Multiple, they can be 
ſolved otherwiſe: Thus, 


Queſtion 1. To find how many improper Fractions can be added, * belon 
a given one, BY in a given Multiple Ratio, x : M. | 


- Rule. Take the integral Part of the given Number; which Integer call 7. Then 
take the greateſt Power of M, which docs not exceed 4; the Index of that Power is 


'Dxzmon. The Index of M, expreſſes the Diſtance of each 
BF FN BN Kc. eee 


A 
exceeding 4, then is Nic the laſt improper Fraction: For, if any of the Powers 
of M, in the Diviſors, exceeds 4, it muſt be, at leaſt, equal to FF: 3 and as ſoon as 


that herren we have proper: Fraktion; e if — with a Remainder, 
therefore 4B is 165 than A, and UI . than A: So that =z is neceſ- | 


IX 


arüy a 8 Frafton, and 5 n improper: Therefore, if Me is the greateſt 


ö A 
| Power of M, not exceeding 7 2 15 — is IN the laſt improper Fraftion ; for a great- 


er Power, as Mar, muſt be, r deut equal to 2; ; and ince =p, is a proper 
1 Fraction, 
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Fraftion, therefore ſo is Hor and conſequently Boi is the ak impenper one 3 
and # the Number of Terms ſought. 


Exam. == 5 = and M=: 2, whoſe third Power, $, is the greateſt, not ex- 


ceeding 93 chen hre 1 is 1 5 greateſt Number of improper Fractions that can ignd 


io the ſame Series below S 2, in the Ratio 2 : 7, as here <2. III 
"Y 14 28 56 112 
Queſtion 2. 2. To find how many proper Fractions can > join'd, increaſing in the- 


fame Series, above a given one, E., in a goon non Ratio x : . 


Rule. Take the reciprocal i imiptoper PraCtion, = and find, as in the laſt Que- 
ſtion, how many improper Eractions can be join'd to it, decreaſing ; and you have the 
Number ſought-: ”= if RE n then taking the whole. 


es reciprocally, is the laſt proper Fraction after > = increaſing. 


2d. We may 3 der the Problem unlimited to > I er given Ratio; 3 only 
in general, ſuppoſe the Ratio is Multi 5 or not Multiple; then, 

1. Suppoſe an increaſin A ſuch, that it comes at laſt to an Integer, and a 
Multiple Nati atio; (though th there is no particular one given) then, find the Prime of B, 
whoſe Index is We greateſt that Index leſs x is t umber ſaught; and if the 
Product of that Prime, multiplied into Ul the other Primes of B, is made the Conſe- 
790 of a Multiple Ratio, by that you may find an Example of the Series: The Rea - 

n of the Rule is * But agai 


20. If the Problem is limited to a atio 1 Multi iple, the Series increaſing 25 pe⸗ 


ſare; then take the Prime of B, which has the fe, E proyided alſo that 


there be a Prime in A, which has an on or greater Index; the nde that Prime 
in B, leſs 1, is the Number ſought : And you nay. + find an Ex of the Series 
by Ratio whoſe Antecedent is that Prime of A, and its Conſequent the Product of 
the Primes of B ; provided it be a Number reater than the . | 
take ſome Multipl e of ff it greater than the Antecedent. Hence, if the Index of — 
Runde ret to in B, K there can be no improper rade amen 
umber. 
Example for both thels nies. A 12 ee Mere . is che Prime 
5 8 
5 whoſe Index, 3, is the greateſt and D us the Number ſought, in the | 
firſt Article, and 2:3 14.68. tio agr. to this Solution. 
e It © Ratio i is ſu aten nor falle 2 is alſo. the Number fought ; be- 


2 Fi to. 2 Rule, there is 2 Prime in A, whoſe Index i is greater thar 
"eh e 3 14s it will agree to the Solution. | 
1 pod. CID LT, if there comes an Integer into the Series, it 


7 be the very alt — afing oY 5 | becauſe there is no Iadex either in A or B, ; 


greater than 1; for no Ratio Multiple can anſwer the: Suppoſition of the Series comin 
at. laſt to a an Integer, except this, 1: 26 N me it's plain, that ve? ile 
Men erm 


| 
| 
ö 
| 
| 
| 
| 
: 
: 


—— — 


| 
| 
| 
| 
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Term added will be 105. Again, No Ratio, not Multiple, can anſwer, but one of 


theſe in which the Antecedent is, 3. or 10 or 7. or 3X5. or 3X7. or 5X7. or 3zuyxj. 


and the Conſequent 2x13, or ſome Multiple of this that is greater than the Ante. 
cedent : In all which Caſes it's manifeſt, that the firſt Term added will be an In. 
teger. . 1 575 c ak | 4 46857 

30. Suppoſe a given 1 r Fraction, and that a Series ought to proceed from i 
decreaſing, in a Multiple Ratio: To find the greateſt Number of fractional Term 


improper, that can be join d: From a Table of Powers ſeek the me Power (i. e. 


a Power of the greateſt Index) which is a Number not greater than , the integral 
Part of 35 and of whoſe Root the next greater Power is greater than 7 ; the Index 


of the former Power is the Number ſought ; and that Root is the Antecedent of 2 
Multiple Ratio, which will make a Series, having the Number of fractional Terms 
. A | SIE ap 4 k Toh 


Exam. 13 2. 2. The Number ſought is 3 z for 8, the third Power of 2, 


11 7 | 
is the greateſt Power, which does not exceed 9; and the next Power of whaſe 
Root (vis. 16.) docs exceed 9: And by the Ratio, 2: 1, we have the Series, 
65 65 65 65 SEL THT \ e | | | 


PROBLEM XII. 


A FraQtion, 35 being given for the leſſer Extreme of a Series, to find a Ratio, in 


which a given Number, u, of fractional Terms, and no more, can poſſibly be in the 


{fame Series above the given one. 


SoLuT1ON. 19. Suppoſe we are to find a Multiple Ratio; then find the Prime that's 
oftneſt involved in B; if its Index does not exceed n, then the Problem is impoſſible: 
For M, the Conſequent of any Ratio, 1: M, which will bring the Series to a whole 
Number, muſt contain all the Primes of B; therefore it contains the Root, at leaſt, of 
that Prime which is moſt involved in B; but unleſs the Index of that Involution be 

ater than 2, M. will be equal to, or ter than B; and conſequently the 2th 

erm after the given Extreme, is a whole Number; or, perhaps, there may be one 
before this. Again, though the Index of ſome of the Primes of B exceeds u, yet 
the Problem may be impoſſible ; for to make it poſſible, the Index of ſome of 
theſe Primes muſt be ſuch, that there be ſome inferior Power, whoſe Index, multi- 
plied by a, makes a Product leſs than its Index in B; but multiplied by nr, makes 
2 Number not leſs than that Index; and then the Product of that inferior Power of 
any ſuch Prime in B, multiplied continually into ſuch Powers of all the other Primes 


of B, as that their Indexes, multiplied by Ar, makes a Number not leſs than their 
Indexes in B, may be taken for the equent of the Ratio ſought. The Reaſon 


of all this is manifeſt, by conſidering that an In- 


A AM AM AW — | teger can never come into the Serics, till the 


. 
Fa 5 veral Primes of B, involved, at leaft, as oft : And 
as ſoon as that happens, we have a whole Number. | 


Exam. 1. dee, i he tu, 5 ans and z. The problem is impoſſible ; becauſe 


r 2G > 2 66 (hes 7 
there is no Index of a Prime in B, which exceeds 3. - 2 
41 c Am. 


— . N 


Power of M, in the Numerator, contains the ſc- 


/ 2p +10".0 994 1Þ "66 


* 


A: uy 5X5 | 7 8 
Bram. 2. n and g==; ; then is the Problem 


5 B © 3456 
ble ; becauſe the Index of 2 in B, is 7 ; and if we take the ſecond Power of 2 
vis, 4) the Index of this, multiplied by 3, is 6; and multiplied by 3+, or 4, 


makes 8 z therefore the Ratio ſought is x : 12 ; and the Series is . 322. , 3620, 


43200 , 518400. 150. And the Reaſon of the Rule will appear in this Example, 
$616: 3099 5 5 1 5 
by ſetting it down in this Manner, vis. 
25 25X3X2* 25X3*x24 25X33X25 V 2 42s 
5 "Rn. 3X27 : n r 25K 3N. 


Caſe II. Suppoſe a Ratio not Multiple, as N : M, #s to be found. 
The Problem 1s 2 only when there is ſome Prime in B, whoſe Index is great - 
er than 1, in the er deſcribed in the 


preceding Caſe; and when at the ſame - 


Time there is ſome Prime in A, whoſe Index is greater than , ſo much that there be 
ſome inferior Power of it, whoſe Index multiplied t 
exceeding its Index in A. Then for the Conſequent of the Ratio, take ſuch a Number 
as was directed in the firſt Caſe ; and for the Antecedent, take any one, or the Pro- 
duct of any two or more of ſuch inferior Powers of the Primes in A, whoſe Indexes 
are as above deſcribed. And obſerve, that if the Conſequent, found by the Direction 
of the firſt Caſe, is a Number leſs than any of the Antecedents, found by the Directi- 
on of this Rule, then multiply it by ſome other Prime Number, which is not in B 
ſo that the Product be greater than the Antecedent. 
The Reaſon of all this Rule is to be found from the fame Confideration as that of 
the laſt Caſe. : 3 ; „ | | 
Baum. 83 Wee and :. The Problem is pofſible; becauſe the 
2X2X2 
Index of 2 in B, is 3, and 2X1=2 (1 being the Index of the firſt Power of 2) and 


3 > 


2+1, or 3X1==3. Then again, the Index of 3 in A is z, and 3X1==3 (i being the 


* 1% 135 1890 26460 370440 . : 
7 in this Series, >: TS 2 he 2 1512 245 3 W alſo repreſent 
in the following Manner; whereby the Reaſon of the Rule will clearly appear, 

5X3" We ee eee . 


Wo  SCHOLIUMS. 4 as | 3% 9 2 | 

1ſt. If it's propoſed to find a Ratio, in which no tional Term can be added; 

take any Number, which is a Multiple of B, for the Conſequent, and any aliquot Part 
of A, or A it ſelf, for the Antecedent. The Reaſon is plain. * 


wWw + # 


Or, if it's propoſed that all the Terms be Fractional ad Tnfinirum ;' we have no 


ore to do, but take F. ſuch, chat N contain ſome Prime which is not in A, or the 
e Prime oftner involved; or take M, ſuch, that 


Primes of B. ai & 31-2947. 
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by a+1, ſhall produce a Number not 


it contain not all the different 


C C = 2d, 'The 


—— —— — — — — 


| 
| 
| 
| 


of theſe, whoſe Index is the - the 


of the firſt aſſumed Primes in B and M. The 
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2d. The, greateſt limited Number of Fractional Terms that can 1 be joined in 
the Tame Series with a Praction, muſt neceſſarily lie all on one Side; and not part] 
above and partly below ; becauſe Fractions cannot lie betwixt Integers in the ſame 


Series: And as the 1 58 Number may lie either above or below, in different Ca. 


ſes; the Reaſon why I have limited the Problem to an increaſing Series, is plainly be. 
caule I know of no determinate Rule that will reach to all Cafes for a decreaſing 8e. 
ries: The Reaſon of which ſeems to be this, That it does not depend only upon the 

nſideration of like or unlike Primes, ani their different Involutions, but allo upon 
t = particular Quantities and Proportions ; yet we have theſe two 'Particulars to 
obſerve : 

(12.) That as from a proper Fraction a Series decreaſes in proper Fractions, for ever, 
in R Ratio 3 | * . * hs | 5 X 

2.) The given Fraction being improper, if the Ratio is ired to be Multipl 

the u impoſſible; 8 of which has been — in Probl. & 
Caſe I. But if it's only required to find ſuch a Multiple Ratio, in which a given Num- 
ber of improper Fractions, and no mare, can be joined to a given improper Fraftion, 


>. decreaſing ; this we can find, '7Þys, Take 4, the integral Part of the given mix' 
Number, and ſeek a prime Number, M, different from any of the Primes of A; and 


ſuch alfo, that it's »' _—_ OT Terms) be the greateſt of 
its Powers, which does not exceed 7; that Prime is the Amtecedont-of a Ratio, 


vihich ſolves the /Queſtion : For it has been ſhewn, that -a—- is the laſt improper 


FPraction; and that-it is not an Integer, alſo that none of the added Terms are ſo is 
plain; becaufe M is a Prime different from any of theſe.in A. 


PROBLEM XII. 


To find a Fraction with which may be joined in the Lame Series, increaſing, a given | 


Number, and no moro fractional 'Dermy, in a. given Ratio. 
"2 1 5 ME ds io xa 8 3 of | 
Caſe I. Sippojen Ratio Multi I : M. 1 given Number of Terms N. 
5 4 ppyje | Rhelie M into all its Primes; and far the Denomina- 


A AM Au- . | an of ht, take any Number, B, compoſed of ſome or 


Ann ſame Primes, and no other than are in M: 

Bunt let ſome one of them, at leaſt, be oſtner involved in 
B than in M; ſo much, that taking all of theſe, whoſe Indexes in B and M have the 
ſame Difference, and that tog, the greateſt of any other of them; and chuſing any one 
. of its Index in M, multiplied by 


1, ſhall be leſs than its Indes in B; but multiplied by #1, it ſhall not be leſb. 


Then for a Numerator, take A, any Number whatever Prime to B; and you have 


- 
- 


th e 7 ght; which is proper or improper, as A is leſs or greater than B. 
Kaan. 7, N | Prins 0 N are 2X2X2X $a "The Index of 


3 in 72 is 2 ; Which multiplicd by 4 gives 8; and multiplied by 4 ft, or 5, gives 
10 Tbergtte I rkg aKa ber, I. U. which has i Invalid in it to the ↄth Power ; 
becauſe 9 is greater than 8, but not greater than 10: Such a Number is the gth Pouer 
of 3 it ſelf, vis. 19683. 5 which we may alſo multiply 25 other of the Primes of 
M, as * 2 any ſuch Doe of any of ge TORS whoſe Index is cither not leſs 
than its Index in M, or which Hock or Whit it the Differenee 'betwixt:the Indexcs 
reſt of the Work is obvious. | 
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_ poſe the Series limited to this Condition; that ir fhall. not continue for ever in F 
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Caſe II. Su | 


- 925 the Ratio not Multiple, as N: M. 1 
Find the Denominator, B; the ſame Way as before, from the Primes of M: Then 
ſor a Numerator, take A, any Number 2 of all the Primes of N (and xr 
other n they are none of thoſe of B) but let them be ſo much o 
ner involved, ing all of theſe whoſe Indexes in N and A have the ſame Dif- 
ſerence, and that, the leaſt of any other of them; and ch that one of them whoſe 
Index is greateſt; the Product of its: Index in N by -f, -ſhall not exceed its Index 


in A. | | | 

The Invention of the Numbers ſought, in theſe Caſes, has no Difficulty ; and the 
Reaſon-is contained. in what has been explained in the preceding Problems, . 
Probl. XI. And tis to be obſerved too, that this Problem is always poffible, #. e. 
with any Ratio, and any Number of Terms. | | 

5 SCHOLIUMS. | | 

1ſt. Suppoſe the Number required ought to be ſuch, that the very. firſt Term after 
itis a e Number ; then for a Rats: Bonn," <3 AY B any aliquot 
Part of M, or M it ſelf ; and for A, any Number prime to B. Again, for a Ratio 
not Multiple, as N: M, take B, as before; and for A take N, or any Multiple of it, 


ſo that 8 be not a whole Number. 


If the Number of Terms to be added is infinite, take B, ſuch, that it have ſome 
Prime, which is not in M. | 
24. If no particular Ratio is given, i. e. If it's —_— to find ſuch a Fraction, 
that a given Number is the greateſt Number of Fractional Perms that can 3 
be joined with it in the ſame Series inereaſing, in any Ratio whatever; then the Pro- 
blem is impoſſible: For no ſuch Eraction can be found; becauſe with every Multiple 
Ratio, an infinite Number of Fractional Terms ean be join'd in the fame Series with 
any Fraftion ; and it may be ſo too; with many Ratios not Multiple: But if we 8 | 
ons; then, I : ol 
(19.) 5 a Multiple Ratio: Take for B, any Number whereof that Prime 
which is oftneſt involved ſhall have 71 for its Index; and for A, take any Number 
Prime to B. And to find an Example of the Series, tabe for M, (the Conſequent of the 
Ratio) the Product of the Roots of all the Primes in Bj or that Product multiplied by 
any other Prime. OT eee eee GH | | | 
(2*.) Suppoſe a Ratio not Multiple; take B, as beſore; and for A, let it be a 
Number prime to B, and ſuch that all its Primes be involved to the I Power: Then 
the Invention of a Ratio, anſwering the Problem, is this; Take the Conſequent M, 
as before; and for the Antecedent N, take any of the Primes of A, or the Product 
of any two or more of them, provided it be leſs than the Conſequent. 
3d. What has been ſaid in $0} ad. of the laſt Problem, may be med here, 
for the Reafon why this Problem is limited to an inereaſing Series: Yet concern- 
ing decreafing Series, we have to add theſo Particulars, vis. 5 
.(19.) Suppoſe the given Ratio is Multiple; then for a decreaſing Series the Problem 
is im e:. For the Number of Fractional Terms will be infinite after any FraQtion. 
(20.) Suppoſe we ought to find a mix d Number, with which may be join'd a given 
umber, u, of mix d Terms, and no more, decreafing in a given Multiple Ratio, 
M: x ; it may be found, hn; Take the » Power of M, and then any Number, 4, 


not excceding Mo. Laftly, Take any mix'd Number, 1 whoſe integral Part is 43 
9 Cera * but 
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but take Care alſo that A be ſuch that there be ſome Prime in M, which is not in 4 
or the ſame Prime oftner involved. | 
- (39.) If the mix d Number in the laſt Article is required to be invented in its leaſt 
Terms; take for B any Number at Pleaſure, which is not a Multiple of 2 (f. e. any odd 
Number) and for A, multiply B by the 2 Power of 2; to the Product add 1 [or more 

generally add any Number, whereby the Sum may be Prime to B; and at the ſame 

Time a Number leſſer than the Product of B by the »+1 Power of 2] and make 

this Sum the Numerator: And if 2 is made the Ratio, tis evident there will be , 

mix'd Terms and no more. Again, with a greater Ratio than 2, it's certain there 

will be fewer mix'd Terms; for the Denominator will ſooner exceed the Numerator: 


Hence tis plain that 5 is ſuch a mix d Number as was required. Or ſee the Res. 
ſon of it, thus; The Number found, according to this Rule, is thus expreſſed, 


— . — to which » Number of Terms being joined in the Ratio, 2: 1, the laſt of 


them is 2 » which is an improper Fraction; and the very next Term would 


22 


de a proper one, vis. 3 ; where 2 is manifeſtly greater chan 2%þr, | 


g. IV. Of Numbers odd and even. 


| | Trnuronrnems 1, II, III, IV. 
N Addition of Numbers theſe TR are true; | 
1ſt. The Sum of two or more even Numbers, is an even Number; for 2 meaſures 
each of the Parts, therefore it meaſures the Whole (Ax. 1.) Exam. 4+6+8=18. 
2d. The Sum of two odd Numbers is an even Number; for x taken from each of 
them, leaves an even Number, but 1-1 =: So that the Sum is, the Sum of two even 
Numbers and 2 added. Exam. 5＋ zA -C- 2. | 
za. The Sum of an even and an odd Number, is an odd Number; for 2 cannot 
meaſure both the Parts, fince it cannot meaſure an odd Number; (Cor. 1. Ax. 3.) there- 
fore it cannot meaſure the Whole ( Ax. 1.) Or thus, 1 taken from the odd Number, 
leaves an even; ſo that the Sum is the Sum of 2 even Numbers, (which is an even) 
and 1, which makes an odd Number (by Cor. 4. Defin. 8.) 
4th. If more than 2 Numbers are added, which are all odd Numbers, or partly 
even partly odd; the Sum is even or odd, according as the Number of odd Parts !s 
even or odd ; which follows eafily from the former Articles. 
Exam. 3+5Þ+1=15, and 3+5þ+13 +1940. Alſo, 
3+4+Þ+6=13, and 3+5+ 4212. 


TnzonntmMs V, VI, VII. 
In Subſtraion theſe Truths are evident, being the Reverſe of the former, viz. 
5th. The Difference of 2 even Numbers, is an even Number: So 8—4=4. 
sth. The Difference of 2 odd Numbers, is an even Number: So 9—5=4. 
7tb. The Difference of an even and an odd Number, is an odd Number: 80 
14-=5==9, and 19—8=11. | | 


| | TRHREOREMS VIII, IX. | 
In Multiplication theſe Truths are evident from the firſt Theorem; becauſe Mul- 
plication is only a repeated Addition. | | ach 
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87h. The Product of two even Numbers, or of one odd and even Number, is an 
eren Number; for it's only the Repetition of an even Number, or a Sum of even 
Numbers: So 4K 8 = zz, and 6X5==42. Ms 

th. Two odd Numbers produce an odd Number; for it's the Sum of an odd Num- 
ber of odd Parts : So 3X7 =21. | 
Conor L. The Powers of an even Number are all even; and of an odd Number are 
all odd. Alſo the Product of more than 2 odd or even Numbers, is odd or even; 


and the Product of ſeveral Factors partly odd, partly even, is even. 


 TuronrtmMs X, XI, XII. | | 
In Diviſion, theſe Truths follow from the laſt ; becauſe this is the Reverſe of that. 
1orh. An even Number meaſures an even Number by an even, or an odd, in diffe- 
rent Caſes : So x2-—=4==3, and 12=-6=z: ; the . Reverſe of which is, that tne Mea- 
ſure of an even Number may be odd or even. Y 
11th, An odd Number meaſures an even, only by an even: So 24—3=8, 
r2th. An odd Number meaſures an odd, only by an odd: 80 35725. 


COROLLARIES. 

1ſt. The Roots of odd or even Numbers are all odd or even. | 

zd. The Number which an odd Number meaſures, may be either odd or even; 
which is plain from the ſecond and third Articles : But the Number which an even 
Number meaſures, muſt be even; elſe the Product of two even Numbers, or of an 
even and odd (viz. the — and Diviſor) would be odd, contrary to Theor. 8; 
which laſt Part we. may alſo expreſs thus, viz. An even Number cannot meaſure 
an odd: Or alſo thus, There is no even Number in the Compoſition of an odd; and 
ſo, laſtly, An odd Number only can. meaſure an odd. | 


|  Tuzonr mM XIII. | 
There is no Number whatever (excluding 1) that will meaſure all odd Numbers, 
becauſe an infinite Number of thoſe are prime Numbers; but all even Numbers have 
2 common Meaſure, vis. 2, from the Definition. 


| TRHREZORE M XIV. | 
Two odd Numbers, that differ by 2 (i. e. every two adjacent Terms in the Series 
of odd Numbers) are Incommenſurable ; for dividing them by the Rule for finding 
their greateſt common Meaſure, the firſt Remainder is 2 3. the next will be 1 3 
which is the greateſt common Meaſure... 


THEOREM XV. - | 
If an odd Number meaſures an even, it will alſo meaſure the Half of the even 
Number. Exam. 3 meaſures both 12 and 6. 3 
a Dzmon. If A, an odd. Number, meaſures B, an even, let the 
A) B (C Quote be C, it is an even Number (Theor. XI.) which will back again 
3. 12 4 |. meaſure B by A; but B and C, being both even, are meaſurable by 


» Alſo C: B: = : = Now fince- G meaſures B by A, therefore D meaſares 


3 by A.; and back again, A meaſures = by _ : Otherwiſe thus, any even Num- 


ber may be expreſſed 2N; and if A meaſures aN by C; then is Ac iN, and 
A: N: : 2: c. But 2 meaſures C, which is an even Number; therefore A mea- 
ſures N, the Half of NN. N | £ 
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—T—T—TdTdT0T earn 
If an o umber, A, be Incommenſurable with any | N; it will be 
alſo with the Double of B, or 2B. 755 8 
Demon. If A and 2B are Commenſurable, ſuppoſe / their common 
-:1 8 | Meaſure; it muſt be an odd Number, becauſe it meaſures an odd 
m A .d | Number (for no even can meaſure- an odd, Cor. 2. Theor. XII.) let 
2B ü the Quote be d, it is alſo an odd Number (Theor. XII.) Again, 2B 
is an even Number; and becauſe , an odd Number, meaſures it, 
therefore it meaſures its Half, B (Theor. XV.) conſequently, A, B, are not Incom- 
menſurable, cantrary to Suppofition. 3 
Conor r. For the {fame Reaſon, A will be Incommenſurable with any Product of B, 
multipliod into ſome odd Number. ee nts = 


| rund an XVII. | 


All even Nutmbers are either ſome Power of a, or ſome of thoſe multiplied ino 


ſome odd Number. 
DM ON. All the Powers of 2 are even Numbers (Cor. after Theoy. IX.) 
2) A | but an even Number, which is not any Power of 2, is the Product of ſuch 
| Power by ſome odd Number: Suppoſe any even Number, A, divide it 
2) C by 2, and let the Quote be B; divide this again by 2, and let the Quote 
: be C; and io on, as in the Margin: As long as 2 meaſures the ſucceeding 
Quotes, the laſt Quoto will be either x, or odd Number; for as lon 
as any of thoſe Quotes is an even Number, it's again meaſurable by z; = 
fo that ĩs not the laſt Quote. If it's 1, then A is ſome Power of 2; for it's the Pro- 
duct of all theſe Diviſors; and if it's not 1, it muſt therefore be ſome odd Number; 
bi Fer A is compoſed of thoſe Factors, vis. that odd Number which is the 


laſt Quote, and 2 as oft involved as the Number of Diviſions, i. e. ſuch a Power of 2, 
whoſe Index is the Number of Divifions : Thus, if B is an odd Number, then is 
A=2B; if C is an odd Number, A==2*2XxC, and ſo on. 

Or, the whole Demonſtration may be made thus; No even Number is a Prime 
but 2 ; and all other Primes are odd, by Definitions ; therefore, let any even Num- 
ber, A, be reduced to its component Primes, fome one, or more of thoſe, muſt be 
2 elſe it cannot be an even Number: Then either there is no other Prime amongſt 

theſe but the Number 2; ſo that A isa Power of 2 ; or if there are alſo other Primes, 
they muſt be odd Numbers; and if there are more than one ſuch, their Product is 
an odd Number (Theor. IX) Conſequently A is the Product of ſome Power of 2, 
by ſome odd Number. | | 


| TuT OR 1 * XVIII. : 
All even Numbers, above 2, have ſome one of theſe Qualities, vis. they are either, 
Iſt. Evenly even only, i. e. They are not alſo oddly even; and ſuch are all te 


fuperior Powers of 2, and none other. 


24. Oddly even only, 5: e. They are not alſo evenly even; and ſuch are all the 


Doubles of every odd Number, or the Products by 2, and none other. 
3d. Both evenly even, and oddly even; and ſuch are the Products of any odd 
Number, by any Power of 2 7 2) and none other. | 
Dzmox. It's evident that all even Numbers, above 2, muſt have ſome one of the 
"three Qualities mentioned; and that the ſame Number can have but one of them. 
What is to be demonſtrated, is therefore this: That the ſevcral-Clafſes of Numbers 
> op have the Qualities aſſigned to them; and that none other have theſe RON 
p 168, *- ; I, C 
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19. The ſuperior Powers of 2 are evenly even; this is manifeft : Then again, 
they are not oddly even ; for 2 being a Prime, no Number can meaſure any of its 
) Powers, but ſome other of its Powers (Cor. 6. Theor. X. Ch. 1.) which are all even 
Numbers; therefore no odd Number can meaſure them, i. e. they are not oddly even. 
29. The Multiple of any odd Number A by 2, or 2A, is odly even by the Defi- 
1 nition-z but it's not evenly even; for if we ſuppoſe it is, let 2 ABC (two even 
t Numbers) then 2: B:: C: A, but 2 meaſures the even Number, B; and there- 
; fore. fo. muſt the even Number, C, meaſure the odd Number, A; which is impoſſi- 
| ble (Theor. XII. Cor. 2.) * | 
. 30. Any ſuperior Power of 2, multiplied into an odd Number, produces a Num- 
ber which is both evenly even and oddly even: It is oddly even by the Definition; 
| but it's alſo evenly even; for let the odd Number concerned in it, be called o, and 
the ſuppoſed Power of 2 be ; then is m equal to the next Power below, multiplied: 
by 2 : Call that mix d Power, p, ſo is bene conſequently oXz2==2xpXo0 ; but po is 
| an _ Number (viz. the Multiple of an even Number, p) therefore 2 (m 
is evenly even. | 
; 4. There can be no even Number of any of the Qualities mentioned, but theſe - 


) deſcribed'; for it's ſhewn, that none of the ſeveral Claſſes can be of any other of 

: theſe Qualities, but that aſſigned to it; and theſe three Claſſes comprehend all even 

t Numbers, by (Theor. XVII.) Sinee they are either Powers of 2, or ſome of. thoſe - 

a multiplied by ſome odd Number; the firſt Claſs comprehends all the ſuperior Pow- 
en of -2 ; the ſecond comprehends 2 and its Products by all odd Numbers; the third 

5 eomprehends the Product of all the ſuperior Powers of 2 by all odd Numbers. 5 

; From the Nature and Manner of producing the Species of even Numbers, here ex- 

5 plained; the following, Conſequenees will eafily appear. | 

; POL TAR IEEE. 

b 1ſt. Every Number, which is evenly even, has an even Half, or is meaſurable by 

5 4.; for it's either ſome ſuperior Power of z, as 4. 8. 16. &c. each of which is mea- 


8 

furable by 4; or it's the Multiple of ſuch a Power by ſome odd Number. 

2d. The Product of two Numbers, evenly even only, is evenly even only; being 
— Product of two Powers of 2; which is alſo ſome Power of py, + ngte Nature of - 
zd. A Numberevenly even only, multiphed by. any Number oddly even anly, or both 
oddly and evenly even, FE Neander 30 is both oddly and — even; 
becauſe there is in the Compoſition of the Product ſome odd Number, and alſo ſome - 
higher Power of 2. ö A „„ "> 

4th. A Number-oddly even only, multiplied by any even Number whatever, pro- 
duces a Number both oddly and evenly even ; but multiplied by an odd Number, 
produces a Number oddly -even only; t e Reaſon of both which is manifeft... 

5th, A Number both _ and evenly even, multiplied by any.Number. whatever, 
produces a Number both oddly and evenly even. „ 3 panes Sq 4 

6th. An evenly even only; -can Þe-mbaliited by abne but another fuch, or the Root 
2 ; becauſe it is the Power of a Prime Number (2) which can be meaſuted by none 
but ſome of the inferior Powers of that Prime 3 wherefore an evenly even only, be- 
ing meaſured by another ſuch, quotes another le ÜL 
7h. A Number böth oddly and evenly even, may be meaſured by any Kind f 
Number whatever. 5 l ads, e date 
erb. A Number oddly even only, can be meaſured bj ho. Number, but a ur. ſome: 
r . auld th dow s fk. 


oth. The- 
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9th. The Number which is meaſured by an evenly even only, is either evenly even 
only, or both oddly and evenly even; and the Number which one both oddly and 
evenly even, or one oddly even only, meaſures, is alſo both oddly and evenly even. 

1h. If you take the Series of even Numbers, 2. 4. 6. 8. 10. 12. 14 &c. and begin- 
ning at 6, take every other Term, fl. e. paſſing one take the next, vis. 6. 10. 14 Cc. 
you have the Series of Numbers oddly even only, becauſe the Series of even Numbers 
are the Doubles of the ſeveral Terms of the natural Progreſſion r, 2, 3 Ec. whereof 
every other Term, beginning at 3, make the Series of odd Numbers, and the Doubles 
of thoſe is the Series of Numbers oddly even only; ſo that 6 being 2X3, every other 
Term after this makes the Series oddly even only. | 


TAHEOREM XIX. 

| Take the Series of odd Numbers from 1, then 
3. 5. 7. 9. 1, Sc. | the Series of their Doubles, then the Doubles of 
nn. 22, Cc. this Series, and ſo on; as the firſt Line is the 
— — Progreſſion of odd Numbers, ſo the ſecond Line 
12. 20. 28. 36. 44, ©c. is the Series of Numbers oddly even only, and 
24. 40. 56. 72. 88, Sc. | the firſt Column on the left Hand (excluding 1.2) 
48. 80. 112. 144. 176, &c. is the Series of Numbers evenly even only: The 
_— : other Columns below the ſecond Line containing 

the Numbers that are both oddly and evenly even. 

The Truth of all this is evident from the Definitions of theſe Kind of Numbers, and 
the Conſtruction of this Table; upon which this alſo is remarkable, viz. That each 
Line (taken from left to right) is an Arithmetical Progreſſion, whoſe common Diffe- 
rence is double the firſt Term; the Reaſon of which will be plain from theſe Confi- 
derations, vis. 19. Becauſe it is ſo in the firſt Line or Series of odd Numbers. 22. By 
the Conſtruction of the Table the firſt Term of every Line is double the firſt Term of 
the preceding. 39. The Product of any Arithmetical Progreſſion is an Arithmetical 
Progreffion, whole Difference is the Product of the former Difference by the common 
Multiplier. Again, each Column from top to bottom is a Geometrical Progreſſion in 
the Ratio of 1: 2, as is plain from the e So that the whole Syſtem of Num- 
bers that are both oddly and evenly even, proceed either from the ſeveral Numbers 
which (excluding 2) are oddly even only, by multiplying each of theſe continually by 


— 1 
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2, making ſo many Geometrical Progr 
by adding to theſe continually their Doubles, making ſo many Arithmetical Progret- 


fions 


The Sum of Numbers that 


"Turontm XX. 


are all oddly even only, may be odd] 


lions ;- or from the Numbers evenly even only, 


even only, or 


evenly even only, or both; 7 bus, if the Number of Terms added is odd, - Sum is oddly 


even only ; but if it's even, the Sum is evenl 


Gro = 16, 


Exam. bro = ie 


oddly even only, 


evenly even o 


. 7 
_ ., 6F10Þ14+18=48, both oddly and evenly even. 


Dznon. Let a, b, c, d; &. be any odll Numbers, then are 24, 2b, 2c, 2d, &c. 


y even only, or both oddly and evenly even. 


Numbers oddly even only; and their Sum za, þ2bþ:c, + 2d &c. Xx, aT-b++1 
&c. is oddly even only, it; the Number of Terms added is d; for an odd . of 


odd Numbers makes together an odd Number, and an odd Number doubled makes 
a Number oddly even only. Again, if the Number of Terms added is even, then 
their Sum 1s even, and may be repreſented by 2 A, and therefore its double is 4A, or 


2X2A, which, it's plain, cannot be a Number oddly even only; and therefore m 


uſt be 
either 


3 = ml pet FFa# 
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1 or ech odd e, dee HR That in fome Caſes i 


be the one way, in, ſome the 0 r, che precedin les ſhow ad 1 
| = —_—— en to re le ; of each Kind. 8 * 3 yoawll 
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5 | |  Tazonzu XXI. 

The Sum of any Number of Numbers that are all * even oh is both un 
und evenly eren. Nan. A r | 

Damon. The given Numbers may be ſented thus, 2, 25+, zue 2"#t, and 
in the firſt 4 tis A — the; an- Tant _— Czxz-- ==2"X2" L. But 
t is odd, therefore 2"X2!p1 is oddly and evenly even. This Sum we may now 

by 2 (o being the odd: Number: Kt) then is z.No- EA u A; ; 

which for the ſame Reaſon as before is both oddly and evenly even. Call this Sum 
again 2%, and the' next Sum 1 1s 7 e ett which is both your and even- 
he's _ Ft, we Frag ; 


„ „G 


8 6 . 


EF 4 K 0 „K ve x1. 
The Ni Wet „ Nutty "of Terms, all both oddly and cvenly even, is either even- 
ly even only, or r both oddly and evenly . and particularly, if the Number of 
erms is a, the Sum is beth oddly and Frealy Nigel 
DzMon.- The Sum cannot be eddy e only, , becauſe each of the Terms has an 
even half, or is meaſurable by 43 whence oe aly, b is alſo meaſurable by 4, and con- 
vently it is either evenly 8 ©nly' 2 or both oddly and evenly even (of which you'll 
find Examples and Rules how to invent them afterwards). Again, if there are but 
2 Terms, the Sum is both oddly and evenly even: For every Number, both oddly and 
evenly even, is che Produtt of an odd We by ſome ſuperior Power of 2; where- 
fore let 4, 0 repreſent two odd Numbers, and 27, 2*+*, two Powers of 2, then will 2 U, 
a rA, repre nt any two' Number ba 725 and. evenly. even; but their Sum i is 
er Xa ee and þ* | dens! en 2 is even ald, and N is 
odd; conſequently 2 2 5 Fi Dxpade2* M), is both oddly and n en, be- 
ing the Pruduct of an o l Reviher by a ſuperior Power of 2 2. | | 


ere XXIII. 
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5 odd ü a erenl even is Sicher even anly, or bath oddly and evenly even; 
and parti F arly, e r 12 only; being added to another both oddly 
and evenly even, the Sum is * dly and event EVEN. 
Demon. The Sum cannot be oddly — only each Part is meafurable by 
1 4, therefore it is either evenly even. or bath ' Hy. d . Evan. 2 af 
vg there is but one of each, the Sum is b 3 y even; for poſc 
Numbers may be expreſſed thus, 25, and z Xo;wh 3 12 


but ar ig 2 0 is neo is even, and the d and 
hence 2" Mop whe. 2 ad e RES 2 8 bs peer. 
ted thus, 7 75 *; 2%0, , whole Write Koa! — 5 bat 0 is odd, and 
2* even, ee e ods | 


S2 


8 ah and cvenly even 


Tuzoinm XXIV. 
Any Number of Terms oddlyicver anly,/ivikhl an Number cid even only, or 
both oddly and only Even, mes Sum gicher en enhy, er both Gddly and 
exenly even; ly, 1. Auy odd Wer —— reckon æ) — 


of _ 
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all of them oddly even only, added to one or wy Number, all evenly even only, or 
both oddly and evenly even, makes the Sum oddly even only. ' © 
2%. Any even Number of Terms all oddly even only, added to one or any Number 
of Terms all evenly even only, or both oddly and evenly even, make a Sum both odd. 
ly andevenly even. : * 7 
- Dzmon. For Article firſt, which muſt be ſubdivided thus 
(.) $a pa one Number, oddly even only, added to one either evenly even only, 
or both oddly and evenly even, their Sum is oddly even only; for let o be any odd 
Number, and e even, then 2X0 repreſents any Number oddly even only; and if e is 2 
Power of a, then axe repreſents any Number evenly even only; elſe 2 is a Number 
both oddly and evenly even; but it's plain, that 2X0-|2Xe=2x0Þe, and oe is odd, 
hence zx zx is oddly even only. . | y 
(2.) Suppoſe; more generally any odd Number (including 1) of Terms all oddly 
even only, added to any Number, evenly even only, or both oddly and evenly even, 
the total Sum is oddly even only; for the Sum of the Numbers oddly even only is odd- 
Iy even only (Theor. XX.) and the Sum of theſe that are evenly even only is both 
eddly and A even (Theor. X 4 which two Sums make the total Sum oddly 
2 wy (by what's laſt demonſtrated.) But if the other Part conſiſts of Numbers, 
t 
and evenly even (Theor. XXII.) either of which added to the former, which is odd- 
ly even only, the Total is oddly e Lge 1.) 3 = 
For Article ſecond, the Sum of an even Number of Terms all oddly even, is eithet 
evenly even only, or both oddly and evenly even (Theor. XX.) then the Sum of any 
Number of Terms, all evenly even only, is both oddly and evenly even (Theor. XXI. 
+ Alſo the Sum of any Number of Terms both oddly and evenly even, is either evenly 
eyen only, or both oddly and evenly. Soon (Theor. XXII.) wherefore it's plain, 
that what we have to confider in this Article is this, vis. What kind of a Sum is that 
of 2 Numbers, both of them evenly even only, or both of them oddly and alſo evenly 
even; or the one evenly even only, and the other both oddly-and eyenly even (for of 
theſe Kinds are the Sums of the two Claſſes of Numbers added) in all which three Ca- 
ſes the Sum is both oddly and evenly even, by Theor. XXI, XXII, and XXIII, the 
aſt part of which ſhews the Truth of the laſt Caſe. 


VVV 

If there are three Numbers in Arithmetical Progrefſion, whereof the middle Term 
is evenly even only, and one of the 'Extremes oddly even only, the other Extreme is 
alſo oddly even only. 17777 wer nog vn, ior Rad 

Dzmon. Let the three Terms be 2X0, 2% N, the firſt” being addly even only 
(for o is an odd Number) and the ſecond being evenly even only, or ſome Power of 2, 
then is 2xo|N==2x2%=2%+t but ſince 2 is even, ſo muſt 2x - N; and becauſe 
alſo 2x0 is even, ſo is the Remainder N. Let it be * . that Na, then is 
a N- Cu , but 4 is an odd Number, far elſe 5 1 0 be odd (vi. 
the Sum of an odd Number, and even Number) and then 2 Ta is oddly even on- 
ly, #. e. 2˙ (=2x0FÞ9) is oddly even only, which is.im) 
of a, or evenly even only; wherefote à muſt be odd, and*-copſequently N (=24) 

oddly even only. | | | 


; 24 4. „ X a” F 5 
09 e ee eee BB OUR DE Mn Jyilibo u b 10%ff Hh 
To find a propoſed even: Nuraber of Numbers, which are all oddly even only, and 
whoſe dum is evenly even only) node bo Tn n Nin 
3. + - , # % # ? 


* 


4 + 
- 
1 9 Fee 
27 I 1 3 4 
4 * 2 * 


EY 
#" 1 7 * 71 FE" 0 
5 D a 
A 4 


y and evenly even, then their Sum is either evenly even only, or both oddly 


offible, for 2*+ is a Power 


- Rule 


en 


2,8, & 
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Rule 1. If the 2 Number is 2, take any Number oddly even only (as A in 
xam. Iſt.) Alſo any Number evenly even only and which is great- 
Exam. 2 er than the former Number (as B) then take a third in Arithmetical 
A, B, # Progeſſion to A, B, as, C; and A, C, are the Numbers ſought. 
th 16, 18 5 Dzmon. By Theor. XXV, C. is oddl even only; then AT 
: 2B, which is a Number evenly: even only, vis. ſome Power of 2, 
becauſe B is ſuch. 
1 708 If the ert Lag take 2 Numbers oddly even only, as A, B, Example ſecond ; 
alſd any Power of 2, as C, which is a greater Number 


. 2. 8 than B; then take D » E, as much greater than C, as B 
A: B: 5 D: E Age leſſer, and A, B, D, E, are t e Nuinbers foo — 
6: 10: 16 22: 26 DENON. DE, are odd] r only, by Theor. K 
and B4-D=2C, alſo 41 770 therefore ATBED+- 


EC, which is a Power of 2, becauſe both 4 and C are ſo. 
52 Let the, propoſed Number be any even Phe, above 4 ; find firſt four of the 
Numbers ſought, as in the laſt Caſe; then take the. next Power of 2 above C, as G; 
and below it take a Number, as F * adly even only, and which is different from any 
of the tete and another as or above it as H; then take in the next Power of 2, 
ub s and take below it a Number oddly even ooh, and another as far Fae; 3 and fo 


* have as many Numbers as are requ 


„ ep v e n 1 1 L 
6 2 19 e 34 : 62 66 
" 5 3633 64 


D For the firſt 4 we have the Dassia already: Then for the next 23 

115 =2 G ; But 20, therefore 4 C ower of a. The Re iG, conſequently 

BE-D-E+F4H=4G, Which is a Power of 2. eaſon goes on the ſame 
Way to the next Two, and ſo for ever. 

SCROL. If the p PORE Number is it ff ſome Power of 2, we may work thus 
take any Number of Terms all oddly even only, which is equal to the Half of the 
Number propoſed, then take a Power of 2 greater than the —— of them, and as 
many Terms above it, at the ſame Diſtance as the former half are below it; thus, 


| to find 8 Terms, I firſt take 4, as A, B, C, D, then 2 Power of 2, as'E, n 


A, B, C, Boi, F, & H, 
6 1 o * 14 · 18 32*46* 50 · 34 61 


D; and laſtly, F 20, 1 —— — E, as D, C, B, A, d The 
Reaſon is * for here E multi the Number propoſed i is the Sum of the other 
d; dee dealer propoſed, een Oo > ſo is the 


iced PROBLEM | 1 
0 . find a an even o Number of Terms oddly even only, whoſe Sum i is both oddly and 
venly even. \ 
Rule 15. If the given even Number i is greater then 2, then take as many Terms as 
half the Number ſed out of the Series of c of 2 ctack, s at any Power 
above 4 ; then take a Number oddly; even ay be bel 64D ani ae as far 
above it; and you have the/Numbers ſought. _ 23 


Ddd 2 | 1 


od Of II Ga —_— Book V. 
& © 0 D en 6 1 | 


6 10 nm 628: [4 oe: eo 2 | 
3 3 rr. j TI - 4 


DMom. An Again, DEE, and'G+kzzH, canker "TPM 
F+G+I=2x BEEFH ; but B. K. H. being evenly even only, their Sum oh 
+H is both oddly and evenly even N eur. Fer and ſo alſo is 2xBÞ-E+H 
(Cor. 5. Theer.X. VIII.) and oy Me find, the Reaſon is plain- 
ly the Game ; alſo the Reaſon aby o you maſt begin ore 4 is, becauſe there is not a 
„ eee u ge nya A, 

AF Len um 18 22 r y then 2 
Number FEE. as B, which is evenly 77 dy <A os od en only, cg 
as far above B as A is below it; 25 Lully, L 
which is the next above C; and A are the N Nambers 

5 ao C+ 


ae | „ therefore AD=A 

Example. e vert, > het ns, and then 2B-y== 
A. B WD | ax bm=ateÞFi «is an even Number (fince B is at leaſt 4) 
Tg 8 Doe > vic Stacie * wad en * both 2 


evenly even. 


| P RO BL EM III. 
To find a prapoſed Manly of TA both oddly and evenly even, and 
whoſe Sum is * even 
Rule 10. It the propoſed Number i is exen, take many Numbers oddly even only, 
and whoſe Sum is evenly even only, 4 uk Probl II. . ly each of them * ſome 
Number even V 2 and and you key ws KV, G, * 
Exam. To umbers ; they are E, E, GH 
= 
even only Lr * che erh Power of 2. 
| 
N W the 8th Power of 2. | 


Don. Numbers oddly even only, as A, 2, 0. D, being 8 by for 
Power of 2, produee Numbers both oddly and evenly even but 
Power of 2; therefore is 2Ho forme Power of 2. A115 rcd 
An. which is ſome Power of 2, or a Number evenly even 


N . If the 8 Number is odd, take the nent leſſer Number which is oven, and 
gal 5s ten oddly and oventy even, and whoſe Sum is: evenly even only 
(by Caſe I.) to this nom; ny add the Number evenly even only, which 1 is the Mw greater, 
and this laſt Sum is the remaini 9 fought. 

Exam. To find 3 Numbers; fi 20, Numbers boch od and evenly even, 
whoſe Sum is 32, evenly even 1 add 64, the nent evenly even, 
the Sum 9s is the remaining N gh eee es 


. DEMON» 


7 i n+ 


ly, 
ne 
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Demon. Let A, B, C, D, Sc. be any Numbers both oddly and evenly even, and 
whoſe Sum S is cvenly even only, then the next greater Number —— only is 
28. their Sum 4 * S=3 EO . _ _ 3 — * Numbers 
found, ui. -B- C or their Sum which is 8, Sum is 4 $—$+S= 
45, which is evenly even only, becauſe 4 and S are ss. 


Tar en PROBLEM IV. * . 
To find a Number of Terms, all of them both oddly and evenly even, and whoſe 
Sum is both oddly and evenly even. % IR 1 
Rule 19. If the Number of Terms is even, take (by Probl. II.) as many Terms 
„ are all oddly even only, and whoſe Sum is both odd- 
iply them by 2, or by any Number evenly even only, and 


DN. The Products are Num- 


Eeam. firſt, to find 4 Numbers. |. ] ber both oddly and evenly even 


Oddly even only, 6þ1o+14+18==48 | (Theor. XVIII. "41 and the Sum of 
Multiplier 2 I the Numbers multiplied being both 
29% en {110 - (en 2 362 {1 e its Product by. 
Numbers ſought both oddly and-evenlyexen. ] the ſame Multiplier is both oddly 2 

J .az45. 4 52 ; evenly even (Cor. 5. Theor. XVIII.) 
and is alſo equal to e Numbers formerly produced. | 5 
2. H the Number of Terms is odd, take as oddly even only, their Sum is al- 


- Demon. Any odd. Number of Terms, A, B, 

| C, Sc. all oddly even only, have a Sum 8 
B+ C= $ oddly even only (Theor. XX.) and theſe, or 
Oddly even only 6+10Þ14=30 their Sum being multiplied by 2, or any Power 
Multiplier 2 I © of it, produce Numbers both oddly and evenly - 
Numbers ſought Iz Tao even. (Cor. 5. Theor XVIII.) Alſo the Sum of 
All both oddly and evenly even. {| theſe Produ@ts is the Produtt of the Sum of 
e ttce former, vis. AB. C, Oc. by the ſame 
Power of 2, which we have already ſaid is hoth oddly and evenly eren. 


«99477 © ee 2 eee ene . 

To find any Number of Terms, all both eddly and evenly even, with any Number 
of Terms evenly even only, whoſe Sum all mes is evenly even only. 

Rule. Find the Number of Terms propoſed both oddly and evenly even, and 
whoſe Sum is evenly-even only (by Probl. III.) Take Mt Sum as the leaſt of the 
Terms ſought evenly even only; and take the reſt of them immediately adjacent to 
that, and greater, in the Order of the Series of Numbers evenly even only. | 

Exam. To find 6 Numbers, whereaf 3 are both oddly and evenly even, and 3 of 
them evenly even only; and-whoſe um is evenly even only. - Ty: Os 


Both oddly and evenly even, | 12+ 20+ S128 (37) 
Numbers evenly even only, 128+256+512 | 
Sum 1024 = 2 


— By the Rule of Geametrical Prografſions, the Sum of a Progreſſion, whoſe 
Ratio is 2 (i. e. ene ee deer efcipinaliony porn Lownrs of a) is equal 
to the Difference betwixt double of the greateſt Extreme, (which is equal tothe next 
. 738-31 55 | 8 8 greater 
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greater Term in the Progreſſion) and the leſſer Extreme (for the Sum of any Geome. 
trical Progreſſion is thus expreſſed — but 7 being 2 the Sum is 2 ) therefore if chat 
leſſer Extreme be added to the Sum, this Sum is equal to the next ogy Term in 
the Progreſſion; for 2}|—aþa==2}. Now let any Number of Terms both oddly and 
evenly even, and whoſe Sum is eyenly even only, be A+B+-C+D-ES5c. M; and 
let as many Terms evenly even only, be M, N, O, P, Sc. the Sum of theſe laſt is, 28 
M, to which if we add the Sum of the preceding Numbers, which is M, the Total i; 
2P, the next greater Number evenly even only. SE ee 


. ne oo 
To find Numbers, as in the laſt, whoſe Sum is both oddly and evenly even. 
Rule. Eind the propoſed Number of Terms, both oddly and evenly even, whoſe 


Sum is both oddly and evenly even (by Probl. IV.) then take as many Terms evenly 


even only, any where out of the Series of the Powers of 2. 


Exam. To find 3 Terms of each Kind. inne e S 146 
| A B C 8 | Drmon. Let any Number 

Both oddly and evenly even wh Fog 28= 60 of Terms both oddly and even- 
Evenly even only © 64+128 . ly even, and whoſe Sum is both 
| | | M N R oy and 2 2 be A, 
both oddly and even Eee „ C, Oe. and their Sum 8; 
gages r I N x25 chen * the propoſed Number 


| Peet GHG GS, ,Q {2 111 en, all Dowers of 2, any 
where out of that Series, and call them M, N, O, Sc. and their Sum R; this Sum 
is both oddly and evenly even (Theor. XXI.) and the total Sum is therefore SR, 
both 3 which being both oddly and evenly even, their Sum is ſo alſo (by Theor. 


Taten zu Xvi. . | 


Betwixt two Numbers, both even, or both odd (whereof one of them may be 1) 


there is at leaſt one Arithmetical Mean in — | . 
Dom. The Sum of two even, or two odd Numbers, is an even Number, and 
conſequently is meaſurable by 2, bur the half Sum of the Extremes is the Arithme- 
tical Mean; therefore £ | 
Exam. Betwixt 4 and 6, there is one Mean, 5; and betwixt 5 and 7 there is one 
Mean, 6 . | * | Fe ; => ; i X 


| TREROA EM XXVII. 5 

Betwixt an even Number, and an odd (which may be I) there are at leaſt 2 Arith- 

metical Means in Integers, or there are none at all z nor can there poſſibly be any 

odd Number of Means. | | ow: 
Dzmon. The Sum of an even and odd Number is odd, therefore they do not ad- 

mit of one Arithmetical Mean, becauſe the Sum being odd is not meaſurable by 2, 


_ conſequently there muſt be 2. Means at leaſt if there are — Hence again, 


chere cannot be an odd Number of Means; for then there would be one odd Mean, 


contrary to what's laſt ſhewn. Pk 
133 TaZOAEM XXVII.. 
If a Geometrical Progreſſion is in its loweſt Terms, they are either all odd Num- 
bers, or all even, except one of the Extremes, which muſt be odd. 


DEMON, 


. 


' 32, If the It Term is f 
two odds make an even. 


a 


Damon; Let A: B be the loweſt Term of the Ratio of any Geometrical Progreſſi- 


| 311 The Sum of any Number of even Squares is meaſurable by 4 (or has an eren 


24 The Sum of 2 or 3 odd Squares, divided by 4, leaves a Remainder of 
2 or 3.  Univerſally, if the Number of odd Squares added, is a Multiple of 4 (as 
4.8. 12. 16. 26 &c.) the Sum is meaſurable by 4; otherwiſe there will always 
be a Remainder ;- particularly if that Number is the Sum of a Multiple of 4, and x, 


or 2, or 3 ; the Remainder will be accordingly, 1, or 2, or 


d. The Sum of an even and odd Square, divided by 4, We Remainder of x ; 
an 8 if any Number of even Squares is added to any Number of odd 
uares, the Remainder will be the ſame that would happen wil the Sum of the 
Squares; becauſe the Sum of the even Squares leaves no Remainder...  _ 
" 4th. The Sum of any two integral Squares, being divided by 4, cannot leave a Re- 
mainder of 3; for if they are both even, the Remainder is o; fince each of theſe 
Squares is meaſurable by 4, by this Theorem; and conſequently their Sum is ſo. If 
the one is even, and the other odd, the Sum will leave a Remainder of 1 (Coroll 3.) 
Laftly, If both are odd, the Ręmainder- will be 2 (Coroll. a)) 


The Terms of an Arithmetical Progreſſion are either all even or all odd; or theß 
are alternately even and odd; 5. e. the rſt, 3d, 5th, Sc. Terms are all even or odd ; 


| and the 2d, 4th, 6th, Sc. all odd or even. Alſo the Sum of the Whole is odd or 


arg even; the Sim is.eveny; 4; . . may xs rot: 
Dzmon. This depends all upon the. teffer Extreme, and. the, Difference) compared 

with T heorem I. ee Rs. „ 5 9 

1. If the leſſer Extreme and Difference are both even, ſo muſt the whole Series 


be; becauſe even Numbers are ſtill added to even. 80 if the leſſer Extreme is 2, 
and the Difference 4, the Series is 2. C. 10. 14, c. F 


29, If the 1ſt Term is odd, and the Difference even, all the Terms are odd; 
berauſe they are each the. Sum of an even and odd Number. So the it Term being 
3, and the Difference 4, the Series is 3. . II. 15, &. ES 

ven and the Difference odd, or if both are ole. the Trim : 
ven ; becauſe an odd and even makes the Sum odd ; N : 
| | „ 4 Thar. 


eren, according as the Number of odd Terms is odd or even; but if all the Terms 


ae alternately odd and 
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4*.. That the Sum of the Series will be odd or even, according as the ene 

odd Terms is odd or even, is alſo evident from the fame Prinei inciple for the Sum of 

every two odd Numbers is even: So that if the Number of odd Terms is even, the 

Sum of them, and conſequently of the whole Series, is even; but if it's odd, the 

5 is odd; which added to the even Sum of the even Tome; male the total dum 
II all are even, the Sum is manifeſty even. elch 8 


-  Tazonxn XXX 
Take the odd Series, 1. 3. 5. 7.9. &c. The Sum of any even 3 of Term 
of this Series, taken in the continued Order of the Series, and beginning | atany Term, 
is a Number bork oddly and evenly _ 5 e. it has an even Half; or is meaſurable 
by 3.) Per Beam. # e and ttt 1 1=32=8X4. 
Demon. 19. The Sum of any two Aden erms is meaſurable by 4; for ity 
equal to the Double of that Term of the natural Series which lies deri them, and 
is the Arithmetical Mean ; but that Mean is an even Number; and double of a 
; _ Number is evidently meaſurable by 23 3,00 or is an even Number with an even Half 
Since this ts true of any two 1 Terms, it muſt be true of any even Num. 
| ber & adjacent Terms ; heal) theſe being 


: ouch 2 is „ ene by 45 conſequenely het Sum of the Whole is meaſurable by * 


Ta EZOREM XXXII. 
e pred: pnnrt he: 
ries, am umber of Terms, erm, t um ot them is an 
Number I loſe Place, in the ſame Series bes ibis conſtant and regular Connection 
with the Kander of Terms, and the Placeof the leder Extreme of the Terms added, via 
_ if You take the . Fu of that Number of Terms, by the Place of the leffer E. 

, then again, Take the allo be Square of the — of Terms lefs 1; add 
hs HAI Sage fo the frter Þ rodu&t che Sum is the Place of the Sum of the Terms 


Thus, if there are A Terms added and the. Place of the leaſt be #, the Place 
358 Sum is r If there are 5 Terms added, it is 3521-8; and ſo on, as in this 


1 19. That the Gum is an odd Number is already 
1 5 (=2X1 ) | rd in Theorem I. 


(=2X*4 o. That the Place of the Sum is according to the Ther 
4 (=2X9 haz is 3 from the Rules concerning Arithmetical Pro- 
92 2 (=2X16 greſſions 
; E. | Call fe Plac Place of the leſſer Extreme of the Series added, 


2; then, that Term it ſelf is 2.1 [from the Nature of the 
Series; for it is 1+ Iz - 221. ] Let the Number of Terms added be 


; the "greateſt Extrcme added muſt be 2y=1+2Xa—1== 2124=; [for 2y—1 is the 

Iefler Extreme, 2 the common Difference, and à the Number of Terms] then 
the Sum of the Datere nes is 27 TL A= ; and the total Sum i 
Db Nos chis bring a Ten ef the old Series, 1. 3. 3. Ke. 


| fupps its Place to be N; then that Term of the odd Series, whoſe Place is N, is it ſelf 
x (as above ſhewn for the Place nz), ſo that 2N==1 — 


2-24: Add 1 to 
bon nod then divide by x, and it is N= 4 Uh 


n | But 
i er, and ve fer an n Fete, © waned Kale venir 
1y demonſtrated. SeuoL, 


diſtributed i into 2's and 2's, the Sum of 


Chap. I. Of Numbers, Perfect, &c. 393 
_ $cuor., The half Squares of the Number of Terms leſs x, are the Products of the 
Series of Square Numbers, B.. 4. 9 &c. multiplied by 2, as I have marked them in 
the Table; and that it will go on ſo for ever, will be plain, thus; Let à be any odd 
Number, the next greater odd Number is 4þ+1-: Take 1 from each of them, the 
Remainders are 4— 1, a+1 ; whole Squares are aa -x, a Hz - 3 whoſe Halts 
are E, S., But if the firſt of theſe.is the Double'of any ſquare 


Number, the other muſt be double of. the next greater Square; for ſuppoſe 
- a L | 8 f 2 ii | as 5 ef] A (#583 LF £3" \ 2 ; 
2 zx h, then is aa—2 -,? A iN; hence 2— 25. Add 2 to 


eich, and it is a+1=26+: =2Xb-+r 7 therefore Ai, or ö a +24+1=4xb+1*, 
| 1 47 3 ' FA 15321 


14 1 208 7 
eee e 


5 bt 2 | | 
«x5 1 $5 20 LINE enn Gin E } Hv 75 . | | | 8 1 „ 
6. V. Of Numbers, Perfect, Abundant, and Deficient. 


TAKE on E N XXXIV. e EET aw 
F the Geometrical Progreſſion, 1 : 2 : 4: 8, &c. is carried on till the Sum be a 
rime Number; and that Sum be multiplied by the laſt Term of the Series, the 
product ſhall be a perfect Number; thus, Iz z,  a;Prime, and 3X2==6, a perfect 
er, y LANE FR 
are IT2T4 TI] TIA 28. C F 5c oi ee 
| Damon. Let 1+2+4+8+85c, 2, a prime. Number; then is $x2® a perfect 
Number: For, 4 ers ERS oths $3 aty 5 1 | „ 3 * | 
19, If from 8 we raiſe a Series in the Ratio x : 2, having as many Terms as the 
preceding; the laſt Term of it will be 8x2“, as is evident from the Method of raifing 


the Series. TUES as ta bt P : 
20. Its evident from the, Compoſition of theſe Num- 
H 2, 4» 87 Kc. 2 ] bers, that all the Terms of both theſe. Series, from x 
8, 28, 48, BS, &c. 28 and 8, are aliquot Parts of Sx zu; for the firſt Series at- 
0 ter , are all Powers of the ſame Root, 2; which there- 
fore meaſure 2", and conſequently 2"xS ; and the ſecond Series being only the Mul- 
tiples of the firſt by , therefore each of them alſo meaſures 2%XS. | | 

3%. By Probl. IV. F. IV. Ch. III. The Sum of all the Terms of a Geometrical | 
Progreſſion, excluding, the rareſt Extreme, is the Quote of the Difference of the 
Extremes, divided by the Ratio leſs 1; but the Ratio here being 2, therefore 
S2 S4 S+8 SÞ&c. =2"xS—S, and 1+24-4+8 &c.+2*=8S ; alſo 2*XS—S 
T$=2"XsS ,; therefore 14+24+4+8 &c. 4 "484-2 S+4 $+8 S.&c.=2"XxS. EE 

4. It being proved that 2"XS is the Sum of all the other Numbers in theſe two 
Series, and that each of theſe are aliquot Parts of it; it remains to ſhew that no other 
Number can be an aliquot Part of it. Thus, Every. other Number muſt neceſſarily 
have 1n its Compoſition ſome other Prime than 2 or S, or ſome higher Power of one 
or both of theſe than is in 2%%XS ; but by Theor. X. no ſuch Number can meaſure 
2"XS, or can be an aliquot Part of it. 

Scher. In this Theorem there is a certain Way of finding as many perfect Numbers, 
43 the Number of - Caſes in which the Sum of the Series, 1. 2. 4. 8 &c. can be a 
prime Number; in which ahſerve, that there is no more to do, but from every Term 
of the Series, as it goes on, to ta e is the Sum of all the preceding 
Terms ; and il it's a Prime, then being multiplied into the preceding Term, it gives a 
perfect Number. That there are ſome pres Numbers [lis Way, is . 

a — e / k 


- 


% 


1 * 


= 
| 


That! in the Progreſſion, . 2. 4. &c. the Intervals of the Numbers, which lelfenel 
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for ſuch a Number is, eee - alſo 28==1 EIFS (=7) er; and 496= 
24 IIC LEP wrt LEND ASA 151 ooh eig De 
33559336 = IqP2 -4+8Þ+16 3245-64712 56o5p5.12+p1024P204 
(=8r9x) 4096. Befides theſe there are but a few more bund. $ 5. rn 
there are but ten perfect Numbers betwixt 1 and 1,000,000,009,000, but does not ex 
them. And Tacguot obferves, that the. Reaſon. why more. are not found, is; 


by an Unit, become Primes, are very great; and het the Numbers are great, the 
findin whether they are. Primes or not is a vaſt Labaur. There is one Thing 
more I would obſcrve here, that it has not yet been demonſtrated, as far as I know, 
that thære can be no perſect Numbers but what maꝝ be: found by this Theorem, i. e, 
that every perfect Number is the Product of two Numbers, whereof one is a Prime, 
and the Sum of a certain Number of Terms of the Series, 1. 2. 4. &c. the other, 
the laſt of theſe Terms. Again, it wants alſo to be demonſtrated, that the Number 


of perfect Nam infinite. DE fn e FI. 
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TAuEORE M xxxv. 
Eyery Prime Number is a deficient Number. 
DzMoN,, A Prime has no, aliquot Part but 1; which. is leſs chan any prime Number 


J Es XXXVT.. | 
Frery oer of IO a Pr: Number.” nb <0 
Dzmon, No Number can 8 or wa: aliquot Part of any fl of 2, his 1, 
or the inferior Powers of 2 (C roll. C. Theor. X.) But any Power of 2, is more by 1 
than the Sum, of all the inferior Powers and. x (by the Rule for ſumming the Geometri- 
cal Fe 1 2 4 Kc.) and thereföte A deficient Number. 


- Ta XXXVII. h 
Every Number is abundant, which is mcafuret by a perfect or an 8 Num- 
Ber: 8 thus, A perfect or abundant. Number can meaſure | no Number but an 'Abun- 


dant. 

- Dzmon. Let p, a Number ect or 8 meaſure u; and 
* „„ let a, E, &c. ” e the ali ot Parts of p; and take 7, 3, &c. , in the 
3 | ſame Ratios to.y, as 4% E, &c, 1 are to p; they will all be Integer; 
1 for fince.p : „ then 1: 471 but p meaſures u, there- 


&c. &:; | fore 4 meaſares'r, which er? Eb: mat be e ; and ſo of the 

3-0 reft, Now becauſe ,p:#::4:r:tih;s:&.: 1 u, therefore 
"pint: ah &c.-＋T: 7Þ+s &. 4; but Pe Cc = by is either equal 

to, or greater than p, as this 4s a perſect or abundant Number: N hence, r+ 

&c, uu (which are all aliquot Parts ot u, becauſe a af &c. are ſo of 2 is equal to, or 

8 than ; if greater, the Theorem is demonſtrated ; if eq e 1, which 

i an wang: uot Part of u, different from any of theſe, 7 5, &c. u, being added. to them, 

he Sum greater than 23 vhich is therefore : pundant, 


COROLL ARIES. | 

1ſt. & perfe& or defiticnt Number can be meaſured only by a Deficient ; becauſe 

what 1 is hav wh rf a Perfect or Abundant is Abundant. 
2d. An abundant Number may be meafured wy wy Number | for the Multiple of 
Mes abundant or perfe& Number is an abundant Num and what is meaſured by 
2 perſect Number is meaſured by all the 2Jiquor Parts 67 it, which ate all deficient 
Numbers eee again: 73 

3. 
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"hap. 1. Abundant, and Deficient. 295 
zd. A deficient Number meaſures any kind of Number. 
Senor. As in Theorem XXXIV. we have a Rule for finding perfect Numbers, ſo 
from this Theorem we have a Rule for finding abundant Numbers; for ſuch are all 
the Multiples of any perfect Number. And from Coroll. 1. we have a Rule for find- 


ing * Numbers; all the \aliques Parts (Fare 05 of any perfect Number be- 
ing uc 


Exam. 1. 6 is perfect, 2 18 is its Multiple, whoſe aliqu2t Parts are 14+2+ 


6+9 =21. 
"Fam +. 2. 28 is Perfect, and 14 its „Hall. "whoſe aliquot Parts are 44 
of je Tazortm XXXVIII. 


K ENT 1 conieliin a Prime, e pa DEE, N; 
the ny K. A multiplying another Na ber M, e Lied 5 and which does not 
meaſure. A, produces an 'abutidant Number, O 


Era. Nad, 3 puke Number, ahd wen an abundant Number, whoſe 


aliquor Pars tte 1 ＋2 actes tar ==36. 
he FA ; Io Duo. Let a, z, der u be eh the enges Parts of A; then 
„ e » 2 becauſe ON a, b, &c. will meaſute N; becauſe 
n is a Prime, bas 1 other Meaſure except A, 4, b, Ec, I. 


35 ej d the Products of thefe by”p de you bee in Prob}. IV. 6. 1.) 


55 1 4 . 1 5 ; But es ue that Nich ng. divided % b, Sc. the 

Ke. dee 1 ob Quotes are a of Purts — 25, Andichen —_ be the 
# . # * Zi 

1 L246 1 £ A343 2 Nu Jt bs 18 


che Producis of hy A, b, Ke. hoy not an- 
ſwering in the ſame Order, dt e. 11 N r, this is not "the ſame. as ap; but as they 


muſt neceſſarily be the ſame "Namliers: however the” "Gor on ence de, let us ſup- 


tin 


doſe We — &c. Then Win, Since OA. therefore Ie. Which mea- 


2 1 4 ELIT gieiq boilg. ow mn 


live A, do Lis incafite' O; ke ng, Os „ Ne. ieee N. 0% Me 


rin:: g 2, Sic. — N's © «,n944+4ck/ io. . n He, &c. But 
5 &c. e. IDA F &c. N; ſo that T is the Remainder, 
after P &c. is taken out of N; let * be che Remainder after” MA &c. is ta- 
ken out of O (which mult. be greater than that Sum, fine N is greater than 5. Lr ES Kc.) 
then is N: ©; eee FH * 3. but 1 ien 0 20k bal thanN; 
and conſequently x is leſs than 4-5 &c. + allo M 0 ; there- 


fore MCN, &c. TA, &c. _ 4 * ich . 3557 18. greater than 


O. And fince, laſtly, M:does not;meaſure A, therefore W, in, 11 0 4, b. &c. r, 


are ral per en — O, which is therefore Abundant. 2; 


, PAC 
Qt 3 x | oo : 


ki, 1 obe 4 . 9 
Tegen Kr nab nie der x . 
I a ; 5 A, IT into 8 — 5 seither rlect or e 
Number; then if A 18 wr on into any ple of B, — 73 uct is Abundant. © 


\ Exam. aK s, a perſoct Number, 2X5551c,, and 1 — abundant Nu ber, 
whoſe ali quot — i+2+ 95 N. * 3 * ad 8 


Dok. Let M be a Multiple oy 210 857 An becauſe 
meaſures A, ſo dees AB; mas rs A W bur” 35 Sopot, Perfect © 
Os. 5 there by Tear. WE bund ö 


4 "5 ; 83 ; 2 k | FAIT «© 43 4.25 Ty 
MUS Mein £8) oth: oo Mi . — 1 guet ids Bat 150 bs hat - 711 
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4-9 - Oc. are called © yadrs 
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CHAP. * 2 ae 
oO Figurate Numbers. : 
13 9 I. Definition. hou 


UMBERS are called ;Figurate from Geometrical 8 which 825 are 
capable of repreſenting in a certain A * articular Dif; 7 N of 
their Units: 3 ſhall be. preſently explained Lich + is a, Part o F ihe anti- 

ent Pythagorean Speculations about Numbers ,and u Gabel Figures; 5 from the 
Compariſon of which, they. found. ſuch Likeneſſes and Correſpon G whence they 
pretended to diſcover many Myſt _ and. Secrets of: Nature. Our Bufineſt here is 1 
confider theſe Numbers as a. Subject purely Arithmerical, and upon the Principles of 
Numbers only to explain their Connections and Properties; yet it being nece ary to 
have Names — and ſimple N. l being more convenient than long Deſcrip- 
tions; and the: Geometrical N (deſcribed, below) being till in uſe, we ſhall re- 
tain them, and explain the Reaſon and Meanigg ot them, far their ſake who have 1 
quaintance enough with Seng to ace it, or Imagination to conceive it 
the following Explications ; for others, t . muſt | take them as mere Names, by ab 
theſe Numbers are deſigned and diſtin guiſhed 

II. Take any Arithmetical Progreiſion, beginning: with 1, and whoſe common 
Difference is. any integral Number; then take the Sums of theſe Series continual] 
from the beginning; and again, the Sums of theſe Sams, and ſo on for ever. Theſe 
feveral Series of Sdms are called in general Figurate Numbers, but more particularly, 
the firſt S ums are called plain Figurates, and alſo Polygons ; the ſecond Sums are 
called: ſolid Figurates, and alſo Pyramids; the: third; © ums are led. ſecond Pyra- 
migals, and ſo on. But again, | 

III. polygons are diſtinguiſhed chus, If che — prugetge "7 in the Series =, 
whence they ced, or whoſe Sums they are, is I. as . 2. * Oc. the Sums 1. 3. 


G.. Sc. are led Tria les, Ir. Difference is 24, as 1. Oc. the Sums 1 
* — 71 and Runden Fly Sq 80 10 545 the Difference is z 


as 1.4 - 7.9. the Sums 1. 31 12 „V. are called Qinguμ en and 


ſa on; the Name of the Pol lygon expreſſing a Figure of a Nau er of Angles, which is 


2 more than the common Di Frence of the Series . Ii the fame Manner, 

IV. Pyramids; and Ali tke föllowing Sums, are r by the Polygon 
whence they proceed ; and thus we have Priangulat Pyramids, Square Pyramids, Oc. 
alſo Triangular and Square, ſecond Pyramidals, third Pyramidals, and ſo on. 


V. Since the Pyramidals do d from Polygons, they may alſo be called Po- 
onal Numbe 7 and the hol: Barr of Sums N 8 diſtinguiſhed, 


Peallisg them Polygonals of th the firſt, ſecond, Or. Order: Thus, the firſt Sums or 


e Poly 2 5 of the firſt Order; che ſecond Sums, or 122 are . 


P 
8 ele Tecon Order.” And again, the ſeveral Orders proceeding: from diffe- 


gonals 

Sexias , they are to be diſtin uiſned by the Name of che Polygon, which is 
particular 75 lied fo th firſt Order, and nts all the Ordet bf * ＋ proccedin 
oy be 2 1 Bo 35 8 . Tri gu of the firſt or ¶Cecondſ t. Order. The 


om the 
from the Series 1. 3. 5 Polygon of the quatt Kind, and 1⁰ on. Oh ſerve 


Gain, oy. inſtead of — — Sc. it will be "ſometimes more con- 
venient 


, 


1 IG ane 


Trinnglet, &c.; and ſo will the Repreſentation go on 28 it is here begun, both as to 


Chap. II. Of Figurate Numbers. 397 
venient to diſtinguiſn wry firſt Species, . ſecond Species, c. and then the Arith- 
metical Denominations of firſt, ſecond, Qc. being the ſame Numbers as the common 
Differences of the Series I, theſe are clearly marked by this Denomination; and 
thus as all the different Series of Sums come unde: the general Name of Polygonal 
Numbers, ſo theſe from different Series I are diſtinguiſhed by different Species, and 
the different Series of Sums proceeding; from the ſame Series - are diſtinguiſhed by 
different Orders. But in the laſt Place obſerve, that we ſhall ſometimes uſe the ſim- 
ple Name Polygon; or alſo particularly, Triangle, Square, Cc. when we ſpeak of 
the firſt Sums, or firſt Order of Polygonals ; alſo the ſimple Name Pyramid for the 
ſecond Sums, or Sums of Polygons. | OE | | | 

I ſhall now repreſent all theſe Series in diſtin Tables, according to their Species 
and Orders; and then explain the Reaſon of the particular Names. : 


Table of Polygonal Numbers. 


| Polygons, or Pyramids, 2d Pyramidals 
Series 1 Polygonals, 1ſt Order. Polyg. ad Order. Polyg. 3d Order. 


1. % „ 4 Triangles, 1. 3. 6. 10 I, 4. 10. 20 . 35 
7 £ Ts, 1. 4. 9.16 L 1. 5. 1 38 "By 6:20 30 
1. 4. 7. Io g, = Fentagons, I. 5.12.22 S I. 6. 18. 40 I I. 7. 25. 65 
1. . . 138 * = Hexagons, I. 6.13.28 c. © 1. 7. 22. 30 Cc. & I. 8. 30. do Sc. 
1. 6. II. 16 V Heptagons, 1. 7-19.34 a 1. 8. 26. 60 'D I. 9.35. 95 
1. J-14. 19 Octogons, I. 8.21.40 | 9. 30. 70 1. 10. 40. 110 

Sc. Oc. Ec. Sc. 


5 The Reaſon of the Names. | WE 
A Number is called a Polygon, from the Repreſentation of a plain Figure having 
many Angles, and ſuch too as is Regular, or has equal Angles, . and equal Sides. 
Thus 77:angles repreſent Equiangular Triangles, Squares, equal angled Ol rag 
gles, and ſo on. Which Repreſentation you ſce in the following Schemes; Wherein 1 
18 of all Species, becauſe-every Thing is an Unit of its Kind... . . 


147 ; Ar n Polygons. 5 
1 4% WN. 4 1 ln eln e Li n Si 
- [1 _ c 8 Ry PS 
ect 20 las. 1 0 005 CHuares. 
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Such is the Diſpoſition of. the Units of theſe Numbers, from whence they are called 


the 
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398 Of Figurate Numbers, Book V. 
the Continuation of theſe here repreſented, and all the other Species. But as I meddle 
no farther with theſe Speculations, fo I ſhall ſay no more for the Demonſtration of it; 
only this one Thing I muſt here obſcrve, Phat the Sums of the Series x . 3. 5 &; 
vis. I 4.9 Sc. are not only ſquare; Numbers, but they are the Series of Squares 
of the natural Progreſſion, 1. 2. 3 Cc. 80 far as the Series is here carried you ſee the 
Truth of che Obſervarion ; and that it muſt continue {o for ever may be caſily per, 
ceived from the Confideration of che Numbers, and the Manner of diſpoſing den 
Units. But I ſhall net leave the Demonſtration of it merely upon this; im another 
Place I ſhall propoſe and demonſtrate it diſtinctly by ic ſelf; and till then; confider 
_ theſe Numbers only as the Sums of the Series 1. 3.5 Co. | 


; = Pyramids.” . | 
// dan. 


By conceiving the Planes of each of the Polygons which compoſe a Pyramid to be pla- 


ced parallel over one another, and diſpoſed, with re to the Situation of their An- 
gles and Piſtances, fo that the reſpective Angles of Polygon be in a right Line with 
one another, and with the vertical Point or Unit; this does in a Manner repreſent a 
Pyramid, and hence the Name. | .. LES. 

Phe other Orders of Pyramidals have no ſuch Repreſentation, and are mere Com- 
binations of the prochdings called Pyramidals only for a Diſtinction from the Pyra- 
mids whence they proceed. | 4 5 

VI. The Place of any Term in any Series of Polygonals, which is the Number of 
Places from the beginning to that Term, is called the Roor or Side of that Polygonal; 
becauſe in the Polygon, repreſented it is the Number of Points or Units that makes the 
Side of the Figure; fo 10 is the th Term of the Triangles, and 20 the 4th Term of 
the 2 Pyramids; wherefore 4 is called their Root or Side; or we may as well 
call it the Place of any Ferm. 8 5 

VII. Polygonals that ſtand in the ſame Places of their reſpective Series, are called 
Collaterals (i e. having the ſame Side.) | | | 

VIII. The Product of any two Num is called alſo a ploy Fagurate Number ; 
and is particularly a Quadrangle, becauſe it can repreſent ſuch à Figure; and the two 

ah & Rpt Factors are called the Sides of the Figure, as in the annex'd 


les, yet becauſe every Quadrangle is not a Square, there. 
ore they may be diſtinguiſhed by applying the general 


111 Name Quadrangle to all the Species excepting Squares. 
„ „ 1253X4 , | But the Difference will be better 2 inguiſhing 
chem into Oblongs and S7udres.” Vet again, obſerve, that 


tube Name Obleng is more particularly applied to that kind 


wherein 


1275 c 5 Examples. And obſerve; that Rong Squares are Quadran- 


ww ea OA RD 
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Chap. II. Of Funrate Numbers. 399 
wberein the Sides differ by 1, which are the only Oblongs we confider here, becauſe 
of thein Connection with the Figurates above defcribed;; the whole Series of which 
Oblongs is made out by taking' the natural Series . 2. 3, Oc. and multiplying each 
Term into the next, as here, e | 


j 2 | C1 1 * 2 5 3 97 4 2 A 6 e. 
Oblongs 2 6 12 20 30 Se, 


IX. The Product of any 3 Numbers is called alſo a ſolid Figurate Number, and 
png a Priſm; and yet more particularly it's a Quadrangular Priſm; for the 
rodutt' of two Numbers is a Quadrangle, and the Product of this by the remaining 
Factor makes a Priſm; becauſe by taking any Quadrangle (or other plain Figure) 2 
certain Number of Times, and conceiving them all placed parallel to one another at 
equal Diſtances, and fo ſituated, that their reſpective Angles are in a right Line, they 
do in a manner repreſent what in Geometry is called a Priſm. But again, in this Do- 
arine of Figurates, if we take the Product of any of the above deſcribed Polygons 
multiplied by its Side, that is called a Priſm (though ſome of them are not compoſed 
of 3 Factors; and ſuch as are ſo, yet are not conſidereæd in that Manner.) | 

Theſe Priſms are alſo diſtinguiſhed by the 8 whence they proceed. Again, 
taking the Sums of theſe Series of Priſms, and the Sums of thoſe Sums, and ſo on, we 
have hew Series, which may be called in 2 Priſmatick Numbers, to be — 2 
pang Sage ſame Way as Polygonais, by different Orders and Species, as in the fol- 
Wing FADICS. 2 22 "LILLE > 244 2 . s 
8 Priſms being multiplied by their Sides, produce a new Kind of Priſina- 
ticks; and theſe again multiplied: by their Sides, produce another Kind, and ſo'on ; 


BS... 5%. AY AE . TE... ARS. 4 


. all which we may diſtinguiſh by the Names of different Degrees, calling the Products 
I- of Polygons by their Sides, Priſmaticks of the firſt Degree; the Products of theſe. 
b again by their Sides, Priſmaticks of the ſecorid Degree and ſo on: Obſerve alfo, 
5 That thoſe ſeveral Degrees of Priſmaticks are the Products of their Polygons by ſuch 
2 Power of their Sides as expreſſes that Degree 5 for 2 being any Polygon, and # its 
* Side, the Priſmaticks of the ſeveral Degrees proceeding from this Polygon are ac 1. 
* axnxn. xun. ax nnn axnun. &c. Again, the Sums of Priſmaticks of any Degree 
make alſo different Orders of Priſmaticko of that Degree. Laſtly, By the ſimple 
4 Res of Prifms always underſtand the firſt Degree, or Product . Wein ga by their 
ne SER oY AER i. 11 0) ' Priſms, or: © 35 TEES R 4 . | : 
of Polygon. Priſmaticks of te Priſmaticks, 
ll Triang: T. 3. 6.10” 1 gree and 1ſt Order. I Iſt Degree, 2d Order. 
Square 1. 4. 9.16 G0 e 1 HH OO R255 05 
cd Pentag. 1. 5. 12.22 Cubes, . 8. 29. 64 . e Sc. 
Heng. 1. G. 15. 9F-i Penn. T. ro. 36. 88 T. xt. 47-235 gag 
ES t „ -e = of me FTI a 1. 13. 92. 204 
2d Degree, iſt Order, 2d Degree, 2d Order. 
Ra on 1. T2. dealer E 2 1.13. 67.227 
0 2 "A ÞFOWEFS l. 16. 8 1.2 5 . 1.17. 98.354 JM 
„„ esl. 210813902 Sar GA 8 Oc. 
| | Hex, 1:24.135.448 1. 25.160. 
; Oc. ; ; Sc. | | 
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400 Of Figurate Numbers: 
. Scuor., We have obſerved already, That the Polygons of the ſecond Species are 
the Series of Squares of the Progreſſion 1. 2 . 3 Ec. (which ſhall be demonſtrated af. 


terwards.) And now from this and the Conſtruction of Priſmaticks, it follows, that theſe 
of the ſecond _ and iſt Order of all the Degrees ſucceſſively, are the ſeveral Series 


H. M. Qin the common Di 
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of the ſuperior Powers of the ſame Progreſſion 1. 2. 3, Sc. Thus, thoſe of the firſt De. 
e are Cubes or third Powers; ba univerſally, thoſe of the » Degree are 1, 


Powers. Therefore the whole Doctrine of Powers and Roots, may: be conſidered as a 


Part of this of Figurate Numbers; but as the calling them Eigurates proceeds from a 
Confideration which is not properly Arithmetical ; ſo the Order aul Connection of 
Things in Arithmetick required that this Part concerning Powers and Roots, which is 
the moſt uſeful and hecefl y, ſhould be particularly handled in another Place, as it 
is in Book III. and ſeveral Properties of theſe and other Compoſite Numbers (which 
are all Figurates) you have in Chap. I. of this Box. r 040 

Wie proceed now to explain the Properties of ſuch Figurates as have not been yet 
handled, and ſome remaining Properties of thoſe that have been in part conſidered 

9 2. Of Polygonal Numbers. 
Lo So anne 5otc ru ar om 26 
ÞVer Number is a Polygonal of every Species, and alſo of every Order whoſe De- 
/ nominations are leſs than it by 2, or by any greater Number. | 

þ 3 5 is a Polygonal of the Third, and of all the preceding Species and 
Orders. 

Dor. The firſt Term in every Species and Order being 1; the ſecond Terms in 
the ſeveral Orders of the ſame Specics, and of the ſame Order in all the different Spe- 


cies, are, by the Conſtruction, in Arithmetical Progreſſion, with the common Diffe- 


rence 1. Again, the ſecond Term of the firſt Species in every Order is more by : 
than the Denomination of that Order, and is the leaſt Number, except 1, of all the 
1 Polygonals of that Order; comparing theſe Things, the Truth propoſed is ma- 
nl N F k p i | * b 8 8 ; f 5 


ER: LEMMA. . 
Let any Number of different Series, a. b. c. d. &c. e. f. g. h. &c. as in the Margin, 
be ſuch, that each collateral Column, as d, hb, m. q. &c. is an Arithmetical Progreſ- 
ſion. Alſo, let A B. C. D Sc. be the Sums of the former, thus, 4=A. aB. 
and ſo on. Then are the Collaterals of this laſt Table alſo —/, and their common Dit- 
ference is the Sum of the Differences of all the collateral Columns of the firſt Table 
backwards, from that which is in the ſame Place with any given Column of the ſecond. 
Thus, let e—a=x, f—b==y. g, and hH—d=v, whoſe Sum call 8; then is D. 

Fence 8, or H=D=S (=x+yez+v.) ' __ 
besen, e+f+g+1=2+b#4448 ; for 


a.b.c.d| A.B.C.D | S=+fb; + Ad; alfoi+k+H+Er= 
e F. | Jive E. F. G. H +f+ 8 24 on the other Series; then 
#.k.}.m|1.K.L.M | becauſe D- F- fe-, H=e+f+g+). M= 
% Ne. EIn. E VA therefore *tis evi- 

8 " dent that H=D+S. M= H- -S. Q=M-+S, and 
ſo on: The Reaſon is the ſame, bow large ſoever the Tables are, which ſoever 


Column we chuſe. 


To- 
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"The de. of the ſeveral Series —} (whoſe Sums make Pay) are > 0 
whoſe cornmon FCC firſt Line; ſo 4. . 10. 13 
W SE cg 75 of 

; te t es of any Order of Polygonal 2 
1 Difference is the rage, Term of the firſt Line or Triangular Species ſo in 

firſt Order, 10.16. 265 differ by 15 
uni £®. For the Collucrat of the e , the firſt and leaſt Term of of each 


Series is 1; and calling the Difference i in any Series d, the am Term is 1A 
(by the Rules of Progreſſions .) But in the ſeyeral Series the Differences are gra- 
dually x . 2. 3 Cc. wherefore in the Expreſſion 1+1—1x4, d being ſucceſſively 1. 
2. 3 Sc. it follows that the Callaterals expreſſed univerſally i+z—1Xd, are theſe 
+151 : 1 nz Es + wr Sc. which is a Series in the Difference z—7, 
which is the Term of the firſt Series precedi 1, the Place of the Collaterals. 

20. For the Collaterals of the — Orders of Poly , the Theorem follows 
plainly from the ing Lemma: For the Polygonals of the iſt Order proceed from 
the — A, whoſe Collaterals are +), therefore, by the Lemma, theſe laſt are al- 
ſo _ and their Differences are the Sums of the Differences in the correſponding, and 

— fs Columns of the other: Alſo theſe other Differences being the 
the firſt Line, their Sum is the preceding Term of the firſt ar Trian- 
= Species of the firſt Order of Polygonals, or of the 4 l Gy — For the 
mares the Thing propoſed is true in the ſecond, and all the following Orders 


ies of the fame Order, and the Product of 
Number of the Species, leſs r, from the one 


gow A Polygomal Number of an += Order and 8 pecies is equal to the Sum of the 


Collateral Po Sos ecedin 
Pacer pagan gon two Species (6. . 


| -_ to the others) muttiphed by the preceding 9 of the firſt Species. 


is is manifeſt, becauſe it is nothing but the Rule for expreſſing the greateſt Term of 
a Series I, b 3 of OT lefler Term, the Number of Terms, and the common 


ONE Example, in the firſt Order, 28 is in the 4th Place of the 
8 3 the Sum of 16 (the _ Term of the 2d Species) +12 
Gy en gn wr en 
2 les. Th ' $ 


General 'Scnorium. © | ee 

In order © find the Sum ef any Series of Poly or any Term of any Beries of 
Polygonals, it is plain that we want only a Rule hr Ending any qa or Term of any 

Serif the iſt or Triangular Species; becauſe thereby we can find i an bol of the Co 
laerals of the- Oeder given, en, by Coral. pr eceding. Again obſerve, Polyganal 

of an e on, we know SED 
any of theſe 170 the Ruler f D ee and what we want is a Rule for the other 
Orders; but ere is one ule which comprehends them all; in order ta the 
Inveſtigation of which, bats to make it the more fimple and 5 we muſt conſider 
the natural Progre refſion 1 2. 3. Cc. (from which the Triangulars proceed) as che 
Sums of a Series of Units 11 1. 1. c. ſor the Sums of the continually from the 
inning are 1. 2. 3.4. CW. 

t us then begin with the Beries l wad bene Series of their. aud 
the Sum of theſe „and f6 on; and thus we ſhall have; from the moſt fimple Ori- 
gal, the whole Orders of Polygonals of th 112 Triangular Kind; and though, Peek 
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ſpeaking, the Sums of the Series x. 2. 3. Oc. ate the firſt Order of Triangular, yet 
it is convenient that we diſtinguiſh all the. Series of the following Table by different 
Orders, calling the Series 1. I. I. Oc. the firſt Order, and 1. 2 3. Cc. the ſecond; 
for they may be alſo call'd Triangular Numbers, becauſe what are more properly ſo 
| rocerd from them. It is true indeed, that by this Means the numbering of the Or- 
ers is different from the Method already laid down, but that will cauſe no Difficulty, 
becauſe this Way of numbering the Triangulars is uſed only with relation to the Rule 
we are now inveſtigating, and has this conſtant Connexion. with the other, that the 
Number of the Order in this Method is always 2 more than that in the other Method; 
and beſides, by adding two Words we can ſave all Ambiguity z thus, when we ſpeak 
of any Order of Triapgulars, for Example, the fourth Order, {ay the fourth Order from 
Units, and then all is clear; and if that is not added, you are to underſtand the Order 
number d rom the Series of Triangles (or Sums of the Series 1. 2. 3. c.) as in ill 
the:other Species the Orders. are conſtantly number d from their Polygons. 
FFC I From the Conſtructi- 
Table of Triangular Numbers f on of this Table I make 
1 ron aà Series M Units. I tis uſeful Obf/er vation. 


eto E Term of eve 
„ 1 1 5188 1 2 © Oder 2 equal to the 
„% % 3 4 53 6: : 8 .:.9 ] Sum of the Collateral 
f 1013 u : a : 36: 45 | Term of the preceding 
4 .f: 4, 10: 20: 35: 36: 84: 120: 165 [ Order, and the preceding 
Ito 5 : 15% 35 0: 126: 2100: 330: 1495 ñ Term of the ſame Order, 
6 f 6 : 21: 56: 126 : 252 462: 792 : 1287 [ Thus, 35: (the 5th Term 
: 7 : 28: 84: 210: 462 : 924: 1716 : 3003 | of the 4th Order) 182135 
Term of the preceding or 3d Order) o (the preceding or 4th Term of the ſame 4th 
—_— The — Truth of which Obſervation is maniſeſt from the Conſtru, 
W 1 12 . 5 57 n ; 7 


* 3 


E 


N e 
FG: 28075 0 JET + Siu: wa 01 1 1 n 
ct ei an am „% ahi HER i ene 
The Series of Numbers of any Order of the Triangulars, deduced from à Series of 
Units, is the fame Serics as the Series of Collaterals, the Number of whoſe Place from 
the beginning is equal to the Number of the Order of the other. Thus the Collaterals 
10 the 6th Place are the ſame as the Triangulars of the 6th Order, vis. I. 6. 21. 
Oc. To | 
Dzmon. The Truth of this Theorem appeats in the preceding Table, ſo far as it 
is carried ; and the Conſtruction of the Table attentively.confider'd will make the 
Univerſality of. it plain. But to remove all Difficulty, I ſhall prove it thus, 
Every Term of any Collateral Column is equal to the Sum of all the Terms of 
2 Column, from the ſame Order u .So in the Collatcrals of the 
Ath Place, Term 35 ITI -S- ,-, cceding Column. And the Uni- 
verſaliry of this is manifeſt ſrom the Obſervation made above upon the Conſtruction of the 
Table ; for the tft Term in every Column is the ſame, 2/2, 1; then the 2d Terms 
the Sum of the firſt Term of the ſame Column, and the 2d Term of the preceding 


Solumn (by that Obſervation) 3. e. the Sum of. the iſt and 2d Terms of the prece - 


ding Calumn.;. the 3d Term is the Sum of the preceding, or, 2d Term of the ſame 
Column (vis. the Sum of the iſt and 2d Terms of the preceding Column) and the 
correſponding or 3d Term of the promding (rr 3. and ſo on. | 
22. From what is laſt ſhewn it is maniſeſt, that the ſeveral Collateral Columns are 


alſo the Sums of Numbers taken continually from. a. Serics.of Units, which is the 1ſt Co- 


* 
al 


Ae lumn; 
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jumn; and thence it appears plainly, that the perpendicular Columns at any Diſtance 
from the rt Column of Units, mu de ad infinitum the ſame as the tranſverſe Lines 
br Series of Numbers, at equal Diſtance from the Series of Units, which is the firſt 
Fi ER | | | | 
Conor L. The Term in any Place of any Order of Triangulars (in the preceding 
Table) is equal to that Term whoſe Place is the Number of the Order of the former, 
and of ſuch an Order whoſe Number is the Place of the other. Thus, the 3d Term 
of the 5th Order is equal to the 5th Term of the 3d Order; and univerſally, the a Term 
of the Y Order, is the ſame as the þ Term of the a Order. | | 


. 5 
Jo find the Triangular Number in any given Place, of any given Order (from 


Units. 3 | | = 1 
N Rll. Let the Order be call'd a, and the Place & (or contrarily the Order 5h; and 
the Place a) then take =--, and carry on this Seties i x2 n.. 
0 z the continual Product of all theſe Factors is the Number ſought. 
Exam, To nnd the 5th (=) Term of the 7th (=a) Order; then is a4hþ—2z 
(=) - ro; and the Number ſought is 1 x 2x 2x *x Ix ©x 5. =" 
| | w vis 5 1%ͤ¾ ù & 
as {2 247 e lt el 21 S- romct 56 20 olg gr 8 
Dzmon. 15. The firſt Thing in order to the Demonſtration of this Rule; is to ob- 
ſerve, That it is the very ſame Thing in effect as the Rule for finding the Coefficient 
of the 3 Term of a Binomial Power (or Power of a Binomial Root) whoſe Index is u, 
U-, for which ſee Book III. Chap. II. So that what remains to be prov'd is 
this Correſpondence of Coeffic ients and Triangulars, vis. that the + Triangular (or 


5 


Triangular in the h Place) of the 4 Order, is the ſame as the 2 Coefficient (or Coef- 


dre of the 2 Term) of the z==2+b—2 Power of a Binomial Root. And to ſhew 
this let us, 3 | 

2. Compare the Table of Coefficients (Book III. Chap. II.) with this Table of 
Triangulars, and it's manifeſt they are the very ſame Brac: pA only diſpoſed in ano- 
der Manner! For it is plain, they are the ae Nutabers taken in their 83 
lar Columns, as being produc d the ſame Way from the Column of Units by continual 
Addition, 4. e. what are there called fimilar Coefficients are the ſame Numbers as 
what are here ca'l'd Collaterals, beg MA at 780 Diſtanee from the Beginning or 
Column of Units: The Difference being this, that in the Table of Triangulars the 
firſt Terms of every perpendicular Column ſtand in one Line ard fo do the 24 Terms, 
and {o on; but in the Table of Coefficietits the firſt Term of the 2d Column ftands in 
a Line with the 7 5 the firſt Column, and ſo on; whence it's plain, that Coefſi- 
cients in different Places, and different Powers, are the ſame Numbers under a diffe- 
rent Name, with Triangatars, in different Places and different Orders; and for their 
mutual Correſpondence let us confider what is ſhewn, Book IH. Ln 1 
3e. The 4 Coefficient of che » Power is equal to the -- Coethcient of the ſame. 
Power, reckoning from either Extreme; alſo that the 1-4. 2 Coefficient of the 2 
•.... tho Gmlat Gpeicients in the # Place of dif 
ferent Powers, 1. 2. {by what is before. ſhewn) che Triangular in the 2 Place of the 
»—4Þ+2 Order. (for the different Places in the Column of firnilar Coctfitients anſwer! 
to the different Orders of Triangulars; and different Places of the Coeticients of the 
ſame Powers anſwer to different Places in TT i Order of „ 
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a—a+:2==b, then is #=4 EYES. wherefore the 4 Cocth 
_ of for s Power are the ſame. | A] 6 the b Coefficient e cher 4 Nas K 


erm of the fimilar Coefficients in the 4 pan oa "_ different Powers, equal 
angabe of the 5 Order: But the 4, or alſo the þ Ovefficient of the u Nr 


* Al Ge. GEE, which muſt therefore be tho @- Triangular of the 


&-Order 24 Triangulae of of ao. a. Order) a A is, | Kropding to * Rade. Wai 


therefore 
Another Rule for ſolving the preceding Problem. 


For the Cake of icalar Uſe of i L another: fo 
Problem ; which 4 cis, oh "_y give you baue Rule for the Preceding. 


Let a expreſs the ginen Order of Triangulars, and a che Place ef the Term ſought, 
——— Proudt of theſe Bablors, x XNA. Be. to I bs 
the Number ſought. 3 | "x8 78 3 15 

Exam. To find the. th HD of the 1h 8 * 2 x © 1 * x 
9 10 


— * — 6, | I ; $* 1 8 45 # 
5 6 
DEkuo. * the Pomonſiiation of the former Rule it 1s 3 that the þ Term of 


the a Order, is the 4 Coefieent of: the Power; and if inſtead of þ 
u, then the » Term of the 4 Order is the a Cockicient x of * E- Power which 


by the Rule of Coefficients is, rx. ro 
ee as ren to Tee (i. 6. te the: Terim e the 6 
Order z) but this Series is the ſame in. efeR as the other Series **. Ge. 


— 5 for it is-manifeſ} that the Devominators are the ame, and the Numerators 
alſo, only in a reverſe | hich mak ba the Produ& ;) for both th 
ries aig. the Tame PN Ten e Nth te Bok Selle eons ee 4575 Lady 
ew; and for the age 47 100 them are the en Numbers in 


both, only the FB in the other; a fince their Progreſſion is 
by a continual 5 s te leſt jo y, that hey be the or Num- 
bers only in a reverſe. Ord wail ; cnſeuenty be jo ago, i woe it a the ſame (on. 
 tyin BE Farm) former, is demon 
2 5 per Fa. Ah hat thi 1 0 


ule al be * ly of th 
Conga a ofthe Eronghla e 5 


ts... Thus,. 
2 . 2. eg IT.) and 


we apply for the pre- 


er, it 


of a de 
jor. Caſes . 


bft 
. bi SE W 6 amid ner e Fern wel 


*T- 


t 
1 2 the « Term.of S e 5nd hen, 1 fay, if 


5 or for. one 
in the next Caſe, or . r Order, 0 1 copy ently it is 
d Ser „where 


0 =yyo88n 
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= A 
Triangulars of the Order u, according * as 2 St, * 2 x =, Gs. 
to the Rule, = I 


Alents to theſe his Nu⸗ I. 
beenden being di in : Gent 1. 2. a e ate, whng Gs. 


a Kr gel accord- 11 . os E I whine ents a h 
ws 


Now 'tis plain, that the Terms of the laßt Series are the Tri of the 540 | 
ee to the Rule; and that they are truly the Numbers ſought, u 
doppoſition that thoſe of the farmer Series are the Triangulars Katt Order u, It = | 
ſhew. By the Obſervation made upon the Conſtruction of the Table of Friangulars, 
every. Term of any Order is tl be Sum of of the Collateral. NARS: of ad receding, and the 

eceding Term of the giyen Order; but compar! Series (i. e. the 
. for the ok u, and that for the Order 2 719 og it's 2 that the laſt is * 


pos d accarding to that EP now mention d 5 thus r, che firſt Terms; I += Tag 

2 (i. 6. the 2d Term of the. POT ta the A Term of the Onder a | 
dr Tenn ofthe et Lig BHO Lot R +, 2 | 
Agiin, E 2 2e ects thts EET a Ex 


=, and ſo on; e —— as. theſe two Series proceed, they 


a always have the ſame Connection, vis. that any Term of the laſt is the Sum of 
the Collateral Term of the former, and the preceding Term of the ſame laſt Series. 
— 5 8 2 is the Series of Triangulars of the Ordar , the laft muſt be 
t e Order ri, 

But the Rule is true when apply 'd to the firſt Order or Series of Units; for 
here 1; and hence it's plain that the Numerator and Denominator in every 
Factor are equal, and therefore they are cach- equal” to 13 hence every: Term of the 


Series is 1. 


Laſtly, The Rule being g good for the firſt Order, it muſt thereſhee, b by what was 
firſt proved, be good for the econd Order, and ſo for the 4 and all- the following 


for ever. 

e, Leſt any 2 3 +: arne think the univerſid Connexion of t two Series, for 
the 0e er 2 and 2 n ure, I ſhall make this 095 | erfat Demonſtration 
of it, vis, That any Term gfthe Ft he Sum of the Coll ateral : m of the Ta 
and the! preceding Term Thus, any: Term of. the Series for the ( 


Ger vi way be ris , 20 * — 2 incluſive; "_ the preceding 
Temm i 1 thereforo 7 50 et ce ws 2250 i chi; alſo the Collateral Term of 


te Serie for the Order n PROS 56 t 15 dag No the Sum of 
FT oe 60" 
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xz Grand E G i e vr L= nth, 
„„ 5 
* + «=, the Thing to 1 proved. 


"ME As this zd Rule has been demonſtrated independently of the Rule for Cy. 
efficients ; ſo the Rule of Coefficients may be alſo demonſtrated, by Means of this 
Rule, for Triangulars, with the Correſpondence betwixt the _— as above 2 
Thus, the » Term of the a Order of Triangulars, being 1 * — * — 3 2 . 85c. bas ee 

1 — 
let us only i invert the Order of the Numerators, which does — alter the Value of I 


Total ProduRt, and it is 1 =R x ED Ve. *. Ae. Take 


=,0+a—2, and the Series i is 1 x mr — 8c. 3 wh is the Rule for 


the 4 Coefficient of the n Power, * it Sake to be; fince it is ſhewn that the 1 Term 


of — a Order of Tri: , 3s the a Coefficient of the 12 Power, i. e. of the 
m Power. 

Hence we have Abe 2 new Ro for: Coefficients, which is this; Let u, or a, be 
the Place of the Coefficient, and -C —2, the Index of the power; ; then is 
IX Lett Sc. x E=, — the Coefficient; for this is the a Term of the » Order 
of 8 . is equal to the n Coefficient of the a En—2 Power, as already 
mewn: Alſo the » Coefficient of the aÞ+1—: Power, is equal to the a Coefficient of 
the a-Eu—2 Power z ſor if you call a+-y—2==þ, then the x Coefficent of the Y Pow- 
er is alſo the B- Coefficient of the 4 Power (as has been ſhewn) 7har is, the 
CoH: (=) Coefficient of the a+1—2 Power. © 

In the laſt Place we ſhall ſet before us, in one View, theſe two _ as __ re- 
late both to er ons {Tien ee. in hey Ge. 

Ins 1241 2 Ananas } 1 
| 95374: 508, or als che- Cote of the z = 
22 7 2 e A —4- ＋-2 (==6) $ a+Fb—:) Power. 
: * 2 5 ; 6. 4— 25 Triangular g the & Order, or þ Trian- 
=: #360450 221198 to. 16230 f a5: gular of the 4 Order. 
n or 4 Coefficien the 5 — 
ee x d Nes e e 
ratios : nor 4 Fare of the & or 4 Order. 


w 


12991 


. OK B. | 
To find 1 1 Number þ any, ba 1 ; of any. Order, 1 7710 ecies. 
Rule. Find, by the laſt Prob Trang Polygonal 28175 given, and alſo. of the 
receding Place, of the 8117 Order s of 55 firſt or 9 8775 pecies. Take the Num- 
of the given l eſs ; by which nit © el found. of the pre- 
cedin place; to the 
the Number "fought. But here 6b/erve, That in every Species except the firſt, the 
Orders are number'd from the Polygons, or Sums of the Arithmetical Series, whence 
Jer, proceed: Whereas in the lt 


ts ; ſo that their Number is always more by 2 than that of the other Orders, at 
Se ſame Diſtance from t e Polyg en Wheretore in finding. the preceding Pol) go- 


1 from Polygons, add 2 to the Number 
0 


nal of the firſt Species, and of the 


Product add che Poly ygonal f OI of the given Place ; the Sum is 


Species they ate number'd from the Series of 


I 
b 
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of the given, Order, and find the Polygonal for that Order, according to the pre- 
ceding ples, which will give a Polygonal at the fame Diſtance from the firſt and 
fm le Polygons. as the given Order is. 

1. 10 f find the 4th Term of the 3d Order of the th Species; I find the 3d and 
4th Terms of the 5th Order of the 1ſt Species, which are 15, 35; then the Number 
of the Given Species is 5, and 15X4=60 ; to which add 35, the Sum is 95, the 4th 
Term of t 7 Order of the 5th e (See the Table.) 


Dzmon.. The Reaſon of this Ru e 1s mandſeſt f from: won to 25 r. II. and needs 
no e e 2 | 


"$a. HOL iN, relating. 70 e 1 and U. 

From hols general Rules of Probl. I, and II. we may cafily deduce ticular 

Rules for particular Series : I ſhall apply them to two Caſes, by which all ers s will 
he underſtood. 

o find the Sum of the uE of Triangles to ; any Number (a) of Terms, 1. e. 
io fnd the u Term of the Series of Triapgular Dien mids or Polygonals of the 1ſt Spe- 
cies, and 4th Order from the Series of Units (which is | the- 2d Order from the fium- 
ple Polygons.) The Rule is, 


To twice the Side or Place: of the Term ſought, add its Cube; and thrice its Square ; 5 
the 6th Dart of the Sum is the Term ſought, vis. E JD, 4 ; for by the general Rule | 


of Problem I. his. Term fought is 1K — 15 3 N e 2 E E 
ab. To find the Sum of Polygons of the 44- Spreies, or pied to any Nanber of 


Terms, #. e. to find any Term of the Series of ſquare Pyramids, or Polygonals of the 2d 
Species Ty 4th Order from the Series of Unite: (which is the 2d Order Bow the fimple h 
. N The Rule is this 
the Number of Terms added, or Place of thi Term ſought, add thrice - 
its Square, and alſo double its Cube; the gth Part of the Sum is the Number 
ſought” Thus, if the given Number of- Terms is 1, the. Number ſought is 


r The Inveſtigation of which 3 is. this.; ;. the » Term. of the 4th Order of 


— 1 the) Serie of, Oni) is e 42 er (y. the. laſt) and che | 


1 LED 1110 59 f 
preceding, or == Term is ae * e ; but; by Coroll. Theor: I 


the »Term of the 2d Species i is the Sum of the and — 1 x Terr ofthe ui or Triangu, | 


whey nn 8. e. 4 2 . 2 — : 0436 A 40. 298 
6 PE: 


f £1 J's bd)» tl. 1 1 
Ne the Series e 5 DAE -Fv [forth 
«te jes:0 e: Poly 0 Species, der lt to an aer 
Terms; and take the — of Triang Ae. 5er after the iſt — the Or- 
ders of theſe from the Series of Une t to the = Number of Terms; place tneſe re- 
verſely under the other, and multiply the. correſponding Terms (as — are plac d) 
of. the. one into thoſe of the other; the:Sum: of the Products is equal te Term ſtand- 
15 in the Place: expreſod by the 8 Nuruber of Terms; of the Order expreſsd 
. more re given + as 0 1 _ wok waer ven * . 
A s 241% «7 "6 n 3. 24117 IE 


: EY 17 3. 1 * \ 8 © 25 3 1 701 Fs, * £ * * 11 20 * 7 74 


i. : 


— ——— — —— ———— 


— — — - —_—_— 


.cceding from 
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Bram. The Sexangulate' to the ach Term of the if 


ins E 15... 28 250 | Order, are 1. 6. 15 28; the Triangulare of t 
3515. 5 1 Order (from Units) are' . 1 12 which ran ar 
— under the other, and multi hed: as in the Margin, Pro- 


eee duces 228; Which is the at pg alar of the 5th Or. 


— | der from the ſimple Hexagon (w is here the 
der) for this is 1. = 15. 28; the zd risI.7, 5 8 


N 30. 80 g ee, 9 39 1193 the 5th Order is 


1. 10. 168 3 the 5th O er is 1. IL.'60. 228. 


4 The Reaſon of this is 1 "i the following Table; wherein, "WY 


b. c. d. &c. repreſent the Pol cies, the de renal & d f 
ck ere NEE en as 


R bh . 5 75 | 
11 ref 
. er. off Zn, |þ e 


And it is 4 allo, that the — — or Sabin in 5k „ are * to the 
Theorem; becauſe in che 2d Order they are the Sums of the Sories of the firſt Order, 


1 


multiplied by a Series of Units (which is the 1ſt Order in Triangulars) then the Multi. 
Pliers in all that follow, wee manifcltly the Sm of the continually, from 
-the Series of Units. 


Coroxr. Hence we learn a new PraQtice for finding the Pol zonal, in any Place, 
any Order and Species after the 1ft, viz. by having the Series a the 1k O 000 dag; 


Species (after the iſt) and the Series of the, q the Order 1 leſs than the 
other: But this * he! ſo caſy a Practice as that) in the preceding Problem, 1 hare 


choſen to e e in the, Manner of a ren, and the abe it only in general, 
as a i Goren berwixt the Triangulars other 8 Species Poly 


Progrefiicu, Tynonny L. Series of Triangles, w 

If we take the 14.2242 and t es riangles, which are 
the Sums of no be ad bes, 6. IO. 15 — =o take the, 2 of Ratios of — 
ſeveral Terms c comparing erm to t 0 in a contin 
Order, , 1:2, 3 3, 3: 4; Cc. Alfo take the Serics of Ratios m4 the 2d Series, 
at Fr „and i procceding diſcontinucdly ; thus, 3: 6, 10: 15, &c. 
= i Scries of Ratios are the te ame; thus, 12:36, 2:34: 105 13, and 
© on. 


| | Dzmon. I ke in the Margin ones the 2 Sc- 

"WA 3, 33 4, Ste. .es ren to the propoſed Correſpondence of 
4 10 £66 anf ; 28, Sr. their Ratios ; and ſo far ad it is carried, the Truth 
411 10 -of e — is plain. But to ſhew the Reaſon 


of it, and that it re ever ; in the firſt Place ohſerve, that che Antecedents 


in the ſeveral Ratios oi the zſt Series (1. 2. 3. Gcc.) expreſs the Places of theſe 
Terms from the Beginning ; and the ſoveral Antecedents of the Ratios taken in the 
ben the Goes of even de, 5 Series, i. e. in the ad, - 4th, 6th, 


2d 3 4 
Sc. Places am nene 2; = 6 Kei ate the Doubles of the 
reſpe Qtive Te 1 the natural ht xc og : 2 : 3 : &c. which being all Antece- 


Series, it follows: that the Antecedents of the 


dents of the Ritiok taken in the 1 
ſeveral 


me oe eLcnecte ci ..eooaouw a. 


- £6,” ©. Q tD. 


| } 


2 „202 


Mp „8 


ah bak 


Go we 4 5 5 _ kW aw co£=—= Vw. 
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ſeveral Ratios: in the ad Series are in ſuch Places of that Series as are expreſſed by 


double the Antecedent of the eorreſpondent Ratio (number'd from the Be inning of 


the Series of m__ in the 1ſt Series 3 thus, 3 : 4 is the 3d Ratio of the 1ſt Series z 
and the 3d Ratio of the 2d Series, is 21: 28, whoſe Antecedent, 21, ſtands. in the 
th (zg) Place of the Series Now to ſhew that theſe correfpontent Ratios are 
equa); take any two Terms adjacent in the 1ſt Series; they may be expreſſed u: Pr, 

ich make the mth Ratio in the Order of Ratios, as they are: taken out of the rſt 


Series: And by what is laſt ſhewn, the Antecedent of the zth. Ratio of the 2d Series, 


according to che Manner of taking them there, ftands in tte 25 Place of chat Series; 
uuf cut gentiy it is the Sun of the iſt Series to the 2»th Term ; Which, by the 
55 002 abs ou — | ' 

Rule of Progreffions, is 2nÞ+1 Her- z and the Conſequent or 
next greater Term in the Series of Sums muſt be this Sum, with the following Term 
of the 1ſt Series, which is zug; ſo the Conſequent is 2u*Þn + I =2u*Þ3n+r. 
Then Jaſftly, n: u FI: : 2 : 2 zA; becauſe the Product of Extremes 
D Eo oo wo” 


El gg T_T. : „ | 
Take the natural Series, 1, 2, 3, * alſo the Series of its Sum, or Series of Tri- 
angles, I . 3. 6. &c. the Series of Ratios proceeding from the Compariſon of every 
Term of the*1ſt Series to the zd from it, or next but one, as 1: 35 2:4, 33 5, &c. 
are the ſame as theſe, which proceed from the Compariſdn of every Term of the 24 
Series to the next, as 1: 3, 3:6, 6: 133 &c. 5 

ö DEM ON. Let » be any Term of the 1ft Series, and 
Series. +2 the zd above it; theri is the » Term of the ad 
4 4 . i a Foy * . Series” 22, and the neut Term above it, or the r 


2 


1 


ars. [Term, is 2 =, but it's plain, that 1: : 


1:3, 2:45 3: 5, 4: 6.7 
13, 336, 6: 10, 1013. 


the Thing to be proved. 3 0 2 
18. py . Truzor EM VII. 


Take any; three, adjacent Triangles, and betwixt the — and the middle one, 
nn 0 3 by 1), than that middle one; and theſe four are 
eometrically- roportional: 1 nus for Example, 6. 10. 15, are three adjacent Pri- 
angles, and 6 :; 310% 1. %% „„ 8 2948 3 
Duo. Take three Triangles ſtanding in the #—r, , and .»+1, Places; 
they are 3 2 dk 3 — . from the middle one Z | take I, 
— 7 ; Dit 38 \ F | "1 / {v4 | | ; 


1 „ * ; WIL , ; TH . 2341 . 9 Ry” * A ts; 8 2 ö oe" TT. " WM. 
„ T SR EE, 


if a7 ot 394 oleh s a dadw e — Se Nn 
2 will appear from the equal product of Extremes and Means; and to do this more 
eaſily, becauſe the: Denominators areralF equal, we may caſt them all out; and then 


e 448 . Sh = — — 


alſd obſerve; tht PIN y: ENI: 2 Wherefdre we need only try the 


Proportionality of theſe, =: Ii xz: 3: 2, i. e. n=1 : 2 
AAP ! Wis SUITE F532 | — * — — — i 8 8 | l . 
„ A; Aa, in which an X = nu + ax; therefore the 4 are: „ 5. e. 
the Numbers propoſed are: : J. | | | 


"et 


Gee | CoroLL. 


| 
f 
| 
| 
; 
| 
| 
| 
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CoroLr. The Product of any two Triangles, betwixt which there lies but one 


other Triangle, is an Oblong, whoſe greater Side is that interjacent Triangle. 


| | LEM M A. 

Take the natural Pro on, 1, 2 3, &c. and after the iſt Term 1, take the Sum 
of every two ſucceſſive Terms, rhus, 1, 2＋3, 4Þ+5, 6+7 &c. you have hereby a Se- 
ries of 13 with the common Difference, 4. Thus the preceding Series 
is 1. 5. 9. 13. &c. | „ PEP 3 | 
DEMON. The Reaſon is plain from this, That every Term in the natural Series, 
1. 2. 3. &c. exceeding the preceding, by 1, betwixt any Term and the next 
but 1 (or the 2d after it) the Difference is 2 ; conſequently the Difference of the 
Sum of any two adjacent Terms, and the Sum of the next two adjacent Terms, muſt 
be 4; therefore the Series of theſe Sums are in a conſtant Difference of 4; which is alſo 
the Difference of 1, and the 1ſt Sum 243. os 


5 TuzoREM VIII. e e | 
Every Hexagoy is alſo a Triangle ; and particularly, all the Triangles in odd Pla- 
ces, as the 1ſt, 3d, 5th, &c. make the complete Series of Hexagons : As here, 


1% tn 4x Sit Bo 9. 
Triangles 1. 3. 6. 10. 15. 21. 28. 36. 43 fe, 
Hexagons x : 6 : i 45 Oe. Eg 


* 


„%% VV 


Dzmon. Hexagons are the Sums of a Series —}, whoſe firſt Term is x, and the 
common Difference 4 (as 1. 5. 9 Sic) and the Triangles are the Sums of the natu- 
ral Series (I. 2. 3. &c.) but taking this laſt Series in the Manner mentioned in the 
preceding Lemma, viz. 1: 2＋3 : 4A＋5: &c. we have a Series beginning with 1, 
and proceeding with the Difference 4; conſequently the Sums of this Series are Hex- 
agons ; but it's plain, that they are alſo Sums of the natural Progreſſion taken to 
every odd Number of Terms; for they are 1, 1+2+3, * &c, and 
conn they are all the Triangles in odd Places. 8 25 
Otherwiſe thus; If you number the odd Places of any Series by themſelves, and 
compare the Number in any odd Place, with the Place of that Term, as it's number d 
with all the Terms of the Series; then if to the Number of the Place, in which any 
odd Term ſtands in the whole Series, be added r, the Half of the Sum expreſſes 
what Place it ſtands in among the odd Terms number'd by themſelves; thus, The 


gth Term, in the Whole, is the 5th ( . \ Term of the odd Places numbered by 


| | 2 | 
themſelves ; the Reaſon of which is obvious. Again, Any odd Number may be ex- 
preſſed an- -I, and if the Sum of the natural Series is taken to the 291 Term, it is 


zu-＋2 * 57 2 . =241+314Þ1, which is a Triangle. 2 Then to the laſt 


Term (or Number of Terms) added in this Sum, vis. to 291, add 1; the Sum is 
au- T2, whoſe Half is »+: ; which, by what's ſhewn,is the Place of the Number 2, 
among the odd Places of the natural Series, number'd by themſelves; wherefore, find 
the 7 Hexagon, and it is 2 2-H. zu- Er, which is the Triangle already: found in the 


where- 


b. N 7 ** J 


2 
( 
8 
( 


HH =, 1 OALLDT 


oo 85' 8 


— mon, Fa > Y es C3 
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wherefore the 2-1 Term of that Series is 14-4, ; and hence the Sum of the Series to 
the 11 Term is 2+4» „Er 42-5142 = 2 +3121. | 


0 LF: Fool 2 TREOREM IX. e 2665 00 W 002 
If the Sums of the odd Series, 1.3. 5 J &c. are taken continually from the 
Beginning, they are the Squares of the natural Progreſſion, . 2. 3. 4. &c. Or thus; 
Every Square Number 1s the Sum of the Terms of the odd Series taken from 1, to a 
Number of Terms equal to the Root of that Square. 10 | | 


} Odd Series — — 12. 3 5 2 7 9 „ II . 13 8 15 .- Cc. 
' Their Sums — — I. 4-9 . 16 . 25 . 36 . 49 . 64 . &c. 
© Square Roots of the Sums 1. 2. 3. 4.5. 6. 75 . 8. &c. 


Dzmon. The Truth of this Propofition you ſee ſo far as the Series are carried; 
and that it will be ſo for ever we have already: demonſtrated, in Cor. 4. Probl. V. 
Ch. II, Sc. where it is ſhewn, that the Sum of the odd Series, 1. 3. 5. &c. is the 
Square of the Number of Terme. 1 . 

But there is another more natural Demonſtration of this Truth, deduced from the 
Conſideration of ſquare Numbers, and their Compofition. Thus; 8 | 

19. Take the natural Progreſſion, 1. 2 . 3. &c. and the odd Series, 1. 3. 5. &c. 
the ſeveral Terms of the natural Series, 1. 2. 3. &c. expreſs the Number of 
Terms from 1 to any Term of the odd Series, or to any Term of the Series of their 
Sums; but from the Nature of Progreſſions, and particularly of this odd Series, any 
Term of it is equal to the Sum of 1 (the lefler Extreme) and 2 (the common Diffe- 
28 lied by the preceding Term of the n Progreſſion (which is the 
lena dd HEE 

29. The Difference of any two ſquare Numbers, whoſe Roots differ by 1 (and ſuch 
are every two adjacent Terms in the Series, | 1. 2. 3 . &c.) is equal to the Sum of 1, 
and double the leſſer Root; thus, FI zar; fo that , and a+1*, differ by 
24+1. Hence, | „VF 
39. If the Sum of the odd N to any Number of Terms, is the Square 
of the Number of Terms (i. e. of the correſpondent Term of the natural Progreſſion, 
1. 2. 3 . Cc.) ſo will it be if carried to one Term more; becauſe that next odd 
Term is equal to the Sum of r, and double the preceding Root (or Term of the 
Series, 1. 2. 3. Cc.) which is alſo the Difference of two Squares, whoſe Roots dif- 
fer by 1; as it is in the 8 Caſe. But we ſee the Truth propoſed as far as we 
have carried the Series; therefore it muſt go on ſo for ever. > 


13.1 


1 The Difference of N integral Squares is equal to ſome one, or the Sum 
of ſome two or more Terms of the odd Series: More particularly, it is equal to the 
Sum of all the Terms of the odd Series comprehended betwixt that Term (inclufive) 
whoſe Place in the Series is the Root of the greater Square, and that Term (exclu- 
ris whoſe Place is the Root of the leſſer Square, 5. e. all the Terms from that one 
(inclufive) which ſtands over the greater Square, and that one (excluſive) which 
ſtands over the lefſer. So if repreſents the Place of any Term in the odd Series, 
and n the Place of any lefler Term; then are », 92—1, the Roots of two Squares, 
which differ by the Sum of all the Terms comprehended betwixt theſe Extremes, in- 


cluding both. Exam. 49—9=7+9+11+13. Hence, 
| Ggg 2 2d, 


4 'CO ROL. E ARIES. 
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ad. 2 cannot be the Difference of any ftwo Squares 1 it is not any Term, 
nor the Sum of any Terms of the odd Series, 2 two ſeaſt „ e 

3d. If the Difference of two Squares is equal to the Sum of all the Terms of the odd 
Series, from 1 to any aſſigned Term; the greater of theſe Squares cannot be that 
correſponding to the aſſigned Term, 1. e. it cannot have for its Root the Place of 
(or Number of Terms from the Beginning to) that Term ; becauſe no lefler Square 
can differ from that greater one, by: the of all the odd Series, from 1 to that 
greater. Hence again, 

4th. 1 cannot be the Difference of two Squares, nor 4 + becauſe 13 cannot be 
the Difference of two Squares, whereof the greater correſponds to 3 ; nor is 4 any 
Term of the odd Series, or the Sum: of any two or more Terms. of the odd Series, 
other than 143. 

5th. Every. odd Number above 1, and the Sum of any Number of Terms adjacent 
in the odd Series, whereof the leſſer is greater than 1, is the Difference of ſome two 
* whoſe Roots are found as in the firſt Corollary. 


6th. If we take the natural Series, 1 «2.3 .&, 

© "0 2 * 3. 4.5 6 w any Number of Terms, and undee it fer the S 
11. 9. 7 3. 3+ I | ries of odd Numbers, 1. each Farm of th on 
| of the one into 


rr 1 dee then m 
——- 6 .1-. * — of theſe 
8 be correſponding of the e 
+ 4+ 9+16Þ+25 36 1 Pro — is equal ta the — N ot all 
— - theſe: Terms of the Series, 1 2.3 
Schorr. Tharariher 1. 2, Or 4, can be the Difference of any two Squares, may 


be cafily ſhnewn otherwiſe ; thus, #* and r ( a-) differ by 2y+r, which, 
it's plain, can neither be 1 2, nor 4; and the leaſt it can be, is 3, dis. When =. 


If we take two Roots — more than 1, as 1, +, cheir Squares differ by 
22d Edd; which, it's » Exceeds 43 for dd is here, | at leatt, 45 5 d being 
greater than 1. , 


A particular Uſe « end aner fore of theſe Ovrollarics you'll find after 


133 xX. | 
Take the Series of T aples, 1. 3. 6. 10. &. Then take the dum of every two 
adjacent T erms oontinuec 5. thus, 1+, 56, &c. a Sams. 281 the Series of 
Squares of the natural Progreſſion after x ; as in che 
Duo. This follows froth. the laſt, 


ED LAE.S 6 Nat. Series | compared with Cor. 1. Theor. II. For 
1. 3. 6 . 10. 15 . 21 Triangle | the Sums of the Serics,' 1. 3. 5 . &. 
„ 9 16 2. 36. Ka * 15 * uares of the natural Series, 


c. by the laſt, and by Cor. 1. 

Theor. II. the Sum of every two adjacent Triangles is the Term of the. Quadrangles 
(or Squares) collateral with the greater of theſe Triangles,” 

But I ſhall alſo demonſtrate this Theorem otherwiſe? thus, Triangles are the 8 ums 

of the natural Series, 1. 2. 3. &c. the Sums of which, to , and i Terms, are 


. and e , which arc therefore the two adjacent Triangles in the # and 


1 Places 5 but their eam is 8 een R 


T HE o- 


3 + LL => Fr oo 


3 


Fas! 


"os 142 „ 1% FT i en nod nds +» Su, bao. 


ab; for 2a is the Sum of ; 
ber of Terms, h, pives the Sum: What remains to be ſhewn is, that the Squares of each 
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Some Triangles are alſo Squares: And if beginning with the Numbers, 2 : 3, 

u make another Couplet ont of them, thus, Take the Sum of theſe two Fa 
one Term (vis. 2+35=5) then to that Sum add the lefler Term of the ſame 
Couplet (viz. 2.) and make this Sum (5 Tz =)) the other Term: Then out of this 
laſt Couplet, 5 : 7, make another Couplet in the ſame Manner as before; which will 
be 12: 17 (vis. 5-512, and 124-5z=r7.) And go on in this Manner for ever. 
Again, Take the Squares of both Terms of cach of theſe Couplets ; the Products of 
the Squares of the two Terms of every Couplet, are all Numbers which are both 
Squares and Triangles: As in the following Scheme; where 36 is a Square, whoſe 
Root is 6 ; and it is a Triangle, the Sum of the 1ſt 8 Terms of the natural Series. 


2 5 $3 + 8 1a z . 
zuares 8 25 2 49, 144 : 289, &c. 
Produfts  3g6 :. » 8 41616 . Kc. 


Dauew. 19. The Numbers here produced are Squares 3 becauſe they are the Pro- 
dats of two Squares (Theor. B. III. Ch. I.) | wy 


29. They arc alſo — or the Sums of the natural Series to a certain Number 
of Terms; which I prove by theſe Ste 


(I.) If 2 two Numbers, a, b, are ſuch, that zT, or a-; then is ab 


the Sum of the natural Series, from 1 to za, in the Caſe of þ= 24; or from 1 10 
b, if b=24—1 + For if þ#=244-z, then are za, and h, two adjacent Terms in the na- 
tural Series ; and the Sum of the Series to za, is ab; becaute u , the Sum of 
Extremes, and à is the Half of 24; the Number of Terms: Again, If {=24—T, 
then alſo are h, 24, two adjacent Terms in the natural Series, and the Sum to b is 

the Extremes, whoſe Half, a, multiplied into the Num- 


i & made our, thus n 8 5 
(2.) If any two Numbers, 2, b, (which now ö the Couplets of the 
firſt Line) are ſuch, that 26a LT is b; then let a, b, again e the next 


Couplet (as 4 : 9, or 25: 49) are ſuch Numbers as 4, b are here ſuppeſed to be; 


Couplet ; and here it will be 24a —t =bb : Or, if it was 2ga—1 =þþ in the former, 


it will be 244 ＋I bb in this. Which I thus demonſtrate : The Terms of one Coup- 
let being called a, þ ; the Terms of the next, made out of the former according to 
the Propoſition, are ab, and 2a+4 ; and I fay, that 2*a+5*—1, or 2Xa+b + 
is == 20Pþ*; according- as 280+r, or 244—1 is h in che former Couplet : For 
2X EY —1 =2aa+4abþ2bb—1 = 6aa+4ab-+1 (by ſubſtituting 2aa+1 for 555) 
alſo 24Fþ* = 4aa+-40bÞbb = 6a9a-þ-4ab+1 (by the ſame Subftitution.) Hence it 
is plain, that 2 X aJ-þ —1 = 2a". Again, 2X a+b +1==24aaFaab+:2bb-t 


=64a4+4ab—1 (by ſubſtituting 2424—1 for bb) and 244% =444+4ab+bb . 


=64a+4ab—1 {by the ſame Subſtitution) whence 2 X a+d*+r = za FY. 
r t Gee, . , 2 fach, Wee paring: e et 


Ab: And therefore in the next it is 241 ; and io on alternately, dy what's 


ſhewn in the laſt Step. | | | | 
Laſtly, From all theſe Premiſes it follows, That the Product of the Squares of 


each Couplet is a Triangle; for by the firſt Step it is ſhewn, That if za FI, or 24-1 


18 
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is b, then is ab a Triangle. Or, which is the ſame Thing, ſubſtitute aa, bb, ſor 


a, b ; and fince it is every where 2441, or 244a—1=bb (by the zd and 3d Steps) there. 
fore aaxbb is a Triangle (by the 1ſt Step.) 3 . | 


| 
| 
| 
| 
| 
| 


F ScHorL. As the Truth contained in this Theorem is a plain and direct Solution of 
3 this Problem, viz. Zo find a Square Number, which is alſo the Sum of a certain 
| Number of Terms of the natural Series 1. 2. 3. &. So we have here alſo learned 
the Solutions of the E Problems. | 

0 


CoruLL. 1. (Problem) To find a Number of Terms, to which if the natural Series is 
carried, the Sum is a Square Number. 

Rule. Take any of the Couplets of Squares of the preceding Scheme, as 4 : 9, or 
25 : 49. Double the lefler Square, and if this Double is leſs than the other Square, it is 
the Number ſought ; but if it's greater, then the other Square is the Number 
ſought. Thus, 8 (=2Xx4) is ſuch a Number as is required, becauſe 8 is leſs than 9: 
Again, 49 is ſuch a Number, becauſe 50 (=2X25) is greater than 49 ; and ſo on through 
all theſe Couplets, double of the leſſer Square, and the greater Square, are alternately 
Solutions of this Problem. | 0 

The Reaſon of this Rule is plainly contained in the Demonſtration of the preceding 
Theorem; for it's ſhewn that the Product of any of theſe Couplets of Squares, as 
a*xb*, is a Triangle, or the Sum of a certain Number of Terms of the natural 
Series; which was deduced from the Suppoſition that 4*=2xa*1, or 2&4 —1; 
whereby it's plain, that þ* and 24* differ by 1, and conſequently ſtand next together 
in the Series, 2a“ being leſs than &“ in the firſt Caſe, but er in the other; 
whence the Sum of the Series to 24 Terms in the one Caſe, and to þ* Terms in the 
other, is, by the Rules of Progreſſion, a X. ag: 

CoRoLL. 2. (Probl.) To find two Squares (or two Numbers whoſe Squares are) 
ſuch, that the greater Square, and the double of the lefler, differ by 1. | 

Rule. The Solution and Reaſon of this Problem. is plainly contained in the Theo- 
rem; for the ſeveral Couplets of Squares (or their Roots) whoſe Products are both 
Squares and Triangles, ſolve this Problem, becauſe it's ſhewn, that a & is a Tri- 
angle, for this very Reaſon, that 2aa+1, or 2aa—1 is . 7 

ConroOLL. 3. (Probl.) To find a Number, which added to its Square, the half Sum 
is alſo a Square.  . _ | 4 . 

Rule. Any Number which ſolves the Problem in Cor. 1. ſolves this alſo; for there 
it is ſhewn, that if & * is a Triangle, it's the Sum of 24* Terms of the natural Se- 
ries, ſuppoſing Rx TL; or, the Sum of þ* Terms, if 5 24 1; but the Sum 


of the natural Series carried to any Number, as » Terms, is — , which in the pre- 
ſent Caſe is alſo a Square. 


6 3. Of Priſmatick Numbers (ſee the Tables after the gth Defin. 9 I.) 


| | 6 Tnrxoreg mM XII. | 
| | T HE Collaterals in any Place, of any the ſame Degree and Order of Priſmaticks, 
are in Arithmetical Progreſſion. 3 . 

DRMuON. 19. It's ſo in the Collaterals of every Degree of the iſt Order, becauſe 
they are, by the Conſtruction, Products of the Collaterals of the ſame Place of the iſt 
Order of Polygonals, multiplied by ſuch a Power of the Side or Place whoſe Index is 
the Degree of the Priſmaticks. But the Collateral Polygons are in Arithmetical Pro- 

1 2 ; and any ſuch Progreſſion be ing equally multiplied, the Products are allo 


TYammroAnc 


21 


SO OO ec 


Sa 6 ca bb a rm 


QQ. > > 
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20. Since the Collaterals of the iſt Order are =}, it follows from Lemma 1. that 
it is ſo in all the Orders of Sums proceeding from each of theſe Degrees. 


5 f TAHEO REM XIII. 
The Priſmatick in any Place of the ft, or Triangular Species, and 1ſt Order of any 


Degree, is equal to the half Sum of theſe two Powers of the given Side or Place, whoſs 
Indexes are - 72 Degree +1, and +2 ; thus in the 8th Place of the zd Degree, 
it is the 4 Sum of the 4th and 5th Powers of 8. | "7 TS 944; 

1 e Duo. Let ; be the Side or Place 
1. 3 6. 10 Triangles © of any Triangle, and the Triangle it 


, 


9 — — 5 ſelf i 22T#, 1 
S iſtfr. 6. 18. 4052. riangular AY "i _ «haps SO 

zd |1 . 12. 54. 160( Priſmaticks on of the Priſmaticks, that in the u 
Q za r 4 . =_ » 640 of rheiſt Or- | Place of the iſt Degree, and 1ſt Order 
_ 4th[r . 48 . 486 . 2560 ) der. | 


„„ e In the » Place, 
2d Degree and 1ſt Order, it is . 2 ; and ſo on. Univerſally, in the 2 


Place of the uſt Order and n Degree * athils 7....46 Of which take Examples in 
the annex d Scheme. 


. 4 


2 


„ Tuzonnan ATV. | 8 
Take the Series of Priſmaticks of the 1ſt Order of any Species, and any Degree, to 
any Number of Terms; alſo, take the Series of Tridngulart of any Order [numbering 
from the Series of Units] to the ſame Number of Terms; place this Series under the 
other, in a reverſe Order, and multiply the correfponding Terms tog-ther, the Sum 
of the Products is the Priſmatick of the given Species and Degree, which ſtands in the 


Place expreſſed by the given Number of Terms, and of the Order expreſſed by x 


more than the given Order of Triangulars; or it is the Sum of the Series of Priſmaticks 
of the given Species, Degree and Number of Terms, and of the ſame Order as that 


of the Triangulars. ; : 
Example. The Priſmaticks of the 1ſt Order, 2d Degree, 1ſt. 


I: 12 : 54 | Species, to 3 Terms, are r, 12, 54; the Triangulars of the. 
6: 3 1 3d Order (from Units, which is the Order of ſimple Triangles) 
— are 1.3. 6; and theſe multiplied reverſely into the other, 
6+ 36+ 5496 produce 96, the 3d Term of the Priſmaticks of the iſt Species, 


| 2d Degree and 4th Order, as you'll find by carrying on the 

Sums; for theſe of the iſt Order being 1. 12. 54, of the 2d Order they are 1: 13: 
67; of the zd, 1.14.81; and of the 4th, I. 15. 96. pe 

Demon. The Reaſon of this is the ſame, as what has been. explained in Scholium 

to Probl. 1. tor finding the Polygonal in any Place of any Species, and any Order after 

the xft ; as you'll cafily perceive by ſuppoſing the Expreſſions there affumed, vis. 


1. a. c. d, &c. to repreſent” the Series of Priſmaticks of the iſt Order of any Spe- 


cies and Degree; for fince the different Orders are the continual Sums of the bebe 


ars in Priſmaticks, the ſame way as in Polygonals, the Concluſion muſt. be the 


too. 
Ty 155 1 


3 


TR 
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| 1 | Two v0 YEE 2 HT -+ | 

The Difference in any Column of Collateral Priſmaticks of the 1ſt Order, and of 
any Degree, is equal to the Product of the precedent Triangle by ſuch a Power of the 
Side-of-the given. Collaterals, whoſe Index is the given Degree of the Priſtnaticks. Or 
alſo, it is equal to. the half Difference of theſe two Powers of the Number expreſling 
the given Place, whoſe Indexes are the given Degree more 1 and more 2. | 

xam. The common Difference in the Collateral Priſmaticks in the 8th Place, if 

Order and 4th Degree, is equal either, 1. To the Product of the 75th Triangle mul- 
tiplied by the 4th Power of 8. Or, 29%. Ta the half Difference of the 5th and 6th 
Powers of the Number 8. 5 5 
Don. 1% The Difference in any Column of Collateral 1 is the p 
dent Triangle (Z hear. II.) and the correſponding Collateral Priſmaticks of the iſt 
Order, and of any Degree, are: the Products of theſe Collateral Polygons, by ſuch a 
Power of the Side or 1 whoſe Index is the Degree ob the Prifmatieks (by the 
Conſtruction of Priſmaticks.) Hence the Difference in theſe laſt Collaterals muſt be 
the Product of the Difference in the former (vis. of the precedent Triangle) by the 

29. For the 2d Part, fince by the 13th Theorem, the Priſinatick in the ꝝ Place of 
the-rſt: Species and rſt Order of the an Degree i I, and that in the » Place 


2 . if ; 
of the 2d Species is amt, ſubſtracting the former from this, the Difference is aut: 
— Hg 22m +1 um =— „mt 


5 


; 2 | 2. 2, | 

Coxorr. The Priſmatick. in any Place of the 1ſt Species, and 1ſt Order, of any De- 

_ -gree, is an-Arithmetical Mean betwixt theſe in the ſame Place of the 2d: Species and 
1ſt Order, of the ſame. and the preceding De ;. for as that in the n Degree is 

, ſo that in the preceding, or 2 is mH n, andthe: halt: Diſ- 

ference of thels is. the Difference betwixt any one of them and their Artthmerical 


Tu=zxonnu xvi# | | 
Take any Teng of ebe Triangplars of, any;Order [numbered from the fimple Tri. 
angles 1. 3;. 6. Cc. ] and. the Collateral Terms of the ſame Onder; of the. rſt, or Tri. 


auge r Species, of as. many ces as you pleaſe, from the ft ſucceſſively of: Priſma. 
ticks ; place theſe orderly , and under them ſet the Series of the Coefficients 
belonging to that Power of a Binomial Root, whoſe Index: is the laſf Degree taken ob 
the Priſmaticks; n correſponding Terms of theſe two Series together; the 
Sum of the Products is, the common, Difference in; the Column of Collateral Priſma- 
ticks 2 the next higher Place of the ſame Order, and: laſt Degree: taken in the Priſ- 
maticks. | ; 20 als; = 
Kram. The Triangular in the 3d. Place, and: ad Order is 10 (ui. 14346) Alf 
the Priſmaticks in the 3d, Place, 2d Order, iIſt Species, and of tho Iſt, 2d; and zd De. 


| 25 | e, arę 254.69, 187. Again, the Coefficients of 
10. 25. 67 187 dhe 3d, Power; are E. 3. 3. 1 3 which mukiplied 
eee e en into e eee the common Difference 
in the Collateral Priſmaticks of the 4th Place, 2d 


10 154-201 + 187=473 Order and 3d Degree; as you'll prove by carryin 
— — ä—— 8 = Tables of Priſinaticks to the 3d Degree an 10 
| er. | | 


DEMON: 


"ts. 


OO Duh Wa £A, 


5-7 - X 
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DxNMON. 19. The common Difference in any Column, as that in the 2 Place of 
Collateral Priſmaticks, iſt Degree and 1ſt Order, is equal to the Product of the pre- 
ceding Trian le multiplied b (u) the Side of the Collateral Priſmaticks (by T heor. 
XV.) But that precedent Triangle multiplied by z—1 produces the precedent, or 
i Priſmatick, 1ft Species, 1ſt Order, and; iſt Degree; alſo if that precedent Tri- 
angle, a, is added to it's Product by :y—1 (i. e. to the precedent Priſmatick iſt Spe- 
cies) the Sum is the Product of that precedent Triangle by u; or, it is the Difference 
le er e i Re nes Lon opens 
2. Let the Triangle in the #Place be called 2, and the ſeveral Priſmaticks in the 
Place of the Iſt Species, 1ſt, Order, of the ſeveral Degrees from the 1ft, be 6, c, d, 
c. then by the Conſtruction it will be na. nb. d nc, &c. Now the Difference 
in the 2 Column of Collateral Priſmaticks, rt Order, iſt Degree, being ab (by 
the 1ſt Article) the Difference in the 21 Column of the zd Degree, is the Product of 
the laſt Difference ab, by the Side y+1 [becauſe the Terms of this Column are 
products of -I by,the Terms of that Column in the iſt Degree, whoſe common Dif- 


ference is 4. Fh 3. e. it is NaN aa; but e b, and abc; 
en Pb. e it is .- Fac. Again, the 


9 


2 


4 7 ee 1 | Difference in the »+r Place of the 3d De- 
a | 2b-+na zb | 4b © | gree is the Product of the laſt Difference by 
 #h| c-t-2ub \ 307-3nb | 6c, &, | +1, which is aÞF2boxm-abibbo= 
a ö anbinbncbHabiab+c=at3b+ctd, 
„ e ee e . and ſo on, as you ſee ordered in the annex d 
— — — — — ] Scheme; the Manner of continuing which, 
E 3% ¶ ¶ ; ſhews plainly the Truth of the Theorem; 
—— — — — — , the Nambe multiply; , , c d, &c. 


bY | in the ſeveral Differences, are evidently the 
Coefficients of the Powers, whoſe Indexes expreſs the Degrees of the. Priſmaticks ; ſo in 
the 1ſt, a, b, are multiphed by 1, 1, the Coefficients of the Root or 1ſt Power of a 
inomial. ' In the zd Degree, a, b, c, are multiplied by x, 2, 1, the Coefficients of 
the 2d Power. In the 3d Degree, 4, b, c, d are multiplied by 1, 3, 3, 1, the Cuetfi- 
cients of the 3d Power; and ſo it's plain they muſt go on for ever, by the Order of 
Conſtruction. | | e 
3. That the ſame Thing muſt be true in the ad and all the following Orders of 
any Degree of Priſmaticks, is evident from the Conſtruction of theſe Orders, vis. from 
their being the Sums of the preceding; | with this Conſideration, that the Difference in 
the Collaterals of any Order is the Sum of the Differences in all the Collateral Columns 
of the preceding Order from the correſponding one backwards. | : 


Scnor.. Beſidęs the Method of finding the Difference in any Column of Collaterals, 
contained in this Theorem, there is another Method deducible from Theorem XIV, 
which is this: Inſtead of the Series of Prifmaticks of any Degree, iſt Species and 1ſt 
Order, take the Series of Differences in the ſeveral Columns of the 1ſt Order of any 
rec, and multiply them by the Series of Triangulars mentioned in that Theorem, 
and in the Manner there explained; the Sum of the Products is the Difference fought: 
The Reaſon of which is the ſame as that for finding the Priſmatick of that Degree, Or- 
der and Place; becauſe the Difference in any Column is the Sum of all the Differences 
of the Columns of: the preceding Order from the correſponding Place backwards, and 
therefore have the ſame Connection and Dependence as the Priſmatick Numbers them- 
ſelves ; ſo that the ſame Demonſtration may be apply'd to this Caſe, only the firſt Diffe- 
rence being a, we are to keep but the 1, which E ihe: it Term in chat . | 

| 6 | pe 
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and make 2, b, e, &. repreſent the ſeveral Differences in tho pn Order; and 
then the Demonſtration will be in all reſpects t the ſame. 


__ _COROLLARIES. 5 
1. The Difference in any Column of Collateral Priſins (or Priftnaticks, rſt Depree, 
iſt Order) is the Product of its Side into the preceding Triangle ; for that Side being 
#, and the preceding Triangle 4, the preceding Priſm bs 71 B—IXa, and the Difference 
Vier Collateral Priſms of the 2 lese is, by this Thoenem, 4 E 2—1 ni 
F NCNCC A gain, | 
| fro ** * Priſm i in an — be added the Product of theſe 3 Numbers, 


dis. the preceding riangle, the Side of the given | Priſm, and the D of any of 
its e the Sum is the C teral Priſm at that Diſtance... 


. 7 


5 „ 
Et to any Tring Pill be added double « 
equal to 3 1 race t 

1440 he 4th Triangular Priſm is 40 ; the 4th Triangle is ro, whoſe Double is 


| 

| hy Collin Triangle, the Sum i 
| 

| _ pe 40+20==60=3X20, and 20 is the 4th Triangu Pyramid. Take other 
| 

| 


Collateral Triangular Pytats d. 


es out of the annex d Table. | 
; | -Dzwaon. The Triangle in the » Place i 
OR 1233 6 
Frans 15 Lc 6, * 32 eee, Tm af he 
rift ms 1.6. 18 40 FA ; tural Progreſſion,) and the correſpondent 
Priſin is -L, Eke to which add doable the Triangle, vis. 149, the Sum is 


＋ — 2. Atzzin, the Triangular Þy- 
oy ihe > » Place l is, by | Problem 11. 115 5 Ae 2 * Tre 

g 7 0g wp he 1 
-  whichis equal to e | 


Cororr,. Hence we bene a niculer Rule for finding the Sum of the Series of Tri- 
angles, i. g. any Term of the + of Triangular Pyramids, which is this; Take the 
third Part of the Sum of the 8 endes, Prifhv, al dagble. the Tri- 
angle, AA AL WIG 31 FECL S . 
x HEOREM- xvii; | 

If to any Triangular Priſm be added its Fami. by ing 8 A Sam i is equal 
to the Us 24 of the r ns a Trang Pyro Square Pyramid. 

Exam. 40 is the 4th T 7585 to wes 254 10, the 4 Triangle ; the Sum 


| 1s 50==30-F49, | the 4th 8 bare ad Trp Pyramid. 4 4 
| 0 5 Dune. The = Triangular Prifi is, 


Triangles, 1 e 175 Ht 
| en. | 2a wo NEE. " ws which add . the 5 Triangle; 
| 25 eier 4 . e Sh 6 i . Again, the 2 Triangu- 
| a. Pyramid «2 x pry the 1 Square Pyramid 5 


255 


1 9% - 4 . 


| mn. 
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ere (&' you te i in Schdl, Probl. II. ) the Sum of theſe two is ay 


b. by dividing Nucrator and Denominator both by z. 
oli 1 may by deduced a particular Rule for finding, the Sum of the Surins 


5 9, We: e. for findin 5* e Pyramid (or Polygonal of the 2d 
2 e g 8 


us find the correſponding Triangular 

Pg Ne Nel r oy in the Coroll. of laſt: Theorem) and ſub- 

fra ths 4 nl. Sum of the ading Triaggle and its Priſm ; the Difference 
is the Number ſought. | 

eee . 15 9 


As the particular Nele i e this and the 3 
Theorem, 2 the Sum of Triangles and Squares, de 5 mediately upon 
theſe Theorems, ſo they ſuppoſe the Truth of ſome other Rules nding the ſame 
Numbers; which Rules are uſed in the Demonſtration of theſe nai 50g ; —— there · 
fore to have theſe Rules demonſtrated ind pendently of other Rules for the ſame Pro. 
blems, theſe Theorems mult arg . ene We another way; but what I deſign here is 
Kal e to obſer Thos amo ntient Writers there is no ſuch Thing as a general 

Ora fi of Polygonal Numbers'; chey have only thele two 

_ Rules for — and Squares, and theſe they deduce ffom the Lime two 
—_ which, they demonſtrate. the Contemplation of the Schemes or Figures 
into which the Numbers are diſpoſed ; as they have: been already explained in the 
Definitions, and which I ſhall h Rr in the Mariner they are formed, to make 


out us qr e caſt 3 80 
n art of this. Scheme yon 
Fr or XVII. 12 S S Tfng gle 6 e twice, With 
The om. | > Dallin: 18 Ae lower "Triangle in 


1 5 with the Parts cut off from 


upper, lyin towards the leſt Hand, 
bn, Hake the Collateral Trian- 
gular P yramide and the 


Tha ah Foy ry with the — 
to the rte, 5 as * 20 


gol Scheme ſhews, in which 


: it 


8 - 


"Lines — eb 
1 
'Þ © 
, 1, G9 A 7 
Op > 
214 1 41 "3 
* 
GM 2 Y 
= * * 
4 8 = 4 
ö 1 <1 < . 
a + 3 
* » 5 
0 ERP" 4 
A E i (32 43 * ” . ES þ ; 
"Yo e 7 1 N A Y 4 $ 4 * 5 I 2 9 — — 
— 5 ** — b . = k * 1 * 8 * o ” . 
8 3 % — UU— — ; 4 1 ? J & \ ” n | . 


«4 Ls SHES *\ SH IZIT , 
Hh h 2 ö Por 
: * 48 


* 


8 11 O Fee. Nuunberd. Bock V. 


Por Theorem XVIII. I . In the 1ſt Part of this Scheme you 

| have the Triangle 6, and its Priſm 8: 

; 3 | 1 the lower Triangle 'of which, with the 
Triangle | 98 I Points cut from the left Hand of the 
or 10 mes e end wins wil 928 UPPEr, make the Collateral Pyra- 


0 2104651759 hp vo e remaining Points with 
23-2111 Dan Ru EI ERS ded, make the Colle 
Is dteral Square Prad, as the ad Part of 
ae Da the Scheme ſhews. 


CY s * 
* EY » + © Y 0 C 
D 7 | | | [1 
12 28 1 2 } * 4 {9.7 = 4 
My 18 
7 i 


in the annex d e 2d a7; bas Su 2 1b Yak a . 
2 n 24199 8 1 oh fit; v 1 Fa oy 
| Gries Wt 3 1 e ee Ffriet ie 1110 
Triangles r [1.5.12 , 22 
Priſons 1. 6. 18. 40 Pyramids 1 6.. 18. 40 


* 


Dili That thoſe two 3 Serits will — to be the {a ſme for ever, I I thus ſhew: 
The Triangular Priſmin-the aDlats i is ——. Again, the pentagonal Pyramid in the 


ee o—1 Tric- 
gular Pyramid multiplicd by 2, the Diſtance of the . from the Triangle (Cor. I. 


"Theor: II.) But the Prianghlar P is 1 ** SFr — L d 


gu O61. 30 egit 209 00 ei, 2 6 


the 1 Tags 5 7 aud e 1 5 2 2 nn which multiplied. by 


21 * PM SAT. 


2 prod uces — to mic ph er, via. ele: be Sum js 4 2 
27 77305, 43H 7K At BO foe | s . 
„ 
THE OR EM xx. 4 ps 
Take the andes of Triangles; then the Series of their Squates; inni 


with 1, take the Series of the Differences betwixt each Term and * next ol theſe 
Squares; they are the Series of Cubes of the natural Progreſſion, as you ſee in the 


annex d Scheme. 
DEMON. The Sums of the 1 ge⸗ 


Natural Progeſſion 1.2. 3. 4 ries taken to #—1, and 1 Terms, are 


8 1 


Tri Tn bes „ % „ „lu and Oy, 
Thei 1255 I. © 36 .100 Oc. F and the — 
err Differences 1. 27. 64 | zn -L 14 Lz A- kf 
Le are the Cubes of 1 Iſt Series. theſe are wt and 2 — 
4 „ "0 


F 
4 5 : 
IM. 1 WW = 


5 
CO) 


2124 


5 


eie e o de i 0 
1a 3 4, &. 
A, Kc. 
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r r 443 Eo : 1 Og 
whoſe Difference 1s 2 ==x5, Now, fince — r, 2, may be any two adjacent 
Terms of the natural Progreſſion, the univerſal Truth of what is propoſed is demon- 
EL, GI . SS Tr Ez 1 +6 
I. As every Cube Number is the Difference of ſome two Squares, (vis. whoſe Roots 
are the Sum of a Number of Terms of the natural Series, equal to the Root of the gi- 
ven Cube, and the next lefler Sum) ſo were it required to find two Squares, whoſe 
Difference ſhall be ſome Cube Number, which is neither known nor aſſumed, we 
have here a plain Rule for it ; and obſerve, that I ſuppoſe the Difference neither 
known nor aflumed, to make this Problem different from another, which you'll find 
afterwards, wherein two Squares are found, whoſe Difference is any given Number. 
2. The Sum of the Cubes of the natural Series 1. 2. 3 . c. to any Number of 
Terms, is equal to the Square of the Sum of the ſame Series taken to the fame Num- 
ber of Terms. Or thus, take the Cubes of the natural Series continually from the be- 
ginning, the Sums are all ſquare Numbers, whoſe Roots are the Sams of the ſame na- 
tural Series taken. ſo far. | LE df 1 
Schor.. As the laſt Corollary follows plainly from the Theorem, ſo if that Corollary 
is demonſtrated another way, the Theorem will as clearly follow from it; and as to the 
Demonſtration of the Corollary independently of this 'Theorem, I have found one, which, 
thought not ſo — as the preceding Demonſtration of the Theorem, yet is curious 
enough, and therefore worth the explaining here. LE rant | | 
_ The Thing then to be demonitrated is this, v/z.. that 1 +23%433+47, Sc. 
I+24+3+4 Sc. W £ TW 13 5 . F 4 BF £ | 
K's From the Nature of Multiplication it's plain, that the 3 of any Multino- 
mial Root (i. 6 a Root conſiſting of many Parts) is equal to the Sum of the Squares of 
each Part of the Root, and twice the Product of every Pair of Members of the Root; 
b leit s in the annex'd Scheme; wherein ar- ed, &c. 


x 4 n 3 P 2 &c. | bein ſquared, the Square is the Sum of all the Squares 


a+b+ c d, &c. | and Products ſet under it; and by the Order in which 
— — — they are diſpoſed, you ſee the Square is compoſed of as 
4 c d 1. many Members as the Root, each of which 1s a to 

z2ab 17 2bc+Þ 2cd- the Square of one Member of the Root, and the Sum of 


—— * 


c- Had - |, the double Products of that into all the preceding Mem- 


: 2ad bers (on the left Hand) which evidently comprehends 
6 the double Products of every Pair of Members of the Roar. 
2d. If the Parts of the Multinomial Root are the ſeveral 'Tergns of the natural Series 

1. 2. 3. Oc. then ſuppoſe the Square of it is taken in the Manner of the preceding 
Scheme, I ſay that each Member of it (i e. the Sum of the Square of each Term of 
the Root, and the double Products of that Term into all the preceding Terms) is 
equal to the Cube of that Term. For Zx4.;;Fhe Cube of 4 is 64, equal to the 
Square of 4 (vis. 16) more a N PANT 2X1X4.(524+165)-$=48.) And 
% + that it is ſo unjiverſally I thus prove, (1 .) It's plain, that to 

. mulciply,any Term 6 the Root, into each, ding Bb 

5 —— y, the Sumſof the n 2 Save {2 he 79 5 
| -of that Term int: the Sum gf all the precedipg Terms; and 
alt 430 le a 05 : 


. 


- 


LY 


4+12424 becauſe we m fl theſe Produ $, therefore we 

6 muſt take double the Sum of i and 
8 multiply it into the given Term. Then, (2".) This Pro- 
1+8+27+64 duct is equal to the Square of the given Term multiplied 


Jig tt into 


www > 
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into the next preceding Term, by the Rules of Progreſſions ; for Example, 


6X 2X Fa Fa Fa F5 = 6x 6x5 5 becauſe Fa Fa FIF5 =; and this my 


plied by 2, produces mw. lr pay Call the Term next proceding any given 
one, I, that given one muſt be r+/'z which is up the Sum of the Extremes of that 
, whereof I is the greateſt Extreme, i. e. of the Scrics to be fammed ; but thi 


-Sum is NN being here the Number of Terms) and the Double of this is 


IPI XI, which multiplicd into the given Term, 1 +1, produces 2 82 XI. But, 
(39.) It's manifeſt that x +1" x1. (the Sum of twice the Product of 1+), the given 
Term, into all the preceding Terms) added to T {the Square of the given Term) 
makes FFW =IFFxiÞ+}=r+/, the Thing to be ſhewn.. | 
34. Since the Square of the Multinomial, 1 K-44. Sc. is reſolveable into as 
many Members as the Root, each of which is proved to be equal to the Cube of a dif 
ferent Member of the Root; therefore that Square is equal to the Sum, of the Cubes 


.of the ſexcral Members of the Root, i. e. r ndlEE Ie = Pz. Ke. 


7 ; © 
£351 


| | ar ht Un . XXI. 211% 7 
Take the Series of uare PN (F. e. the Sums of che natural Series of Squares res) 
multiply each of Ae z and from the Series of Products, take the Series of the 
_ Sums of the 2 Series of 1cianples and Squares, as in the Margin; the Series of the Diffe- 
rences is the Series of Cubes of the natural rhe: | 
| | 51 Dzmon.. The # Square Pyra- 


7's: 32; o 7 58 4 is Natural Series | 85 mid i 3 * * (by Prob, 
1 255 5 2 „ * ne eee by 
| 1 ms 
1. 5. 14. 30. 55 Square Pyramids 3. produces = E. * The ⸗ 
ye * 90. 165 Their Product by 3 5 
2 7 15 26. 40 Sum ef Trias. n. Ke Triangle is YI, 212 , and u Squate 
1 4 64 125 cu 6 


N 35 of is al Then SELL 
we 2E which taken from the eemer, leaves plainly 22 r. And becauſe » 
may be any Term, cherekure the Theorem is e. © 24) 1 £19 


4 PESOS XXII. att len 
x Take the Series of Heptangalar cd to thens ada rho 640 of Trizngs 
lar Pyramids in this Manner, vis. b rt of the Triangulars to the d of the other ; 
the ad Triangulzr wo the 46h o the other und foo 7. e. univerſally, the » Hep. 
5 added to the »—2 Triangular, All theſe Sums re Cubes ; and 
Pra Sr FG, 1. 8 n 180 you have the 


g N « 2 * 1 C > * 4 
— f AT? ©, 1 : fen a 81 
. 4 P . 


Dxxox, 


F A 6 rr 


LON» 
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c Dxwox. The u Triangular Nee 


Sen el e geg . £12129 = 
Triangles - 1 3.6 10 "i | mid i is 7 and che 2—1 a 
eee WS. 13 e a Tem 11 3 2 (rasi 1. 77S) 
Ig. INS *.34+ » 55 [ But the Diſtance. of, the Hopta n 
be oh 1 Z nh fer * 15 from the Triangle? is 45 oa 
Triang. „ 4 GR Pn x 1 |, (by. Probl. ay. the #. Heptangular 
Cubes 1. 8 27 104 . 125 5 Pyramid i is 23% 422 Ä x4 | 


6 6 
Again the 2—2 Triangular Pyramaid is 


ee pe 3 to which add the » Heptangular Pyramid, 1. 


Here; the Sum is vn 


. . 


re, 1 e 


8 XXII. 
Take the Series An Pyramids, and from them ſubſtract the Series of Tri- 
angles; thus, The iſt Trian _ ä — — ratar- Pyramid, and ſo on, i. e. 
univerſally, the 2—1 Triangle from the * Pyramid; the Series of Differences is he 


fn ,, eke, — *. e 
IM ; from which, fab the mr 


Thigh, which, * 2, the. Direc is Weds as INE ane I 
| JEN ! 65+ 
LETS tunen OG ; 75 i EDTORY iT el BET 


Cosexk. F xthis it is plain, That if us taks 2 Serke 22 
beginning with , and proceeding by the Difference 6; 


3 ee 


2 7 IV... take the Sums of this Series ; and then the — Semes 
987 6 24 += aud to this laſt Series uf dums add the natural Series, T. 2. 3. Kc. 
— 2 3 4 che lalt Sams make the Series of Cubes: The Deduttio of be 


en 
. 


* ——— — 


5 —— I unixerfal Truth of which — — Theorem, is eaſily... 
e 27 64 ade ; thus, In the Scheme of the veorem, each Term of the 


Series is 1 more than its Collateral in the rſt Series of the 


pteſent Scheme; ; —_ each Term of the ad Series of the former Schemes, _ : 


cceds the Collateral of the 2d Series of this Scheme, by as nian) Units as the 


ding Number of Terms. Menge again; Each Term of the 3d Series, former Scheme, 


exceeds the Collateral in the 3d Series of this Scheme; dy oþ che Sem ol as many Terms 


of the natural Series, as the Number of oma Whence all who on 18 
rom 


Plain... 


Series of Cubes after 1. 5 
Series —b „ 4 2 1 Triangular Pyramid is 
Ocrogons Fe d 1.2 and the 21 Tram Pyra- 
Tritng e 17 55 255 "| mid is Eh | "Therefore, the, # ' Oflangular . 
. 1 f en cy Prob}. 11) x Ee *. 


— —— — 


— ASI + IWF STI oe 


| 
| 
| 
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aw 1.511214) vn - EBrom-this laſt again, it will eaſily a That if we tak 
0...6 . 12 . 18 J the Series, 0. 6. 12 &c. and raking th Sum of it, add 1 4 
17 -19 . 37 each Sum; and then of this Series of Sums take the Series of 
„ 8 „ 7 . 64 Sums ; theſe are the Cubes of the natural Progreſſion; for 

Say, by taking the Sums of the Series, 0:6 : 18: 36: &c. after 1 


is added to each (i. e. the Sums of . 5. 19. &c.) it's plain the Sums at every Step, 


will be more chan the 8 ums taken without theſe Units (i. e. than the 'Sums of the Se. 
ries, o 6 18 &e.) by as many Units s as the Number of Terms added: So that it 
will be the fame as if taking the Sums of this Series, o. 6. 18.36, we add to the Se- 
ries of che gums the natural Series, 1. 2 . 3; as in the preceding 8cheme. 

3 £ 9 . ; ; 


r THESES MERE KI STS 

Take the Series of odd Numbers, 1. 3. 5. &c. and out of this make another Sec. 
ries ; thus, Take the it_Term ; then the Sum of the next 2 Terms; again, the 
Term more; ſo that the Number of Terms taken at every Step, are the natural Se- 


ries, 1. 2. 3. &c. The Series thus compoſed, is the Series of Cubes of the natural 


Series; each Sum being the Cube of the Number of Terms added together. 


FT of ; 2 9 1 E "> 1 - 
WI f © - als - EN * * N £ 
13. „den,, LB © XS + 07 39 + J 23-272. 
. 0 „ ; 4 x $5 Iz ff [*-: «> of 4 i 
9 oF 0 ir ini ry S + 12 {i "3%"'S — - C3 +1 7 — f 211 | CNS A+ p 
Cubes - 3 3 — of . LY” -- 660 1281 64 9135 444444 72 a 125 5 A 
12 = &c 
Roots 1. 2 . 3 8 4 A 5 
- - 5 0 = * PEY. 2 ; : ; 6 1 
22 Dic 464 N * 2 S 2 1 - * * — „ of "SA Fa & . LES | 
GE IR. . * | 
Dom By Theor. XX. Cor. 2. the Sum of the Series of Cubes, is the Square 


of the Sum of the natural Series taken to the ſame Number of Terms: But the Sums 
of the odd Series are the Squares of the ſeveral Number of Terms ſummed (T beor.IX.) 
And in this Scheme there are always as many odd Terms from the Beginning, as the 
Sum of all the Roots; therefore the Sum of all theſe odd Numbers being the Square 
of the Sum of all the Cube Roots, is the Sum of all the Cubes. Again, That the 


Sum of the ſeveral Terms, diſtinguiſhed in the Series of odd Numbers, are the 


cular Cubes of the Number of theſe Terms, is evident; becauſe 1 is the Cube of r, 


3>+5- is the Cube of 2. "Then ſince 1+3+5+3 +917 is the Sum of the Cubes of 
I, 2, 3, therefore 5 +911 is the Cube of 3. And ſoon. : | 
Another Dz 14 on. This Theorem may alſo. be demonſtrated independently of 

T heor. XX. by the Conſideration of the odd Series. Thus,, . 

19. H the, Root of any; Cube is an odd Number, its Square is alſo an odd Number; 
and is thereſore a Term of the odd Series: Then taking as many adjacent Terms of 
the odd Series, as the Root of any Cube expreſſes, and ' whereof the Square of the 
Tame Root, is the middle Term; it's plain the Sum of all theſe Terms will be the 
Cube ; becauſe, being an Arithmetical on, the Sum of every two Terms, 


* 


equally diſtant from the middle one, is double that middle one, and conſequently the 
who 


whole Sum is equal to as many Times the middle Term as the Numb *erms ex- 


preſſes; hut that middle Term is the Square ; and the Number of Terms the Root; 
therefore the Whole is the Product of the Square by the Root, . e. the Cube. 


2% If. the Root is an even Number, then we can ſind in the odd Series two adja- 


22 . - 


cent Terms; the one excecding the Square by 1, and the other wanting x of it; con- 
equently, taking as many Terme as the Root expreſſes, whereof theſe two now 
mentioned are the two middle Terme; the Sum of the Whole is the Cube; for the 


. Sum 


hn a „ „ 85 % Xt. oo» 


— 0 w | CD VP VF ww” WW we 


Q o o wwyue 


| Root has Units, whereof 4 is the m 


gum of che two middle, and of every other two equally diſtant from them, are each 
double the the © and fo the Whole i is equal to t 6 *rodutt of the Square by the 


| Fg Repreſentin the two preceding Caſes in the S Scheme [wherein 4 be- 


y odd Number or Root, the ſt Series repreſents a Number of adjacent odd. 
Number, whoſe Sum is 45; and a being an even Number, the 2d Series is a Num- 
ber whoſe Sum is 45; underſtandin ng cheſs Series to contain as many Terms as the 

dle one in the iſt, and 1, 4 fr, the two mid- 
dle ones in the 2d Cal, J. Hence it will be evident, that the leaſt and greateſt Terms 
in the particular 8e- 


Ye: 2—6 44 4 —2 : 4 * * 4: a. gs &c. I ries of adjacent odd 


Kc. 4 —5 : 4-3: A —1 : 4 I: z: +53 &. [ Numbers, whoſe 
Sum is the Cube of 
the Number of 'Ferms, are thus expreſſed, vis. The leaſt 4*+1—4, and the greateſt 


| #+4—1 : For the Root being odd, the Number of Terms is odd; and there are 


u many Terms on cach Hand of the Middle, 4, as Half the 8 or 3 


and the common Difference being 2, the Mig n or added in 
the Extremes, is equal to 2, taken as oſt as — —— expreſſes : But xa 41 ; 


* 


therefore t Extremes are e and pa which are r, and 
2 gain, If 4 is an even Number, the two middle Terms being _ 
4—1, 9 "and the Number of Terms below 4&—1;..and above a*+r, being 


—_ or == 3 ix fallow@'thar, the Extremes. eee. wanting the Product of 2 


by <=, hien Product is 4—2 ; and #*+1, with the ſame Number added to 
its 3 Eajreinds are therefore ——.— = .I. = 4 r, and 


AI- 2 =8* +a. 


- 49. Take any two Roots difering by 1, 2 4, and a+; the greateſt Extreme of 
the Series of odd Numbers, whoſe Sum. is the Cube of 4, is, by the laſt, a*-þa—r. - 
And the leaſt Extreme of the Series, whoſe Sum is the 225 of ef, is (by ſubſticuting 
l inſtead of a, in this Expreſſion, 2 . 9 1 12 4 224 
Er. Compare this with the former, vis. A a1, * ain their Difference 
82, 1. e. the greateſt Term of theſe adjacent odd 12 whoſe Sum is a, and 


the leaſt of theſe whoſe Sum. is aFr „ differ by 2 ; and ſo they are two adjacent odd 
Numbers; conſequently the Series for the one | ade begins at the Term next after that 
one with which the other ends; and therefore the Series of Cubes are found 1 in the 
Manner e on in the Theorem. ; 

Scyor... As this Theorem is demonſtrated d by Means of Theor, XX. 4 that ia 4e. 
SOIT) e of this, and T heor. IX. 


1} 20 
xt} 10 


XXV. „ 
Take the Series of Pet nal run pd al och of them by Ng 


take the geries of Squares, and multiply each of them by 2": Subſtra& the laſt Series f 


Prod foe the former; Ne ences ve 6 Aer HOON TR": 


P . 2 * » 7 
* 4 #35 5 4 4 : 0 "S : | : +. 4 , "3 
£1, W301. &- 4 3 Q344 ROC vB. OUTS 4L FH — n 8. 
1 1 
"1 > 6 * * 4 ” 


q £8 « « F . 7 7 3 . 2 N + S 1 5 7 fi 
© % * . 4. $ - EYE, . bi * 45 2 of - . 4 * © * 4 * ö . K % » * * L Li 
* 5 = N a 
* 2 : . 
/ 411 
v 4 : 
* . 4 . ' 
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1 + + + DEMON. Pentagons, proceed from t 

Series — N 10 uy Series, 1. 4 9 ed — 
Penagons 1. 5 1 - 24 Difference is 3 ; z of which therefore the 
Dant. ramids 1. 6. 18 [ #th Term is 14 —1 ·x 3 = 3u—2; : and 
A 3 Ai 18. 54 50 | the. Sum of the Extremes is _3#=1, 
Produtts by 2. 2 $. 0 18. it 2p 7, oe e here UI 
Pent Priſms . "EY 7" 36 gs: „ . * which is the u Pentagon; 


OT 
and this multiplied by n, produces 2—. , the 1 Pentagonal ; "7 Again, The 


ath. Triangular Pyramid is is ſons ne +29 | mid the —1 Triangular Pyramid is 
ws 
__ 


; the Diſtance of the Tinte and Pentagon by 2, and N — 


8 
wherclore (by Cor: T beor, II.) ee Paid d i 2 127 +2» + * 
l 2 ; which * by, 3 | nakes EN from which take 


| 22 >, the Kemminder is 2 OE the. 1 erer Priſin, | 


4 
12 25 eser 8 b i u. „ | 
Though tf there be no general Canon, that I know, for dug u the Sam of any Series 

of Priſmaticks of any Degree, Species and Order, excepting what 1s contained in the 

XI Mh Theorem, which ſuppoſcs' the Series. of Priſmaticks of the iſt Order of the 

fame EAI and Degree, and to the ſame Number of Terms, as that whoſe Sum is 

-4or-the Sumeofithe Prefinaticks vf the 2d „ rt Order; of any Degree, 

i. e. for? the Sums of Powers of the natural Pn rom the Cubes and upwards, we 

cn, by * of the preceding They of Pohygonals, inveſtigate particular Ca. 

nans or every different dene wherchy che Sum may be found, ing ou the 
| N —_— 

der to E 877 J Wars AS the Invention of . us for any 1 

the Canous for the prec Degrees; 2 res are Poly- 
ns, 33 Priſmaticks, gy it 5 1 ns to take the ——_ within the fol- 

0 Problem, that we may more eaſily, by the two firſt and moſt imple Powers, 

and the Method of Inveftigationgfor all the ſuperior Powers. 

being obſerve, That we have already. explaine: the particular Canons for the 

2# +31 - 


sums of Squares and Cubes; that for Squares, being gays te as you ſec in 


62 23 ee re Rehab er Problem Il. and that for. Cubes, being 
——— 2, for by Theorem XX. Coroll. 2. the Sum of the Cubes of the natural 


Progr: Mon, 3 ach Perm, is the Square of the; Sum of the Roots z. but this Sum 
is E, whoſe Square is Ee ,, Bar the Method of inveſtigating Rules for 


44 711 b 


Cd 4 221 
the dighet Powers being ches . be Method, by which theſe Rules for a * 
and Cubes have already been invented, and depending alſo upon a new Meth 
1 the ſame two Rules may be inveſtigated : Therefore we muſt — chi 
"| TEF othe 


— 


18 


i am Order is, "by, the” Lime" general Rule, 1 * 77 ——— — ke 


2.5 41 21. ＋8—6 3 —6 __ 
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other. Mcthod for sand Cubes ; and this being done, the univerſal Method far 
all other Powers will be 8 underſtood. 

Obſerve in the laſt Place, That there are ſeveral Methods of finding theſe Canons, 
'ſo as to make the Invention of the Rule for My Degree, cop upon the Rules for 
the preceding Degrees; but I confine my ſelf to that which is moſt natural in this 
Place, viz. which depends upon the univerſal Rule for the ſeveral Orders of Polygo- 
nals of the Burn Kind. e It bs ole another curious MPO in e s Al- 


| ib > 


2 . 


| Gu . V9. PROBLEM III. | 8 
"dw to 3 Rules for finding the Sums of the Schier of ns of any Tho 


gree of the natural Progreſſion, I . 2. 3. &c. having the Number of Terms only 
: 4 : 


: 
P ? N ES TE u1 : 
I 71 Dili nan DIA C37 28 63 —_— 


„ 


For the Sun of the ul, 1+4+9+&. to the KY Term. The ath 
. the 3d e (from: Units) 4, e, the Sum of the Zriangles, to che 
»h Term, is 1X Tx Des (by the zd Rule for Proll I. with the 
Croll.” to Theo n Il. Or, fee the Scholian after that Rule.) Again, Take 3, 


leedively e 0 * 1 and applying. this. Canon, we have =, 
Ras teen 
£2203 . Gee. which err mh dale Triangulars of the 34 Order, to 


2. W of Places given 41 55 Number being called u, the Sum of this 


Series is the: #th., | Triangular, 4th, Order but the » Triangular of the 


N 
which is therefore equal to 424 e e bed 0 Terms ; andthis 


iy = of LTE dee. == x of 1424-5 Ke. +4 of Arta &e. 
Now e e Terms, is Ard, therefore: + ebene K of it is 2 3 conſe- 


G £1250 gie 51 


b wen 5 = of r. &e, , ang \fabſtrating nfs 


Vo 


en both Sides, the Regina arc equal, vis. 4 of 14. A Sc. EE ee 


eg. ; and nakighing the | BN Kg 
4 O 1-1-2 a 24 944 a 
th Expreſſions, both by 2, the Product dre PE LT EIT G. = = +4» __ 


— dick is the Rule oe the gum or the Squares, wie. E. Le. Ng G. 


2d. For the Sum of the Cubes, or Tic. to the ath Term. The »th Trian- 

gular of the 4th Order (from Units) se. che Sum of 25 Triangulars of the 3d Order to 
the »th Tenn, 40 ous bis 2 and taking nabe fel 

| a. V 10 eotioCg02d: — "Malt * 50 2 eg 

AA | 11 1 1 2 5 a to 
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to 1.2, 3, &c. che Seriesof Triangularsof the ath Onder are, 1. N D., 


IEG E, &c. to any Number,.of” Terms ; which 8 being called », 


the Sumo this Series i ” the th Triangular of the 5th Order; ; which, by the general 
2 — TH x 2 . 5 
Rule, is eqval 70. I * ky n 25 but the former 


Series (equal to 1 is the Sum . cheſs 3 Parts, oe 70 bat; &c. +3 of 
z d&. LE, by the lat) +3 of 1+2+3 &. (= . A) 40 


taking the e 8 from both, we have Sie — — + or 


e — 2 or 4 of — 2 2 == of 1+2*+35 &c. And reducing the firſt Part 
to the moſt fimple . by the common Rules of Fractions; and then multi- 
plying both Parts by 6, there will come out 3 * — . 5 the 


4- 
Rule for Cubes. 
Now far all ſuperior 8 the lavetigatio of Rules, by Ot 8 Method, will 
bo plain and obvious to ſuch as underſtand the firſt two Caſes, how they depend upon 
node, and upon the General Canon for Tria Numbers : For we gradu- 
al expreſs, by that Canon, the »th Triangular of the Order (from Units) expreſ- 
by t more than the Index of the Power (as above, we took the zd Order for 
Squares, and the 4th Order for Cubes ;) and Johan #, gradually equal to 1, 2, 3, &c. 
we expreſs the ſeveral Terms of the Triangu that Order, P. to that Ca- 
non, to any Number of Terms, as v; de the wr of all theſe reſolve i — 
to as many other Series (connected by Addition, and in ſome Caſes, ſome of th 
ſubſtracted) as there are Members in the Numerator of the General Canon, 
whereof one of them will be ſome 3 or aliquot Part of the Sum of the Series 
of Powers ſought, to a Terms; and the other Parts are ſome Multiple or aliquot Part 
of the Sums of as many Terms of. ſame of the inferior Powers (of the ſame natural 
Progteſſion, 1. 2. 3 ) which we _ 22 by the Rules 2 invented for 
che inferior Powers then we confide n we e by the er 
is the ath Term of the next Order der al net wag and this we expreſs by the ſame 
General Rule as before we did the ath Terra of the preceding er: And then 
comparing theſe two different Expreſſions of the fame Number, we find, after a due 
Redudtion, the moſt fimple ene for the Sum of the Powers ſought. 
I ſhall here give yon the Canon- _ . and leave. * — and 
_— to your: Kzercile.. 2 1 


2 * 


1 


- Pa 
» & AS} * E434 $1 PS. ds EE ER 


_ The Canon 5 e fe = | 
41 m e Meer and ſome remaining: curious cok concerning 
3 Squares. 3 
410 be ee f dan B nk” XXVE: | 5 N 


Pez: — de este -of even Numbers; 2. 4. 6 Se. and then the Series 51 their 
Sums, 2. 6. 12. &c. theſe are 3 —— : 


L Arte 1 8 00303 2. 0 09k) 13 on 


DEMON.. 
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od | Demon. The iſt even Number is alſo the 1ſt Oblong, 2. 


| And that all the other Sums are the other Oblongs, is thus 
plain. By the Nature of —} Progreſſions, the Sum of the 


even Numbers to » Terms is n- ix, which is 
therefore an Oblong; and taking u, gradually greater walk I, 


| 

it's plain that 16 xn becomes gradually the next Oblong. 
1 Tu EORR N XXYVIL 
| 


5 2. 4 6. 8 
I „ » I3 » 20 
3 5 0 4 0 5 


Double the ſoveral Terms of the Series of 'Triangl = Ge 2 ; of the Sums of the natu- 


ral Series 1. 2 . 3. Oc.) and the Products are the | 
** 2 DEMON. Take ab 2 pat” — FA u, Jr 3 . 
f CERN” 3 : | in the natural Series; their Product is an Oblong, and | 
3 "WT Wu * tots | it is alſo double the Sum of the natural Series, to » 
2. 6 12 10 Oblongs Terms; for that Sum 1s — * 9 


», gradually 1 more, we have the whole Series of Obloogs. 


TukORE NM XXVIII. | 
The Arithmetical Means betwixt (or half Sums of every two 1 Obl 

make the Series of natural Squares after 1, the Root of each Square being the | 

Side of the greater Oblong, and the greater Side of the leſſer; and is alſo the aL 


Difference betwixt the Square and each of theſe ee 
* Dao. Take 3 Terms. i in the natural 
112 Ia Ss | i Series #—1: #. #+T. the two adjacent Ob. 
OBI. 15 E 9 20 30 Se. 5 longs produced from theſe, are — 1X 
24 9 16 . 25 2 -, and C= +», and their Sum 


is 2, whoſe half is »*, the Arithmetical 
Han Now 1 ; being the middle. Term of 35 aſſumed i in the natural Series, which in 
the firſt 3, (vis. 1. 2. 3) is 2, whoſe Square is 4; and every ſucceſſive Term of the 
natural Series being the middle Term of the next ts from which the two next ad- 
jacent Haber e hence. the univerſal Truth of the 7 Beorem is clear. 


_ e Sum an rence o Uare its Root are t Ce 2 12 
r and leſſer than that e an ere : 2 
2. Take the Series of Oblongs, and of Saen from 43 the Nifferences V; the cor- 
fronding Terms of theſe Series are the natural Progrefiion 8 from 2 ; thus, 
4-122. 9—6 23. 16—12 24. and fo on. ; mY 


TREOARAENM XXIX. 

The Series of Oblongs is the Series of Geometrical Means betwixt es ad ja- 
cent 2 (ſee the preceding Scheme.) The common Ratio of that Mean, and 
_ tremes, being that of the Roots o theſe Squares, which: are the Sides of the 

on 

51... Betwixt any two 8 quares AA, pe” BB, the Geometrical Mean is AB (for 
AA: AB: : AB: BB, the Kats bein B) wherefore if the Roots. A, B, differ by © 
I, 3 Geometrical | Mean AS i an 1 . _ thus ng. we e have the whow ; 


- - . 
P < +» * 0 mY * 4+ : . 8 * 2 * 1 4 
1 nee ” FL#. + *. 1 N : 2. „ 15 5 * FE 1 * 1 #1 2 FAA £ " 
\ 3. 1 _ + my Tg * 1 *. 3. o * J A tt 4 J "oy #+ 3  & $1. 4 * F > * 3.5% > 4 F-..4 1 f ' 
: 8 * 1 
" & # — . . 0 * 0 * „„ . A. , * > 
4 . A * * 2 1 1 ” - þ — . 
= J. 4 ; x - 5 AI * of | ' irs — 1 2 tf? wor & ” 4 p 
. 4 4 + 4 


" : ＋ 5 D 
., $+* 4 * of 1 4 


1 


. 2. 23. 3/2 4. Cc. 


Terms of the odd 1 


430 Of Figurate Numbers. Book V. 
Conor. Take the Series of Oblongs and of the Squares; compare the rſt Square, 
r, to the rft Oblong 2; and the ad to the ad, and {b on/. The Ratios are * Conti. 


Taxon XXX. E 
Take the Series of 133 and of Oblongs ; out of theſe make another Series, thus; 
Take the 1ſt Square 1, then to this Square add the rift Oblong, then to the Iſt Ob- 


long add the 2d Square, and ſo on, adding cach Square to the next Oblong, 


each Oblong to che next Square; I fay the Sums are the Series of Triangles, each 
Sum being a Triangle, which is the — of ſuch a Number of Terms of the natural 
Series, as is equal to the Sum of the Places of the Square and Oblong added, in their 
reſpective Series: Thus, 16 is the 4th Caves ond. 12 the 3d Oblong, and their Sum 


| nh 16 hw the * == 


| Dion, It 1 is. lain that the 


Nat. Series = J e 30g; e een Places of the two Terms added 
Their Aar TW” op 9 16 . 25, | in their ſeveral Series, are alter. 
Oblongs 2 . 6 . 12. . 20 f mately equal, and then differing 
TT 1 3. 6. 10 13. 21. . 305 45 of r, the Place of the Square 


mon the greateſt Number; for 
che iſt Square is added to the rſt Oblon then the iſt Oblong to the 2d Square, and 


yy on; therefore the Thing to be proved is, univerſally that the n Square ＋ Ob. 


3 is th: Sum of 2 Terms of de natural Series; and that the » Oblong ＋ pur 
Square, is the Sum of 241 Terms of the natural Series: hich is ſhewn thus ; the 


„ Oblong i is 9x#+1=nn1, to which add un, the Sum is zun -n; and e Sum of 


the 2» 1 of the natural Serics 1s nin l=; which is the firſt 
Thing. Again, the » Oblong being non, and the 3-1 Square being wn +2041, 


their Sum is 2nmn431o+1 ; and the Sum of au EI Terms of the natural Series is 27 2 Pax 
Mili Fr Fi=as'+; 39415 which i is the ſecond Thing. - 
Or the Demonſtration ITE made thus; ach. uare is the Sum of as many 


* @ WU 


| er even 2 en . — XXVI.) whence = 2 beorent 9 See 2 llow- 
ing Scheme, wherein — and 6= 1 4, therefore 9+6=1+2+3-j-4-+53 
| 0 


. ee therefore * 20 Iz Ez T4 
+6+73 and ſo of 
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12 ey xXXXI. An 
Take the Sum of. a two adjacent O 885 s, _ add it to 5 Double of the 


Arithmetical Mean (or Interjacent — ) theſe Sums make the Series of Squares of 
the even Numbers after 2, Thus, 2-+64+8=16, the Square of 4; then 6+12+15 


==36, the. Square of 6. DEMON. 


propoſed is clear. 
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Dux. The Sum of every two adjacent Ob- 


ares 1 + 4 + 16 | longs being double the Arithmetical Mean, or in- 
lars $ * 1-30 | —— Square, which call zn; therefore double 
Squares x6 .'36- © that- Square: added to that Sum, 1s 4 Times that 
t [4 £62 8 Square or 4## ; but 4 and an being both Squares, 


their Product 41s is alſo a Square, whoſe Root is 
:4, an even Nuraber ; alſo the firſt Value of # being 2, in that Caſe zu is ; and 
the following Values of u being gradually 1 more (becauſe the Roots of the Squares 
added are 1. 2. 3, &c.) therefore 2 is at every Step 2 more than in the preceding; 
and ſo they make the even Series, 4. 6. 8, Oc. 


| TRHEOREM XXXII. | 
Take the Sum of every two adjacent Squares, and twice the interjacent Oblong 
(or Geometrical Mean) the Sums make the Series of the Squares of all odd Numbers . 
iter 13 thus 14449, the Square of 3; alſo, 4+9+12==25, the Square of 5. 
7 En ants Dod. Let , r, be two adjacent 


Squares 1. 4 9 16 25 | Numbers in the natural Series, their Squares 
— ͤ „ are un, un +24+1, and the Sum of theſe two 
Shares 9 25 « 49 Zr. is zun Eau; again, the interjacent N 
FA „ being the Geometrical Mean, is the Product 


: cf the Roots aXy+1=23n-þ1,.the Double of 
which is zuu-Fza, which added to 2yz4 zu, the Sum is 412+41+1 ; and this is 
the Square of zur, an odd Number, becauſe 2 is even; but 221 being in the 
iſt Step z, and # encreaſing gradually by x, therefore 2» encreaſes gradually by 2, . 
and fo alſo muſt 241 ; conſequently the ſeveral Values of. 24+1 are the Terms of 
the odd Serics, 3, 5, 7, GS. 3 Sip. ; 


"$$ hm, Tu EkOoRZ wm NH. a 8555 

To the Product of every two adjacent Oblongs add the interjacent Square, the 
Sums make the Series of Biquadrates, or 4th Powers, of the natural Series after 1 
thus, 2x64416, the ach Power of 4; alſo 6x1z-+y=8r, the 4th Power of 3. 

4 E * Dixon. —f, 2, - Er, expreſs any 
Squares I. 4 9 16 25 z adjacent Numbers in the natural Se- 
Oblongs 2 „ 12 20 30 J ries, and π0 in- alſo f 
L. 216 8 256 15000- % nn, two adjacent Oblongs, and 
Ruacs 22 32 4 J 4 "their Product is = , to which add 
bar x- => 41 un, the Sum is 2; but in the iIſt Caſe y - 

=2, and it encreaſes gradually in all the following Steps by 13 whence the Truth 


| 5 THE O R E NM „ | ; 
The Product of two adjacent Oblonge is an Oblong, whoſe greater Side is the 
Square of the leſſer Side of the greater Oblong multiplied, (or of the greater Side of 
the leſſer Oblong ) ee een eee reger Sid 


- 
* 
1 


1 


Dr uoN. #—1, 2, 1+: being 3 adjacent Numbers, then are n—IXUν n =, and 
MPI Au- E, two adjacent Oblongs; and their Product is ut—y*=r—1X#), which 


and greater Side of the leſſer Oblong. om | 15 
Or thus, Let a, b, c, be 3 Numbers diſfening by 1, then are ab, be, two adjacent 
Oblongs; and their Product is ahr AN, but from the Nature of Arithmetical 


Frogtalſions, when the common Difference. us 1, then is 4, tor a, , c may be 


31 11 2 — reprea 


an Oblong whoſe greater Side is un, the: Square of u, the leſſer Side of the greater, 
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repreſented thus, 4, . -f, a2. then is -F Z= 24. and aF =a*Þ22+r, whe 
| &+ 24=aÞ204-1=r, that is, 2 2551 5 therefore 3 Gela | ns 


PROBLEM IV. | | | 
One Oblong given, to find another ſuch, that the two admit of one Geometrical 
Mean, i. e. ſuch that their Product is a ſquare Number. VS 
Rule. Multiply the given Number by 4, and its Square by 16 (the Square of 4) 
the Sum of theſe Products is the Number ſought. Thus, the given Oblong being 3, 
that ſought is 169*Þ41. . | | 
Dzmon. 162 ＋4 is AKAI, which is plainly Oblong ; and to ſhew that 3, 
16 ＋4 admit one Geometrical Mean; or that »Xx16#*+4n (=16n*Þ+4®) is 3 
ſquare. Number; let us ſuppoſe ab, and a=b+r; then is 4n= 4ab=2ax2þ, 
but ſince af, then is 4—b=r, thereſore 2 4—2 :; and an Arithmetical Mean 
betwixt 24 and 26 is ab; fo that 24—a+h=1 (=4—b.) Then alſo is a4+j'= 
28X2b4-1=49b+: (by taking 24+1=a-þb, and a+:=22b) wherefore 4abXa+#* is an 
Oblong. Alſo 4a e is a Square, whoſe Root is 44abXa+6, ſo that gal is 
the Number ſought, when 4h is the Number given: But 4ab=41, and 2+b*=44þ+: 
==4n-+1, therefore 4abxa+b =4nx4uÞIi=16n* +4. | | 
_ Scnor. As to the Invention of this Rule, it may be traced in this Manner: The Sides 
of a given Oblong being a, b, then, 1. To find a Number which multiplied into ab wil 
uce a Square; it is obvious that if we multiply ab into any ſquare Number, as n, 
the Product abun, is a Number which multiplied into ab produces a Square, vis. 
ab Xi*=abn . But then, 29. The Queſtion is, whether alen be alſo an Oblong ; 
which depends upon the Choice of an; as to which, it is plain in the firſt Place, that 
ab, un, cannot be Sides of an Oblong ; for, by the Nature of Oblongs, and their 
Connection with Squares, the next Square to ab is ab—b, or ab- (Vid. T heorem 
XXVII. Cor. I.) either of which has a greater Difference from ab than 1; where- 
fore if un is the greater Side of an Oblong, the other muſt be greater than ab: Alſo, 
in order that the Product of that Oblong by ab may be a * the other Side of the 
Oblong ſought muſt be the Product of ab by ſome ſquare Number, which if we ſup- 
ſe to be xx, then the two Sides of the Oblong are abxx==axxbx, and un. But z. 
he Queſtion ſtill remains, What Numbers we ſhall chuſe for * and u, ſo as axxbx, and 
un, be Sides of an Oblong ? In order to which it may readily occur, that if 3 Num- 
bers are I, differing by 1 ; then the Product of the Extremes, and Square of the 
Mean differ by 1, [as in the Demonſtration of Theor. XX. XIV. we ſee ac=bb—1] and 
ſo are Sides of an Oblong ; whercfore it follows, that in the — Caſe, ax, n, 
bx, muſt be —} differing by 1; and gre N x muſt be 2, becauſe a—b==1, and 
hence 24—26b=: ; ſothat betwixt 24, ab there is one Arithmetical Mean in Integers, 
_ vis, Agb, the common Difference being 1; wherefore it's plain, that # muſt be 
an Arithmetical Mean betwixt 24 and 2b, i. e. #=a+b. bn . 
From this Inveſtigation the Rule may be ed in this Manner, vis. Take the 
given Oblong, viz. ab, and multiply it by a+ oY the Sum of the Sides (which 
18 the Arithmetical Mean betwixt the Doubles of the 
of the Product is the Oblong ſought, abu. But obſerve, that this Rule requires that 
the Sides of the given Oblong be known, whereas the former Rule requires only the 


Oblong it {clf, | 1 5 
| | PROBLEM V. | 


To find 3 ſquare Numbers in Arithmetical Progreſſion, f. e. that the middle one 
exceed the leaſt as much as the greateſt exceeds the middle; thus, we are to find 45, 
c, ſuch that a,... Je. 


Rule 


ides, viv. 24, 2b, ) the Square 


s 
| 
! 
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Rule. Take any two Square Numbers, which call c*, d., and let them be ſuch that 
0 be greater than d'; then is the Difference; vis. 20 — d', the leſſer of the Roots 
bought ; to the Sum of the fame Numbers, vis. 26+, add ade, and the Total 
2+-dd+2dc, is the next greater Root ſought. Again, to this laſt Root add alſo 24c, 
and the Sum 2c dd +446 is the greateſt of the Roots s ſought. 2 

Exam. Take =2, and \d=1, then is c= and d=: Again, 204.8155 
the leſſer Root. To the Sum of 8A» add 2d =, the Total is 13, the next 
Root. Laſtly, To this Root 13 add ad, the Sum 17 is the other Root ſought : For 
bee, en and er gasg g and 289169. ==169—49==120. e 


Demonſiration and Inveſtigation of this Rule. 
"os you take * 3 Numbers ac -d; 20 ＋d * 3 20 d. T- adc, and find their 
288 by the common Operations; then it will be found to be in Arithmetical Pro- 


but the Truth ff this we ſhall ſee 15 the following (Ts wings | 
"Spots the. ot ught b ehe 14, agb, HA; their Squares 


ae 4% 4 K 14 Lac Hale; the Di erence of the iſt and ad 
PAS, and o TT TEE: 3d 14. 5 Taz a 19 and theſe two Differences are, 
b Suppoſition, cqua % 995 e. bf 2ar2bc ; whence: this Proportion is evi- 
ent, is. bÞ-22 e 4275 but the 2d Term! is greater than the rſt, and 


therefore ſq is þ a than ; 74 conſequent] y 2ab is greater F chan zac. In the next 
Place then, from each of theſe Equals, , vis. ,,b*+2ab=c 15 -2bc, take Aae, 
the Remainders are equal, viz. ab- 2fꝗ̊ c --; divide both theſe by 2 2c, or 


„c, dhe Quotes are equal, vis. I — 5 which is the leſſer Root 


fought.” But now to — this a poſlible Solution, it's manifeſt; that G ＋ abe muſt be 
than , and if we chuſe & and c, ſo as they have this Condition, and þ alſo be 
r than c, it's certain what is ſhewn, that we have all the 3 Roots ſought, 
vis. a, ab, Ke. t remains then is to-ſhew, how to chuſe b, c, with t ofe 
Conditions, in order to which: ſuppoſe Su, then is r d Ladd, bc c -d, 
wd een hence FF 20 4.5; and 


e b—=4, therefore M24, fo that; a= fon 2 , 5 wherein 


ae mi be greater than d'; and to chuſc c, d ſo, has in it no manner of difficul Lee 
it's cafily done; whether we take © greater or leſſer than d; wherefore having 

6: according to the Conditions mentioned, ve. have all the 3. Roots, on a= 
6 , then POO r therefore A = = — * 
en . ; 81 . Gre, 2 

de at a+b+e= T: — eee, +4 Nee 


=. 3 


e. In che laſt Place, fince the Sie of theſe en ele 


Roots, are in F cam wa 0 muſt the Squares of the Namerators be, be- 
cauſe the Denominators are the ſame; but theſe Numerators : are ay fame Expreſſions 
as in the Rule, which is therefore demonſtrated. £ 

ASL. If in all CRE. we make J==1,. then the 3 Roots are, 20 —1 ; 2c +2 r; 
2 Aci; that is, me any 3 c, and 15 double its Square take I, the 
Remainder 1 is the leſſer Root ſought ; z. to double its Square add double the Root, and 
t/ the Sum is'the next Root ſou e then to ne its cham add 4 Times its Root, 
and 1 (i. e. to the preceding Root found add double the aſſumed Number) the Sum is 
the 2 of the Roots ſought. + | [DT OOTY 
1 5 Kkk : LE MMA. 


— : = _ — — — 2 — 
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424 e Min Numbers. mo V. 
1 85 „ nes - 

The 1 of two PEE, —.— is eichet fore odd Namber © greater. * I 
or, it is an even Number greater than 4, and allo a Multiple of 4. 

Duo. (1“.) If it's an odd Nuniber it maſt be greater than 1; this is ſhewn in 
Cor. 4. Theor. IX. (29.) If it's an even Number it muſt be greater than 4, as i; 
ſhewn in Cor. 2d and 4th. Theor. IX. But , &t muſt be a Multiple of 4, which 
is demenſtrated thus, by Cerall. 1. Theor. The Difference of any two Integra 

uares is either ſome; one, er the Sum of ſawe- tue on mare, Terms adjacent in thc 

d Series, whereof the leffer is greater than 1. If it's one of theſe Terms, or the 
Sum of an odd Number of them, then it is an odd Number; and if it is the Sum of 
an even Number of Terms, then it is an even Number; and 1 ſay alt theſe are Multi. 
ples of 4. For any two adjacent Terms in that Series, whereof the leſſer is above 1, 
may be repreſented — 1 and a whoſe Suit is, 4% NTT; which 
2 the Fruth. Fo» if abe s differ, by the, Sum of apy two adjacent 

above 1. le Bieten vs of of = pther even Number of Terms, 
then the Sum of every Pair j the ar qui e 5 he the middle Pair, is equal to 
the Sym of the middle Pair, becauſe f are in A * Progreſſion; but the 
Sum of the middle Pair being adjacent Ferine, is a Multi ple 4, conf <quent! ſo is 
the Sum of each of the other Pairs. And hence, Laftly. 'The total Sum of all the 
e, of 4, ſince each pf the Parts, f. E. each Ik Pairs is fo... 


PROBLEM VI. 303.998 8; 
"Having any Integi al Number, to: fad two Integral „ whoſe Difference 18. 
equal to that given Number. K 1. 
Rule. The given Number being an cad Number — 1, or an even Number 
greater 1 and 3 4 (a required in the pr Lemma) take any 
two — Ivtegers, wheſt & is to the given N , #. e. any two of 
| eee res. Lene! mind, that \if'the given Number is odd, we admit of 1 for 
+ Meaſure, whofe reciprocal Meaſure is the Number it ſelf; bat if the given 
Number is even, the reciprocal. Meaſures muſt be both even] then the half Sum and 
half Difference of theſe: — Numbers, are the Roots of two _ whoſe Diffe- 
renc-.18- the given Number; and thus by taking every Pair of e Meaſures of 
the given Number, you'll find all the poſſible Solutions of the 


Exam. 1. Given MAN; there" are t Solutions, may: uu 


111 . 


Hig, or r; nnd Ch, For vas, 8x8=64, iP 6 4155 
ao, 44 16 — ents” | 
Exam. 


2. Given LO5SSIXLOF®=3Xg SE=SXAIES]XI 53 which make 4 Solutions, viz. 


n, and — — 5, * Sis, and HH =o, Is and 
* 8 21 rt 2. 

i, or ee, and Kin. 0 

N Exam. 3. Given 20=2X10 ; ' whence *. ts e Solution Z — = 4, and 


. e kur of the, eisen Made d 40. bring both ers 


; rien * 
a 1 * » 
- : 4 
8 4 a 11 4 . 74 ald. 
* 


1 Hy 101119 


4 ; 4 L 4 


= D, Þ, i a eng; e 'm, are Luppoſed to be fo, 5. 6. » 
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Exam. 4. Given, 112=2X56, =4X28, =8XI45 woos we have three Solutions, 


eis. a7 nd 29, or 12 n 16, or 3 and IT, 


| 1 eee, WW 
| 6: Lin the givew Number do called D, and any of ie reciprocal Meaſures a. . 


that. is, Dan; then are . >, two Roots, whoſe Squares differ by de | | 
r di W | 2 
b eke a = TS. . Des FA 
plainly as. 9 2 2 | . Wa j | 
2. Again, it is evident chat as a, N, my ſappaled to be qualified, j. 32, will 
he both Integers : For D being an odd Number, all its Meaſures, as, a, Ry are odd Num- 


bers, and ſo au, an, are both even (as explained i in Ch. 1.9.4. conſequently © a- = 


are both Inte ers; if D is even, Ms muſt both be even, for if the one is —— and 
the other odd, the by Re and ce are both odd, and fo have not an Integral 
half; but 4 g both even, the Sum aud Difference are both even, and conſe- 
quent chez kiel i av hs - ONT ee 120, 


bus it is demonſtrate that'all the Waiters Wund by Win Nals are toe Sola: 

tions of the Problem; but obſerve, that 1t does not from hence follow, that there can 
be no other Solutions than theſe, 5. e. if = | (two Integral Squares) it remains 
to be demonſtrated," that &, ”, muſt be one of them the half Sum, and the other the 
half 1 of fone" 0 Iriveyts;" a, i, fuck that 4g==D (the given Number) 

us 

Let 1 105 che mer Root ſou nic; = re other 55 m de —— 4 „n, whoſe 
Square 5 hence & | V and dividing both by a, it is 


lee, b. gu TERS a eee and 22 


119 


1, ind e \ which i. we obe Root } alte junior fe the ocher 


710 17 L 1107 20007613 


Root, ee the Rule. IV l It; fy fi=c1+* 70 712121 4 3 5 11575 5-0 t A ” 
fo 1 | e 5 979 . 17111 ; 

e 8 nE 1 Lausod 126 
. the ee Demonſtration vu. . alſo the Toveftiation of this Rule after 
that Method which is calted Analytical; b - ſuppoſing x; and , the two Roots 


ſought.” And we Have alſo x Dethonftrativn'of the Rulpi'asa-Solation of the: Problem 
taken, mare univerſuly, Without reſpeft .tq_ Integers3; tor whether ! be Integral or 


a4: 1onal, any two o Numbers, 4, u, ſuch that an=D, make a—p =, a true Solu- 


tion; and all the p dockble 2 = 921 in this 1 "wats 5 x and = may 
repreſentall t the Roots. Ws 
ut there are othes Methods 2 Rule might be difcoveted, of the Kind 


2 Andie Ff Phan enen from ſom own Truth; and — being 


z > 9 DHI Aa 7 nt Ar- 


A= owed 0 l gibs ach Jo 240 


r W. K k k 2 Second 


of. e 


Na o 220 4 (1342: 

- Serond Method of deen 230 preceding + Hinds. 

This Rule might be owing to the Conſideration of the Squares of a Binomial 5 
Reſidual Root. — having obſerved that the Square of a+» is aa424an nz, and 
the Square of - a- zan un; allo, chat the Difference o theſe: two Squares i is 
4an; it was obvious to 17 * that Ff the. Difference ot two uares was a Multiple 
of 4, it may be expreſſed by 4b, and be Exprefſed-avy, (a, » beiſtg any two Number, 
whoſe Product is =b.) A gain, it might eaſily occur, that ough the Difference of every 
two Squares is not a Multiple of 4; yet the Difference of any two Squares'miy be repre. 
ſented by the Product of two Numbers, as an; and then, conſidering that — 


an; which being the ath' Part of che preceding Difference 4a Ab) therefore i it 


muſt be che Difference of che ch Pats, ofith@'prbceding:Squires,uits. of 222222"! 
ll al . 3.3.0 0! fig igang} 121g Ho 
and — Sa — whoſe *Roots arc rw I, whence an univerſal Rule i is dif- 
covered 1 finding two Squares, hoſe Dilerence is is any. given Number, provided 
always that a, u, be gikerens X Nu ifs e e A. = is nothing What other 
Conditions are neceſſary tion that D is Integer ,; are alſo e 
Wh, ny u be both 3 ERS bah ff Ware 0 . TE 1 % . 


f 5 285 001 

Tue laſt On 2rd Mate, of Leu ins, te pre k 25 . directed 
CE han | 

to the Conſideration of Binomial and Rede a] Squares, as a + l Principle that ſhould 


lead to the Solution of the Problem. WL ts | an 
But after the Invention of Ther. I ana a Wore paſy,and.natur: Principle afford- 
2 as Iimitec 8 ich, though tedious, 
us, 5 


ed us for the Solution of en as limited to Integers ; W 
as is very curious and not d Bop <a 
By Cordl- 1. Theor. LX. 'The-Diferenceof any two Integral Squares is either ſome 
one, or the Sum of ſome 2 or more Terms of the add Series, 1. 3. 5. Sc. and the 
Roots of theſe Squares are the Indexes of the Places Lot 46 greater Term, and of that 
A 


next below the leſſer of als OW wp Sum is equal to the given Number. It is 


E dent, given Number, and the 
EE Sf Scents, has wie an Ty Pro 5 4889 ele an FEES reſſton in | cm umbers 
hem 


for theſe Roots; and all the Variety that have the { ne. Dit ifference ; and this 
we 2 diſtribute i into 2 Caſes. 

Caſel. The given Number being an odd Number greater than 1. In this Caſe the Pro- 
blem has at Jeaſt one Solution De Dit urge Term of the odd Series, whole Place 
call a, then is D the Difference af tw Squares, whoſe Roots, are », and 1; and 


theſe” being expreſſed accarding:/to he Rules af Arithrnetical. Progreflions, are 1= 
, and do if e. "eater Eitren®6Fat Arithmsetical Series is ) 


* " 


"Hank 


I 1441 


But in the preſent Caſe EP, PORT ac r 5155 5 1 „ : 


25 yu = Bas « mh" greg! 1:01} Tha — — 2 Au: 
1 1 


5 of the preceding 1 becauſe -b. 
2 14 Again, 


3 erg And d dor os dm A ow? v F N Y 
the lefſer a, and th the e common I Dicke ence 4 then i the. Nymber of Terms joan | 


W 


A ww A. on 9 2 xs 


a. „ Om AS 


{> 
CI 


BF >. 2 LH 


* 
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Again, To find if there can be any other Solutions, and what they are : Conſider, 
That if there is another Solution, then, by Coroll. 1. Theor. IX. the given odd 
Number, D, muſt be equal to the Sum of ſome odd Number of Terms greater than 1, 
ſtanding next together in the odd Series, and whereof alſo the leaſt Term cannot 
be: And in this Caſe the Place of (or the Number of Terms from r, to) the 
feateſt of theſe Terms, and the Place next below the leſſer of theſe Terms, are two 

oots, whoſe 8 uares have the given Difference (which is the Sum of all theſe. Terms.) 
Wherefore it's plain, That as many different odd Numbers of Terms as there are, whoſe 


Sums are each equal to D (of which the leaſt is greater than 1) ſo many, and no 


more, Solutions has the Problem: And to diſcover theſe, conſider again, That from 
the Nature of Arithmetical Progreſſions, when the Number of Terms is odd, it's an 
aliquot Part of the Sum ; for the Sum being D, and Number of Terms u, the middle 
Term is z which being, by Suppoſition, an Integer, à muſt meaſure, or be an 
aliquot Part of D; whereby it's evident, that as there can be no Solution of the Pro- 
blem but one for every odd Number of Terms of the odd Series, whoſe Sum is =D, 


and whereof the leaſt Term is greater than 1; fo, becauſe that Number of Terms is 


alſo an aliquot Part of D, it follows, that there cannot be more Solutions than there 
are different Meaſures of D. But yet again, I fay that all the Solutions amount only. 
to one for every Pair of Reciprocal Meaſures (and not one for every Meaſure :)- And to 
demonſtrate this, and alſo find the general Expreſſion for them all, agreeable to the: 
Rule, we proceed thus; D being the Sum of an odd Number, », of Terms of the odd 


Series, — is the middle Term; and then having =, the middle Term, and 
2, the 3 Difference, ; we may find the Extremes thus p f Suppoſe the middle 
Tem, P., to be a leſſer Extreme, with reſpect to the greater Extreme ſought 
(which -— general call 7) and a reater, with 'reſpe& to the leſſer Extrems- — wa 

r 


9 


(which call A ) then, fince the Number of Terms, from A to }, is u, the Num 


2. | [> DE 30 G IP 5 CO IEG it ey: 1 
of Terms leſs x, from A to , and from N 15 is rt and hence, by the 


7. 
: on 22 4 04 45 . 4 D , | wa + >» : 8 53 0 * i 
common Rules, we find e X ＋ ehe and A= 


„r ; then the Places oftheſe Terms in the odd Series, are . EIL, the Place of I; 
F Aiden a | 2 51136 vom of bas 1 l 
„the Place of A, 


2 


which is alſo the Root of the greater Square ſought; and En 

i 10 > $1427 3 4 + : 0 2 

A—1 4 ; 2 * F : * : 37* þ 5 4 

the leſſer Root ſought; now putting inſtead 


from which take 1, the Remainder is 
4154 238 . ef) TING : 8 eee eee 


* 


4 " 


o, and A, their Equals, = + n—1 (=), and = +1—z (=A) theſe Roots 
ho ot vt pings. - Em or ft, e 
N — &« - an D *.,o. DFe8 LE + 

we, ee, and Erze; for Hee La e; which divided bg 2,, 
e. £3; 1 1 > Ya 18 15172 117 D —2 53 N 4 179 = ; : =P ; 

Quotes; 2 z and A—1= 2 D , which divided by a, Quotes r 

wy 47 % 1% nig e nne neee 
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D, the Roots are. 2 £22? ; which by equal Diviſion of Numerator and De. 


| 2 25 ee e e 
nominator, by a, are = — z which Expreſſions comprehend alſo the xt Solu. 


tion; wherein 2 being r, D is : And hence MS. an are —P=r 2 


2 | 2 3 
the Rules given for that Caſe ; [d that I) being Es, any two rgciproeal Meaſure: of 
D, all the poſfible Roots which folye the Problem, are expreſſed in general, by 
—— an according to the preceding Rule : Then, becauſe # muſt be leſs than ;, 


| 2 | | | 
to make 4—#z poſſible; therefore of two reciprocal Mcaſures of D, there can be a 
Solution only for the lefler of them, taken as a Number of Terms, whoſe Sum is 


D. And thus is the whole Inveſtigatiun and Demonſtration finiſhed, when D is an 
odd Number. 


"Caſe II. The given Number, D, being an even Number (greater than 4, and 
meafurable by 4) chen the Problem has, at leaſt, one Solution; for by Suppoſition, 


= is an even Number; therefore , rare two odd Numbers; which differ 
ing by a, ſhews that they ſtand next together in the odd Series; and their Sum being 
= to D, therefore the Places of Das, and of the Term next below. I, are two 
Roots, whoſe Squares differ by p. Now theſe Places are ſound by ee Rules 
to be 4, and 2%. Again, Since D is a Multiple of 4, let it be =44=2x24; 


then E at, CA ans Dom ttt 


4.55 oo 4 oY " Iſt 
which ſhews us plainly that this is an Example of the preceding Rule. 


Again, To find if there are any other Solutions, and what they are. Conſider, 
That if there is another Solution, then D muſt be the Sum of an even Number of 
Terms greater than 2, ſtanding next together in the odd Series, and whereof the leaſt 
is not x, (by Cor. 1. Th. IX.) and in this Caſe the Places of the greateſt of theſe Terms, 
and of that next before' the leaſt, are 2 Roots, whoſe Squares differ by D, the Sum 
of all theſe Terms; wherefore it's plain, that as many different Numbers of Terms 
as there are, whoſe Sums are cach =D, and of which the leaft Term is greater. than 
x, ſo many, and no more, Solutions has the Problem : And to diſcover theſe, con- 
fider, again, That from the Nature of a Progreſſion of odd Numbers, if the Number 
of Terms is even, it's an aliquor Part or Meaſure of the Sum ; for D being 
the Sum, # the Number of Terms, and the Extremes, A, L, then is D 


A. Hence AH=D—2=2D, and An; but A, J, are both 


2 


2080 1 Eh ; $94 <4 5 # AE]. 122 » — — 7 5 . 1 $0 | D 
odd, and ſo their Sum is even, i. e. ——, is an Integer; conſequently ſo is = 


of n meaſures D: Hence, if there is any Number of Terms of the odd Series, whoſe 


Sum is =D, that Number meaſures DU; whereby it's evident there can be no Solu- 


tion of the Problem, but one, for every even Number of Terms, whoſe Sum is D, and 


whereof the leaſt Term is greater than 1 ; and becauſe that Number of Terms muſt 


meaſure D, it follows, that there unt be more tiops than there are even Mea- 


ſures of D: But yet again, I ſay, that there cannot be more Solutions than the Num- 
der of reciprocal ures of D, or one for each Pair, which are both even 3 - 
# 1 f p n 


> A > Fr My 


Wi 1 
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d to demonſtrate this, and find the general eſſion for them all, agreeable to 
an Rule, we proceed thus ; 3 D being 2 Sum aan gs Number, u, of Terms of the 


odd Series, whoſe common Difference i is a, then P —1, — D ., expreſs the two middle 
Terms; for the Sum of the two middle W is equal to the Sum of the Extremes, 
Abb Which is equal to =; becauſe AF] x © * — =D, and hence A= 


D,, terre the Sum ofthe rao middle Terms is afo= 2. N 


Truth, that the half Sam, more or leſs * half Difference of t two Numbers, is equal 
tothe greater or leſſer of them; where ſote P. > being the Sum of the middle Terms > 


n Sum 3 alſo 2 being their 8 is the half Difference ; 5 db 
2+ is the greater, and 5 I the lefler middle Term: From which, 1 55 


my find the two A A, J, thus; Suppoſe the greater middle Term, — D Tr, 
to be a der Extreme, with reſpect to LE and 2—1 to be a greater athens 


L. reſpet to A; then the Number of Terms, hook A to J, being 2, that from A 
wr, and ben Don to}, will be 2 ? ; from which take 1, the Remainder- 


1 f ee 3 1 from the common Aa } „e,; 


5 Pm — * =D +1». Now theſe being the fame Expreffions, 


4 e 1 41 A, in the iſt Caſe ; ; all the reſt of the Inveſtigation i is the ſame as- 
were; whereby the two Roots ſought ase z, 2; which comprehend alſo 


the iſt Solution, wherein n, — X23 A add, and — — 


ds ui ab 2 n. „ tlich FR Rules of har firſ'Solution : 


$0 that D being us (any two-recigrocas Meafiires of D) alt the Sthations of the - 


Problem are univerſally expreſſed by 


be both even Numbers; for elſe the Roots cannot be Inte « wh They muſt alſo be diffe- 
rent Numbers; elſe 4—# =0 : Whence, in che laſt e it is clear that all' the 


Solutions amount only to one tat every Pain of the 2 Meaſures of D, which 
xe. both even Numbers. f 


8 : norium II. 
In the ins! Dm the given Difference being called D, will, in ſome Solu- 
tions, be leſs than —— — ſquar'd, and in ſome greater; and indeed, in forme: Values of P, 


there will be no ae in which D will be leſt than = — ſome 
| | Caſes 


, a upon Condition alſo that a, 1, 
2 


| 
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Caſes there will be no Solution, whercin D i ef greater than 2 ſquar'd. In other Caſes 


you will find Solutions of boch Kinds. But I ſhall alſo explain theſe Things more 
| . 1 


fe It D is an even van Ba then (i. ) If it's * ho 24, it muſt be 12. 56. 
203 for no other even Number leſs than 24, is a Multiple of 4: And in all theſs there 
is but one Solution, viz. Where 2 is one of the reciprocal Meaſures; becauſe no other 
Pair , of. reciprocal Meaſures of any of theſe Numbers, are both even Numbers; ; and 


the leſſer Roots in theſe ſeveral Examples are =, = =, _ ( viz, 


when $==4X2, /12=6X2, 16==8X2, 20==10X2, are the Values of D) and the Squares of 
theſe are all leſs than D, or 24; for they are, 1, 4, 9, 16. (2. If D is 24, or greater, 
then in ſome _ of it there will be but one Solution ; and in that, D Sue) 


will be leſs than — Tquared : And ſuch are all wels Values of D, whoſe ath 


Part is an odd amber. for ſince D muſt be a Multiple of 4, let it be d; if its 
zth Part, d, is an odd Number, it follows, that it can have no Pair of even Num- 
bers for i ts reciprocal Meaſures, but 2 and 2d; fo that there is but this one Solution: 
And here the Roots are ==, =>, wh , which are equal to d—r, and 4+; ; Whoſe 
ares Are both or than D. That T is greater, than D i is thus proved; 
—1 =dd—2d+: ; add 2d both to this Square and to 4d; the Sums are ddr, 


and 6d ; divide both by a, and the Quotes are +>, and 6: But 44 being equal 


to 24, or greater, it follows, that D muſt be = , 85 greater; and conſequently 
41. is greater than 63 and. hence dd+: is greater than 6d; alſo, dd—ad＋-r, 


e. ; that is, 1 greater than D=q4d. 


In all other Values of D ee chan 24, and alſo an even Number there will 
be, at leaſt, two Solutions; for we ſuppoſe now, that the 4th Part of D is an even 
Number; 5, and therefore D may be repreſented, 4X24 = xd, which make two Solu- 
tions ; and accordin « 5 as d is rarioully' co Tl, ſo will there be a Variety of 


other Solutions; in of which D will: de . in ſome greater, ſharefhe. leſſer 
pe the two Squares, 


2d. If D is an odd Number, chen 2 ) If 3 it's a prime Names. there is but one 
Solution, and the Roots Gaght are D=z and TEL And here, 5 D' is 3 or 5, 


it is greater than the leſſer Square; for = in theſe Caſes, is 1, or 1295 But if D is 


greater than 5, then it's always leſs than the leſſer Square ſought, vis. — * | 


For = 2 Dar, and Dos Square, 22. — * compare this with 


4 | | 

D, thus, multiply both by 4, 2 the Producte are D*—z D+:, 4D ; add 2D to 
both, the Suns are Dx, D.; divide both [theſe by D, the Quotes are D. 
þ * 5 6; 


— 


* 
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6; but D is ſuppoſed to be an odd Number greater than 5, that is, ) at leaft, and 
conſaguently D+; is greater than 6: And hence going backwards, D'. -I is greater 


chan. 6D; alſo D*1—2D, greater than 6D—2D==4D ; and — greater 


than D, or D leſs than Eh. ſquar'd. (2.) If D is anodd compoſite Number, there will 


be ſeveral Solutions, jenna to the Variety of the Compoſition; and in all Caſes, there 
will be at leaſt, two Solutions, whe reof the Roots of one will be D—1 5 A = both 
their Squares being greater than D; becauſe D is greater than 53 20 already ſhewn. . 


za. Another Thing to be obſerved. here; is, That — found all the reciprocal 
Meaſures of D; 5. if you begin with that Pair, which conſiſts of the leaſt and greateſt 

Meaſures of D, i. e. kat Pair which have the greateſt Difference; or alſo with that 
Pair which have 2 leaſt Difference; and ſo proceed in Order: Then, if the firſt 


Solution makes © 


— ſquared, Tels or greater than D, go on till you have a Solution | 


making _ D Fa greater or leſs than D; and after this, all the reſt will be. 


« the ame Binds. The Reaſon. is plain; for let the reciprocal meaſures of D be repre- 

ſented as in the Margin; wherefore if 4. is the leaſt, and 
A the greateſt Meaſure of D, then it is plain that ; Lich : 

is greater ſans 3 which is greater than C—c &c. | 


5 : Therefore 4 2 ſquared is greater than D, then ha- 


ving proceeded, an we find a Solution, ee = ſAuared ( , being any 


Pair of reciprocal Meaſures of D) is leſs than D. all ther follow will kn too; be- 
cauſe. the Difference of the twp reciprocal: Meaſures grows; ftall leſs and leſs. Again, 
if Aba is leſs than B-, &c. (i. . (i * * tho greateſt Meaſure: of P, which is leſs 


than its reciprocal Meaſure) then if r — ſquared is leſs than Dj hazing proceeded 


till wo find a, Solution, in which, L ed ee A N all pet vit 50 
be ſo too; becauſe the Differences increaſe, - TY 


1 e PROBLEM e 50 2 " 
0 ate arcs (o _ Roots, w —_ uch, t at + 
0 ener. ws Sy 5 


3 
the greater is equal to the Sum oft the 0 


Rude. Adume any. ſquare. Number, N., Oo, ea A any, yo of is 
reciprocal Meaſures, as az a 3 then deen ate , et 2 ic the! e two Squares, * 
which with N* ſolve the Problem. 3 


5 9113 {6 Bi tHizA > Aas. | 
- Dimes, t. If.we == ba are 5 
Exam. 2. If we ae e the 5 fgp the 1 0 beige 289, = 
or 64, 36, 100, 
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Demon. The univerſal Reaſon of this is contained in the Demonſtration of the pre. | 
ceding Problem; for the Difference of two Squares may be any odd Number greater go 
I, or any even Number greater than 4, and meaſurable by 4, (by the preceding Lemma 
therefore it may be any Square Number greater than 4 ; becauſe any ſuch Square is 
either an odd Number greater than T, or it is an even Number meaſurable by 4 ( 
all even Squares are, by T heor. XXIX. 5 4. Chap. 1.) 


SCHOLIUMS. 

I. By this Rule, the Square aſſumed is always one of the two leſſer, becauſe it is the 
Difference of the other two ; and if the Problem be limited to this Condition, vis, That 
of the three Squares, the aſſumed (or given) one be the leaſt, or alſo the middle one 
of the three, then it may be done thus: 8 6 


oa KK} uw 


-(19.) To make the aſſumed Square the leaſt of the Three; if you aſſume N., 
an odd Square, then as it muſt be greater than r, fo the other 2 Roots will be . 


2 
and N.—-, which will be greater than N; as is ſhewn in the ſecond Article of 5 
2 . ; 
'Schol. zd. to the preceding Problem; where it's ſhewn, that if D (an odd Number) 
= * ſquared is greater than D, i. e. in the preſent Caſe, == 4 
ſquar'd is greater than N“; for here N“ is at leaſt 9. Again, if you aſſume N“ an even 
Number, as it muſt be a Multiple of 4, in order to be the Difference of 2 Squares, ſo it 
muſt be the Multiple of it by ſome Square Number, for elſe the Product of it by a 
Square 4 could not produce a Square Number (by Corll. 2. Theor. II. Book fl 
Chap. I.) Suppoſe now, that N'==4x,*=2x24*, then are _ — (Sa —1) and . 
: 2 

(Sa t) two Roots, which ſolve the Problem in all Caſes wherein N“ is greater than 
16; as appears by the firſt Article of Schol. 2. to the preceding Problem; for there 
it's ſhewn, that when D (or in this Caſe N*) is greater than 24 (as it muſt be if it's 
a Square Number greater than 16) then it is leſs than 4—1*, the leſſer of the Squares 
ſought (which is in this Caſe 4 —1 ſquar'd.) But if N*=16, this will not ſolve the 
r becauſe then . (=N*) =16, and conſequently aA, and a*—1=;, leſs 
than N. | | EP 


(29.) To make the aſſumed Square Number the middle one of the Three; then find 
all its reciprocal Meaſures, and take that Pair which have the leaſt Difference, ſup- 


poſe them to be x, y; then if —.— is leſs than N, the Problem is poſſible, 


is greater than 5, then 


228 


1 A, are two Roots which ſolve it; but if — is greater than 
5 2 2 4 
N. the Problem is impoffible; for the Difference of all the other Pairs 
of reciprocal Meaſures being, by Suppoſition, greater than y, therefore 
A will be leſs than the half of the Difference of theſe others; ſo that — - being 9 
E 


greater than N, and the half Difference of all the others being greater than — , they 


muſt ſtill be greater than N, and conſequently N* is the leaſt, and not the middle of 
the three Squares. ET, 5 Es — 
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II. If the given Square Number is propoſed as the greateſt of the three, [which is 


the ame Problem as propoſing to divide a given Integrals Square into two other Inte- 

Squares] the Limitation is ſtill more difficult; and the preceding Rule is of no 
uſe here; nor do I indeed know any Rule better or eaſier than taking all the Num- 
bers leſs than N, and adding * the Squares of every one of them, whereby you'll 
find every Pair of Squares leſs than N*, whoſe Sum is equal to N-. A 2 5 


But in ſome Caſes the Impoſſibility of this Problem may be diſcovered without the 
Application of this tedious Rule ; thus, divide the given Square by 43 and if the 
Remainder is 3, the Problem is impoſſible; the Reaſon of which you have in Cor. 4. 
Theor. XXIX. 9 4. Chap. I. Yet orb, that though the Remainder is not 3, or if 
there is no Remainder, as in all even Squares, it does not follow that therefore the 
given Square is diviſible into two Squares, | 


eg TnEOREM XXXV. . 
If z Numbers are ſuch that the _— of the greater is equal to the Sum of the 
uares of the other two, the ſame will be true alſo of any the like Multiples, or ali- 
quot Parts of theſe Numbers. | | 


Exam. 3, 4, 5, are ſuch Numbers as propoſed ; and ſo are their Doubles, 6, 8, 10, 
and their Triples, 9, 12, 15; as you'll find by Calculation. | 


Demon. Let A, B, C, be ſuch that CA. L.., then are 1A, 2B, 10, ſuch alſo, 
vis. C. A.- AB!, for uC'=n*xC*, 1B XB., MAMA“; but C=A*+B?, 
therefore their Equimultiples are alſo equal, vis. * C , AB“. The fame is true 
of like aliquot Parts, which is but the Reverſe of the former, ſince 1A, 2B, C, may 
repreſent any 3 Numbers which have a like aliquot Part denominated by #. 5 


'COROLDLARIES:: 


. 72 to find 3 Integral Numbers, ſuch that the Square of the 


greater be equal to the Sum of the other two Squares, and ſuch too, that the Roots be 
in certain Ratio's to one another, then reduce theſe Ratios to a common Antecedent, 
i. e. find 3 Numbers, which taken in a Series, are ually to one another in the 
pond atios (by Probl. I. Book IV. Chap. IV.) and if theſe 3 Numbers an- 
wer the Problem, you have done, otherwiſe the Problem is impoſſible z for if there 
are x other 3 Numbers in theſe Ratios that can ſolve the Problem, they are either the 
leaſt Terms of theſe Ratios, or like Multiples of them; if the leaſt Terms, then the 
like Multiples will alſo ſolve the Problem: If you ſay they are ſome like Multiples of 
the leaſt 'Terms, then alſo the leaſt Terms, which are like aliquot Parts of them, will 


folve it; but the 3 Numbers firſt found muſt alſo be either the leaſt Terms of the fame 


Ratios, or like tiples of them; and therefore if they ſolve not the Problem, te 
_ be ſolved, becauſe if any Terms of theſe Ratios ſolve it, all Terms muft 
ve it, | 


2. Having any 3 Numbers, ſuch that the Square. of the greater is equal to the 


dum of the ag nai of the other two, we can find an infinite Number of other Ex- 
amples of the {ame kind, by taking any like Multiples of the Numbers given. 


Duns: 
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8 ee e THOR XXXVI. 653 „ 

If the Root of any Square Number is equal to. the Sum of two Square Numbers 
that Square is alſo equal to the Sum of t̃wa Square Numbers, whoſe Roots are, the 
N of the two Squares whoſe Sum the Root is, and double the Produc 
of their Roots. 1 | | 


* 


2 


- Exam. 4 Te lg, and 13X1393L6955144Þ+25,, two. Squares, whoſe Roots are 
12 (SNN) and g S-) | 711 by TED 


11 DRMON. Take any two Squares, as, E, their Sum is; +1, and the Square of 
this Sum is 4Þ+24*b*+b==at—2a/ CUT 3 allo a -C ＋ is a Square, 
whoſe Root is 3 —5.; and 44*/* is a Square, whoſe Root. is 246. | | 


Cororr. Hence we learn how to find, a Ls ag Number, which is equal to the 
Suni of two Squares 3 or, another. Rule fur. finding 3 Square Numbers, eh that: the 
greater is equal to the Sum of the two leſſer. But o/erve, that, though we can here. 
by find an infinite Number of Anſwers to this Problem, yet all the poſſible Solutions 
of the Problem cannot be found in this Method; becauſe all the Examples of this 
Rule are of ac particular Kind, viz. where the Root of the greateſt Square is it ſelf 
the Sum of two Squares; whereas there is an infinite Number of other Examples not 
of this Kind; thus, 9, 12, 15, are ſuch Roots, and yet 15 is not the Sum of two 
Squares: Baxtall the poſſihle Examples. of: this Problem are to be found by Probl. VII. 

andi therefore all the Examples found by this Rule muſt coincide with ſome of thoſe 


* % 


found - that univerſal Rule; which Coincidence you may ſee. thus: Let the aſſumed 
Root of a Square be 240, its Square is 4a Þ*=24*X20?, and by the Rule of Probl. Vll. 


2 — bi, e. are two Roots which ſolve the Problem; 
2 | 
and of which a*+5*, the greateſt of the 3; Roots, is) itz ſelf the Sum of two Squares, 


the Roots of the. other: ta bring. the 1D Bheganes of theſe, two 9 5 Vis. ab, 
* 22 2 , l 
aud doubla the, Produck ofttheir Roots, via, 246-3 agrecable ta the reſent Theorem. 
0 * , * , 
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DEFINITION. 


N «Ht 8 is 2 af confilling of an line Number of Terms, ;.e, to 
the end ae. tis impoſſible ever 2 1 come; To that let the Series be carried on 
to any aſſignable length, or number of Terms, it can de carried * fairher, 

without End or Limitation, 


SCHOLIUM, 5 Numbet actually Kids x II. b. all whoſe Lakin be actually aſ- 
15 5 d, n wk yer. is without ) is a plain Contradiction to all our Ideas about Numbers; 
wh Number we Can qty coticeive, ot have any proper Idea of, is always 2 
terminate = finite; ſo that a greater after it way be aſſign d, and a greater after this, and. 
ſo on without a Poſſi ibility of ever coming to an end of the Addi 
Numbers aſſignable? Which Ine rhauſtibility, or endleſs Progreſſion in the nature of Num- 
bers, is all that we can diſtinctiy underſtand by the Infinity. of Number: And therefore, , 
to fo that the Number of any Things Is: Infinite, 18 not faying that, we cormprehend ' 
their Number, but indeed the dontrary; the .only Thing i 2 is Propoſſtion 


n or Encreaſe of. 


being this, via. Thar the Number 'of theſe * urhber which , 


we an a@uizlly conceive: and aſſigns But then hi, 10 do really exiſt 


it Gi truly be aid; [char their Numbers greater 2 any aſſigi able be; or, — 


is the ſame thing, That in the Numeration of their Units one after znotlier "Tis 1 ea , 


| FH edel do nb aw End 5; this, I Hy, is a Queſion about (which, chere are di 


Opinions, with chich wr hie no buſineſs in this place; for All. chat we are concern d 


exiſt at any time is Fingte, yet it may be encreas'd without end. And this is the diſtin” 


to noh here is'thivcertdity-Pruth;/ That afrer)one det: Number, we can con- 

ceive a greater, and after LO A 3 and ſo on without end. And therefore, whe- 
ther the Number of an thaxdo or can really — * at A dan be ſuch that 
ite Ariy determi Lie d Number, or not, this is true, T Ek 92 which exiſt, 
of ate. produced ſucceſlively one after another, the Number may R chan 
any aſſignable one: becauſe tho the Number of Th aced that does actually 


and true Notion, of the I»finity ee 1er of f the Nunber ck its Terms, as it is 


expreſs d 3 Definition, q 

e again tis cannot apply to an Jifinite Series the common 
Notion, of a Surg, viz chen of if ever EAT aner ea thatzare join d and 
added together one ufterandcher; for this ſuppbſes chat theſe Particnlars are all Known 
and determin d; whereas the T ens of an Hofirite"Sh#irs not bt all ſeparately align, . 
there being no end i in ag nume f its 14 and therefore it can have no Sum in 
this Senſe. But y wy lk an Afiute Series conſiſts of two Parts, 


b ethin dete — 4 'd, in fo far as we conceive the Serres 

oy ear of Fri Ed the' Ea an inexhauſtible Remainder: &ill:behindy or an 

from YT TT tion. of rn that can be mage to it one after another; which is as arg 
fro dea of 


of ita n Kind, id. to b total Val ue whether 
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inable, or _ Wk: in ſome nd e Series t is V lue 18 finite or limited * 
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44 Of Infinite Series. | Book V. 
the Series can ever reach, nor indeed ever be equal to it, yet may approach to it in ſich 
a manner as to want leſs than. any grableDiſcrenc ; god this we may call the Value 
or Sum of the Series; not as being 4 Number I Common Method of Addi. 
tion, but as being ſuch a Limitation of the Value of Hou Series, taken in all its Infinite 
Capacity, that if it were poſſible to add them al one after another, the Sum would 
be equal to this Number. 

Again : In other Series the Value has no 7 ; and we may expreſs this by ſay- 


ing, The Sum of the Series is Inſjui eat ed ſignifies no more than chat 
it has no determinate and IAN Tay dS) „that — Series may be carried ſuch a 


length as its KA fa far, thall be greater than given Number. In ſhort, in the firſt 
Ga 7 25 f deu 36 wg 


ſe we „ yet 5 a Sum he N enſe ; in the other 
Cale we deny a exminate Sum in any of Series have Fir 
zite or I») 2 uu in theſe ſenſes, yob' I learn 1 in what elbe. * 
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I che Terms decreaſe, fo as the Rates ef each Tem to the preceding do Alb contin 


ly decreaſe, then the ſame thing is alſo true as when they continue equal. 
Scho M.. Some m myy hou patio ink th think theſe two Theorems might have paſed d For 
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ſig Sik mber. And for a decreaſing Series, t rms continually — 
be ſo, Sede de can ever be actually found ſo little as æ certain Aff 


er N And here n - iſtinguifh theſe different Kinds of encreaſing and creaſing 


Hs,” WE may call encretiſe or! decreaſe: above or belowany aſſignable 
A ries — or decreaſing infinitely ; and ſuch as encreaſe or decreaſe — Th 
- never: to reselr 2 — — ve my call them fait? Series, 


Tra I — gr ae 


limited y; and when we Kr in 3 an 1. nite Series, 
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714 the greater, and & allo is 2 (foe che greater the Dividend with the 
ſame Diviſor, the er is the Quote): But ro 4 being mull Tefs than > l, therefore 


rl = ; is fill leſs 7. e. che Sum e Number of Terms of the 


71 — I 
eka. Oer cad vue eee I of 
the Theorem. A Four 
| Again: The Series non B tar f tal vane of —— 


'Jefs than aſſignable Difference; for, as the Series on A becumei lefe and f ina 
N and fo the Series may be aQually and an al 4 becomes leſs than any 


5 oy props Now Sr. —M=t= Fr (by the common Rule) 


B_ r 


"un - is le than A ; then t ay Numer aire al, dee. 
2 ful Der t Re ei ene Atto 14 7 Þ 


eee. en he fa Term e han; And becauſe 1 wann of 1 
the Differ. . which i len than 4, wilich'ie-aifo kit than: A7.tharefire- the: ſecond 
Part of the . isalfo trat, and 2 is the trie Value of the Series. 


28 FIT * — 1 t! 
Schott x, The Sent in which == is itt d The Sen of ii Frles, las 
bien ſufficiently explain'd; to er however 7 hav this to add, That whatever Conſe. 
| quences follow from the F = being the true and adequate Value of the 


Series taken u all its ee if the whole == and ade! 


ether, can never be the Occation of any Operation 

n where it isduſed in that ſenſe; becauſe if — ir ad _ e — Value, 
pet it's demonſtrated, that this Exceſs muſ be leſs aſſignable Diſſerence, which is 
in effect eee the conſequent Error te no Ea f For if an 


| Error can happen from — LY Keg e Sb one (Re Fs e 


2 ac 11. 161 mac 1 fro 9 9975 000 
e EDA. upon the. X K - that com- 


plete Value; but this Exceſs bei enen. that conſequent may „ 
decauſe ſtill the les the Exceſs i vill tho Extor be that depends upon it. And 


for this, Aua we an hug neben nem = LE n 
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Chap. 4. f Infinite Series: 445 
e fame Variety of Problems may be made upon Infinite decreaſin Progrefiions 
BA m Finite Prog greſſions; but with this conſiderable Difference, * in the I- 
I the umber of Terms, and leaſt Term, depend ſo upon one another, that when. 
ge one is known; fo is the other; for the Number of Terms is always Infinte (or grea- 
ter than any aſſignable Number) and the leſſer Extream is o; [ for there is not a leſſer 
| Extream, it being inexhauſtible on the decreaſing ſide.] And hence all theſe Problems 
of Finite Series, 22 A and z are both given, will be unlimited, or capable of an 
infinite number of Anſwers in the Infinites. And in theſe, where only A, or u, is gi- 
ven, and the other ſought ; then, becauſe thar other is thereby alſo known in In frite e, 
8 remains but one unknown Number to find. But we ſhall a little more particularly 
conſt 
| ede 28 Fe iven Wiki find S, x: But now if A — o, then 
zs 1 Infinite ; or it. the Series: ite, then A and 7: are both known ; and be- 
cauſe A o, eng walker only J, r, by which to find S; as below. | 
In Prov. 5. there are given A, 7, 2 to find &, ; but A being o, and x infinite, there re- 
mains only 1 to find 8, , which makes the Problem undetermin d: For whatever 7 i is, 
we may aſſume any Number greater than 1 for =, and then by , 7, find S, as be- 
law. 


| In Probl. 7. are given v, 2 with: 4 or 7 „to find & with / or. A: Now if 7; 2, A are 
en, 8, if A = 0,- we have only r to find S and 7; and we aſſume / at pleaſure, and 

n 
ä N If 55 en ws A, then if I is inlaite we have only $ to find 
by , 4. 

315 Froblem 6.are given 4, 5 Sto, finds, ; 5 andif A= = e, there x remains only ES to 
73 

e .$, 7: pare en to nd. 4, „E; and, if a is infinite, Ace, and we have 

5 r to fin as below. 

In Problem 9. we have r, &, with Aer Z. to find x with L or A : Now if 7; d. A are 
given, and A = owe find L'by r, S: Aga given ; S; & to find: i; . If you alſo ſay 
N the Series 18 8 * + is no —_— „ unleſs 23 examine whether 
all theſe Data are conſiſtent ; and this we can. do ing 7, L them findin 72 

"which being Luna equal to to o, the Series to a an, $1 2 belongs 3 is truly Thfi- 


nite, otherwiſe 'tis Funte. | 
Wherefore upon the Subject of Infinite, - Glomentea? Progreſſions, all tlie 
things, vig. the greateſt Term J, 


Variety of determin d Problems depends upo | 

the Ratio 5, and the Sur, Sz, by any; two jo of. ch the remaining one m > Jai found: 
To which, I ſhall all joyn ſome other Problems, wherei r is conſider q as a inet thing | 
we Kew CO FOOT IN wag KD] 
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* M e a Rete is.a whole. Number, we cannot: expres the Raile for:the- 


—— may Nets Sk Kg thus : M uy xy xe! of _ 


— * fir} Term 7 b Numerator of the Ratio, 
and ditide rene emerator rd Denomimätor. Ex: If the 


iN bete 8 | 8 Rue 
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Ratio is 4. den 5 l theRenfon 485 which i is — 30 the ctr Riley fe if 
| a ] 4 2 1 — Hence a - 
ow 2 hen #1 = . an PAX I 5 gin, 


LL As LE, — 1 HI Aud by raking any Iyer / Fagionall thus, — - this 
2 a- b. 
Rule daes comprehend the other Caſe alſo. 

Oferve, Prem this laſt expteſſion of the Role I 4 learn, 5 the. * may. he 


totnd by Th 4160 deln Tes Em, thus: The fecond Term being E, tte Ratio FE 5 
wind TS = _— | "That i is, che sum i 1 4 38: [ts the | Difference or the fit bd _ | 
— firſt Terms, for becaule N . therefore bet: 2 2 . 8. 


Ma 260 e er e A Ban his 2a 


h If the Ratio is # wbb Nutter, the Sum is fucht an 1 improper Frattio af ce frſ 
Torts, whoſe Numeratot is the Ratio, and its Dehbinitittor tie Ratis-lefs Unity; for 


[on e 1+ Particularly, if the, Ratio in 2, the Sum is 2 ., If” = 3, then 


* 2 
35 z of J. If r = 4, then S =% of 1; and ſo on. Whence you ſee, that with flo 
Wert ſritegitt Katis bit 2 wifi the Sur be Muſtiple' er 7; For no Namder bit 7 can be 
contain d preciſely a certain number of times without, a Remainder, in 4 e which 
"Eichetds It 52 44. f + Er in all felt Cafes the Quote is 7, and thete 1 Remaikder' ef , 
Jo 3+ 2 — A , and 1. remains. . Hence again, 
2. Ich fi Term ih Frida and the Retio'equatta the: ax a of it, then 
Ia the Sum equal to ſuch an aliquot pat of tlie Numermtor, whoſe:Dendminator is 1 — 1. 


Thi EGU: and. ebe Raus f, chen ies e Whetefote, at 


r 24A. 
ot 40 ; 


* if the firt Term i is £ and A 2 Ig then is 8 . * 


» Fthe Ratio is a mid Namber (ot een inptöper Frag) the Sum 
woch at itn tope? Fradien of , wean i 'thiif of the Ratio St 


the Difference of the worn 3 50 inator of che Ratio; thus, if'y = 5 then 4 
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42 * of 1; for i it Is —— = * what $ ag in 0 preceeding Som But 


bs. +. * 
of 1. Hence , Os 
a JA 41 = 
4. If the Numerator of a mix d 72855 Mints 6f the Nlteter berate Ge Nu. 
ee and Denominator, (or if the & OG is Multiple « of its Exceſs oyer t] the : ſecond 
Caſe; 


tor 
Term) the Sum is Multiple of th 

And Obſerve — — is but ven the Numerator Denomind- 
tor of the loweſt Terms —.— differ only Sa Ae * — indeed every Ratio is in its 
loweſt Terms when the Numefutor and omy by 1). in Which — 


e "Het Tenn x pa by the-Neme 
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already ſhewn (Corol. 3.) In Numbers, it , then SL Again, let the Numeratas 

exceed the Denominator by more than 1; as, ſuppoſe it —*_ thee ib | — of l, 
9 


(Carol. 3.) Now, if the Sum is Multiple of L, thin is = an — 


Ps 
Let = , then a= + u, Conſequently the Ratio is —_— ==, which is in 


ieh Tens, heaanſe the Numerator and differ by x And this ſhews 
us, that as any mix d Ratio may be expreſs d = ſo, if the Sum is Multiple of the 


firſt Term, the loweſt Terms of the Ratio is a Fr 2 1 whoſe Numerat dD E 
tor di r only by 1; and therefore no other kind of mix'd 1 — this Eat, 
hace every Ratio having this Effect is ol that kind * _— bd... differ by I, 
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1. If the Ratio is 2, then r tin a aber . eater 
or deſſer than J. Reverſe „7 1 leder Than 2, or if f s Jefler than 2, they is 
; (= $—1) greater than 7. Again; if'y is greater er than 2, 7 — f is greater 

; and hence 7 — (A is leſs than . 1 


2. Ede Raiois 2 whole Number greater than 2 Tae a5 
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wherein the loweſt Terms of the Ratio Cites by 1. * or ſuppoſe that 1 is — then is 
$. = S—-4 * J. 


4. Hence again we learn another Rule for ending s by ! and ; wiz, firſt finding 
s-1= 1 and then adding to it, thus, S = 5 [ . + 1 (which added by the common 


Rules, comes to the former Rule S — 5 = + i 


1 


ScHOLIUM, This Problem may be expreſs d allo in this manner, viz. of any 
Quantity 1, let a certain Fraction, as 2 be taken; then the ſame Fraction of this Fra- 


Rion, and ſo on, continually taking the Game Fraftion of the preceeding; Then will the 
_ cf a Series of Quantities equal reſpeQtively to theſe ſeveral FraQions of I, be equal to 


2 of1; for the Series of the Fraftionsis r of 1: + of + of l, ac. ot thus LAOS 


a* 
- 4 — &. which i is a Geometrical Series decreaſing i in i the Ratio od + whoſe Sum i is chef 


at glean 2 or —3 * 


In what Caſes =, is equal to , or greater or lefler, all when un Maile, or an 
aliquot Part of I, has been already explain d. | 


| PROBLEM V. 
| Having andy to find s —7 (vichoue finding fit, as we _—_ by Proklen 2) 


== AS 
Ri — — — — 
g _ ; 1 * „e 
v LB. oy L043 ih; 


—— * 


Da MON. By. But 221 Hence rx 750m Hand 61 = 
Era. == 1728 3 


Senor vs I we expe the kad bus, 5, ben. 1.8 == 2 


9 
COROLLARIES. : 
1. Er 16 an 8 aliquot Part of 2, viz; Lof 5; but in all other 


Caſes 5— 1 r proper Fraction of 328 the Reciprocal of the Ratio pes. 80 
the Ratio beg 7 hu then 3 —l=e += als; fr * tis -— — by the bol. : 


* He oe A another Rel for finding 7 ys and ; ei Find 5 1 2 


Bs Br nomad OY S W 4 10 


and then fubfirat £- from a, foes 15 SEP YES — 32 


r | 
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PROBLEM VI. 


Haring 7,6 ! to find s, I, Rur E = 

3 Ew | 4 Sr Then takes . ! f 

5, the Remainger is 7; or find 7 independently of 5, thus, /= F Ki. 0 
Dzwo 1 By the laſt 1 — 12 — Hence 5 =r7 X TET Again, by Pros. y, 
Exa. 123, 123 5 Aae Alſo s. 
* . | S—IX 4a. 


$614 4401} 7 1158; 2 wy | 5 
SCHOLIUM If the Ratio is then is 5 = . And, becauſe 


; 


>, 


5 3 #45 1 
44 . v 


} 251 


- COROL. If the Ratio is an Integer, thea is 5 a Muliple of 5— 7; but the Ratio being 
a Hir d Number. is a mix d Multiple of 5 —7, expreſs'd by the Ratio; that is 
7 : - | 7 . 
dh  # r ee 
= of 4 7. 3 * eee . : 5 1 
As for the different Caſes in which is equal to 5 — 1, or an aliquot Part or Multiple 
thereof, ſee Corol. 1, 2, 3. Prob. 4. where it s ſhewn in what Caſes, 4 is equal to 7, oris 
a Multiple, or aliquot Part thereof. | : 


"a WP 44 ö + A358 I , 11 4 
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„„ „ HE OR EK: iN > « - | 


K Series of Number may encreafe continually, yet fo that no Term ff it can ever be 
| Þ reat as a certain aſſignable Number. 
If a Series may decreaſe continually, yet ſo that no Term of ꝰ it can ever be ſo ſmall as 
2 certain aſſignable Number, 
Demon. 17 Take an 1 ji Series decreaſing from 205 Number J, in any 


1 


conſtant Ratio 7, as, bes. es 5 Then take the Sums 5 this rr repeated always 


15. 
fen che beginning, mos 7: 7 += 7 * 5142 7 ＋ * . — ＋ Kc. This is 
c ich 45 n Series as was propos d; for BY Sum 4 the decreafing Series 7+ ' & 
is limited to f — 1 Th 4) therefore no Ten of the Series of its Sums can ever . 


y reach to 5 


© ns Take a decreaſing Series [ : 4 &c. No” ſuppoſe ir ſuch this all 4 Series want- 


ing the firſt Term is leſs than the firſt Term; as it will be if v is greater than 2; (Corol. 1, 
Prob. 4.) then ſubſtract the ſecond Term from the firſt, and the third from the remainder, 


and fo on, and make a Series of theſe remainders, beginning with I, thus, 1:1 . . 


1— — 2 &c. it is ſuch a — Series as Was propos d; for the Sum of the aalen 


1: - : &c. wanting then the firſt term i, i. 6. che Sum = the Series . i =: = e. 0 is.. : - 


which i is ſuppos'd leſs than 7 ; but face that Series can never.be exhauſted, it's Plain, That 
no Term in the other Series, 1: 2 . can erer be ſo ſmall as the Difference be. 


twixt 7 and 1. becauſe we can never actually ſubſtra 1 — the 
dum of the Tofonit Series of Numbers ſubſtracted. ” 


SCHOLIUMS. 
I, We may take any Number A to begin a Serves, and add to it ſucceſſively the Tikes 


of any decreaſing Series, 7:2", g Ke. thus, A: 4 + 7: A4+14-r, . and this will be 


_ an encreaſing Series as i 8 8 
b ; we may take any Number A greater than the Sum of any decreaſing Series 


1: —&c. and ſubſtracting this out of A, make this Series A: A —1: ATE Sc. it 
will be och a decreaſing Series as was propos d. But to begin with the firſt Term of the 
decreaſing Series J: 7 Kc. makes a more regular Series. 


2. Theſe Infonite Series encreaſing or decreaſing limitedly, are not, and cannot be, in 
a conſtant Ratio; for then they could not be limited, by Theor. 1 & 2. And far leſs 
the Ratio's of each Term to the preceeding encreaſc ; for then they would ſo much ſooner - 
than with an equal Ratio outreach any propos'd Limitation : Wherefore tis plain, that 
of a Series encreaſing for ever, but limitedly, - Series of its Ratio's, _—_ 
m m 2 erm 


3 


| 
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5 | 
2. Inſtead of the Sums, fubſtract from each Term of the 4 7 


Term to the preceeding, is a Series of Numbers which do continvally decreaſe : and cf à 
Series decreaſing for ever, but limitedly; the Series of irs Ratio's, cemparing each Term 


do the preceeding, is a Series of Numbers which da continually encreaſe. But obſerve 


again, that tho of a Series whoſe Terms encreaſe contiuually, bur kmitedly, the Ratio 
ot each Term to the precceding do continually decreaſe, yet the Reverſe will not hold: 
Hat ic, tho a Series of encreaſing Numbers is ſuch that the Ratio's of each Term to the 
preceeding eontinually decreafe, yet it dees not follow that the Series encreaſes under 2 
Limitation z which one Example demonſtrates : For if we take any Encreaſing Arithme- 
tical Progreſſion, as 1, 2, 3, 4, &c its Ratio's, comparing eaeh Term to the preceeding, 


ate r +3. 4. + Ge. which do continually decreaſe, and will do fo in all ſuch Caſes (as has 
been ſhewn Gr: Theor. 17,Ch.5,B. 4) yet we can find a Term in the Sexes greater than 


any aſlignable Number. The like is alſo true as to a decreaſing Series, viz. That they. 
may decreaſe by encreaſing Ratio's of each Term to the preceeding, and yet be unlimited 
in their decreaſe; of which we have Examples, by taking the xgciprocal Ratio's of any 
Arithmetical Series, and making a Series decreaſing according to theſe Ratio's ; as in this 
Example, 1: 2: : +3 75 Sc. where the Ratio's of each Term to the preceeding, 
are 1: 2, 2:3, 3 4. Eb bi. 


COROL.. A Series may decreaſe continually, and yet have a Sum infinitely great: For 
if it decreaſes Limitedly, then its Sum will be always greater than as many Terms equal 
* wh the Limiting Number, ſince none of the Terms can. ever be ſo little as that 


THEOREM VI. 
Take any Geometrical Progreſſion encreaſing from I, which may be univerſally repre- 
ſented, thus, 1:7: * : 8: &c. then | RESET 22Sks, | Fel 


10. Take the Sums of this Series continually from the beginning, thus, 1: 1, + » : 
I + » + #*: &c, and divide each of theſe Sums by the laſt Term added in each, thus, 


r nds is a Series enercaſing/limitedly; ſo as no Term can 


* 185 
ever reach to _ 
(that is, from each 
Power of ») al the preceding Terms, andmake this Series x; . nt: 


7 5 8122 39 2 
1 — 1 —z— . — 1 * . . - 25 Te 
—3 . &&. Tis a Series decreaſing limit edly, in which no Term can ever 
reach to 2 
* — To 
3% Take the Series of the Reciprocals of the firſt Series, viz. take 1: 2 IL 
2 Fog the, | - i 9 2 4 4 ö 32 1 17 
4 A tis a Series. decreaſing limitedly, in which no Term can ever reach to 
1: I | | | . 
— — 
7. 
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4% Take the Series of the Reciprocals of the ſecond Series, viz, take 11: 


1 — 7 — 


L ke, tis a Series encreafing limitedly, in which no Term can ever reach to 


r; e 
88 7 2 


Duo N, 1% For the firſt 12 I: c. tis no other dos 


the ſums of this decreaſing Series, 1:2: — I cc. added by the Common Rules, thus, 
1+, — 4 FL. ant 22 l : But the ſum of this Series 12 — 


8 


. „ Fon 1 14 : 
20. For the ſecond Series, I: 7 : — : &c. it is no other than the Ef- 


fea of taking every Term afcer the firſt of chis I 135 >= dec. out of the firſt, and 


out of the ſucceeding Remainders ; * 12 == and — — 5 = 


&c. and the Sum of the Series LE La : &C. is 7. which therefore can never 


de all taken away from 1; whence it's plain, that no Term of this Series of Remainders 
can ever reach ſo low ag x — . — 1 * =. And Cb ſerve, that we have in this Con- 
cluſion a plain Demonſtration that the Numerators in each Term of the Series, 
2 — — Ge. are poſitive Numbers, i. e. that any Power of r (a whole or 
mix 4 . is greater than the Sum of, all the pre ceeding Terms, +1 ; for the 


Sum of the whole Series, —. G. is — ' which is leſs than 1, ;and therefore eactr 


Term of the Series 1. > &, is a real poſitive Number; which it cannot be, unleſs 
the Numerator is a poſiti hat Number, i. e. unleſs 72 is ene than all the preceeding 


Terms. But this Truth may be alſo demonſtrated from dale of a A. rpg Pro- 
greſſion 1. . 72, &o. | 


| 4 For the third ha 1 1 IF — Pe e. it decreaſes Hokedl, ſo as 


never to reach to 


; becauſe if it did reach that Number, then * tis evident that the 
Reciprocal 1 1 — 12 = 2 * * ” mt reach to the 3 Number 
which it can never do by, Article the NEG Js ; 

4? 0 For the fourth n. Ie — 3 E becauſe ti whe Reciproalefthe- 


— 1 72? | 
ſecond, which can never decreaſe to = 


therefore this encreaſes ſo, as it can never: 


reach to =; for if it could, * other woul de 0p uhich is * to be 


impollibte in in Article ſecond.. Scno- 


ö 
| 
| 
| 
| 
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-F 4 ScHnoLIUMS, | 
1. If we compare the two Encreaſing Series, 1: — IT &c. and f: LC 


IE = ”Y — 7 
Se. then eich Term of the ficſt ang 1) is leſſer than the © orreſponding Term cf the 


I 
fecond ; thus _— is leſſer than- 


8 and ſo on. To Den vſtrat- which unixerſalle, 


- 
Jer auy Number A be Denominator ot a Fraction, and A +. B the Nomeratar, thus, 
A+B 
A 
A + 


; alſo make A Pe, and A — B the denn ee - teu is 


tllus 
mg 425 
» e : For if. we reduce them to a common Marcy, they are 


A? A 2 B A: „ . IE 
— B - (— ) and 8 AB = =) ; whereby it's plain the firſt is 
leſs than the ſecond, * A? Bi is leſs than 4*: But A may repreſent any Power 
of r, as ru, and B the Sum 1 all the preceeding Terms of the Series, (which Sum is al- 


ways leſs than rm); fo that ZE 2 may Nee any Term of the Series 1 : ; ek + "os 


7 E py any Term of the Series I : | : &c. which finiſhes the ion. 


Hence the Value of the firſt Series is lefs than that of the other, (i. e. the Value of any 
aſlignable Number of Terms of the one compar d bo as many of the Deni 


2d. Compare the two Decreaſing Series 1: Sp &c. and 11— 
Term of the firſt (after the 1) is greater than the Correſponding of the akon viz. TT? - 
greater than "= Ke. becauſe the Reciprocal of that is leſſer than of this; 3. e. 2 


leſs than - 


and 


ae. and each 


1 0 from the nature of on 5 we may demonſtrate this the ſme "IF 
as the nd ; * PEN Ander than 2 — 2 £ e reduced to one Denomi- 


A? 8B: AS 
nator, they are T- TALE EST”, Hence the Value 


of the firſt is greater than that of the other. 


zd. If we take the Ratios of theſe eren Series, comparing each Fern to the beser 
ing, they make theſe regular Series: 


A 2 * 4 3.00 > I+rÞ if +73 1 93 3 75 | 
5 * 5 2 &&. for the Series, 1 — 
F ;+r PF +73 — 
„ aas e eee ppt pms n ee le ; 
r „ 7 &c. Kc e 
1 eee 71-2 72 
18 4 * F . 7+ * +73 : fon: 72 


1 rr eee fe Tf. 


7.— _ 


8, for the Series, x : 
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Where you ſee the third and fourth are Reciprocals of the firſt and ſecond, becauſe the 
| Serie of Winch they are the Ratios, are ſo. 


THEOREM VIL 


"ab there be two Infinite Series of Numbers = I; And let their correſponding Terms 
be multiplied together, i. e. the firſt Term of the one by the firſt of the other, and ſ on; 
The products make an Infinite Series, = I whoſe Sum is in ſome caſes Iutinite, in others 
Finite. IJhus 

1% If each Series conſiſts of Terms equal among themſelves, or the one having e- 

val Terms, and the other encreaſing; ; or, laſtly, both encreaſing, the Sum of the Þro- 
uct is Inſnite. 

20. If both Series Sona or if the one Series has equal terms, and th other De. 
creaſes, the ſum of the products is Finite; notwithſtanding the Sum of the Series of e- 
qual Terms is Infinite. 

30. If rhe: ane encréaſes and the other decreaſes, the Sum of the Products is in 
ſome caſes Infinite, and in ſome Finite, notwithſtanding the Sum cf the encreaſing one 
be always I:zfinite : particularly, if the Ratio of the encreaſing Series is equal to or leſſer 
than the Reciprocal Ratio of the decreaſing one, the ſum of the products is Infinite ; but 
il it's greater, the Sum is Finite. 

DEMO N. By Theorem 3. Ch. 4, = The Series of Products is +1 in the Ra- 
tio PRO of thoſe of the Series tiplicd. So the Ratio of the one Series is 


, A 2. | AL 
Se Coat e and of che other it is is 77» Whoſe product is £77 the 


LIN. C &. Ratio of the 2 — Products; Aud becauſe that Series 

either conſiſts of equal terms, or it encreaſes or decreaſes 
2 B Me: CN: DI; —— in a conſtant Ratio, therefore it will accordingly haye ei- 
ther a Finite or Infinite Sum: So that what remains to 
be — 2 is only the Correſpandence of the ſeveral Caſes, in which it encreaſes or de- 
creaſes, or is equal, to the Theorem ;- which will eafily- appear thus, 19: If both the 
\ Series encreaſe, or both conſiſt of equal Terms, or the one equal, and the other en- 
creaſing, it's evident the Sum of any one of them is Infinite (by Theorem 3.) and 
much more is the Series of cheir Products ſo. Or thus, the two Ratio ES EA are either | 
botly, proper Fradtions, or. the: one fo, and the other equal to 1, or both equal to 1: 


Wherefore ES is either a Proper F. rattion,. fo that the Series of Products encreaſes i in 


unt conſtant Ratio, and! the Sam is Infinite (Th-orem g.); or it is equal | to Kel and ſo- 
the Products are equal, and here alſo che Sum is Infinite, (Theorem 3. WH bs 
20. IE Nr the, Series decreaſe, 6K, one pang 5 Fe other equal ; then an 


114 ſth Lite 


Lo are improper F radtions, and hence FE i 0 (improper Fragion? Therefore, abe. 
Series of Produds' decreafes in that conftani Ratid, and fo the 80 i is Finite 0 Theorem 4. * 
3e 1 the one Seties eticreaſes, agd thi e ther decreafes ; We thall ſuppoſe that 1: 


B: C: emcreaſes, lo what Fs a proper FraQtion ; and char Dr 1 N. Ke. decreaſes, 


© 1 ) e yas 230: 10 ©32EK 


both . e the Rutio cfrhocampount Series AT. BAL Se. 
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CO 7 which, I fay, is a proper Fraction when is lefs than 2 „ but is an improper 


3 | . | 
Fraction when F is equal to, or greater chan 25 » for theſe Fractions reduced to one De- 


a EY -2 1 B 1 a 
nominator, are —— (= =) and LF (= ) Wherefore, as AL is equal to, greater 


or leſſer than B, conſequently 577 (the Ratio ok the Compound Series) is either 


=I; if AL = BM (i. e. if 2 25 and in this Cafe the Compound Series conſiſts 
ef equal Terms, and ſo the Sum is Infinite: Or 87 is a proper Fraction, if A L is leſs 
chan B A ( i. . if © is les than 77 ) and then the Series encreaſes, fo that, the Sum is 
here alſo Infinite: Or, laſtly, 5 is an improper Frad ion, if AL is greater than B AV, 
(i. e. - greater than ; ) and fo the Series decreaſes, and the Sum is conſequently 
Finite. es | 


S8cnot tuns. Jo L 
1. If we ſuppoſe each Term of the one Series is multiply d into each Term of the 
other, the Sum of the Products will be finite in all Caſes, except when the two Series 
da both decreaſe : for the Sum of all theſe Products is the Products of the Sums of the two 
Series; and if but any one of them is Enereaſing, or Equal, its Sum is [finite 3 Which 


therełore multiply d into the other Sum, whether Finite or Þr finite, muſt make an In- 
zite Product : but both the Series decreaſing, their Sums are Finite, and conſequently 


their Product is Finite. 


2. Tho we have only ſuppos d Series encreafing or decreaſing in one conſtant 
Ratio, yet we may conſider other Kinds of Series: As, firft, we may ſuppoſe any Kind 


of Series whoſe Terms continually Encreafe, whether in one conſtant Ratio, or not ; and 
any ſuch Series being put inſtead of one which is & 7, in the firſt Article of the Theorem, 
the Concluſion will be the ſame, as is moſt evident, tho the Compound Series will not be 
. <1. Again, in the ſecond Article of the Theorem, we may ſuppoſe a Series decreaſin 
| limitedly, inflead of one in I; and if two ſuch be multiply'd together, or one ſuch —. 
a Series of | Terms, the Compound Series will certainly have añ Infinite Sum; becauſe 
each Term of this ſuppos d Series being greater than the Limiting Number, muſt have a 
greater Effect than a Series of equal Terms equal to that Number; but ſuch a limited 
Series multiply d into a Series d in one Ratio, will have a Finite Sum, becauſe the 
Series decreaſing limitedly will have a Effe& than a Series of equal Terms equal to 
the firſt Term of this Series, which would make a Finite Sum in the Series of Products. 
Again, ſuppoſe two Series in Ratio's that do alſo decreaſe, (comparing each Term 
to the preceeding) the Sum of che Products is Finite; which it is alſo if one of the Series 
as ſuch, and the other equal or decreaſing limitedly. In the third Article of the Theorem 
Let us ſuppoſe, firſt, a Series encreaſing ſo, that the Reciprocal Ratio's do continually en- 


.creaſe, (and ſo the Ratio's themſelves decreaſe) and another decreaſing by a Conſtant Ra- 


tio; r is equal to, or leſs than the Reciprocal 


of the _— one, the Sum of the P is cettainly Infinite; for they will make 


2 Series e and whoſe reciprocal Ratio s will alſo encreaſe, becauſe each Ratio of 


"har 


. q FRE 
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that Serje g will be gradually - olefsand 3 deß thamthe reciprocal Ratio of the other: But tho. 


the firſt Ratio, of the encreaſing Series is greater kenn the: reciprocal Ratio of che de- 
cteafing one, it will not be true that the Sum of the Products is Finite; unleſs all the fol- 
lowing Ratios F the ;encreaſing Series be alſo greater. Again , ſecondly, ſuppoſe a Series 
eacteafing in a onſtant Ratio, and another decteafi ing, fo that the reciprocal Ratios do 
decreaſe, (and ſo the Razio's themſelves e ), then if the Ratio of the enereaſing Se- 
ries 15 greater than the — of the firſt Ratio of the de of Profs it wil be grea- 
ter than all the followit ; and con N e the Series of Pro will 4 J in 
Ratios whoſe Reciproca ; decreaſe. and will de Finite. And if the Ratio of 
the Encreaſin ing deer be equal to che firſt Reciprocal, Ratio of the other, then it will be 
greater than all the following ones (which decreaſe) . again the dum of the Pro- 
ducts will be Finite. But tho the u of the aſing Series be leſs than the firſt 
reciprocal Ratio of the other; the ſum of Paodude ir ner dite, unleſs it be alſo leſs than 
each of the reſt of the reciprocal Ratios of the other Series ; for it may become equal 
to ſome one of them, or greater, and then the Sum of the Product will be; Finite. 
Thirdly, IF che one Series 2 by Ratios that . (or whoſe Reciprocals en- 
| creale) and che cther by Rating whoſe Ree ay oe then if each Ratio of the firſt 

Series is equal to, or lefs chan, the reciprocal? 0 f the Correſpondent Terms of the 
ſecond: Seriee, the ſum of he Proceed is Hifinite; but if greater, the Sum is Finite. 
Fourthly, H "the * one Series encreaſed in whatever: manner, and che other decreaſes limi- 
tedly; the Sum of the Products will be Erfiite; Decaüſe this decreaſing Series is greater chan 
a Series of equal Te. ms, equal to the Nr Number. 
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1 A THEOREM, VIII. 


It Röm any quantiry A we take away'any proper Fraction of ik, 3 20 6 and 3 


remains take away rhe fine Prüefion; and Id. O vontitmally';: 3 of che Nite 
ries of Parts taken will þ be * w the whole A, and, the Sum © on = Huftxite zes 


Tr | | N — Ba 
1E 8 168.— . . cid 
Ry LD 3 297597. 2 10 e 331d > — 3 WC. 
of Takes 4 N. 2. axb—a'xA HHFEPRA 


1 e eee ee e 


wy an 7 , ? — I 
| „ War . — 4 3 — "L.A Ba — r ef mag 
4 * : . 4 2 ——— — Ar 70 joſe , ad 2 2 ooo" 5 T7 2 n oY 


67 „ . 
1 N des 3 T3 * + 77 I $- $4 


2 


* 28 3 8 4 


8 -A 5 
Davor, Ihe Series d e 7. Tete urea beg epd 
above; for the firſt Part taken being 0.4 ( 


(= 1 ted tees den 
4p E nick makes FEES — ne. HERES — — Spanne Mae at ans 
2 — e „Rib 


0. Fus of the preceeding and every Term of He)Serty tat 
| Nan the 


es Teese) 16% elk; Uf erer) 
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the > Parts of the preceding Term of the Series left, or alſo the ig © Parts of the 


preceding Term of the ſame Series. Now theſe two Fetten proceed, 40 decreaſing i in 85 
corſtant Ratio, which i is the ſame i in both, VIZ, —: for every Term being 17 of 


the preceeding, the. Ratio of that preceeding to the following is che reciprocal * and . 
applying the Rule of Probl. 7; the Sum af the Serie taken is 4; dif == a 


TOA. 


And this divided 5 71 Dee quotes 4. Again; the Sum of the Series lelt i. 
5 — 
. for 2552 x = which divided by 5 * = 80. 


$. 4 ' | 
— rl i. £010 219 1 18 217 pars 7 5 1 1 ars 1 2 
4 — i 


Obſerve alſo, thee che W Parts left e to = An. ee Pe- 
ereaſing Series, the other may be deduced from 1 it, thus : Since the Series of Parts left, 
may be carried on till there be a;Term leſs than any, aſſignable Quantity, hence it plainly. 
follows, that the Sum of the Pants taken away, ſhall. want leſs of the Whole A than any. 
aligaable Difference ;- which 35 all thats meart by playing, Ts hat that dum is e to 4. 

id a/ . cual 5600 01 Ars ge 119k 18 [9 
Sono L IUMS 
HI” 7 
If the Correſpondent 1 & theſs th tro Dries of the Parts taken 
and 18 My _ PS Aches, the Sum of the: Compound. Series is Finite, and 


equal to, 2 Of; | FF common Rules, thus : The com 


) MUG Sch, be E 5 m— 03 led 


1 theref> the Rui offs Commun Sri 


— — Ci 11 0 2 ICHISEUIGHUE- v3 


121 JP is £4, 
T= = N= ; 8 Wh dos is Fol and of the dune, 


Series is the Product of 


theſe vie. DEE EL50 . . And, according OTA I, > Fon muſt. 
multiply this by the Ratio 5 FFP wi Product bs 2 _ "which 
En divided by the Ratio leſs Unity; vie. — EY the 
Qaote is r . * . 1 5 a8 d ns- 2:67 25 · 18 + outs 
2* Ie eee en 

gym of the Profs i Fine vm it: panic 

men a. ahem ee Pres, er 
Wa is + t, uno T v%% bns : Arbesser; 5111 70 e211 TED 973 et Hal 11 


— 


\ 0. 
: | nil 3 Hence 
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3*/ Hence we have theſe Proportions, or Ratios of the total Values of theſe 
PA Series viz. (1%) the Sum of the parts taken is to the Sum of the remainders vix. 


4. 3 as 4. ba. (28) the Sum of the Series taken, to the Sum of the 


produds of the eee e of the two viz. A. — as 1: Ly 
of A: Or 235 —- 4. FAK A. ( The Sum of the Series taken, is to the 
dat of the Produgs of all the Teras of th one Series, multiplied into all the Terms 


of the other, viz, A: . a8 1: — of 4, or a: = X A. 


(40 The Sum of the Series of Parts left, is to the Sum of the firſt Products, viz. 


s n 
et 4: z A. as —. = of A. ( 59) The Sum of the Parts 


left; is t0 the Sum of he ſecond Pier, vis. = of 4: FS oft wit 4 
CITE eee tes: 12 2b—a, 


gear 1 N 


"THEOREM: Ix 


e N oa, 5, 3, 4, Ge. The Sum is to the Produgt of the 
iſt Term by the Number of Terms, f. e. to the Square of the laſt Term; in a Ratio 
A Bar approaching infinitely near to it. 2 


D won. The Sum of the Arithmetical Progreſfion is - LE? Probl. 5 5. Chas. 2. 


B. 4.) And the Square of the laſt Term u is 1, therefore the Sum i t that Square as 
— n Tn ” One hg 2 Bot EEE =p + = = + 


1 ' 
_ And as as 8 of Terms, or la Term S bd T7 decete in- 


finitely, therefore the Ratio approaches infinitely near to = 


Obſerve if the Arithmetical Series begins with o, thus, O, 1 B Wan 
Product of the laſt Term by the es begin ith, dns 0) 2: then as 1 to 2, for 


the Sum is in this Caſe, — But the lat Term u —1 and its Produdt by the 


Number of Terms a is — ; aeg the Sum is to the Product as 5; -:: 
* — 2. 22225 13 2. * + 3M, + 1 85 er 


FME 4:1 


| 2 210 notte 1 THEOREM X. . 


hebe ment Bo cogreffion beginnin &. Sith 0) Un, 0, 115 >; 3 G. en geg. 
Series of any the like powe s of the Former Series; As the 16 Squares, o, I, 4, 9, Sc. Or 
| Cubes, o, 1, 8, 27, Ge. Then again take the ſum of the Series of Powers to any 
Number of and alſo multiply the laſt of the — ſummed by the Number 
of Terms, (reckoning always o for the firſt Term.) The Ratio of that Suns to that Pro- 


dug is more than — x (oVeing Ge fda of the Powers) i. e. in the Series of Squares 
ELD, : | "ON gt e 22 choc 1036324" 2.43 We 
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Ar is n ire than 35 In lie Cubes. mere than and ſo ein: But che. Series Zoing 
o i rium, we was take ii mort and 3 een go e ho 


and the mare we take, the Ratio 4 of the, Sem to the Froduct mem joued Graus les 
aud leſs; | Jet ſo as it can never aQually be equal to 2 but approaches infutch 


—— > —— — 
4 - F 


| near to it, & within les than any aſlignable difference 

Dx N81 The truth of this Theorem has bicherte, that J . 1 3 
ſtrated only by. an inden; or: ſhewing that it iat rhe in Squares, Cubes, ama few 
more where Gal: Actual exam ination of- it Us been made; —_— its concluded thar 
lince it holds true in every Caſe where it has been actual trie and no reaſon. ap- 
_ Pearing againſt this being an univerſa! Rule er (aw in the nature of Numbers, 
theteßere it is true in all other Caſes. It maſt be acknowledge that where we find 
the ſame general Law obſerved in a Variety of Cafes of 3 *owers, taken at Plez- 


uren as in the ſeoond, thisd 1 the eighth, the thirteenth, the twentieth, and may 
mag taken up ro down” mong the” 1 Mine Wi e Pen we have great —=4 


n tg believe t us a ara Law mal Caſes, tho' we don't ſee a direct aud 
— tive Reaſon or ertonifizarion > r It vet ir sg contain; thae this it but: an imper. 
fect Proof, or a probability of its being true. As in, as to the Demonſtrations given 
of the particular Caſes whence the gengral Theorem is. deduced, they are alſo of the 
ſame nature, i, e. they are taken on from ſeeing the thing propoſed, to be true in az 

many Caſes a baye been pried, e. the Series of $3 He Sin ſummed to 2 
'Feoms, or 3, or: 4 f 's Found 19 121785 fekte, rhar'the Ratis of clic Fin 19 the Product 


mentioned i is more thin _ idat ſtill-diwümſleng as tin 8 * 
greater; and Atchigifbing aid: in Gela —_ conſtam Tenor, 8 ſheivs that if it 
Proceed fo, it will approach infinitely near yy Now after having premiſed this, con- 


cerning the Method thzt has hirhertsiLariefled for · ne. Demonſtratiqu vf this Theorem, 
I ſhall ſhew / how it appears in a few 1 Caſes, and I it may by the ſame 


Method be inveſtigated i any other Tlaaſunes::"[" 10 z2imu 93 i bit 


Example in Squar s. And. 4*fara Series of Squares. 


. Series. i PT 3 taking the Sums, and 

e 8 EN LE: ht onthe erm 
: Een 45 maltiplied by the 
Amen of Ter za Bev 


tio is in all Caſes equal to - 


b er 


| * A- 2 certain aliquot Fracii- 
Products. 3 X 4 12 12 on, which goes on decreaſing 
Sum of four Terms. 5 + 9 _ 34 I 4s T © by a, conflant addition of 6 
Produds, 3 E N 5 Denominator of the firſt 
Sol fe Toms, 14 +16 e, eee ee 


FIAT or , wy: | ig; which Fragions, becauſe 
| > Cl y odſerved, do therefore decree infinitely; 0 chat the Ra- 
tio of the Sum to the Frodo approgches infinitely near 4. 2 . N Infinite | „ 


„ 2 = 297 34 2 


«A the Fracion whch is fall atually ring with 7 in —— 2 78 E 


Ohap- 3· 


Afiches: Festa o r 2+ 3. 4 &c. 
738 | Cubes,” Q's 18 £27 - 64 &. 

Sui of x Terms. D 1 DR. 
9 | ere " 148 9 — 21 
. , 15 1 60 Rd | 
22 Prod. 3 K 5 125 115 +, p 

„4 Terms 227 324 
: BO 4 * 27 ic . "£2. 
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2% For (ales, The Sums and Pro- 
octs being taken and compar'd, as in the 
Margin, the Ratio is continually . ＋ Tan- 


aliquot Fradion, which goes on decrea- 


ſing by- a conſtant addition of 4 (che De- 
nominator of the firſf of. theſe Fractions) 
- to the Denominator of the preceding; 
which Law being conſtantly obſerv'd, . 


that Fraction Joind, to + becomes inf 
nitely little; 5. 2 the Ratio becomes in- 


finitely near to . 


3 sen ori 


1 Eve 1 hk : Powers the fame, General Tach will be fund in them; 
but the. F rations adhering to che I; will not dijiniſh in the ſame manner as they have 
been 'obſery d ts os in the 0 


f 7 firſt 
Pak 5 as | have. examin'd them, that-theſe 


edung; 
Eee Acker "uf 


Ec We 


to one a PO gomparu mg. LO: 
F the F be chem bird: 487K. 
fant Ratio ; Geena d 


do; which % I eaftly — do 8 1 
rg Retios of. ny? ee Progreſſion 17 2: 3 ye” l : 2: 


+ 


Saves 3 and Oves; ., f. 19 uſlant addition of the Denomi- 
of theſe to the precedi 


enominator : Yet this T have 
er decreaſe ſo, rhat their Ratios - 
conſtantly decreaſe ; - which + 
if they decreas d in one eon- 


as theſe in the Squares and Cubes 
Ratios are the Series of the Reci- 


1, and 


5 12 25 2423 and ſo alt in the Cubes L. 7 2 8 E225 85 and 


= 


43. Aud it's obſervable. here: too, that the- firſt ef 


theſe Fragions, H — — being g. and in the Caves , they decreaſe faſter in thoſe 
in tkeſe; 71/6; at the fanie diſtance from the beginning the Ratio is nearer equal to 
the Squares; than ie is to . i the Cubes. But, in the 4th and th Powers, and orhers - 
which 1 W Examin d, , they decreaſe faſter, becauſe of DIG ues. | 


2 Way of doe ese Tresen 


the 


vie thus: 7 


u. Some Fe Arichmetical Pro 


Teuth n 1 Ratias of the Sums and E 


near to - 
What what hs be 


— 


artieularly;. Stur mint ha propos d this, To in anoflier 


ton begin with 1, and aſſert che fame 
roducts, vi, that it approaches Infinicely 


But anyI have met with give us 20 other kind of Demonſtration an 


15 Cry Ze, . bt 27 s 265 a few. Particulars : And 


8 eee 
12. For 
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1% For Spes | In the Squares take the fir 
A SO | 3 Terms, and at every ſucceeding 
I . 4.9. 16. Se. tep twice as many, and the Ra- 


| Sams. Products. 83 mo CT Des 4 
For 3 Terms. 14 „ en 1＋ 2 4 r: 3 But ſo as to decreaſe, and . 
For 6 Terms. 91 : 216 : 14 tur: 3 inſinitely near to it ; becauſe the 
| | 18 | F two Fractions that adhere to 1 
(in the leſſer Term of the Ratio) are found to decreaſe in a Conftant Ratio, which is 
2 in the firſt Fraction, and -. in the ſecond Eraction. | 

Whence Sturmy concludes the Argument in this manner, -viz. Since of the two Fragi. 
yu 2 5 I at every Step, the firſt is always 2. of that in the preceding Step, 
and the ſecond is - of that in the preceding Step; therefore theſe. two Fractions 
are in every Step the Effect of ſubſtracting from + 4. Ar, which belongs to the firſt Step, 
this Series, & -+ 3 : + + Ar, making 3 the Numerator of the ſecond Part, be. 
cauſe r = 4, and ,4— ,3 , and ſo of the reſt: But this Series conſiſting 
of two Series, take their Sums ſeparately, they are + 3. + 1: Kc. and 
+2 ++ +25 &c. = vr, dy Probl. . that Series being ſuppos'd to be Infinite ; whence, 
in the laſt Caſe, or when the Series of Squares is infinite, the Fractions adhering to x are 
evaniſh'd, becauſe they are become E r - =0, 

As to the laſt part of this Demonſtration, I obſerve, that it is ſuperfluous; for the 
Argument ought to be concluded immediately from this, That the Fractions adhering to 1 
decreaſe in one Conſtant Ratio: For, in this Caſe, if we ſuppoſe the Series infinite, 
theſe Fractions muſt decreaſe to nothing, this being the very Suppoſition upon which the 
| Rule is founded, by which we find the Sum of an 7 decreaſing Series : And this 
Rule being uſed in the Angayeee © pion that theſe FraQtions do at laſt evaniſh, it's ma- 
nifeſt that the Thing to be conc is already ſuppos' OW 


r „ ee in- the Get take 


I . 2. 3. 4: &. the t 4 Terms, and then 8 
WP 8 * 27 5 64 7 SC. : Terms, and fo on doubli the 
| X Number; and hereby tis found 
| | Sums. | Products. _ that the Ratio of the Sum to 
For 4 Terms. 100 : 256 :: 14 T ＋ 4 the Produft is always greater 


„ 1 : 

For 8 Terms. 1296 : 4096 :: 117 2:4 chan 1: 4. but approaching 
1 v 227055 | eee Infinitely 3 becauſe 
the two Fractions 3 (inthe leſſer Term of the Ratio) do decreaſe in a con- 
ſtant Ratio, viz. + in the firſt, and + in the ſecond Fraction 5 

Sturmy concludes the Argument here the ſame Way as in the Caſe of Squares, to 
which the ſame Obſervation already made is alſo applicable. | - 
So far then you ſee an Agreement in this Form of the Theorem, and the preceedi 
viz. that in the Squares the Ratio of the Sum and Product decreaſes faſter, becauſe 
r is leſs than , and the Ratios of theſe decreaſing Fractions equal in both; juſt as in 
the preceding Form the Ratio alſo decreas'd faſter in the Squares than Cubes, and by the 
III. But again; Tho I have found no better Way of demonſtrating the Theorem ( in 
either of the two Views of it explain'd ) as to its univerſal extenſion to all the different 
Powers, yet as to the Demonſtration of the firſt two particular (which are the moiſt 
uſeful) viz, Squares and Cubes, 1 being the firſt Term, I ſhall here ſhew you a new _ 
9 i c ealie 


E. 


ee _w qq£* Www ce 
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eafie Demonſtration, deduced directiy 4 priori from the Canons given in Ch. 2, for the 
ſumming the Squares and Cu we of rhe Ai e Progreſſion, 


04 Dire Demonſtration of the preceding Theorem for Squares aud 
| Cubes, 7 uppoſe ug the Series to begin With . 


"x2 Y For Squares. The Sum of the Squares of an 1 Progreſſion 
1. 2. 3. 45 ſuppoſing the Number of Terms to be 2, is 232 — 3 (rob. 3, CB. 2) 


and in the Arithmetical Progreſſion the laſt Term is always the Number of Terms, there- 
fore the laſt Term of the Series of Squares is z* ; which multiply'd by the Number of 
Terms: zz; the Product is 23 : Wherefore the Ratio of the Sum to the Product is 


20+ 39 . 272515 2 ＋ 3 f 6 3.2: 2m + 32+ 1:61 (by dividing. 


222 + 2 - ö 2 1 I 2 
each Member by 120 but 6 222 * > + 6 222 +- 6 122 5 ' 272 
222 L 


+ am (for Cn my and. 2 = = 25 Again; it's obvious chat the greater x is, | 


the lefs will theſe Fractions —_ 2 85 — and that they will decreaſe 15, as to become in- 


Enitly little, or lefs than any aſſirable, Quantity:: Therefore the Ratio of the Sum to the 
Product, tho it's always greater than 2 ( — for. the. firſt two Terms 2 ++ +++), 


yet the Fractions adhering t0 7 + decreaſi ing (as now demonſtrated) ſo as to become infinice- 
ly 2 the Natio approaches infinitely near to . 


(2? For Cubes.” The Sum of the cube: of tie Artthmerical Progreſſion is 
2 75 + . (Prodl. 3, Ch. a.) and the Product of che laſt Term 23, by the Num- 
ber of Terms, is #*: $0 that the Ratio ef the Su to the Prodog Ta- 


4 
„ . gates gm 4 Ang ee = 
„ 3 1 2s 


3 15 2 N 2 © 1 And becauſe the greater that is, che leſs 


vin- . a be; therefore,: mo che Ratio of dhe Sem to the Product is A grea- 


ter than + (being for two Terms, 2 + 2 ++ Ar) yet the Fradions 2 adhering to the + La 
m infinitely, the Ratio ipproaches infinitely near to mY \ + e 


121 13 7 HH T. ** 5 OJ =P HE © R E My he 5 

Hoi = 3013 07 t April noni ons 20 9121095 inf wilt yieo zi bon ifirec roo, : 
Take the Series of the Squares of the natural P reffic ion 1. 2. 3. &c. vine 1. Lace 9.16 be. 

multiply any Term ef this Series hy the pumber of Terme from 1; from che Product ſob- 

ſtract the 1 of all the yg _ $4 es Nabi Sum will always be a leſſer Num- 


ber, 1 t P che Ratio ifferenc Product is always greater than 
23. ee infinite! VE ar it, the he fide the Be Series is carried, or the —_ 


Wa 2 Aber zi 2 515 310 1919119 bun . . "> ot 9 lupe 5133 „ 
101 lr dA vos ct! dll 2mooo9d 02 ts c 10 orion 231893090 NI. coy 


fins "ak 
* * 


—_— : „ah mas 


Obſer doe, ' Since the Nambee of Terms from 1 to any Term in:the Seriea of Squares is. 
the Root of that & Square : therefore the Product of the S uare by the Nuinber of Terms 
is the Cube of the fame Root; and therefore the Theorem may be propos'd thus: The 

Ratio of the Difference betwirt the Cube of any Integral Number and the Sum of the 
Squares of all Numbers leſs than that, to that Cube, is greater than 2: 3, but approach- 
ing infinicely near to it, as we chuſe chat Cube greater and greater. 

Eta. 1. The Cube of 6 1 216, and the Squares Ty 2. 3. 4. J. are 1. 4. 9. 16.25, 


Ahle Sum is) *. And 28 NEO en an 


2 2 6 175 > 
nth TE 8. þ 15 


cube of 7 is . 24 $. 6. ate 42 4. 9. 16. 25. 36 


1 . 1 x 15725 and this Fradlion 


T2. is leſs than g g N . —„—êr — — —ä— 0 BIKES ae LEL - 31 
NB MON» Fey, Let any TRAPS be OOO Re by ;z,+ , its Cube will be 
1 > ＋ 2: + 1; and 1 we take all the Numbers leſſer than 2 ＋L 1, they make the 
Acithmetical reflion 1. 2. 3, Sc. whoſe laſt Term Land number of Ferms) 7; and 
the Sum of their Square is , ich zs en kale Nuten, chan che 
Cube of 2 ＋ 1, or 27 + 3 + — bh 1700 un ei Gd: l. 


2 Take the Difference propos d, viz. 25 * TIPPS — 2 ED 


u? —— 4 — $a 6723 18218 24-6 —2x? — 38 —2 

— Dr MS MITT TY; 

B are +6. | Now <compdre this Diierence to 954-13, 
or, i + 32 + 1 4 . the Ratio is plainly 42% + 1592 T 17% + 6: 


4.7 2 1522 ＋ 7 +6 
623 + 187? I 182 +6, Ox, 7 718 2 T= 6”. which is greater chan 3 v 


n 
this Fraftion Tom = rf 18” as youll find by blhaaing 2 out of it, by 


& ales. Now ſince is every Step the Rats ofthe Düse 3 


be the ſame way erpreſß d, tio plain ix will dene be gemer than g; but if the Friction 
F 6- 
= gn Lit _ | adhering to it, gromsinfloitcl lie, ke chan ang alſign- 


able FraQtion, then the Ratio approaches infinitely gear to 3. What remains then 


to nne only this Infinite decreaſs dk the Fraction adhering to the Z which 
11 Sa“ 2d 10 WIFE 203 to : £91252 = 13 


is thus done : Were eien Praton gt, un lie decile g For 


of ui D, 9e an ls 75 £112 
is equal tc A dividing A by J 3 
1 1 pt iy 5 or a 5 95 bb bet 6 gia 


Ann (E992 TE VE 


| Sally taken equal to 1. 2. 3. 4, Sc. and i eh 2 © 312! . 


Eph nifty decreaſes , or ſo x3 to become Jels than any aſbignable gre 
n 
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. it 152 + 6: 5 lot Sh e en A 5 a 

| Again; Da) Ff 50 ls is a Fraction leſs than 1875 or —, asis eaſily ſeen 
by the Compariſon ; wherefore if = does decreaſe infinitely as z encreaſes, the other 
which is leſs than — muſt alſo decreaſe infinitely. 


COROLL. The Sum of the 147 of the Series 1. 2. 3. &c; carried to any Num- 
ber of Terms, is to the Difference betwixt the Cube of the Number of Terms, or laſt 


Term, and the Sum of all the Squares, except the laſt, in a Ratio approaching infinicely 


near to 1: 2. but ſtill greater: For the Ratio of the Sum of the Squares to the Cube of 
the Number of Ferms approaches infinitely neat to , but ftill greater (by Theorem 9. ) 
And by the preſent Theorem the Ratio of the Difference mention d, to that Cube, ap- 
proaches infinitely nea? th 2 therefre'ths Ratio oP he dum ofthe Squares o te Diſk 


1 
* 
44 *- 4 


18 1 
rence approaches infinitely near tg. , ä 
1 EEE n — 1 i 8 r M F P 22 n Frannie p< i Bit 5. 3: N : 
Sc H OL. This Theorem is propos d by ſome Authors (particularly Strmirs) in a very 
different manner, which is to this purpoſe, vzz. If any Series (of Integers) begins with aſqua:e 
Number, and decreaſes b growing: Differences, which are the Series of odd Numbers, 
« - = — — = 1 * — 1 — 5 8 — —— — —. Ge 
1. 3. 8, Sc. the Sum of the Series carried down to o {in which twill always end) Is to 
the Product of that Square (which is the greateſt Term) by the Number of Terms, in a 


Ratio always greater than = Ry but approaching infinitely near to it, as we take that Sqaare 
reater. : ot ai Il | 

I ſhall firſt ſhew the Coincilence of this and the preceding Propoſition, and then give 
you Sturmius's demonſtration. | 
For the firſt, take the odd Series 1. 3. 5, Sc; the Sum of it to'any. Number of Terms is 
the Square of the Number of Terms: or the Series ↄf its Sums taken always from the be- 

'-f ETHEL * oy 20 ent Bgtl] 2 — * _ of ſquare Num- 
Ai Nabe bers; (Corol. 4, Probl. 5, Ch: 2, B. 4.) 
3. 5. 7. 9 . G. odd Numbers. „ Mer og 
2 - „ 1 „ ſqyare Numbers Wherefore it is plain, 2 if from any 
8 3 . Is 


» 


* 


3 * ſquare Number we take ſucceſſively as ma- 
4.35.8 bots. ny Terms of the Series of odd r 
tom 1 as the Root of that "Square ex- 
preſſes, when the laſt Subſtraction is made, there remains nothing; and chat Square, with 
the ſeveral Remainders, is the Series propos d. Thus, beginning with 9, it is 9, 8, 5 ; 
beginning with 25, it is 25, 24, 21, 16,9 „ Univerſally,/i it . with a it is * 
2 —I;2*—I—33—1—3=—5 ; Ge. which again is the fame as 2 1 — 1; 
2 — 4; 22 - 9; Ge. the Series being carried to as many Terms as the Root 2 expreſſes; 
And the Square ſubſtracted from 2 in the laſt Term, being that neit leſſer than 
1, beeauſe tis the Sum of a Number of Terms of the. odd Series leſs by 1 than 2. 
_ | Whenee the Coincidence of the tuo Propoſitions is evident; for the Number of Terins 
being u, therefore the Sum of this Series is equal to the Difference of =? and 1 + 4'+ 9 
Se. carried to a Number of Terms equal tg zz — , and #* . multiply'd by, the Num- 
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2% The Demonſtration that Sturmy gives us of this Theorem is only by Indugi 
the ſame manner as in the preceding 7 heorems, thus: If there are 4 9,8 0 


whoſe Sum is 22, then is 22 : 27 (= 3 NK 90 :: 2 +=: 3, Which is a greater Ratio 


than that of 2: 3. Again; = = being = ==, — = „he expreſſes it thus, 2 . _ _ 3. 
If there are * 365 Ibn 32227: 20: 11; their Sun is 161; and, 8 5 
(=6 X 36) : 2c; 7 473.3 Or, as, 2 + ? 8 = 3. So he goes on examining 
more Caſes, taking at every Step double the number of Terms ot che aft Step; and finds 
that the Fraction adhering to 2 proceeds in a continued Geometrical Progreſſion decrea- 
fing, thus, > 5 A Ls —288 the firſt part decreaſing in the Ratio of 


2 t0 1, 4 f. the other in "he Ratio of x ; whence. he concludes the Argument in the 
fame —_— as in Theorem X; to hich is applicable the ſame Obſervation J made 
upon that. 

Obſerve: As to this laſt Method of propoſing the Theorem, That i it is accommodated to 
a particular Uſe which Sturmy makes of it in Geometry: The Reaſon I choſe the other 
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J Infinite Decimals. 


HAT a Decimal Fraftion is, and its Notation ; a0 what a C wenlating Deci. 
mal 1 * with the whole Operations about Determinate Decimals, has all been al- 


ready taught: l that the whole Doctrine of Infinite Decimats may be found 
Here together, ſome of s muſt be repeated. 


A DEFINITIONS. . 
1. N Deck Fdzen mar be cd Fi nite or Determinate, whe it has certain and 


zdeterminate Numbers fer &s/Nutnerator and Denominator; 4. e. when the Numerator 


and Denowinaor kane aa v eau Lite) Naber ef. a, 3 22 


Io, 
e os. 

II. A Decimil —_ the 1 975 ee e Number of 
Plates is Had teiminate, Angel End; whereby the Numerater and Deno- 
tiinator are COE d 8 rene: e «247 47 Cc. if we 
oppoſe that there ous 7 | = raore ED vfhritam, annex d to the right 

d bt thoſe” here fer down, thereb ar —— and Denominator iufi- 


— or without end, we do hereby Form ant jo Infinite and Indeterminate Deci- 


11 Infinite Decimals are of two kinds, which we may diſtinguiſh by the General De- 
| nomuntions of Certaix and Incertain, : 


—— 


9 * Wo Wa 


SS. 
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A Certain Infinite Decimal is ſuch whoſe Numerator runs iuto Infinity by a continuat 
repetition of one or more Figures; as in theſe Examples, . 44, Kc. 4033, c. 455, &c. 
wherein the ſame Figures, , 3, 5 is-conſtantly repeated: Alſo . 356356, &c. where 356 
is repeated; and .©7236464, &c. where 64 are conſtantly repeated. Such Decimals are alſo 
particularly call'd Repeating or Circulating Decimals, from this continual repetition or 
circulation — the fame Figures in the — 8 ea that the Figure or Fi- 
gures repeated may very conveniently and proper call d the Repetend. 

2 Decimals are ſuch whoſe Numerator goes on for ever — a conſtant Cite 


culation of Figures. (1? | 
ScnoLltiuMs. 


Iſt. The effential Difference betwixt theſe two kinds of Infinite Decimals is this; that the 
Certain have à determinate, finite, and certain Value; 7. e. that there is a certain deter- 
minate Vulgar Fraction, which expreſſes the true and compleat Value of that Infinite De- 
cimal (as ſnall be demanſtrated) whereas the Iacertain have no ſuch finite and aſſignable 
Value: And this is the reaſon of theſe Names. | 52 20880, „e $4.5 e 
Now tis owing to this Certain finite Value of a Circulating Decimal char they occur 


24. As to the Ixcertain Decimals, obſerve, that cho they have no determinate value, yet 


they-have a finite, tho not an aſſignable value; for if their value were aſſignable, they 


eir value is 


f Arithmetick; as in the Extraction of Surd | 
a * Yi 8 5 K 2 e 12 
; l 1 14 1 : > = . . 5 


becauſe they do not circyla in angther reſpe > they may be ſaid to be Certain; for 
* Tes. . 


in ordet fo 0 38 ! = 9 Circulatio e 5 7 3 
that after ; 4 repeated once more than in the precedifig : 


7 


more in every _ But now, tho ſuch Decimals ſhould in any Cafe occur, 
yet ſeem to be meer 


| Ooo 2 there 


| explain din its Place. 
V. Circulates whoſe 


others. FEET er 


| Of 1 nfinte Decimals. 


Figures, neglecting the Point, are made 


. 
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write . O3 j And for. 4 376-376 G. write . 4 376; and ſo 
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Book V. 


y an Improper 
3 as: has been 


15599. Wine wu, 
gures, and begin alſo 


a 


i 


- _ * 8 * 
. 
＋ 4 


Chap. 4: 
2d. Becauſe of the different Views in which a Circulate may be taken, twill be 


convenient to call the Repetend which is abſolutely the firſt in any Circulate, 7%? Given 
Repetend ; 10 here . 3434 Cc. 34 is the Given Repetend. But as the fame FraQion 


may be conſider d in another view, iz, as a mixd Circulate equal to . 2 + 15 (as 


yoo1] find preſently explain'd) ſo the Repetend it has in this view may be call'd for di- 
finction the New Repetend: Alſo the Finite Part preceding the Given Repetend is tlie 


Given Finite Part, and that preceding the New Repetend is the New Finite Part. 


2% The Circulation of a Decimal may begin in the Integral Par; as, 3. 3 or 4. 23, cr 
24 057; Now if there are no Figures but what belong to the Repetend, it's in that refpect 
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a piere Circulate-: But as we have limited that Name to the Fractional Part by ir ſelf, we 


{hall leave this other kind of Circulate to the Claſs of mix d Circulates, as à particular 
Species of it; ſo that we muſt reckon the firſt Period of the Repetend, as it belongs to thre 
Fractional part, to be that which begins firſt after the Point, thus, 4. 23 = 4.23423. 


or rather 4. 234 ſee Theor. 3. 


2 * ET Fg L - 


Any Finite Decimal may be confider'd-as Infinite, by annexing 0's without end on the 


right hand of the Namerator, making ©. the Repetend; this, . 34 = .3400, Oe. or 


DM ON. The Numerator and Denominator of the Given Fraction being equal 


multiply d by the O's join d iꝝ #»fizitum, the value of the Fration is ſtill the fame. 
+ 91355 TAE OR E M. 2. {210 der H n 


& * 


| Any Pure Circulate may be confider'd as Mix d, and keep fill the fame Repetend; by 


taking the given Repetend once or oftner written down for a Finite Part; and con- 


ſidering the fame Repetend as circulating after that for the Infinite Part; thus, 


3434 F 4 bog 3434 6755 Sm 50 mer anos en cork a wt 
De MOR. Ihe Reaſon is obvious, fince as far as an Infinite Fraftion is continued, 
ſo far the Value is finite and determinate; and the remaining part is ſtill infinite, tho of 


a leſs yalue than the given Infinite, becauſe of what's determin d. and taken away.” 
+ . 1 1 ; , . a } i 20 5 0 t r . 1 * 
„„ T H EO. RE M 3. 


If any Circulate has a Repetend of more than one Figure, it may be transform'd' into 


; © » 


„ 


* . 
- ” 
* ©. * 


* 


another Circulate having à Repetend of the fame number of Figures, and alſo the ſame 
Figures, but in another order, i. 2: by beginning a new Repetend from any Figure after 


the firſt of the given Repetend; and that taken either in the firſt or ſecond, or any other 


Period of the given Repetend, leaving all the Figures on the left of this new Repetend 


to the Finite part; whereby if the given Circulate was pure, it will in ſome caſes become 
mix d; or if it was mix d, the Finite part becomes always: greater, and the Infinite leſs ; 


. iy 2272 223 742 y . ... 2.3 yt "TT 3 : « . X 
thus, 24= 343 = "43496 3 £4507 = 45675 = 1450756756, «0243 = 00420 = | 
> 4 EY pon 4 + 1197994 5 „ 14 . 0 ” 
1 "a+ 5 


* 0 


1 . bo Res” 4, ++ * — N . „ % 7 1 — i 
* N reh od bus 72 n 


q E 
* 
% 


Deu o. In the- firſt 


Since 3 ſucceeds 4, and 4 ſucceeds 3 for-ever.-' Ihe ſame Reaſon is. obvious in every 
Gaſe ; which. you Il alſo find afterwards further confirm . 


OAKT 


COROLL, 


Example, ſince 34 is. ſuppos d: to be repeated for ever, if; 3 is 
taken away, there muſt remain. O 3; or, if 34 is taken away, there remains . 034 
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COROLL. Any Circulate may be transform 'd into another, whoſe Repetend begi ns 
at any diſtance after the given Finite Part, 


Scror. If the Repetend of a pure Circulate has os inthe firſt 8 on the leſt hand; 
then, whether it begins immediately after the Point, or have o's betwixt it and the Point, 
it's manifeſt that the changing of the Repetend, in the manner here explain d, will not make 
it a Mix d C wreulate, if | 2 new Repetend begins at the firſt fi ignificant Figure, or at any 

of theſe o's,' in the firſt Period of the given Reperend ; but if it begin at any Figure after 
the firſt ſignificant Figure of the firſt Period, or at ary Figure i in any of the other Periods, 


it will be a Mix'd Circulate ; ; thus, 6046 = .00460 (a Pure Circulate ) = «004600 


(a Pure Ci irculate) = . 0046004 (a Mix d Circulate). 
In any other kind of rien, 5,2 new Re will ee 2 it a Mix 4 
Cirenlate, | 


THEOREM «4 


Any Cirenlete may be transform d into another. having à greater Repetend, 7z. e. one 
more Places ; by taking the given Repetend, or any of equal number of Places 
ro ich it is transform 42 the bf, as oft an we pleaſe, and contidering all that as a 


New Repetend, thus, $4 = +44 = .; Alſo 8 = «04242 3 aſt: 0364 
= -0364364. = 0364364 36 _ by 2555 | pug 


eaſon 0 


Obſerve ; When we ſpeak of the Reperend of 2 Circulate without diſtinction, it's 4 
yr to be underſtood of the leaſt Repetend. | 


THEOREM 5. 


Any two or more. Circulates may be made Similar, by making all the Repetends 
Chem that one of them Sch ſtands ee. the Point ( by the 2 
plain d in Theor. 3, and Cbrolt) And, to make them end together, let each of them 
have as man Places as the number of Units expreſs'd by the leaſt common Multiple of the 
ſeveral N of Places in all the given R ( and, to find that leaſt common 
Multiple, ſee Probl. 5, Ch. 1, wen So, in rn that leaſt com- 
| S | 


, 2 „ 38 BLM 

EI. 455 = « 43636363" PR e of the nem Repetends is plain 
* irn plan, cs And as to their ending together, 

ol = - 04777777 15 855 2 that if they are all repeated ſo oft . 


2 5 25347241 


* 22 


Wange 1 
+ 2 


of Places taken in each is a com 


I | ngl of che Real manbers of Bas in cc 
Ex. 2. 4267 = , Fora ven I Then, as that 5 ul taken 
4 -93% = 4 932323232 end gee ogether, 


OED — it will make 
26. 328 = = 26. 29228 228 be Region — e take their leaſt 
—— —— —— F 2 on Paige, 8 how the Fate =: 


9 


as p 


4 141 < 5358 5 Pi bei f4 4 voy doi 
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| THEOREM 6. 
Every Circulate has a finite aſſignable Value, thus: 

Part Iſt. If it's a Pure Circulate, it's equal to a Vulgar Fraction whoſe Numerator is 
the Repetend, and its Denominator a Number expreſs d by as many 9's as there are Places 
in the Repetend, with as many 0's on the right hand as there are 's betwixt the Point and 
Repetend, , 


„ d e d 8 h) . 00272 = 372. 

Exa. (1) 3 = 7 (2 : 2 E ) +46 99 (arh) . 00372 =; 
(5th) 0045 = 5555 0 5 | | | | 
Univerſally. Let & expreſs the Repetend, and à the number of o's betwixt the Point 


A R | | 
and Repetend, the N 171 or . 18 (104 ang that power of 10 whoſe 


Index is a. | | | 

Part 2d. If irs a Mix'd Circulate, find the Sum. of the Circulating Part, and add it 
to the Finite Part; which total Sum being expreſs d all together as a imple Fraction, will 
have for Denominator that of the Finite Value of the Circulating Part; and. for Numera- 
tor the Sum of theſe two Numbers, vi. the Repetend, and the Product of the Numerator 
of the Finite Part (expreſs'd fractionalſy) by the ſame Denominator, without the 9's, if any 
belong to it; 7. e. by a Number of 9s as many as there are Flaces in the Reperend. 


| Bea. (i) +467 = 4X23 (2d) 46.027 = RX £27 
| . © RR 4 1 
(34) 8. 327451 = 327 6.999 + 4 (th) 3.46 = 3822.4. 


Univerſally. apr 4 be the 9 of the Finite Part, and x04 its Denominator, the 
. AX98c 3 3 
Sum is THEY 167 7 9 e. 105 c. 5 _ (taking B A X 98c. + K.) 

And Obſerve, That as the multiplying by 9 Sc. is a very eaſy Operation, L See Caſes;. 
$ 2d, Ch. 5, B1.] fo the Multiplication, and Addition of & to the Product, may be done all 
at once very eaſiſy, thus: Subtract the firſt matte as 4-9 of the Numerator A from the 
firſt of the Repetend R; and ſo on in Order thus; In the preceding Exa. 1, the Opera- 
tion is 6 from 3 1 cannot take, but from 13, and 7 remains; then 5 from 6, and 1 re- 
mains; laſtly, o from 4, and 4 remains; and the reſulr is 417 = 46 K 9 -+ 3. In Ex. 2d 
ſult being 45567 = 460 X 99 + 27. In Exa. 3d it is 11 7 =4 6 323. 
423281. 17 — 8 * 2 — 121. 83 —0 283. the reſult being 83191 34 = 
= 8327 X 999 ＋ 461. In Exam. qth it is 6 — 3 2 3. 34—0= 34. making. 
343 = 3 X99 + 46. But had this lat Example been 9. 46, it were 26 — 9 7. 
94 — 1==93, making 937 = 9X'99 +46. Theſe Examples ſufficiently illuſtrate the 
*PraRtice. And, to make it clearer, do theſe Examples at large ; H multiplying by 9 Oc. 
by che Method af the Rule refer d to, then add the Repetend. 8 

Dr MON. For the Firſt Part. Every Pure Circulate is, from the nature fa De- 
eimal Fraction, a Series of Deereaſing Fradtions whaſe: Numeratoxs ate all the ſame, viz. 
the given Repetend, and their Denominators are a Geometrical Series encreaſing in the 
conſtant Ratio expreſs d by 1, with as many o as (i. e. whoſe Ratio is a Power of 10, ha- 
ving for its Index) the number of Places in the Repetend (taking here the Ratio as the 
"Quote af the greater Term. divided by che Jeſſer) thus, . 33 Ge. = 2 2 


3 
" 110 - 100 1000 


Se. the Nato cf the Denominators being x 3. Ab -0004646,; Se. = 7 HH * 
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| —=— &c. the Ratio of the Denominators being 1: 100. Again; 
. | W „5 
40404 Se. 155 _ —— Sc. or — _ 18655 Se. But Fractions having a com- 
mon Nremerator are in the Ratio of their Denominators reciprocally ; wherefore the 
ſeveral Terms or Finite Decimals, of which a Circulate is compos'd, make an Infinite de. 
creaſing. Geometrical Series, whoſe common Ratio is the Ratio ot their Denominators, 
which may be expreſs d univerſally 10, ſuppoſing as many o's as the Repetend has Fi- 
gures, or 22 to be equal to the number of Places in the Repetend. Again: Let repre. 
ſent the Repetend or common Numerator of this Series of Fractions, and 102 the Deno. 


minator of the firſt Fraction, which therefore is = then, by the Rules of Infinite Se. 


ries, the Sum is < ＋ 10m N Tom — 1 [for I being the greateſt 7 x. *, and che Rztio, 
the Sum is 71 — 714. Nov in the Dividend EY N 10% the Multiplier Ion being 
the Ratio, it's manifeſt it cannot have more Places than 1cn, the Denominator of the 
greateſt Extreme ; bur it may have fewer, or the ſame Number. If it have the ſame, 
2. e. if » = w, then is = * 10m (or 102) R; but if 2 is greater than m, tis evident 
that 19” muſt have as many more o's as the number of os from the Point to the Repetend. 5 
IT herefore in this Caſe the Product = + 105 may be ſimply expreſ'd 1675 ( U—M ex- 
preſſing the number of o's from the Point to the Repetend). Ard if we take a = 27 — m, 
it is = Then for the Diviſor 10 1, it's plainly =9 Oe. taking a5 man 9's as there 
are C's in 10 (for 19 1 =9; 100 — I= 99, and ſo on). From all which it i; 
clear, that the Sum is univerſally E if there is no o betwixt the Point and Repetend; 
but if there is, then the Number of them being = a, the Sum is RE be | 
For the ad Part; Let A expreſs the Numerator of the Finite Part, and x04 its Deno- 
minator, which Part is therefore. then the Cizculating Part being ——— che 
5 n 


oo 


| 1424 
J 5 4 * R 5 8 3 . 
dun ie 78. ＋ z i „„ i > 106 e 15 
(taking B==4 « 9 &c. + K.) 22 e 3 5 : 

3 5 oY G oe oc... 
1. If the Repetend of any Circulate is 9, the Value or: Sum of that Se- 
ries is an UJit of the Place next that Repetend on the left hand, fo, . 5 = 1, 6g . 
4009= 01, and ſo on. The Reaſon is plain from the Theorem; for. 9 == I, 


- ' | 22 ; , a 1 . 
2. If a Mer d Circulate is ſuch that it has no ather Figures than what belong to the 
Repetend, which therefore begins in ſome Integral Place, it's turn'd into a Vulgar 
Fraction by making the Denominator as many Places of 9's as the Repetend has Places ; 


and the Numerator is that Reperend with asmany o's on the right as there are Integra 


= 


| 
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Places in the given Circulate: So, 3.4 = 255 34 34 = 6D] 343-4 = 32; 


7 


and ſo on. The Reaſon is plain; for if in any of theſe Examples you ſuppoſe the Point 


ſet on the Left of all the Figures, it becomes a Pure Circulate, whoſe Finite Valve has 
for. its Numerator the Repetend, and as many 9's for its Denominator : Wherefore if the 
Point is ſet forward where it was at firſt, that removing it forward is in effect mulriplying 
it by 1 with as many 0's as the number of Places on the Left of the Point in the given 
Poſition ; ſo that as many 0's muſt be ſet on the Right hand of the Repetend, to make the 
Numerator of the Finite Fraction ſought. | | Fe | 

”_ If the Denominator of a Vulgar Fraction conſiſts of 9's, or 9's with o's on the 
right hand, the Numerator not having more Figures than the 9's in the Denominator, 
(after equal os are taken away from Numerator and Denominator) that Fraction reſolves 
into a Pure Circulate, whoſe Repetend is the Numerator, with as many 0's on the left as 
the difference of the number of Places in the Numerator, and 9's in the Denominator ; 
betwixt which Repetend and the Point there muſt be ſet as many o's as ſtand after the 9s 
in the Denominator ; fo that if the Denominator is 9 &c. without o's, the Repetend be- 
gins immediately after the Point. 1 

3 . . 0 : . 20 2 ® : 32 BY . * : 
Exa. (1) 1 = 343 (2) 7s 026 (3. 5555 = · 00323 
t. . » O 25 

ED (4) 5555588 220000567 3 60.585 = + = ,003; | 

The Truth of this Corollary appears from its —_ the Reverſe.of the Theorem ; 
for ſuch Circulates being form d, as here directed, their Finite Value will, by the Theo- 


(2) — = 24.0 (for = = .240; wwich multiphy'd by x09; 

e 

| enen | | 
Fraction conſiſt of the ſame Figures compleatly re- 


| (1.) If the Numerator of a Vul 


rhe Denominator having as many 9's as the Figures in the Numerator, that 


Fraction is the ſame as if it had ut one eriod of the Figures repeated, for its Numera- 
tor, and as many 9's for its Denominator, (with the os — to the given Denomina- 


1 u: 2434 25, 4... © 24 
annie bar war as from the 
Pro f i = 2. 4 —E is is plai 

perty of Proportionals. Hence 59 9999 And 5550 = 55" T his is plain 


Ppp Wbere⸗ 


from the other. 
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Wherefore, if ſuch a Fraction occurs, reduce it firfi to the Caſe of Coro]. 3, and by that 
find the Circulate ſought. ** 

(id.) If a Vulgar Fraction has a Repeating Numerator, the Repetend having as many 
Places as the 9's in the Denominator ; or with ſome o's after fo many Flaces in all the 
Periods of rhe Repetend ; or in them all but the laſt on the right; that Fraction is Equal 
to the Sum of two or more others, each of which will turn to a Circulate by the Rules cf 
Coroll. 3d and 4th, whoſe Sum is therefore the Circulate ſought, Thus, 


ERS? + B= 32.3 + 3% (Ex 20 e = 9322 4.29 


3 p > 5 a 99 ; * 
> * o 4 8 o 0 ; 0» 
=2525-25 4 3.3. (0 % = BS (=) +35=45, ' 


5th. From this Theorem we alſo learn, that no Surd Root can poſſibly be a Circujate; 
for Surds have no finite aſſignable Value, as has been demonſtrated in its place, but Circu- 
lates have: Wherefore / Surds are neceſſarily Infinite Decimals of the . /zcertai; 
Kind. | 


THEOREM 7. 


Every Vulgar (finite) Fraction is reducible either to a Determinate Decimal, or to a 
Circulate. : | | EY | 
Dz Mon. In the reduction of a Vulgar to a Decimal Fraction, after a Decimal 
Point in the Quote, we ſer as many 0's, leſs by 1, as are neceſſary to make the Numerator 
equal at leaſt to the Denominator; and then the diviſion begins, by which the Numerator 
of the Decimal is found; the Operation being continued by ſetting os to the Remainders 
ſucceſſively, and at every Step _ a new Figure in the Quote: But now in Diviſion, 
how great ſoever the Dividend be, or however many Figures the Quote contains, the. Re- 
mainder muſt always be leſs than the Diviſor : Therefore we can never make ſo many 
Steps in this Diviſion as the Diviſor expreſſes, till either we find o remaining, or two Re- 
mainders the ſame : For otherwiſe it would follow, that there are as many Numbers leſs 
than the Diviſor as the Diviſor it ſelf expreſſes; which is manifeſtly, abſurd. Now in the 
reduction of a Vulgar FraQtion, if the Diviſion comes to © Remainder, the Decimat is 
plainly determin'd : But if two Remainders in the Work are found _ then tis certain 
there muſt be a Circulation; for the Work will go on for ever, as it has done before be- 
twixt theſe two equal Remainders, becauſe the Figure to be prefix d in the next Steꝑ is o, 
which was alſo prefix d to that preceding, and mult, be to all the ſucceeding, == 


- 


| SCHOLLUMS-.. 


1. If it happens that there is a Remains ler equal to the Given. Numerator; then it's 
plain that all the Figures already ſet in the 9 — and ſo be the 
Repetend, having the ſame number of Places as that Repetend would have, which would 
be found by carrying on the Diviſion till two Remainders are found, equal; fer it's plain 
rhat this would happen — you haye mage 2s, many mare. ed in the Work as the num- 


cen 5 as, the andes d Euam- 
P WS. x ft T 4 r COKE (3257 CLAS. VNEM es Dit! 
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Again; If a Remainder oecurs equal to the Nume- 


1 0 . P 6 . 9 . 
— ==.047619 (=.04761904) rator with any o's on the right, then alſo you have 
At: : 8 1 0 1 Ws already the Repetend, which 45 all the AS ſet in' 
. ; the Quote after the Point, excluding as many 0's next 
21) 100 (04761994 the Point as are in number equal to theſe os on the 
0 — right of this Remainder, The Reaſon is manifeſt. 
I a 
142 ä _ 2d. If an Improper FraQtion is given, it will alſo 
130 reſolve into an Improper Decimal, either Determinate 
126 or Circulate; the fractional part being the Reſolution 
2 of the fractional part of the given Improper Fraction, 
21 and the integral part the ſaniè in both. 
thy" COROLL. The Repetend in any Circulate 
— 6 can never have more Places of Figures than the Num- 
100 ber expreſs d by the Denominator, leſs by 1, of that 
E. Vulgar Fraction in its leaſt Terms, which is equal in 
I6 value to the Circulate; 7. e. which, being reduced, 


will turn into it: But it may have fewer, as one 
Example ſhews, thus; = 538461; And this is limited to a Vulgar Fraction in its 


leaſt Terms, becauſe it's plain that the fame Fraction, in whatever Terms, being the ſame 
or equivalent Quote, muſt- reduce into the very ſame Decimal, and conſequently if it's a 
x the Repetend muſt be limited by the Denominator of that Fraction in its leaſt 


THEOREM 5s: 


Part I. If the Denominator of a Vulgar Fraction, in its loweſt Terms, has in its com- 
poſition no Primes but 2 or 5, that Fraction will*reduce into a Determinate Decimal, 
whoſe Denominator is 1 with as many Os as are expreſs'd by the Index of the higheſt 
Power of 2 or 5 (whichever of them has the higheſt) in the compoſition of the given De- 


nominator. 33 5 
Exa. Fro = .075, whoſe Denominator is-1000 ; and 400=2% 2% 2 X 5 ; that 
2 hub the higheſt Power in the compoſition of 40, its Index being 3, the number of o's 
IOOO., | | | Vo 5 Gy oF * | \ 
Ds xox: Let the Vulgar Fradtion be , then becauſe D ha in it no Prime but 
2 and 65, it may be thus repreſented ; D 2n x F (, m being either equal or different) 
ſo that the Fraction is — Now ſuppoſe, according to the Rule of reducing a Vul- 
gar to a Decimal, that M is multiply d by ſome Decimal Denominator, or Power of 105 
thus, NX 107; if this Index 7 is leſs than 2 or n, then 22 Ness cannot meaſure 
NX 10? (Theor. 10, Ch. 1.) ; But if is equal to » or m, whichever of them is the 
greater, 41 hen 2 5 muſt meaſure N 1or; for 10r = 2r X 5” 3  wherefore 1or is the 
Denominator of a Decimal equal to . | 4 


Pp 2 Fart 
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Part II. If the Denominator D of a Vulgar Fraction 4 in its leaſt Terms, is any 


other Prime, or has in its compoſition any other Prime than 2 or 5, (tho' it has theſe alſo 
that Fraction muſt reſolve into a Circulate. And, the number of o's neceſſary to finith the 
Reduction, and diſcover the firſt Period of the Repetend, is equal to the number of Places 
in the Denominator of the finite Value of that Circulate, taken in the Expreſſion of 
Th-or. 6. | : . 
Fux. - = + 66 Sc. or 6; = — 384615 

DzMon. The Denominator has in it no Prime which is in the compoſition cf 
the Numerator (becauſe the Fraction is in loweſt Terms) and it has fome Prime other 
than 2 or 5, which is therefore in no Power of 10, wherefore it cannot meaſure the Pro- 
duct of that Numerator by any Power of 10 [ Theor. 10, Ch. 1.] and fo cannot make a 


Determinate Decimal, conſequently muſt turn into a Circulate [Th20r. 7. 


ns \ £ B 11.280 © 3 1 = . 
Again; 131 . by Theor. 6, Part 2d ; in which 9 Sc. hath ag 


; many Places as the Repetend of the Circulate, and 109 as many as (i.e. 4 is equal to) 


the number of Places betwixt the Point and Repetend: Wherefore tis plain that the 


| Flaces of this Denominator 9 Sc. x 104 are preciſely as many as the o's uſed in order to 


Hniſh the firſt Repetend ; Becauſe for every ſuch o chere is ſome Figure placed in the Quote 


after the Point. | E 8 | h 
> Scnor. IaFrftionis not in its leaſt Terms, and the Denominator have in it 


Primes neither 2 nor 5 ; yet if the ſame Primes, in the ſame or a greater Lower, be al 
in the Numerator ; Then, becauſe theſe Primes are out of the Denominator when the 
Fraction is reduced to leaſt Terms, the Fraction becomes a finite Decimal. Alſo if any 
Prime in the Denominator, not 2 nor 5, is not, or is in a lower degree, in the Nume- 
rator, that Fraction becomes a Circulate ; becauſe, being in loweſt Terms, ſuch Primes 


are all out of the Numerator, 

Loet D be any Number in whoſe compoſition there is neither 2 nor 5 ; I ſay, there is 
ſome Number expreſs d by 9's, as, 9, 99, 999, Sc. which is a Multiple of D; 1. e. take 
the leaſt Number of 9's, which, written one after another, makes a Number not leſs than 
D (which will neceſſarily conſiſt of as many Places of g's as there are Places in D); divide 
that by D, and to the remainder prefix 9, and then 74 divide; go 9 on, to every re- 
mainder prefixing 9, and dividing by D, there will at haſt be no remainder; ſo that the 9's 
uſed, written one after another, is a Multiple of D. 2” 
Ex. 3 X 7 2 21, and 999999 = 21 =:47619 


DEMO. 5 is a FraQion in its leaſt Terms; and D having neither 2 nor 5 in 


St i 


| its compoſition, this Fraction muſt reduce to a Circulate [ Theor. 8.] whoſe finite value, 


a 1 5 B | " 5 » Roo TJ)» 
or 98. X 109 ; but 1 meaſures B, therefore D muſt meaſure 9&c. or 9 c. x 10%, Ifit's 
the firſt Caſe, the thing propos d is prov'd ; if it's the other, then, ' becauſe 104 has no 
Primes but 2,5; D, which has neither 2 nor 5, is Prime to 109, and confequently it muſt 
meaſure 9 Sc. [L Thor. 6, Ch. 1.] VE 1 85 


COROL- 
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1/7. If we take a Number cf 9's written ſucceſſively one after another, and whoſe Num- 
ber is a Multiple cf the leaſt Number of that kind which D meaſures, D will alſo meaſure 
that aſſumed Niniber, | | EA 1 FF 

Exa. If D meaſure 99, it will alſo meaſure 9999 or 999999. 

24. If a Number D has neither 2 nor 5 in its compoſition, then there is ſome Number 
expreſs'd by a Number of 3's written ſacceſſively one after another, as, 3, 33, 333, Ge. 
and alſo a Number expreſs d by 1's, as, 1, 11, 111, Sc. which is a Multiple of D; For 
either D has in its compofition ſome Power of 3, or not : If it has not, then take 
99 &c. = 9 X 11 &c. a Multiple of D; and becauſe D, 9, are Prime to one another, 
but D meaſures 99 &c, = 9 Y, 11 &c. conſequently'D meaſures 11 &c. And hence again 
it muſt meaſure 33 &. = 3 X 118. Again; If D has any Power of 3,letD 3 Na; 
And if we take 361 2 Ka, this meaſures ſome Number 99 &c. = 3* K 118&c. And di- 
_ viding them equally by 3*, it follows that 3* K 2 meaſures 11 &c. and therefore alſo ir 
muſt meaſure 3 K 11 &. == 33 & MG“. | | 


THEOREM 9. e 


If a proper Fraction in its leaſt Terms has a Denominator which is not meaſurable by 2 
nor 5, it will reduce into a Pure Circulate whoſe Repetend begins immediately after the 
Foint, and has as many Places as the leaſt Number of 9's, which written one after another 
is a Multiple of the Denominator ; which is alſo the number of Os neceſſary to be uſed, in 


order to find or bring out the firſt Period of the Reperend. : -- | 

Exa. 2 — 238095 ; and 999999 is the leaſt Number of 9's which is a Multiple 
Dx xox. Z being the given Vulgar FraQion, D meaſures ſome Number 99 &. 
| {per Lem.) And, ſuppoſing 99 &c. the leaſt Number of this kind that D meaſures, take 
theſe :: 7, D: gc. :: N: R; then ſince D meaſures 99 &. N muſt meaſure R, 
therefore K is an Integer; for elſe MX 2 (2 being an Integer, the Quote of & N 
would be a Mix d Number, i. e. the Product of two tees, a Mix d Number, which 1s 
* Again; D: N:: 1 . * 5 But by ans Theor. 6, 
i equal to a Pure Circulate whoſe Nepetend begins immediately after the Point, 
and is R with as many 0's, on the left as the difference of the number of Places in & and 
99&c, ſo that it has as many Places as this 9g &c. whence the number of 0's neceſſary in 
the redugion to finith the firſt Period of the Reperend is plainly equal to that number of 9's. 
Nor can this Repetend poſſibly contain in it a leſſer Repetend 3 immediately after 
the Pojpe 17 5 that leſſer Repetend to be A, and the Denominator 9 &c. chen is 
B = = — (See Scbol. 1, Theor. 6. and NM, Dr being incommenſarable, B 
meaſures 9 &c, which having fewer 9's than the other 99 &c. this other is not the leaſt 
which D meaſures, contrary to Suppoſition : Wherefore 99 &c.. the leaſt number of 9's 
that is a Multiple of B, is the number of Places in the feaſt Repetend of a Pure Circulite 


o 77 reſolves ; which is alſo the leaſt number of Is neceſſary in the reduction to 
e ger fps e 2: 51.098 1d Mawes fs 
7 | Schott. 
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ScHor. IF an Improper Vulgar Fraction is given, take out the Integral Part, and 
the Theorem applies to 1 Or that Improper Vulgar becomes a1; Im- 
proper Decimal or Mixt Circulate, whoſe Fractional Part, taken by it ſelf, is a Pure Circy.. 
late: So that every Vulgar Fraction (proper or improper) whoſe Denominator is not 

— by 2 nor 5, becomes a Circulate whoſe Repetend begins immediately after the 
Toint. | Wade | a 


THEOREM 10. 


If the Denominator of a Vulgar Fraction 55 in its loweſt Terms, has in its compoſttiyn 
any Powers of 2 or 5 with other Primes, take out all theſe Powers of 2 and 5, and take 
the Reſult or Product of all the remaining Primes, i. e. divide D by 2 and 5 as oft as poſ. 
Tible without a Remainder, and mark the laſt Quote; the given Fraction will reduce to a 
Circulate, Pure or Mixt, whoſe Repetend has as many Places. as the leaſt number of 9s, 
which is a Multiple of that laſt Quote; and ir begins after ſo many - Places as are 
expreſs d by the Index of the higheſt Power of 2 or 5, whichever em has the higheſt 
Power involv'd in D. ; | 3 | | 


Era. 425 = 03095238 ; and 420 = 2X2X5X3X.73 out of which all the 
2's and 5's being taken, there remains 3x 7 == 21, and the leaſt number of 9s, which is 


a Mulciple of this, is 999999 | Fr 
| Damon. 5; reſolves into a Circulate, becauſe D has in it ſome other Prime than 


2 or 5, [ Theor. 8.] but again O being ſuppos d to have in it ſome Power of 2 or 5, or of 
wha ge be repreſented thus; D A x 2, or Ax5n, or AX 2! X 5 [ which laſt 
may repreſent all the Caſes ; for if the Index 2 or m is o, that 8 is erung ſo that 
(4221/4 r in it no ban F2 ROO Dd © Few non = 
== * De but Nn being a Fraction whoſe Denominator has no Frime but 2 
or 6, it is (by Theor. 8.) reſolvable into a Determinate Decimal whoſe Denominator is 
10r ( being = or m, which _—_ them is the L onpips' and may page wt be ex- 

> N ve | — 1M A. nl > es. 1 & 4 of _:.; . 
Preſs d thus, 157 Hence T2 T* tos. Again; —- may be 


- 


CY 7 8  & cw 


A 


tend, and 2 carried to the 
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in v; the Effet of which is plainly this, that whereas the Repetend began immediately 
after the Point, it begins now after ſo many places as v expreſſes ; which is the thing to be 
ſhewn. O8ſerve alſo, that as — makes a Pure or Mixt Circulate, fo does N. the rea- 


ſon of which is manifeſt ; for in the firſt Cafe the Point is remov'd by ſetting only 0's on 
the left hand of the Repetend; and in the other Caſe the Integral part ſupplys all or ſome 
of thoſe places of o's. before the Repetend, and conſequently makes a Mixt Circulate. 


PROBLEM I 
To add Circulates. 


LE, Make them all Simzlar, (by Theor. 53.) then take the Sum of the Repe- 
i. — 2 ſeparate Paper, and divide it 8 conſiſting all of 9's, as many as 
the number of Places in the Repetend; the remainder of the diviſion is the Repetend of 
the Sum, to be ſet under the F added, with 0's-on the left hand if it has not as many 
Places as the Repetends: The Quote is to be carried to the next Column, and the reſt of 
the Addition done by the common Rule. EP | 


Evan, 1. Ax. 2. Ek. 2. reduced. Ex. 3. Ex. 3. reduced. 
„ 3. 0% 3.0% 6 345 67. 3454445 
bes 8. 46 6.456 8.8% 96216216 
3 7 10 5 a Sr N 3 225 ThE. ” 8 
D 


1. 795 8 Fea, 78. 098389298 
3 Ex. 4 reduced. Ex. 6. Ex. 5. reduced. 
. . 4 55. 8 „47 ö 6 LF * . 

267 « 3456 * ms "OP . 47836600000 
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ttt 1 51 5127 10 asg CF. | 325 mod 272707 2915 18. 1 0 
I © 07:2 2: Exflanation of the Zaamplss. 
In Exa. 1. the Repetends are all upon one Figure in the ſame place, and their Sum 
is 24, which contains two 9's, and 6 remainin '3 and ſo 6 is {et in that Sum as the Repe- 
** Column. In Br. 2d reduced to Similar Circulates whoſe 


ze ſet down only for Form fake, ſince they do not alter the Sum. And in ſuch Examples 


Repetends have tua Figures, the Sum of theſe Repetends is 232, which*divided by 99, 
the Quote is 2, and 34 remains, ſo that. 34 is the Repetend of the Sum, and 2 is carried 
to the next Column. In Ex. 3d reduqeckto Similars, t Sutn of the Repetends is 2389296, 
which divided by 999999, the Quote is 2, and 389298 remains, which is. the Reperend 
of the Sum, and F6arrjed to the next Column. In Ex: 4th & 5th there is a finite Deci- 
mal, which is alſo reduced to the form of a Circulate by Os annex d to it, which, obſerve, 


— — 
* * 
5 * 
27 4 ned. 


the 


2430 / - Tnfinite Decimas. Book v. 
the Similar Repetends will always begin after the laſt Figure of that Finite Decimal which 
has the greateſt number of Decimal Places. | 


Obſerve alſo, That if the Repetend of the Sum conſiſts of the ſame Figure repeated, the 
true Reperend is but that one Figure ; as in the following Example, the Sum, according 


to the preceding Rule, comes out . 822, which is the ſame thing 2s . 82 


"Example; * 349 
475 


MANS LD 822 =. 82 
Dru ox. By Theorem 6, the Finite Value of a Pure Circulate is a FraQtion whoſe 
Numerator is the Repetend, and its Denominator a Number of as many Places of g's, 
with as many 0's on the right as there are o's betwixt the Point and Repetend. Now ler 
the Similar Repetends of ſeveral Circulates be added, their Sum is a Numerator to the 
common Denominator, and this Fraction is the Value of the Sum of theſe Circulates. Call 
. 71 a x ; $268 2-387 8 . 7 ear - PRE a 1 
PPT 
423 of ——— , ſo that the Sum ſought is the Fraftion 5. Pg. refer d to an Unit 
of the Value of the Place next the Repetend on the left hand: Conſequently as oft as the 
Denominator 99 &c. is contain d in the Numerator s, that Fraction is equal to ſo many 
Units of the Value of that next place; and the Remainder is the Numerator of a Fraction 
having the ſame common Denominator 99 &c.. and to be refer d to an Unit of the fame 
Place or Value: Wherefore tis evident that the remainder of the Diviſion (of s = 99 &c) 
being placed as a Repetend in the ſame places as the Repetend added ( ſupp what pla- 
ces it wants with o's on the left hand) and the Quote 3 to the next place, the 
reſt of the places added in common form, we have the true Sum ſought in all Cafes, whe- 
ther of Pure or Mix d Circulates. We Sr. 


7 - 


. Px * LEM 2+ 14 
To ſubtra# Circulates. 


RuLtz. Make the Subtrahend and Subtractor Similar Cireulates, and ſubtract as 
they were Finite Decimals : Then, if the Repetend of the Subtractor is à leſſer Number 
than that of the Subtrahend, the Figures in the remainder that ſtand under the given Re- 
petends (i. e. that are their Difference) is the Repetend of og — ſought ; But 
if the Repetend of the SubtraQr is greateſt, ſubtract 1 from the Repetend of the remain- 
der, and the Figures that ſtand, after this 1 is ſubtracted, under the given Repetends, make 


MACH; £2: Reg 2 Beep ©: ur 
eee .- | * EL 725 f 70 . . 23 128 1811 N 
VV 
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Ex. 5. 
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"at; 34.536 e , 14097 
7 SAT. 1245: * „ 3737 
1 122 5 324 f 3 . 8181 | « 0909 
1 IK. onion dT or 3.81 EEE gt | 
Theſe Examples are fo cafily compared with the Rule, I ſhall not inſit upon 
1. ; bs. 1 7 0 | 


D MON. If two pure Circulates are Similar, and if the lefſer is to be ſub- 
traced from the greater, the Reaſon of the Rule is manifeſt. But in mixt Circulates 
the Repetend of the Subtractor may be greater than that of the Subtrahend ; and in this 
Caſe to follow common Rules, we ſhould add the common Denominator of the Fi- 
nite Value of the Circulating Parts, with relation to an Unit of the place next the 
Repetend, the common Denominator is 99, Gc. conſiſting of as many 9's as the places 
of the Repetend (@ has been already vi, age ;) But by Subtracting in the common 
way, tis plain we do add 10, Sc. the Os being as many as the Places of the Repetend ; | 
now it's eyident, that if inſtead of 99, Sc. we add 100, Oc. (this having as many o's 
as the other has 9's) we have added 1 too much; and therefore 1 is to Be taker From 
the remainder according to che Rule; the reſt is obvious. 80 in Ex. 3. the Repetend 
having two Places, the Finite Values of the Circulate Parts are 2Z of . 1 and 44 


99 9 
of. 1; but 34 cannot be taken from 27, therefore I Subtra& in common Form, As « 
I do add 100 to the Repetend 27, which makes the remainder 93: But becauſe I ſhould 
only have added 99, I take one from the remainder and it is 92; then becauſe in Sub- 
tracting the Circulate Parts, 1 was borrowed from the next Place (for we conſidered the 
Circulate Parts as Fractions referred to an Unit of that next Place) therefore 1 is added 
to the next Place of the Subtracter, and ſo the Work is carried on. * 


PROBLEM 3. | 


J Multiply Circulates þ 
R v L Ek. . Expreſs Circulates by their Finite Values, and then Multiply by the Rule 
of Vulgar Fractions, redaci and „ the Anſwer as the Ouelen requires: 
And particularly, carry on the Diviſion of the Product of the Numerators by that of the 
Denominators till o remain; or till you come at a Repetend. But if this does not ſoon 
happen, then it may be leſt off at any place you pleaſe: But if you are content to have 
the Product in, a Vulgar Fraction, 7p have it already compleatly in the Product of 
the two Finite Values of the ziven Numbers. 
The Reaſon of this Rule is'manifeſt ; becauſe it's reduced to that of Vulgar Fractions, 

which is demonſtrated in its place; fee the following Examples. 


Dram. 1. To Maltiply 8.47 by .68, having redyced the firſt to its Finite Value it 
is 2e „nich Multiplied by 268 ot 88. produces 3238 which being reduced to a 
- 190 J. Hen tet no 118 5% ee: 641 9000 

Dieecimal is 5.7648 2s in the Margin. For the Diviſor being 
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763 9200, I firſt. take off three places from the Dividend, which js 


68 9900) 57.884 dividing it by 1000, then I divide this b 
; 5 y 9 which 
| 5.7548 quote 5.764 and 8 remains, to which o being Pprefiie ves for a 


6104 —5 Fi 

igure in the quote is 8 and 8 again remaiy 
4578 1 8 is Wee 18 a , 22 FR 
51884 5 


Exam. 2. po Multiply 7. 687 by <45. Being da to their Finite 5 they 
are — and = To = whoſe Product is 22222 203556 which being reduced to a Decimal is 


. 995999, 
| 3-509691 358024 All that needs be faid as to the 
= 9 2834556 _ Operation is, that in the Diviſion of 31.5062 by 
1 9 | 31.5062 808, when we have got the quote & far as 3.5006 
„ then to every ſucceeding Remainder the Repctend 2 
27664 350069135802 is prefixt; and fo the Work is carried on, till there 
l | ln is « Cixcolation us mad in the Emile, 
835 


Exam. 3. To Multiply 65.733 by 463 the ficſt reduced to its | Finite Vabe f is 
= which Multiplied by 4.6 of 22 — Produces IH equal o this Decimal. 
302. 3268. which-is\ found thus: for the mo 0's in die Denominator 990m 10 1 take: 
off to Places in the Numerator, and then divide by 99 

sos 99 29930.3 26 which gives for a quote 302. 32, and 68 remains, which 
46 226 8 _ of an Unt of the Value” of the halt place ck 


ops F JN — e, i cherafore to he. ed alter Mee 
92046. * : P SW OE TG. l : — Sa e 

Obſerve ; the dividin is di . „ Caſe 5. =O Chi 6. Book I. SITY 
this frees only, ig ing here placed the. 88 of . Operation, and. 
alſo the quote below the Dividend; and every quote Figure under the firſt, and not 
the laſt Figure of the Dividend, as is there done. 2 


Exam, 4. To Multiply 74-2367 by 4753 3 their Finite Values are 23855 and 4 7 


who rede is ESI which reduced is. 35. EY TR p s 5ryi 


Ks 1 taken three Flaces from the Pro- 
dust ef the Numerators for the three o's in 


736 hee ts 428 = aten. 5 The 2 1 geen divide. firſt by. 
g on, © 5 51.2302 and then; T divide 
nan dP n —— che quote mentioned; for 


3659518306 8497 947505 _ plain, that of 68ers rought the Diviſion- 
a 5 © "SF Daves eel ſo far as is here ſet down, the laſt remainder 


"353639608 562 5 is bs, che fame with a preceeding remain- 
PR "0, 4s Dio 20 the th too of; the. Divi- 
_ fon: Wher 5 all che Figures in the quote, 


fim the * whicly is 9, do Ciculate. 
So HhOL 


Schott v u. As this Rule is univerſal, ſo it is eaſily kept in mind, if you but 
remember the Rule for finding the Finite Value of Circulates; nor is it much more 
tedious than the Multiplication of Finite Decimals, conſidering how eaſily the Finite 
Value of a Circulate is found; and how eaſy it is to divide by their Deſſominators, 
which conſiſt all of 9's, or with o's ; as the preceding Examples thew. - . | 

There are other Rules for this Multiplication, in ſome things different from the gene- 
ral Rule, but little or nothing eaſier or ſhorter in the Operation; and therefore I 
might reaſonably paſs them over. Yet that you may know the different ways of 
managing Circulates, and chuſe as you like beſt, I ſhall here alſo explain the Mul- 


' riplication of ' Circulates in two particular Caſes, in order to which; mind that we call 


that given Number the Multiplier which has feweſt ſignificant Figures, | 

Caſe 1. The Multiplicand being a Circulate, and the Multiplier an Integer or Finite 
Decimal, - Simple or Mixt. Ht | | | 

R vurxz. Multiply by each Eggs of che Multiplier, Thus; take firſt the Product of 
that Repetend (of the Multiplicand) and divide it by a Number conſiſting all of 9's, as 
many as the Number of Places of the Repetend : Write down. the remainder in the 
Product, and carry the quote to the Product of the next Place, and go on with the other 


Places in common Form: And obſerve that this remainder is a Repetend in every par- 


tial Product, and if it has not as many Places as the Diviſor, or Repetend of the Mul- 


288 you muſt ſupply the Defe& with o's on the left; and in this State ſet it in 
. 


Product as the Repetend. When you have thus got all the partial Products for every 
Figure of the Multiplier; make all rhe Repetends ſimilar, which is done by drawing 
them all out as far as the firſt ; then add them by Prob7, 1. the Sum is the Produtt ſought, 
in which ſet the Decimal Point according to the common Rule. . 


_—_ "WK : | In this Ex. ad. 23 x6 = 138 which divided by 


8. 47 3 2 65.52; 99, quotes 1 and 39 remains; therefore 39 is the 
: 68 W AG Repeat: of the Proded; n axe 


SOR. [=o — — Place, or to the Product 6 x 7, and fo that Line is car- 
6782 364339 n „ ided by 99, the quote 
. Fi 7 3 "vs | 23 Xx 4 = 92 W v 99 
50866 2628929 ig . 0 — which is therefore the Repe- 
8 tend of the Product, the reſt of which is found by the 
3.764 302.3268 common Rule. But to make this ſimilat to the other, 


ö its reduced to 29; then in eg, the two partial 
Products, 39 -+ 29 = 68 being leſs than 99, is the Repetend of the Sum, and o 
carried to the next Column. = 5 | h Rn, 


CO OE „ * 


Ex. 3. Here 678 x 3 = 2034; and this divided by 999 quotes 2, and 36 


52.7678 remains, therefore the Repetend of the Prodof is 036, and the quote 

43 218'carried to the next Place. Again, 678 K 4 = 2712 which divi- 

T ded by 999 quotes 2, and 714 remains, which is the Repetend of the 
1583036 Product: The reſt of the Work is obvious. 8 
21107147 cd 


22.690183 8 
| | 


P FWW ö Caſe 
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- | Caſe 2. The Multiplier being a Circulate, whatever the Multiplicand is. Rule. Take 
the Finite Value of the Multiplier, and by its Numerator multiply the Mulriplicand, 
by the Method of Caſe 1. then divide the Product by the Denominator. | 


0 Multiply 7.68 by 43 = 4 


: | 90) 15.362 | . cory i BS. ? 
Exa. 7.684 ; 8602 the Product is 3. 5006691358024 cm- 
1 - +1 3599991358224 pare this: with the Ex. 2. to the general 
JJ Rule, it is the ſame Example, and the 
7684 „„ t the ſame. — — the D 
r Method ot Operation being alſo obvious, 
— II hall inſiſt no more upon it. ; 
315-062 . . ) S wo 45 —— — » . 5 + 
iT rr 
RI E. Expreſs Circulates by their Finite Values, and then apply the Rule of 
Vulgar Fractions. re cls 25 2 „ Diets 


they ari — and 558 and the firſt being divided by the other quotes 5277575 
(for the two Denominators having 9999 as a common Factor, the quote is reduced to 
JJ , 62D 8 
SCHOLIUM. As Multiplication was explained in two particular Caſes differing 
from the general Rule, ſo may Diviſion ; thus, 285 5 ED 
+ Caſe 1. The Dividend being Circulate, but not the Diviſor; Rule. Divide as they 
were Finite Decimal, carrying on the Operation by applying the Repetend ſo oft till 
either the Quote circulate ; or till you have a ſufficient Number of Places: But becauſe 
in many Caſes the Circulation of the Quote will not happen till after a very long Opera- 
tion, if you would have a compleat Quote, -you-muſt take it' by the preceding general 
Rule in a Vulgar Fraction. | 1 h 


. Exa: J 12 ; 2 _ (6.8 6552 
f l ö | „ 1 4 oy 144 E ö * 2 1 1 
7 68) 5.7648 (8.47 o ys 4 7 01 
. ye 
272 — 
r pn na I2 
528 I 
476 3 6 
0072 
3 
cog 18 
8 
5 8 
0 In 


Chap. 5. Of Logarithms. 485. 
. In Exa. I. the Repetend is 8; For the Quote being brought to 847, the Remainder 


is 525 Las . is the ſame as the preceding Remainder; to which the ſame Repetend 8 
eing prefix'd, the fame Quote 7 muſt cominually come out. F 
In Exa. 2d, after one Period cf the Repetend is employ'd, we come at this Quote 
581603 but to come at a Circulation in the Quote, we muſt proceed two Steps farther, by. 
employing again the ſame Figures of the Reperend in order; and after the two firſt, vx. 
2 and 8, are uſed a ſecond time, we have the fame Remainder o which was upon the. 
third preceding Step, and therefore the ſame. Figures will repeat again, and ſo the Quote 
+ $8300, cron Dt . . 2 3 
” 1 2. If the Diviſor is a Circulate, ' whatever the Dividend is; take the Finite Va- 
lue of the Diviſor; and by its Denominator multiply the Dividend, by Erol. 3 (cither 
by the general Rule or the particular Caſe 1); then divide the Product by the Numerator 
(according to the precedig Cafe, if that is Circulate) and you have the Quote ſought. 


Era. 1. To divide 5.7648 by 8.47 = 2. Firſt I multiply 5. 7648 by 90, the 
Product is 51. 884, which divided by 763 quotes. . 68. | 
Exa. 2. To divide 3500691958024 by 7. 667 56 I multiply 3.5% 91358524 
by 900, the Product is 3150.62, which divided by 6916, quotes . 45 
— ——— — — * ———— 
W bee 
0 Laogaritbms. 


} 5 141 00. eil 48 — DEF 1NITIO . | | y 
11 are Numbers ſo contriv d and adapted to other Numbers that tlie Sums 
and Differences of the former correſpond to, and ſhew; the Products and Quotes of 
the other, and alſo their Powers and Roots. 6 DIE 
| SCHOL. 1. This Definition expreſſes in general the Deſign and Uſe of the Num- 
bers call d Logarithms ; but, for the more ſtrict and etymological Senſe of the Word Loga- 
rithm, and other Definitions deduced'from it more immediately, they will be better un- 
— after we have explain'd the Foundation of their Contrivance; which you have 
Take any Geometrical-Progreſſion of Numbers beginning with 1, whoſe ſecond Term 
call 2, the Series is 1; 41 : 2: : 4: &c. : an, whereof every Term after 1 is 


ſome Power of the ſecond Tem à, their Indexes being a Series in Arithmetical Progreſ. 
ſion, which expreſs the Diſtances of the ſeveral Terms after 1. 


From the nature of this Geometrical Series, and what has been explain d in Book 3, 
Theor. 6, 7, 8, theſe Conſequences are manifeſt, viz. WE am 
3 cOROLLIARIEsS. IH, | 
: Tf. The Product or Quote of any two Terms is alſo a Term of the Sine 
ries whoſe Index (or Diftance after 1) is the: Sum or Difference of the Indexes of theſe 


: 


« 
Py 
at 


two Terms. Exam, 4 X 9* = 4". 4 ＋ a? = 4%, 1 Univerſally, an x an — an +m, 
and an. HSA oof ai, re 28. 60 5 | inten 


AY | 2d. Any 
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24. Any Power of any of theſe Terms is a Term of the Series whoſe Index is the 
Product of the Index of that Power by the Index or Diſtance of that Term from 1. 
Exam. The Square of a3 is 46; Univerſally ; the z Power of an is ann. Rever ely ; If 
the Index of any Term is Multiple of any Number, then, being divided by that Nane 
the Quote is the Index of a Term in the Series, which is ſuch a Root of the Term whoſe 
Index is divided as the Diviſor denominates. Exa. The Cube Root of as is 22. Uni. 
verſally ; the z Root of am is am in, | rae 5 

34. IF from the double of any Index, or the Sum of any two Indexes, be ſubtraged 
the Index of another Term, the Difference is the Index of a Term in the Series which 
is a third or fourth :: 7 to the 24 or 3d Terms whoſe Indexes are given. 
Exa. 1ſt, al : a: : af 2: 4; where8=5 1-5 — 2. Ex. zd, *: at: 47 740, 
where 10=5 + 7—2. Univerſally ; an: am: am u are=1,; for by common Rules 
a third to an: an is an x am = an; but am x a = an, and a2 = , —= ain, 
Again; 4 an: ar ; ant u; for an x al = any, and antr > dn = an Pr. 


Scnor. 2. Here then we have the Fundamental Graunds of the Invention of 
Logarithms : For tis obvious that the Indexes or Diſtances of the ſeveral- Terms of a 
Geomerrical Series from the firſt Term 1, are Numbers anſwering to the preceding De- 
| Hinition of Logarithms, for thoſe Numbers that make the Geometrical Series; which 1 
hall more particularly explain and apply: But firſt G&ſerve, that from this Foundation is 
deduced the common Definition of Zogarithms,” viz.” Numbers iz Arithmetical Progreſ. 
fron anſwering to others in Geometrical Progreſſion. Again, obſerve, that in the more 
ſtrict ſenſe of the Word it ſignifies a Number of Katios: And, to underſtand the reaſon 


of its application here, conſider, That in a Geometrical Series the Ratio of the Extremes 


is compos Jof as many equal Ratios as the number of Terms lefs 1, or as the Number 
expreſſing the Diſtance of the one Extreme after the other; which Diſtance is therefore 


call d the Logarithm of the Ratio of the one „ to the other; and if one Extreme 
is I, it's calf d ſimply the Logarithm of that other; but it ſtrictly ſignifies the Logarithm of 
the Ratio of 1 to that other. ARCS ee 


1: 21: 22: 25: &c. or 1: 2.44 : 8: 16: & c. Andif this Series is carried to 
any length, and the ſeveral Terms be * nb orderly in a Table, and againſt them he ſet 
their Indexes or Diſtances from 1, (viz. thei 


chat we can, by means of theſe Indexes or Logarithms, find the Product or Quote of any 
' two Terms of the Geometrical Series, without actual Multiplication 8 ; alſo any 

Power or Rational Root of any Term; and, laſtly, a third or fourth Proportional to any 
two or three of them, ſuppoſing the Table carried to a ſufficient extent, as in the follow- 
ing Examples; the Rules of which are contain d in the — Fon to the preceding 
Lemma, and which twill be uſeful to repeat here in ſomewhat a different form, with a di- 
rect Regard to the Practice and Uſe of Logarithmick Tables, under the Title of 

| | -- yon THE 5t 1 iir Hi, 


' The Fundamental General Rus s for the Uſe and Practice of 


* LoGARITHMS. 


I. Add the Logarithms of any two Numbers, the Sum is a Logarichm, againſt which 
in the Table ſtands the Product of theſe two Numbers 1 Ren 1 
II. Take the Differenee of the Logarithms of any two Numbers, it is 'that Logarithm 


againſt which ſtands the Quote of the greater divided by the lefler of "theſe two * 
bers. 5 7.3 


ir Logarithms ) ſetting o againſt 1, becauſe its 
not diſtant from it ſelf, as in the following Table; then from what's explain d it is evident 


” wor wee # 


oY 


Let us now ſuppoſe a to be any Number, as 23 the Geometrical Series from 1 : 2 is 15 1 


ö 


3 
wee of 
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Eco. — 5 — $20 2 wat whoſe DH is 4= 3 75 the ien of 
2048 


15 againſt ich an that e rt the Num er whoſe Logarith 
e by Ui the 758 mY the 7 9 5 if the e 2. 22 is e 


leide the Bel of any Nunber by any Number and if there is no Ro 
M9. rhe 57555 is a Eogarithm againſt which ſtands that Root of the Number whoſe 
Logarizlim is divided, denomifared by the Diviſor, viz. the zz Root of the Diviſor is 2. 


Exa. 296W= 26, whoſe Logarithm is A the 4 
(viz. 12) Aale! by che Diviſor 3 i 5 Logarithm of 4296 | 
V. From the Double of the Logarithm of a any Nutaber, or the Sum of the Logarithms 
of any two Numbers, ſubtract the Logarithm of am Number, the Difference is a Loga- 
5 againſt which ſtands a Namber that is 2 third or fourth Proportional to theſe two or 


| three given Numbers. 


Exu. 1) — 16: 64 are , whoſe Logaritlims are 2 . 4 684442 8 
Ef 3211885 % 9a eee, "PX. + 10 (= TIBET) | 


f N 


e 1 1 * 2 whence, theſe Examples are taken. 


213 21 C fillt TFT 977! 
JETT: | bag 5 "6b Fr2 
29 20 2 [98] Tf 8ip2[ 13 | 
5 a 14 
Fe L Bog 15 g R HA ; 5 Y 3 93 15 ; 
54 1 *. 5 4 2D 4 156 8 
- 1otl: * 11 es — r . — 12 ö ö 
Sen nenen Pig pai ſwing vt ge ydl as 
. to 7 Gene one _ 201 * they will not be Logarkinns ae. 


the firiter. meaning of” the Ward, (i. e., the number of Ratios from: r) yet 


, they they wa anſwer the mac” untrions, ande he br Fr. Fundamental Rules: Which“ 


N 5 be 0 8 from the common Pro- 
Geo- N " . 1275 9 2 ＋5 Y de [Tart e ahd Geometrical: 
; Progrefſie ns 7 For any three or more 


is } KY . f \'s „ „ . «36 
Arithes ©. n Th e 4 a 7 ae. Terms, taken ft in eirher own are conti-- 


e 3I%0"Ss $163 23 3 „i po th nusdiy proportional” in their kind; and 
any Nia l ak the. firſt and ſerbnd care as far diſtam as the 
third and: furt. Whence the Correſpondence of the Arithmetical; as Le garithms to- 
the Geometrical, according to the preceding Rules, is plain” Thus, B x Cr for 
U 2% ien. Ifo + +oe foro . be. e. „„ D = B tor 
1252: 57 . Alſo ＋ = 1 r. ire ä 

The Rule for Powers is deduced thus; BÞ— D for 1: B:: B: B . 100 of. 2 
fbr O. 5: 5 4 Agun, 8 F, fot 1: B: V:; Fare 75 then 3 bνπ 
br O . Fare © And ici it goes on hre alb che aft ofche Tones Aud the 
— — 41 mom r iii (1: 

For che 2 ———— the Rule muſt ate full be good, becuſothe: 


Rales for Malcip eee Ji DT ett Der? 2A: 4 3 
8 is hg ooh 


— —— RS —— A —— — 


- 


the Sum is the 84 of their Q 


An 1824 — 


the Integral Terms: And hence we muſt apply the Rules with a Regard to this, * by 
$408 70 8 | obſer 
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SCH 0.1. 4. Any Arithmetical Progreſſion whatever may be apply'd as Loga · 
rithms to a Series geometrical from 1; bur if the Logarithm of 1 be any other than 0, 


"the preceding Rules will not anſwer, and inſtead of them we muſt put theſe : 


. 1% From the Sum of the Logarithms of two Numbers take the Logarithm of 


4 Unity, the difference is the Logarithm of the Product. 


20. To the difference of the Logarithm of two Numbers add the Logarithm ofl, 
b uote. Tur eel __” r 
The Reafoz of theſe Rules is plain from the Proportionality of the Terms with 1. 
for x is to Mp as the 49 is to the Product = I and the Mulriplic! 
are at the ſame diſtance as the Multiplicand and Product; So alſo the Divifor and Divi. 
dend are proportional with, or at the fame diſtance as the Quote and Unity; but the 
enn Terms in the Arithmetical Series are alſo arithmetically proportional ; 
whence the Rules are clear. So, in the preceding Exainple, ſuppoſe the Logarithm of f, 
Aviz. o) to repreſent any Number; then, as BCD E ſo lc -o ee; and x 
FD B, of — d O = , e 
o. The Rule 7 finding a 3d or qth Proportional is the ſame in all Suppoſitions, 
and the Reaſon the fame. _ JJ eo IE od 
4 For finding the Power of any Number, multiply its Logarithm by the Index of 
the Power, (viz. 2) and from the Product take the Product of the —_— of x, mul- 
eOb:b,<d<. 
Again, BY F, for 1: B.:: (B.:): E; then o. I: 4. f,albpd= 3 
Whence o. : 20 — of and 35-2 X , the Logarithm of F, when o is the Lo. 


| 15 Rule may Ee Un verſally, thus; Let any 


But the Rule is ſhewn to be true for 
eee 
duct of the Logarithm of Unity by z — 1, and divide the Sum by # e Quote (being 
integral 9 is the Logarithm of the Root. The \Reaſor of this is contain d in — la 
or * 1 


Rule; the Logarithm of the Root, and 7! that of the Pover _ Index is z, 

4 a 2 3 1 e 20 7 . ns . 
chen is Yaz nl. ee een uh and r , which 
J . edondd Eric bers br: ; 
is the Rule. oel Miel ei ls 


"7 fl F 
es 3% +53 3 . D108 235 4 K N 
'ScHoL. 5. A Geometrical Series may not only, enereaſe from Unity, but alſo 
1 4:4: 45: a48c 
And to theſe Terms decreaſing from Unity their Diſtances are alſo Logarithms, with this 
Variation only in the Practice, That we muſt conſider them as negative Numbers, or 
Numbers lefs chan o, becauſe: their diſtance! from 1 is upon the oppoſite ſide to that of 


ing. 


F = 5. of Logarithms. 48 . 
obſerving the Rules of the Addition, Oc. of negative Nambers, as explain di in Book I. 


poſe 2 = 2, then the Series decreaſing is + : 4 2, Sc. which reduced to 


| We; Fractions, are . 5: . 25: 125 : 0625, Sc. And the whole Series eacrealing. 


and decreaſing with their Logarithms, and as in the following Scheme. 

And'theſe Logurchns being thus taken poſitive upon the one ſide of o, e negative 
on the other, dec A Series Arichmetical whereſoever you begin i 5 and ſo muſt 
aliſwer to _ 2 * | 

ts 1 X 125 = 2.000 = 2, whoſe ogarit is 12 — or 
the Sum n cum ts — 2 Fo 3+4 5 
* Sum of the Logarithms © . 0625 — | ws + 2, 


"is Obſerve that the Logarithms of ſuch a mix'd Series may be made all poſitive to 
any Term of the Fractional part, by making o the Logarithm of any of the Eractions, 
and then the Logarithms of all above are poſitive ; or by applying any Series of 5 
Numbers in Arithmetical Progreſſion as Logarithms ; for theſe will anſwer accordiu 
the Rules explain'd in Scholium 4, and for the Reaſons there alſo demonſtrated. | * 
Suppoſe 0 che Lade of -06 25, then the n of the reſt aboye it are as 74 

this Scheme: And 16. N 1 12 


0625 125 265 55 7 1 27/4. 8: 2 1 Logarighan. 3 10 1 5 ö 
ge; : nne > according to Au#2 v9 l 
be , ee PP 1 
125, 1 | 


re 67 | "Whatever Arithmetical Progreſſion we apply to r one, 
they are ithms only to that Series to which we apply them, and anſwer the 225 
propos d only for theſe particular Numbers; ſo that if we have Logarithms adapt a 5 only 
to particular Geometrical Series, they would be of little Uſe. 115 Fear End. a 
fie of Logarithms is, the Eaſe and Expedition of Calculations, by the —f 
Work of Multiplication, Diviſion, and Extradtion of Roots: But this End could ne- 
ver be compleatly reachrd, Died Logarithms could be adapted to the whole Syſtem of 


Numbers, 1 2. 7 Sc. And as here lay the Excellence and Merit of the Contri. 


vance, a alſo the culty ; n . 25 * 
an Atithinetical; and not a Geometrical Series; ſeems rather fit to be 
than to have Logarithms apply'd to it: Yet this Difficulty the 3 RR of 10 
Renown'd Author, and Unrival'd Inventor of them, [rhe Lord N ner d. 
in order to underſtand his Method of Conſtructing theſe Lee on fider ; © 

Tho the Whole Natural Syſtem of Numbers, 1. 2.3. 4 - Sc. makes not One Geo- 
metrical Series, and cannot any Means be broughr ESO one ſuch Series of Determi- 
nate Numbers, yet they may be brought near to it, _ any aſſignable degree of Ap- 
proximation ; which may be eonceiv'd in general; thus: Suppoſe à Fraction infinitely > 
ſmall repreſented by x, and 11 ory EE from 3 r to 14-4, 
this Series is repreſented by 1: IN: I: :: &c. ſome of op | 
Terms” muſt comncide, infinitely!) near; with the LENT Nombers 2 13 e 
among Numbers that ariſe by infinirely-ſmall Inerements { as it is in this 
common Ratio is inſihitely near to a: Ratio of 2 ſome of them 2 4 or 
come ſhort of, any determinate Number by an Exceſs or D 


tore if in the. placed of che Terms of this Series, — 0 I ONS near to any 
of the natural Numbers, we ſuppoſe - theſe. natural Numbers themſelves, then the Series 


will de « Geometrical-Progteſtion to an which I call — (and not Per- ; 
feed): nnr its Terms co N enen but 
goes, on ir H Las i e neo WG & but 3 nad: 


7 0 20 N 
Nase!, "2 * 


Kie Now, 


— 
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Now, as this Imagin'd Geometrical Series comprehends infiaitely. near the whole Syſtem 
of Numbers x. 2. 3 :&c. {2 their Indexes coniprehend a complete Syſtem et Legarithms 
for the natural: Syſtem of Numbers, extended to any length we pleaſe; and do anſwer to 
all the preceding Definitions and Rules: For, tho the natural Syſtem make nat by them. 
ſelves a Geometrical Series, yet they are conceiv'd as a part of fuch a Series; and ſo the 
Logarithnis are the Indexes of their Diſtances from Unity in that Series; or, mare gene- 
rally, they are the correſpanding Numbers of an Arithmetical Series apply d to that Geo- 
But again ol ſerve, that ſince we cannot aſſign an infinĩtely. little Fraction, therefore in 
the: aus} confirnftian of Logarithms we muſt be content with a determinate degree of 
Approximation: Whence, according as we take x, fo in the Series 1: TT: 1þx? :&. 
the Approximation of its Terms to the natural Numbers will be in different degrees; for 
the lefſer.x is, the nearer will the Approximation be; but then the more are the Tavotu. 
tions of 2 ＋ x neceſſary to come within any determiſate degree of nearneſs to auy of the 
natural Numbers. eee it Pots 5 | 3002. 
Thus then we may conceire the abſolute Poſſibility of making I. ogarithms to the natu- 
ral Syſiem 1. 2. 3: &c. to any determinate degree of exactneſs, vi. by aſſigning a very 
ſmall FraQi>n for x, and actually raifing a Series in the Rat o of 1 to 1 + x, an taking 
for the natural Numbers ſuch Terms of chat Series as are neareſt to them, and their [- 
dexes for the Logarithms. But obſerre allo, that to conſtruc Logarithms in this man- 
ner, to ſuch an extent of Numbers, and degree of ExaQneſs, as wovll: be neceſſiry to 
make Loparithms of any conſiderable uſe, is next to Impoſſible to us, becauſe of the at. 
m5 infinite Labour and Time it would require: This, however, is an Introduction for 
imderſtanding the Method of the Noble lurentor, who, as he (no doubt) took the Hint 
of Logarithms from tlie Conſideration of the Indexes of a Geometrical Series, fo, to com- 
pleat the Invention, lie behov'd to lay before him the Idea of a Geometrical Progreſſion 
gomprehending; infinitely near, all the Terms of the Natur ab Series; but, that the Labour 
of conſtructing theſe Logarithms might not be inſuperable, he went to. work another Way: 
From the Foundation already laid down in the Conſideration of an Inſinite Progreſſion, 
this Conclafion was obvious, i. Flat if the natural Numbers were comprehended in 
this Series to an infigire or indefinite degree of nearneſs, tliere muſt alſo be an infinite or 
definite number of Means betwixt any two of the natural Numbers, or ſuch Terms of 


the Progreſſion in whoſe r we ſubſſitute them : And upon this Frinciple he conſtructed 

his Logarichins ; tlie Method ob which Eſhall explain in the following:Problems. 

; F CI ET 7 18801 993725 mit ieee 17 deal 44 911 7 
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- Berwixt any two given Integral Numbers, an indefinite Number of Geometrical Means 
being up posd, tis requir d to find one of them ſo approximate that it be within an af 
ſign d difference of a given Number which lies in the natural Syſtem betwixt the former 
d e nd 127 bans) 31 i 
Rur Let the given-Extremes be cal d. 4 (che rer granny) and the 
piven Mean E; Then, detwirt A, B find one Geometrical Mean; and if 4, B admit not 


1 - 


A mtignat Mean, find the Npproximate to any number of Decimal Places: Call this Mean 


P; and, ff: O. is Jeſs tan C/ find a Mean betwixt D and B; but if D is greater than C, 
find à Mean betwixt'D and A Cak chis ſecond. Mean E; then, as E is leſſer or greater 
than Cy finda third Mean betwixt E and the finſt : Mean H, if this is contrarily greater or 
jeſſer than Cy or betwixt Fand the oppoſite Extreme · N ori. A, if D is of the ſame quali 
unh Ei. e. greater orJefler than Cas His): Call this third Mean F; aud, as ir 11 
- flex or greater than C, find a.. fourth Mean betwixt it and that one of the preceding 


wa 
W397 
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Means which is next greater than C; but if all the preceding Means are of the ſame 
quality with F. find a Mean betwixt F and the oppoſite Extreme B or 4. In this mate 
ner $0 on finding Geometrical Means approaching till you find one within any Difference 
ou pleaſe. 7 | 5 
b ramp. To find a Mean in the Infinite Series betwixt 1 and 10, which approaches to 
9, within a Difference of — A | N 
Operation. Betwixt 1 and 10 there is not a Rational Mean (for 10 is not a Square 
Number, and the Mean is the Square Root of x X 10 or 10) but I find one approximate 
to 7 4 #1 Decimals (viz. the Number in the Denominator of the Fractional Diffe- 
ence) which ts 3. 1622777 &c. which being leſs than 9, betwixt it and 10 1 find another 
approximate Mean, which is 5. 6234132 &. which being alſo leſs than 9, 1 find be- 
twixt it and 10 another, which is 7 4989421 &c. and this being alſo leſs than 9, I find 
detwixt it and 10 another, 8. 6596432 & c. which being yet leſs than 9, I tind another 
Mean betwixt it and 10, viz. 9. 3057 204 Rc. which is greater than 9, therefore I find 
a Mean betwixt it and 8. 6596432, (the next leſſer Mean) which is 8. 9768713 Cc. 
which: being leſs than 9, berwaxt it and 9. 3057204 &c. (the next greater Mean) 1 find. a 
Mean 9. 1398170 &c. greater than 9, wherefore betwixt it and 8. 9768713 &c. (the net 
leſſer) 1 find a Mean 9 .0579777 &c. greater than 9. Going thus on, you II find at the 


25th Step this Mean, 8. 9999998 &c. which wants of 9. this FraQtion, = 7 K . 
Ea 2 © VAEGCL 


= — ; which is lefs than the propos d Difference, — toni eum 

So much of the Operation as is here explain d you ſee placed in Order, as it was 
wrought, in the Example of the following Problem 2, which will give a clearer view of 
it ; the reſt of the Steps are eaſily imagin'd by theſe : But OZſerve, that the Means being 
all Approximates which requir'd Decimal Places in the extraction, therefore the given 

umbers 1, 10 are taken in the Operation with as many 0's as the Approximate Mean 
ought, to have, which has the ſame Effect in the Operation, ſince 1: 10: : 30000000 < 
5 100990000 fo that a Mean betwiat 1, 10 is the ſame as hetwixt oοοοο: 08 


Ds MON. All thats neceſſary to be ſaid as to the teaſon of this Operation 3s; In 
ſhort, this; That if at every Step of the preceding Operation we conceive” che Series. fo 
be fill'd up betwixt the given Extremes, in the Ratio that every new Mean makes with 
the Terms betwixt which tis taken, we can thus carry on the Number of Means 12 2 
nitum; ſo that the Means thus found are ſtill a part of the infinite number of Means ſor 
pos d to lie betwixt theſe Extremes: Wherefore, by aſſuming any two Numbers of the 
Natural Syſtem, we can thus find Approximates to all the intermediate ones within any 
 aſſign'd Difference, and ſuch tov as thall make a Geometrical Series indefinirely near. 


| Senor. 7: Let us now ſuppoſe any Series Geometrical from 1, 46, 15 22 4: Cc. or 
L: 10: too: &c. it is plain how, by the Method of this. Problem, we can find Mean 
Terms betwixt each of theſe, ſo wary 


approximate as to make of the whole one Geome- 


exacineſs ; and among which we can find Terms 


trical Series, to an indefinite degree 4 
approaching within jog Difference of any of the Intermediate Natural Numbers. But 
O#ſerve allo, That if the ConſtruQion of Logarithms requir'd the finding the Approxi- 
mates to every one of theſe Intermediate Numbers, the Labour would flill be intolerably 


great; which is prevented by the Conſideration of the Fundamental Principles and Rules 
ot Zogorithms ; 28.0 the next Problems 


5 B+ 1 , 1 ; z 1 KA F: +5 . 4 : 
8 SER 7 N * 2 1 £73 3 . . * 
il £5331 Rr 2 Min did tet. PRO 
4 ” — . — > 4 
* _ p Ia. « . * = . 2 f 
C : „ » ; * 


492 | Of Logarithme: Book V. 
el * PROBLEM 2. 7 


To Conſtruct or Find Lo G ARI TH Ms to the Natural S Hem 
of Numbers 1. 2. 3. 4. &c. carried to any Extent. 


4 $78 a 2 C5 47 AA $DDUPION. 85 50 | ; A 
. Tale the Geometrical Progreffion, 1: 19 : 100: &c. to which apply as Looz. 
.rithms the Arichmetical Series O 1 2 . 3: c. viz. O the Logarit hm of 1, 1 - 
Logarithm of 19, and fo on; then | 8 
2, For the A pre of the Intermediate Numbers, the General Rule is this: 
Find, by the preceding Problem, a Mean betwixt 1 and 10, or 10 and 100, or any two 
adjacent Terms. of the Series betwixe which the Number pro os'd lies, ſo approximate 
that it be within the propos'd Limit of the Number whoſe 3 is ſought; for 
example, ſo near that it want not 8088 whereby, if it's taken leſs than that Num- 
ber, twill neceſſarily have in the Integral part a Number wanting 1 of it, and the Deci- 
mal part will have 9 in 6 Places immediately after the Point: But if the Denominators of 
the limiting Fraction has any other Number of c's, the approximate Mean muſt have as 
many 9's immediately after the Point.} Then, betwixt the Logarithm of 1 and 10 (or 
other two 'Fexms berwixt which the Number lies) find as many Arichmerical Means in 
the fame order as you found Geometrical Means betivixt 1 and 10; and thus you find gra- 
duall y che Logarithms anſwering to each of theſe Geometrical Means, and conſequently 
the Logarithm cf the Mean approximate to the Number propos d, which we therefore. 
take for its Logaritmm. 2 | 
Dx mon. That Logarithms thus found to all the Intermediate Numbers betwixt 
' the Terms of the Series 1: 10: 100: &c. are true, and muſt anſwer to the preceding 
Rules, is clear, becauſe ya are found by thofe very Ridin Prliictries; hereby the: 
Logarithm of a Geometrical Mean betwixt any two Numbers is neceſſarily an Arithmeti- 
cal Mean berwixt the Logarithms of theſe two Numbers: And as all the 5 ofrical 
Means thus found are part of the infinite number of Means ſuppos d berwixt any two. 
Terms of this Series, ſo the ee Mears thus found muſſ likeways be their Cor- 
_ reſpondents among the infinite number of Arithmetical Means lying betwixt the Loga- 
_ rithms of theſe two Numbers; and hence the, Logarithms are — 4 0 according to 
he determin d degree of approximation. EA f in oy 
7 . in the following Example, that becauſe in halving the Sum of two Loga- 
xithims to find the men ean there will be Fraftions, T herefore, either to pre- 
vent this, or to fiad them in Decimals, the Logarithm of 10 is made 1. 000000 (inſtead: 
of 1); that 7s, I with as many O's as are in che Denominator of the lintiring Fraction 
' within which the approximate Mean was determin'd.; whence all the other Logarithms. 
will bave as mah Decimal Plces. And the Logarithtns thus found may be conſider d 
Sar eee while Nuttbers! or A md, Dor the Fed will be the ame; becauſe 
' by confidering them as w Bol. Numbers, they are only the equal. Products of what they are 
when conifidet d the other way; 4ijd therefore, either way, they are correſpondent Lerms 
of an Infinite Arithinetical Progteſſion adapted to an Infinite Geometrical one : for if they 
are ſo when conſider d as mix A Numbers, or when the Logarithms of 1 : 10 : 100, &c.. 
are o. I . 2, &c. they muſt be ſo when conſider d as Integral, or when the Logarithms 
of 1 : 10: 100, &C. are 000000 . 1000000. 2000000, &c. ſince an. Arithmetical 


Progreſſion, equally multip d, continues ill Arit 
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already known. 
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In gen Scheme you ſee the Order of the Operation, whereby the dann 
#9 is Found; carried to the gth Step, whith is ſufficient to luftrate d make 
reſt fof the Work for _ vr BOY other —— 


oer of the Operation wherely 1 found the Logarithm e 1 


„e Nane 1 T_T Nembers, [Logaritbms-| | 
þ . ＋ 1. 59500550 «5595080 || / : 8. 8595432 0. 9375000 
ift Mean C. 37622777 o. 30000 th G 9. 3057204 0. 9687500 
* 3 B|15.0000500[x . 0000000 Me: | :2-0000000 1. 0000000 | 
. 73.2620: 5% 6 9-3957204[0,9587500| | 
eier 140] nl | 
1 2d. 5˙6234734 0. 7500000 ben EI 8. 9768713 0. 9531250 
„ ee $]19:0050000 T. : 0006000] 75 1 8.659643 2 937500 
5 55 56234132 D H 8.976871; 7 +9531259 
„ BJ 17 4989427] 0.8750000][7th 7] 9139817015. 9609375} 
ee Efe. Ses 00 1. ooοοο , . 9:3057204 2.968750 


e 8.87508 87.555375 

Ian. sgi o. o XI 90579777 10-9570312] 
„ Sus 0009009 | 1 . 0005000! 1 8.768713 0.9531250 5 
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by fine manner may. ue ff the L. cc any tes lebe beteln AE” 1D, 


or; berwixt 10 and 1,00, &. Obſerve allo, that having Found the Logarithm of any Mean 
* 1 and 12, Ke. . uſe the fam ſame Extremes 1, 10 for finding any other 
ean and its Logarithm, or 12 — 750 any other pro To find _ * are 
thus,/having Lagarithm of; 9, To find that of 8, or 2, or any 

„e may uſe. 1, 10, or 29. And if wa have the L. of J and 6, we may 
01 it "will be beſ to chuſe the 

S er as we can. Reaſon of the Work is ſtill· the ſame, 
2 any two e of che natural Syſtem. Wa indefinite number of” 


b "= i Obſerae, That tho! this General Rule is; od, e a the intermediat 


Num 188 10, eee in this. mat & Labour, 

nien ine che following. r ni 8 17 vs; i) 792 FI aun, T0 i913 1 
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them; And therefore fihce I refer 5 


* 
. 


8 the Logarlthms of its ſquate; Cube, ge, The Reaſon of this is contain d in the 
hird General Kale So haylng iche Lagarithm of z, we have the Logarithms of its 
Hay 4. 8 . 16. &c, if we m iply. cke Logarithm of. 2 by 2, 3» J Ke, ſuccel. 
, vely. b : a . 4 > 44 Ty 4:54 4 FL 
2% Having found by the General Rule the Logarithm of any Power, divide it by the 
IndexePthe'Fower, and the Role is rhe L. ogarichm cf the Root: The Reaſon is con. 
*taind in the Fourth General Rule. Thus having found the Logarithm of ꝙ, its half is the 
F Bporofg, denn eo one ener 
3% 1 N and rfc EP ot ors Numbers (As af 2 og 3) we 
have the Logmithm cf their Prod 6) by adding their Logarithms into one Sum ; as 
in the Firſt Wnera Male s & . p 20 N ee daf ANe | 
4% - Having the Logarithm of any Number, and of another which meaſures it, we 
have, by tlie Second General Rule, the Logarithm of the Quote or Number by which the 
Jeſſer meaſures che greater: Thus, from the Logarithm of 10 take that of 2, and the re- 
mainder is che Logarithm of 33. "27 
From theſe Ruli Nine, $5 ci how, with much leſ; Labour than applying the 


Generel Rille to every Number, ve can compleat à Syſtern of Logarithms: And to go on 
regularly with the Abe on natural Method is obviouſly this, zz. 1 
Apply the General Rule to Prime Numbers, and then by theſe find the Logarichms of 
their Powers and Produdts, thus ;: By the Logarithms of 2 and 3 we find that of 6, 12, 24, 
and all in that Progreſlion.:, Alſo ot 18, 54, 162, and all in that Progreſſion s And, laſtly, 
ok 36, 226, 1296, and all in that Progreflion : Other Applications are eaſily conceiv4 
by this. Merve allo, that the Prime Nymbers, 2 and 5, do not both require the Gene- 
ral Rule, becauſe we have the im of 10 aſſum' d, and 10 is — 2X5. Again; 
it 's ſometimes as convenient, or 2 ter, to find che Logarithm of the Square of a 
Prime Number by the General Rule, and then the Logarithm of the Root by the Parti- 
cular Rules; fo we may chuſe to ſind th Logarithm of 9 by the General Rule, and then 
JJ . ly Gn ny | 
ScH0 LIiUM 8. Upon the Fowridations,' and by the Nalas now explain'd, were 
the Logarithms firſt calculated, which we — in our preſent Tables, (tho they have 
been conſtructed anew by Methods incomparably eaſier). It's true indeed, that in the 


Firſt Logarithms made by the Lord Neper, the Logarithms of 1: 10 : 109 &c. were 
oo her Numbers than © . 1. 2. Ke. but afterwards he changed them into theſe, 
which were, after his Death, further compleated and carried on upon this Foundation 


eier 

Where-exer ych find Tables of Logarithm, youll find alſo DireAtons for the Uſe of 
elde Tt to peer Books bx Tables (and you have Books 
-contatning nothing but Tables, as Ozaram's and — — laſt are the beſt extant) 
I ſhall al noc weine gende Rules already delivered, nich do ſufficiently ſhew the 
Practice and Uſe of *Logarithms': For what is more to be ſaid as to the Uſe of Tables 
relates only to the different Methods of diſpoſing the Numbers and Logarithms in the Ta- 
'bles, which every Book of Tables explains but ſtill there'remiins/a' few Articles to be ex- 
ons, concerning the finding Lygarithms for Numbers that are not containet in your 
ables, or Numbers correſpo to Logarithms ; which being the teſult of an Opera- 
tion with Lagarithms found in the Table, are not themſelves exactly found in the Table : 
Theſe things I thall explain in the followirg Problems 3 but firſt I'll diſpatch theſe Obſer- 

vations. PR.” ; 
..T- That ae nn the Syſteras of Lagarithms, which depends 


E wo things, viz. The fundamental Geometrical. progreſſion, whoſe 
Logerithms we aſune; for that may he 2,f 2 248, Ne, or 1 #3 19.27. . 8785. : 
3 2 0 o 
2 1 I l „ . ; e 1 


by Mr. Henry Briggs, by a Method alſo ſomewhat different from Ne pers, yet equally 
14boric FAT OBE? MIDD., ©) 1960 ys. x HRP 1 <1 D534 75 b 
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Rur R. Take as manꝝ Figures on the deft hand of;;the. 


2 Number N Thea take the difference 
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100: 1000, nr. Then the different Arithmetrical Pragreſſions we may aſſume for tlie 


Jogarit hms of this Geometrical one: For thus Legiriſhius may be varied infinitely ; yet. 
ey will not be all alike convenient. The coniideration of which obliged the Iuven- 


der to change his firſt Lagariths into others, whoſe fundamental Progreſſion is 2:: 19: 


100: Sc. aud the Log riibms © . 1. 2. Sc. which are thoſe now uſed; 

2. Ihe great Advantage and Conveniency.of the TLogarithms now in Uſe is this, 
That the Integral part in every Lgvitbm ſhews how many Figures after the Place f 
Units the correſponding Number contains, whence* that Number is called the Index or 
( Baracteriſtiet of the Lag rithm. Thus all the Numbers from 1 to 10 excluſive, : con- 
ſiſt of one Figure: For the Logarithm of 1 being o, and that of 10 being 1, there- 


fore the Loearithms of all the intermediate Numbers inuſt be Decirhal Fractions, and 


ſo have © for the Integral part or Characteriſſick. Again; the TLagirithm of 10 be- 
ing 1, and of 100 being 23 all, the intermediate Numbers muſt have 1 for their Inte- 
gral part or Index ; and ſo pn. The Benefit of this js remarkable in finding the Leg 
rithms of Numbers tliat are in a decuple Frogreflion, having the Legarithu of any one 
of them, (and: coi fete for Decimal Fractions) becauſe the Logarithim of 1 being o, 
that of 10 being 1, and thatof 100 being 2, and fo on; it follaws that the Lg trit hn or the 
Produ& or Quote of any Number by 19, is had by adding 1 to, or ſubſtracting 1 from the 
Lagarit h of the given Number A4; becau 1: 10: : A: 10 & A, whoſe Leg rita 
3 therefore the 8 im of the Logarithmus of A and 10; and 10 A—10= 4 whoſe. 
Leg iii hi is the difference of the Logarithnis cf 1D i and of: 10 l 

| 555 From this it is plain that the Jog irithms of Num- 


7 


rere, 


1 3248 „ Feta dS wes 4 4 

VNiumbers. J I Hgarichms. Pers in a decuple Progreſſion, ditfer only im theie - 

Exa. 674800 5. 8291751 Indexes; which differ gtadually by. 

657489 4.829175 é A fuftlier Aſplication of this to p Decimat 

„748 3.829751 Fractions, you find, in the following Frall. 5. 
D e cp bandit: os; 
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8 0 67.48 23 14 1.829175 572 * 11171 * +1 1 711 974 * 
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rr 3tgl. 07 18113 e940 wot ini 6 over; EI SCIVTO Wige $122 6 ©, IKE. 1 3 oo : 
4c Do. bid-ithe Fog wighw of #8, Jaregeal Number exceeding the Limits of any Tabte - 
<f Legarithns; for Era. excecding, 10,00 to.aykich our common, Tables are car-- 


tried. 
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inen Number as. gu e ? 
find in the, Tahle Li. e. 4 of them if the Limit of the Table is 15,000 ; or Tt 15 | 
195,205} and in place of the Figures cut off from-therightchand, annex O fo;this-wiill | 
expres a Number leſs than the given Number: Again, to the Number expreſs'd by the Fi- 
pures taken on the left hand add 1 and on dhe ri he of the Sum annex as many vos as 
the Number of Figures cut · ofl. the right hand of the given Number, and this, will be 
er great | of theſe centers which are the - 
one leſſer, ang the other greater than the'given Number; alſo the difference of the given 
Namber, and the Number leſſer than at (which diff ence canſiſts of the Figure cut off . 


the right hand) and wake this Proportion. 
ee Mane | 
455725 100 £63 L408 * 


difference ck the Numbets greater and geſler than the giver Numbers = 
is t the difference of the Leut [which.can'be Found by the'T bles 
2 nar: Mme INV ON Mo ARIES N A. Can de rdund oy. 2 adies..; 
ra Ei se d the precedi ; ſec LES ang PORE 15 en 
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496 Of Logarithms. Book V 
Eu. To find the Tegarithm of 123459 from a Table carried cnly to 10000. The 
two Numbers leſſer and greater than 12 459) taken according to the Rule are 123400, 
and 123500, whoſe rogarithins' are 5.89131 $2, and 5. 09166, for the Lagarithm of 
1234 is 3.09131 525 to which add 2, the Logarithm of 100 (becauſe x 23400 = 1234XI09) 
the Sum .5.0913152 is the Togarithm of 123400. Alſo the . of my is 
3. e and "Ho that e is 5 N er z — the * bs - 


an Fi 3-15 


bm 123590: J. cih, 123459 355 eee 9 | 
take b woah 1 5 9922252 v1? 4; „ EITTY 5 lf 0 ad er 
e is to 70003518, 1 1 9 to Spez Kc. hich added 


to 5 0973152, the arithm of 123400, the Sig i 709152276 &c. the Logarith 
12 nearly. 5 we med 217 able catried 10 100058 the Legian if whe 

7 5.99152278 y': And fil} the more of the Figures of the propos'd Num- 

ber we have io the Tab ee or: mots erde wil che Logarithm be e 


DzM0x, Tue ke ef this Rule is founded bo his ;' That the greater any 
Numbers are in reſpect of their Differences!” the hearer "thoſe Differences are to being 
proportional with the Differences of their Logarithms, To underſtand which clearly, 
Configer, 1% 1 hat if we take the natural Syſtem | I,. 2 3: 1710 cc. the farther it 18 


continued, the Terms are the nearer toa Ratio of ere ; * 35 is greater than Sands 2 
greater than 35 and 10 on; Whence, the fatth6r from che begiy g we take anytwo ad 


jacem Terms, aber ſtand Geber in tba infinite Scale o proportionals from I, 
us fince 1: 2: therefore there fill as many Means betwixt 1 and 2, as betwirt 
and 6, and con y more than betwirt 3 and 4 ; and ſo it is thro the whole natural 
Syſtem, conſidered now as a part of the infinite Progreſſion from 1. But again, 20, the 
Logarithms of theſe Numbers are their diſtances fronu j in the i nite Progreſſion, i. e. 
the number of the intermediate Ratio s; (or they are in n to one another as 
theſe Numbers ;) ſo that the difference of the Logarithms of any two Numbers, is 
the Number of intermediate Ratios ju the infinite Progreſſion betwixt theſe two Num. 
bers; and from hence, with the preceding 8 it plaigl follows, that the differences 
of the Logarithms of che natural Syſtem do aſe. 39. The Ratios of 
the ſeveral Terms ates . . ws Lo ele any three adjacen 
Terms; the farthex they are inning, nearer they approach to bei 
Fus, to 1, 2 a third proporiondbls 0 which exceeds g 17 1 


To dei 4 F, wich gan by f e 3½ f third + 2155 hich 
Seh 5 by 2 Fo. nn COT Eo NS COLT 


n the. Order of the Series, by ſuch "an aliquot part of U- 
* as is wt be el of th given Neeber i onfen 3 —_— 
* 


of 58 Jeg and leb of Being =, FP 5 
Far 7 5 2 — N ED 7 Ps SE —— 


fie Fees it follows, 
immediately * 
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the difference of the Extremes is to the difference of the Mean and eirher Extreme in a 
Ratio which approaches nearer and nearer to the Ratio of the differences of the Loga- 
rithms of the ſame Terms, the farther thefe Terms are taken from the beginning, and the 
iexrer they ſtand together at the ſame time, 2. e. the greater the Numbers are with re- 
ſpe to their Differences. And this alſo ſhews the Reaſon why the Rule is more exact 
and true in finding the Legarithm fought, the more of the Figures of the given Number 
we have in the Table; for, by this means, the: Numbers are the greater, and their Diffe- 
reaces the leſſer. 73 . „ 1 
Olſerve; If the Number given is compos d of two or more Numbers within the Table, 
then the Sum of their Logarithms is that ſought: But if it is a Prime, we muſt either uſe 
the Method of this Problem, or Problem 2d : But this Problem, as tis eaſter, fo tis exact 
enough for any Numbers we can have Uſe for, which are not in Tables, theſe being car- 
ned to 10000 and me, οο x,. nn | OY 


ww ww T1; 


1 77 PROBLEM ＋ | 


© To find the Number correſponding to any Legarithm, which being the Reſult of an 
Operation with Logarithms found in the Table, is not it ſelf found exactly in the Table. 

19% If the CharaQeriftick and firſt 4 or 5 Figures of the Fractional Part of your Lega- 
richm is found in the Table, that's near enough for common uſe; and the Number found 
againſt ſuch a Logarichm, or that one of ſeveral fuch that is neareſt to the given Loga- 
richm, you may take for the Number ſought. But if you would have it exacter, cr that 
you cannot find a Logarithm having ſo many of the Figures of the given Logarithm ; + 
Then : es ay 
2% Take the two Logarithms in the Table which are next greater and leſſer than the 

given one, and alſo their correſponding Numbers, and make this proportion: 
| As the Difference of the greater and. leſſer Logarithms 

| is to the Difference of their corieſponding Numbers, 

So is the Difference of the given and next ſeſſer Logarithm 
F 5 3 their — rg ng Numbers. Which Difference 

added to the Number correſponding to that leſſer Logarithm, makes the Number cor- 
reſponding to the given Logarithm near. | 


Dz u oN. The Reaſon of this is in che laſt Problem, ot which this is but the 
Exa. Given this Logarithm, . 4669347; the next leſſer and greater ( in Sperwiu s 
5 Tables) are . 3010300, the OR and . 4771213, the Logarithm of 3; and 
the Proportion is thus form'd ; 1717. | 

5 | from e > 2 1; 4659347 ZS i 

| take . 3010200 2 3010300ĩ36FA TIS 8 

| As, . 1760193, is to 1, ſo is. 1659047, to. 94215 Kc. Which added 
to 2, makes 15 94213 258 the Number boght heath, 5 d lie e e 

But we may work another Way, and ſomewhat more exaciy, thus; Seek among the 

Logarithms, two whoſe Fractional Parts are next leſſer and greater than the 8 | 


A 
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* 
- 


4 


—_ 
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rithm (which is a Fraction) theſe ae. 4. 4669269, the Logarithm of 129304 ; and 
LY 4669417 the Logarithm of 29305 : But, taking away the CharaQterifticks 9 


» 


nal arts are Logarithms to theſe umbers, K MS Fo 205 (according to whar 2. 
las been explain d in the Scholium after Frobl. 2.) Wherefore the Operation is 
9 CC SET: x 15 
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from ..4669417 2. 930 4669347 


. 0009148 is to . ocor, fois. 078 to .000552 : But the Re. 
mainder of the Diviſion is ſuch as makes the need . 00095 A which — 1 
2 - 9304 , makes the Anſwer or Number ſought 2. 930453 ; which is leſs, and more 
exact, than the former Anſwer. 51 | : 

From this Example, duly conſider d, there will be no Difficulty to ſolve any other; 
wherefore I ſhall only add this general Direction, 21. If the given Logarithm is a mix'9 
Number, we may find a Number anſwering the Pradtional Part of the Logarithm, by this 
laſt Method, and then multiply this Number by 1 with as many Os as there are Units in 
the Index of the Logarithm; the Product is the Number fought. The Reaſon is obvious 
from what is explain d. 8333 . | | | 

9 It the given Logarithm has a greater Charaderiftick*than any in your Table, ſeek 
2 Number anſwering the greateſt Index in your Table with the Fractional Part of your 
Logarithm, by the Method of one of the preceding Articles; Then multiply that Num- 
ber by 1 with as many os as the Number by which the given Charageriſtick exceeds the 
greateſt in your Table, and that is the Number ſought, CY Ewe, | N 

But, in ſome Caſes, we can find the Number ſought more exactly, thus; Seck a Loga- 
rithm whoſe Fractional Part is neareſt to that of the 2 Logarithm, without regarding 
the Index; then take the Number correſponding to that Logarithm, and divide it by 1 
with as W oss as the number of Units by which the Index of that Logarithm exceeds 


the given Inde e an Example of this in the following Rule for reducing a Vulgar to 


2 Decimal Fraction. 
| $14.1 KOALA iS. 5 bh 
To fd the LOGARITHNM of a FRACTION ; and Reverſely, 
| 4 FRACTION from its LOGARITHM. 
There are various Ways ef finding/ and expreſſing the Logatithms of Fractions. 
1/t Method. Subtract the-Logarithm of the Denominator-out of that of the Nume · 
rator, the Remainder is the Logarithm of the FraQtion : But, Obſerve, if it is a proper 
Fra@ion, then, becauſe the Numerator is leſs than the Denominator, ſo is its Logarithm 
leſs than the other s Logarithm, and conſequently the Subtraction 18 impoſſible . here-. 


Dre we muſt ſubtrat the Loꝑatithm of the Numerator out of that of the Denominator, 


Ea. 1. The Logarithm of — (= 192) is 1. 2853698; for the Logarithm 
of 463 is 2 6655810; and that of 24 is 1. 3802112, which exceeds the other by. 

Era. 2. The Logarichm of 95 is . 06679923 for the Logarithm of 74 is 
1. 8692317, and 2715 9360108 ; and their Differenceis . | 
athms are. therefore in ArthmeticatProportion ; that is, Log. thy Blas * 
= Log. 1; But che Log. of 1 is = o, therefore Log, 4 — Log. B = Log. ; And 
x" © a 5 there- 


* Ha 
7 


kh - 


V 
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iverefore if 415 lefs than B, the Log. of 5 ©. is their Difference taken en By 


which is he wn, that the correſponding Number i is below Unity as far as the Reciprocal 
of that Number is above Unity, in the infinite Series of Proportionals, the Logarithm of 
that: Reciprocal being the fame Logarithm _ poſitively. . So, the Logarichm of 


855 being — 1. 0667791, the Logarithm of Dis I «0667791 3 For as 4:1: _863 


8⁰ 74 
03 » 

are & J, ſo — 1.066771 : 0:1 06677 iel 0 | 
For che Reverſe of this Problem, viz. If a . tofind its 
correſpondin Fraction, find a correſponding N to the Logarithm, conſider d as 
poſitive, and b that Number divide 1, the Quote is the FraQion ſought. The Reaſon 
is plain; for i if tw o Numbers or Logarithms conſiſt of the ſame Figures, but the one Poſt 
tive, and the other Negative, their Sum is o; Alſo the Product of two reciprocal FraQtions 
wr 1; or 1 divided by any Number, makes a Quote, which multiplyd by that Number 
produces x ; wherefore if 1 is divided the Number correſponding to any Logarithm 
taken — the Quote is the N * corteſponding to the fame Logarithm taken 


* 8 the Leue in not c convenient by this Method 


as by the following. 
| 2 Method. - SubtraQ the of the Denominator from that of the Numerator; 


and if it's a F ——ů— —— gral part, ſub» 
tract chat of the runny bas that of the Denominator ( after —_— 8 it the x bor- 


row 'd in the preceding place, if there was 1 borrow d) the Fractional part of this Re- 
mainder Ws talker poſitively, and the Integral enn and the negative Sign ſet 
over it, to ſhew that this part only is negative. 
_ ee is I. 9332209 3 as below, io ON 
3 SA 4447 


” 74 is 1 869231) Diner Ti n be tha 1 


arithra as 
$5 » is 2. 9360108 | was found by the former Method for we ma 22 


9332209 — 2, which reſolv d by Subtraction, is 
883 45 9332200 1. 0667791, viz. the of 2 and. ena 
2 IG... taken N ered That the Methods muſt | 
NR: ſhall demonſtrate Univerſall, 2 


9H 180 165 | * ; 4 74 
Let any proper Fragtion be go ITO! o/c (ds Cha: 


ra} and B the F on) ; che L. be C D (c the Charad 
OT TEIN raHhic ) Ba alk) ad te Fata), 


of MH = C= | I | Log. oe wa. + $— C—D. 


8 5 | TED or C++ D—4 — B, taken 
Ma ES og in ene | negatively: For the zd Me- 


: anc anda 7 
> xobgt Ade b Mages: 1 7 0 


urls (Adar SRD rec 4:23 ; thed, we ſhall. firſt ſuppoſe that 
e341; = B +1 1 | F841 adde. 3 then the 
fot... bel ed n refs 1 1 I 

Bo . 


— 5; ami fone 


; for we 
| Remainder negativel ek which — * 
— Ar; D CREME than B, in this caſe 1 muſt be thn K from a A and 


888 2 added 


For the Reverſ? of this ten (eiz, fibding à Fraction from its L. 
Ful is, Fake the Logarithm as N 
to which 


0 0 ee err. — Fradi 
Win the Frattion ſought, reduced 104 Decimal Prafio 
EF 1 +KIES FOE 3 0-24 035 
- 4 ? * * 4 
£ +724 6 £74 11971 771 4 8 
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added to B; fo that it is AB H=. Now, if we firſt ſubtract D fro 

1 + B, th: Remainder is B +1 — D; 45 ige A —-1 (becauſe 1 was before 
raken from it and added to B) from C. or A from CL 1, which is the ſame thing, the 
Remainder is C A + 1=C-+ 1 — 4; which being taken negatively, or ſubtracted 
from the former part, (viz. BI) it is: B+ ID Cr 


SCHOL. As the preceding Rae is General, relating to all Fractions, ſo it compre. 
hends Decimal Fractions; and. becauſe the Denominator of every Decimal is in this Series 
IO - 100 . 1000. &c. whoſe Logarithms are pure Integers in this Series 1. 2. 3. &c. 
Therefore it s evident, that to find the Logarithm of 4 Decimal Fraction, having found 
the Logarichm of the Numerator, the Fractional part of it is the Fractional part of the 
Logarithm ſought; and for the Index, apply with a negative Sign the Difference of tlie 
Indexes of the Logarithm of the Numerator, and the Logarithm of the Denominator: 80 
the Logarithm of 64 being 1. 826x800; the Logarithm of. O64 muſt be ⁊. 8264800 ; for 
the Denominator is 1000 whoſe: Eogaxithm is 3, then 1 3 : Hence again it is 
Plain, That the Index of the Logarithm of a Decimal Fraction ſhews in what Place after 
the Point the firſt Figure on the left hand of the Numerator ſtauds; and that Diſtance, 
therefore, does ſhew, recipracally, what the CharaQeriſtick of the Logarithm is. And if 
we take any Decimal, pure or mix d, 7; e. a Decimal: Fradion, proper or improper, the 
General Rule for finding the Logarithm is plainly this, viz- Find the Logarithm of the 
Numerator (i e. of the Number expreſs'd by all che Figures, in order as they ſtand, neger 
lecting the Point) the Fractional part of that Logarithm is the Fractional part of the Lo- 
Pa in fought; And for the Index, tis the Number which expreſſes the Diſtance of the 

aſt Figure on the left hand, after the Place of Units. of the Integral part, if it's a nix 
Decimal; or the Diſlance of the laſt Figure on the left hand after the Decimal Point, if 
— 9 c . 
| Obſerve alſo, That if we take the ſame Number, and multiply it continually by 10, alſo 
divide it continually by 10, whereby ve form 3.Geamet ical Progreſſion in the Ratio of 
1.to 10, the Logacithms of this Series 1 fame EraQtional part, and differ 
only in their Ch tacteriſticks, which will be an Arithmetical Progreſſion differing only 
by 1: So that when in the deſcending Series we are come to a Term. whoſe, Logarithm 
Has 1 for its Index, the Index of the next muſt be o; and all after that are the preceding 
Indexes, 1, 2, 3, &c., taken negatively, as in the prefix d Scheme: 


Numb. | Logarithms Which is all but the application of what has been explain d, parti- 


55 45 40485559 cularly of what Ras been! faid in the Conſequences laſt deduced 

125 3: >. : 45 * Metind of finding the Logarithm of a Eraction com- 

25 42. 4048337 par d with what was formerly obſeryd in the General Seh- 
25-4 +4948337, Lum 8. = 

_ 2.54]0+ 4948337- 


242.4048337 | > 
. . ©254 2 4048337 140 . al 5 
p 00254 4,4453 ö er G ny — RT) 5 


— ' 
* 


: _—_— )- the: 
| together poſitive, and find the correſponding Number; 
4 Decingal Point on the left hand of it, fo that it's firſt Figure on the left 
fand in ſuch a flace from the Point as is expreſs'd by the A of the _Logarithry ; And 
: 67 30} ;% — 0-10 — 5 
4 * „ 3 . i 
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Exam. The given Logarithm Z. 8061820 ; the correſponding Number to tlie Log. 

2.806180 18 640 and, to adjuſt it to the negative Index 2, it is. O4 =.064 : 

| 8 If the correſponding Number firſt found be a mix d Decimal, the reſt of the 

Work is the ſame ; for we neglect the Point in that firſt Decimal: So, if the given Lo- 

garithm is T. 6707096 . the correſponding Number to 2. 6707296 is 468. 5; and, be- 

cauſe of the negative Index, it is . 04685 

The Keaſon of this Rule is evident from what has been explain d i in the preceding 

1 | 
7 COR OL 3 From this we have learnt the following 


* R LE for reducing a Vulgar toa Decimal Faction. 


Find the Logarithm of the Vulgar Fraction by this 2d. Ae and then find its cor- 
reſponding | Decimal Fraction by the Reverſe: - 


34 Met bod. Subtract the Logarithm of the Denominator from that of the . 
borrowing ( viz. 1 from the next place) wherever the Figure of the Subtractor exceeds 
its Correſpondent in the Subtrahend, even to the very laſt place, tho the Subtractor be a 
greater Number than the Subtrahend. The nN or Nane thus found, is the Lo- 
garithm ſought, and is all poſitive. 


Era. The e of 805 is 8.933 2209, as in the Margin. 


Dx MON. The Foundation of this Method, (1 whicli: 
Log, of. 127 2 i 125 van gives the Logarithm. in a Syſtem different from che com- 
| 95. 7, Nee «non one) is this, viz. I — as a. decuple Pr reſſion 
8. 9332209 may be taken both aſcending and deſcending from ; 

| - thus,.-O01, . o, «I, -, 10, 100, 1000, Sc. So we 

i apply O as « the Logarithm of any of theſe Terms we. pleaſe,. whereby the Logarithms 
e the reſt will be, in the aſcending Series, 1. 2. 3. Sc. and for the deſcending Series, 
"they will be — , — 2, 3, Ke. Nor ſuppoſe we chuſe 1 in the toth place of Deci-- 
mals, -pi2. -.090900000r, from whence to begin the Logarithms (i. e. whoſe Logarithm 
we make o) then is 1 the Logarithm of 1 in the th place; or . Oooοοοοοο; and. ſo 
on till we come to I- whoſe Logarithm 1 is 10; Whence the Logarithm of 10 will be 11, 
N the Logarithm of 100 is 12, and fo on; So that the 
Nunbens Inet. Logarithms of all Numbers above. OOοοοο. are 


| | -, 060000000001 / — 2: peoſitive; the Indexes of all from. co00000001.- to 
© , 0000000000t' L-! -»©2000000T being o; from. 020000001 £0..0900000T . 
_  *000600000r- **Þ7. o being 13 and ſo on. But the Logarithms of all 
- ©90000001- + '' © Numbers below. 0000099001 are negative; or their 
. 00000001 | 2 Indexes ar leaſt, according as they are raken by the 
- + 090000T: * W Nes preceding 1/t or 24 Method. 
O00 4 4: 1 Hence: again, The Logarithm' of I, being 10, 
. ooo f every Index from 10 upwards belongs to the Loga- 
. 0% ũ / ⅜ꝶ:i.Fn 6 rithm of a Number integrator: mix d: And. if we 
«001 717 1 7 (take/10 from any Index greater, the — . — ſhews 
. 01 ++ 15 in what Place after that of Units (of the integral 
l [% part) the: firſt Figure on the left hand of the cor- 
J. 10 2. reſponding. Number ſtands; But if the Index is leſs 
10. | 11 than 10, then, as it belongs to a Decimal Fradion, 
100. 12. fo, if it's taken from 10, the Remainder lhews in 
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* 


* 
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addon; Conſider, that as the Index of the Logarithm 
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avhat Place after the Point the firſt Figure on the left of the Numerator ſtands. And here 
tis to be obſerv d, that all pure Decimals, whoſe firſt Figure on the left of the Numerator 
ſtands in any given Place the Point, belong all to the ſame Claſs, or have the ſame 
Index in their Logarithm, becauſe whatever number of Figures follow after that Place 
they cannot make the whole 0 to an Unit in the preceding Place on the left. 80 all 
Decimals, whoſe firſt Figure of the Numerator, on the left, ſtands in the firſt Place after 
the Point, (as. 3, Or . 47, or. 5067) are Intermediates betwixt . 1 and 1, and fo have 
9 for the Index of their L m. All whoſe firſt Figure flands in the ſecond Place are 
intermediate betwixt . ox and . 1, and fo the Index of their Logarithm is 8; and ſo on: 
And this is to be underſtood, tho there were an infinite number of Figures, from any 
Place after the Point, unleſs that infinite number. were all , for then the Value of that 
Infinity is an Unit in the preceding Place on the left, and ought rather to be written 
thus, .0999 c = .1.; Thus then we have a new Syſtem of Logarithms, differing from 


the common ones only in their Indexes, which exceed theſe, in every Logarithm, by an 


cegqual exce of 10; and conſequently the Logarithms of Numbers in decuple Progreſſion 


np as in the common Logarithms, vzz. only in their Indexes, which differ gradually 
y 1. f E 7 5 N 4 } 2 z k } 
Now, for the Reaſon of the preceding Rule, conſider, that to find the Log arithm of a 


FraQtion (which does not fall below . 0000090001) 25-5 we moſt argue thus ; 


863 74 : 1 : gt; wherebore the Lage ihn of the Fraftion is the Remainder af 
ter the Logarithm of 863 is taken from the Sum of the Logarithms of 74 and. 1: But, 
by what s now explain d, the Indexes of theſe Logarithms muſt, in this new Syſtem, be 
more by 10 than they are in the common form; and, becauſe the Lagarithm of 1 (viz.10) 
is to be added to thar of 74, therefore the Index in the Subtrahend will be 21 (for 11 is 
now the Index of the Logarithm of 74) and that in the Subtractor will be 12, whence 


that in the Remainder is 8: But becauſe there is 20 added to the Index of the common 


Logarichm of 74, (which is but 1) and 10 to chat of 863 (which is but 2) tis the fame 


thing in Effect if we take the Index of the common Logarirhm of 863, and add only 10 


to that of 74 ; which is the thing the Rule preſcribes, and is therefore juſt. The like 


Reaſon is in all Caſes. 


Oßſerde again, that o may be alſo apply'd as the Zogariihm of a Decimal whoſe Nume- 
rator is 1 in the tooth Place after the Point; and then the Logarithm of 1 in the 99th 
Place after the Point will be 1; and ſo on to x Integral, whoſe Logarithm will be 100, 
and that of 10 will be 101, and fo on upwards: Wherefore to the Indexes found in the 
common form there will be 100 added; and, conſequently, if the common Index of the 
Number wants more than to of the Index of the Denominator, we muſt add 100 Or, it 


is the ſame thing if we add 10 gradually from one Place to another, according as the Rule 


As to the Reverſe of this Method, viz. From the 1 e of a Fraction to ſind the 

| | a pure Fraction, which falls not 
below 1 in the xoth'or 100th, Sc. Place of Decimals, is ſome Number below 10 or 100, Oc. 
So, if we take the Difference betwixt the Index of the Logarithm and the Logarithm of t, 
iz. Io, or 100, Sc. and apply that as the Index to the Fractional part of the Lagarithn, 
then find the correſponding Number to that Lagarithm, and qualifie it again by ſetting a 


hn BY * { 
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Scuolivm. For the further application of this Method, obſerus, that as the 
Logarithms of Fractions are taken in a Syſtem different (at leaſt in their Indexes) 
from the common ones; fo in all Operations with ſuch Logarichms, regard muſt be had 
to the Logarithm of Unity, which is now 10, or 100, Sc. For Exa. If two Fractions 
are to be Multiplied, and if they are ſuch that their Logarichms are both taken out of the 
Syſtem, wherein the Logarithm of 1 is 10, then take the difference betwixt 10 (the Loga- 
rithm of Unity) and the Index of the Sum of theſe Logarithms; and-if that For was. 
greater than 10, the difference ſhews how many places to the left of the x whoſe Lo- 
rithm is O (viz, .0000000001) the firſt ſignificant Figure on the left of the Decimal 
Ruge muſt ſtand; and conſequently taking this difference from 10, the new difference 
ſhews how many places from the point this firſt Figure ſtands; but if 10 is greater than: 
the Index of the Sum, the difference is to be taken negatively, and ſhews that the firſt 
Figure on the left of the Decimal ſtands ſo many places to the right after the 1 whoſe 
Logarithm is o; fo that adding 10 to that remainder, the Sum ſhews in whar place after 
the point the Decimal begins. Obſerve alſo in this laſt caſe, that you'll find the fame 
Number by ſubtracting the firſt remainder from 20. Exam. If the Index of the Sum of 


the Logarithms of two Fractions (taken out this way) is 14, then the correſponding 


Decimal Fraction begins in the fourth place after the point; but if the Index is 8, the. 
Decimal begins in the x2th place. | : | 

Again; tho it is a certain general Rule, that the Logarithms of two Numbers which 
are to be Multiplied together, are to be taken out of the ſame Syſtem of Logarithms; yet 
_ is — always neceffary, becauſe other Circumſtances fave it; as an Example or two 
will expl | | 

Suppoſe the Logarithm of one Fraction is 3.5768349 (belonging to that Syſtem where 


in 10 is the Logarithm of 1,) and of another x2.374.2067 (belonging to that Syſtem where 


in 100 is the Logarithm of 1 ;) if we reduce them to one Syſtem, the firſt is 93.5768340, 
and then their Sum is 105.9510407 ; from which take 100 (the Logarithm of 1) the re- 

mainder is 5.9510407, whoſe Index 5 taken from 100, the difference 95 ſhews at what. 
place after the point the correſpondent Decimal begins. But ſuppoſe we do not reduce 
the firſt Logarithms, adding them as they are, the Sum, is 15.9510407, from which if: 
we take 10 (the Logarithm of 1 in the one Syſt w the remainder is 5. 95 10407 as before: 
The Reaſoz is obvious, for as here one of the 1 is 90 leſs than in the other 

ſo there is 90 leſs ſubtracted from the Sum, which muſt give the ſame difference; 

If an Integer and Fraction are to be Multiplied, then if we conſider the Integer Fraction 
ways, making I the Denominator, taking its Logarithms out of any Syſtem, it will be the 
fame as when we take it out of the common Syſtem as a whole Number ; becauſe what 
we add to the common Inde x is taken away again by ſuhſtracting che Logarithm of the 
Denominator 1; and therefore from the Sum of the Logarithms of an Integer, taken out: 
of the common Syſiem, and the Logarithm of a Fradion taken by this third Method, 
ve are to take the Logarithm of 1 (as it is in the Syſtem out of which the Logarithm of 
te os 3 the 3 18 —— os the difference 

whoſe Index and 10, if it's greater than 10, or their gum it its leſs, thews in what place 
14 al begins, my 720 We 3 

Exa, Suppoſe ithm of any Integer is .4.3720679 (taken out of the common 
Syſtem, wherein the Logarithm of 1 is c) and the Logarithm of ſame Fraction is 
32578006, (taken out of the Syſtem where 10 is the Logarithm of 1) che Sum of: theſe: 
94 a __ which — 10 (che Logarithm 9 — wa remainder is 

6298685 whoſe Index taken from 10 the remainder is 9, ſuewing that the correſponding 
Decimalibegins in the ninth place after the Point. oy rote " 
; But at laſt obſerve as to both this and the preceeding Method, that if Fractions are 
given. Terms in a Queſtion. which is to be ſolved by Multiplication or Diyiſion, we need 
| | not,. 


! 
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not, in order to the Operation by Logarithms, take out the Logarithms cf theſe Fiadlion; 
ſeparately ; but, conſidering the Method of Working with the given Numbers, we thall 
need only to take out the Logarichms of the ſeveral 'Terms as whole Numbers, and apply 
them to one another by Addition, fo as to have at laſt but one Simple ſubRraQion ; and 
then if a greater Logarithm is to be taken out of a leſſer (which gives the Logarithm of a 
Fraction) we inay do it either by the preceding ſecond or third Method, and then 
find the correſponding Fraction in the manner directed: The following Queſtions will 
allvſtrare this: For 9 8 8 Z x N 

I fhall finith this Chapter with a few Examples in the Practice of Logarithms 
2 a further Muftratioa of the Rules; where you'l alſo find ſome. further uſeful In- 

uctions | Bü | | 2 gin N 


2 Multiplication. 85 


Exg. 1. To Multiply 39674by 4685, I find the sum  Logarithms, 
of their Logarithms; which having a greater Index than cf 4685 = 3. 6727295 
auy in the Tables, I find the pur — to sl 39574 = 4. 598500 
8.2692156 which is 4. 2692093, whoſe correſponding — — 
| Number & 18587 ; A Loga- cf 185870000 = 8. 2692156 


nithm whoſe correſponding Number I want is 8, 1 multiply the Number found by 19009 
and it is 185870009, which is leſs than the true Product, this being 185872620. If we 
we had Tables carried to a greater extent than 101000 (which is the extent of SHeruius 
Tables) then we thould find the Product true to more Places. 5 


Eta. 2. To find the Product of 268 by L Iade © _ Logarithm. | 
5 5 | | 342 | of 258 = 2 4281348 
the Logarithm of 268, to that of 57 and from the $7: 1222, T4 7558749 
Sum take the 2 of 342, and the Number — — 
correſpending to the remainder neareſt is 44-667 3 the FR Sum 4. . 1840097, 
true Product being 44.666, Sc. 2 6 circulating in Of 342 = 2. 5340261 
Infinitum; ſo that the Product found 


more than true. I have alſo wrought it another way, 
to thew. the correſpondence of both; thus, I take-the , 


Logarichm ef by the ſecond Method of the prece - e 
ding Problem, which is n . dle which added tothe | oa 2 2759 
Logarit 268, the Sum is arichm as 1 „ 6499836 
was found by the other Method. L . 9 265 | + 2 vr 3 , | 
Eu. 3. ToMukiply + by 55 I add the Log. 
rithms of 7 and 3 thoſe of 59 and 478; and ſub- 
tracting this Sum that, as directed in the ſecond l ——  : 
wy pete the preceding Problem; the remainder is 7X 23 2. 2068258 
the Logarithm ſought, viz. 3. 7565459 whoſe cor- 59 iz x, 5908520 © 
reſponding Number I find, thus, Peck a Logaritn 1428 2 [ig | 
- whoſe Fraction is neareſt to 7565439, and this I find ——— 
to be 7565448, and the correſponding Number is 57088, 59 x 478.== 4 + 4502799 | 
which qualified according to the Index 5, is .0057088; 223 =. 7565459, dif, 
which exceeds by a little the true Product, for this is 59 * 478 3. e 
0057008, Se. | ' 147 © +... whoſe Valoe reduced is 
abt bs Ke: this Decizgal ,0057088, . 


— 2 F 553-46 £ 10 


is a. ven Urte of 44 a 667 =1 © 6499836 | 


ef 5=0. 8450985 / 
24. ens 
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In Divifon. 


Exa. 1. To Divide ae by 24, 1 ſubſtract the Lo- | 
garichm of this from the Logarichm of that, the re. ef 4762 engen, TO 
mainder is 2. 2975782 ro which the neareſt Logarithm in 24 = — i Tips 
the Table (ſetting aſide the Index) is .2975636 which is + 3 
the Fractional part of the Logarithm of 78 ys ; — 198.41 = 2. 2975782, diff. 
applying the Index 2, the correſponding N 
198 . 41. 

Exa. 2. To Divide 74568 by 4.37; having found the Logarithm. 
Logarithm of 4.37, who whoſe Fradticna part is -64048 14, of 74868 = = 4 . 8725525 
the Index due * make it the Logarithm of 4.37 is o; 437 = 0» _ 6404814 
therefore taking the Logarithm of 8 that of 74 — 
the remainder is a Logarithm, who I7103 == 4 - 2320711, 
ble has for its correſponding Number 17103, (hich execs the true Quote, for this is 
| 17063. 615, boc. 


Era. 3. To divide $670 by IL, ; becauſe che Quote 1 
is equal to 5670 X 456 == 37, therefore I add the Loga- of 5670 84 7285828 


_ of 5679 to _—_ 456, and el the Sum hos 456 = 2. 65 2 « 6589648 
| garithm 37 3 ne ogarithen in e Table 18 n 

neareſt to the remainder, has for its correſpondent Num- f ar 7. 225 3682517 
ber 950 9, the true Quore being 69878.918, Ge. wanting — — 

very little of the former. of 69879 = = 4- 8443452 


To Divide a Fraction by a Fraction is multi plying the 


Dividend by the 1 of the Diviſor the Operation Logarichms is th 
fame the as in Mulciplication. £ b : 


| | In ding Proportionals. E 
gels ty : 2 Take di yh bars ang" 6 | 185 
e 14 352 e ari Logarihm. 
| debe 5 n n of 359 = 2 . 5550944 
2 the 8 is 2 * Loguichm mw! whoſe neareſt in its double 5 1107888 7 
the Table has for its pondent Number 9205.8, of 14 8 1461280 
a 9 or 3. 


. 


* T 1 5 3 9640608 Gf, 
4. 2. To a fourth proportional al to : . 

24: 367 . 29: : 5348 . 6 from the Sum of the Loga- Logarichms. 
richens of the ſecond and third Terms, 1 take the Loga- of 5348. 6 = 3 7282401 
rithm of the firſt 24; the neareſt to the re- of 367 » 29 = 2 - 5650091 
mainder has for its correff nt Number 81854, which Sum. 6 . 2932492 
eee de, this being 8853.53, Ge, bl 882112 


of 81854 = 4 - 9130380 


o 4 bo . . 4 1 ul 4 : 
WD Exa. 
1 1 F — + - 
„ 1 5 8 . \ © % „ 
. bs 
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Exa. 3. To find a fourth Proportional to theſe Loe 
ogarithms. 


14 : 2 2 =: By the common Rules this is had by of 5 O. 6989799 
I I ? 1 F 25 = 1 . 3979400 
this Operation, viz..5 X 25 K 14'= 9X37 XI oP het Fore 9794 

wherefore baving added together the Logarithms 3 of 14 = 1. 1461289 


5, 25, 14, alſo the Logarithms of 9, 37, 13, I take this Sum 3 242028 

Sem from the other ; And ſeeking a 3 in the K 8 
Table whoſe Fractional part is neareſt to 6066504, 2 9 = 0. 9542425 
irs correſponding Number is 40425, and becauſe the * 37 = I - $682017 


Index of my Logarithm is i, therefore the Number of 13 = 1 . 1139434 
ſought is. 40425, which is the true fonrth Proportional, Sum 3 e e 636 3876 
true in all theſe Figures. = of .40425 = . 6066504. diff. 


Olſerve. If in Multi plication, Divi ſion, or finding a third or fourth Proportional 
any of the Terms is a mixt Number, either reduce it to an improper Fraction, or the 
Fractional part to a Decimal, and then proceed. _ 


Fir INvoLuTION. 


This being no other than Multiplication ; the practice ef it by Logarithms is 
fime alſo as that for Multiplication. . roy: OT 16 the 


For Extraction of” Roots. 


Exa. 1 To extract the Square Root of 1156: I find it; ge Trig to be 3.620578, 
* boy * 14789, and the correſpondent Number is 34, which is exactly the Square 
[619] 4 O 11 . 5 N 2 N — - E | 
Exa. 2. To find the fifth Root of 32768; J find its Logarithm 4.51 , and the 
fifth part of this is .903c899, c. the neareſt 33 to which Ap? Table is 
9020900 whoſe correſpondent is 8, the true fifth Root of 32768. 

Era. 3. To find the Cube Root of 13839, I take its Logarithm which is 4-1411047, 
whoſe third part is 1.3803682, Er. - The Logarithm whoſe Fractional part is neareſt to 
this is .3803741; and its correſponding Number is 24009, but becauſe of the Index 1, it 
is 24.009, Which is an exceſſive Root, for the Cube of this is-1 38 9.578, Ge. The lu 
tegral gout of which Root 24, is the Root of the greateſt Integral Cube which is contain- 
ed in. 13839. | | = h 

Obſerve. If the given Number whoſe Roct is ſought is greater than any Number in 
your Table, uſe this Method; take a Number leſſer, which is a Power of the propoſed 
Order, by which divide the given Number; if the Integral Quote is a Number within 
your Table (and if it is not, you muſt chuſe another Diviſor-of the ſame kind that will 
bring the Quote within the Table) ſeek the propoſed Root of the Quote, and multiply it 
by the Root of the Diviſor, the Product will be the Root ſought, or near to it. 

Eta. 4. To find the Cube Root of 262144 becauſe it's greater than can be found 
in the Table, I divide it by 8, (the Cube of 2) which gives for a Quote preciſely 
22768, whoſe Logarithm is 4.5154499, and the third part of this is 1.5051499, and 

Number correſponding to that Logarithm which is the neareſt to this in the Table, is 
32; — 8 by 2 (the Cube Root of the Diviſor 8) produces 64, the true Cube 
Root ſought. | 

The Keeſor of this Rule you have in B 3, Theor. 2d, For if any Number is a Power, 
as An and if it is divided by a Similar Power B., the Quote is a Similar Power, whoſe 
Root is the Quote of the Roots of the Dividend and Diviſor. So 4* = BY — A — B* 
are 4 — B X B 4, that is, the z Root of the Quote of 4 = Bn multiplied * 
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the Root of the Diviſor B', produces A, the zz Root of the Dividend 4-, If the Divi- 
dend is not 2 Rational Power, or the Divifor is not an aliquot part of it; you can only 
expect to ſind a Root nearly true: But as Involution is eaſier than Evolution, having 


found ſuch a Root as your Logarithms will give, prove it by actual Involution, and by an 
Allowance for what it errs, and one or two Trials, you may bring it near enough for com- 
mon Applications: And in the Extraction of _ Roots, where the common Kules prove 
very tedious, This will with much leſs Trouble bring out a Root ſufficiently near, 


Ar»ENDIX, ſhewing the Reaſon of the Ru Lis given for finding 
oh the number of Terms in a Geometrical Progreſſion. 

| | | ; See Probl. 4, 6, 9, Chap. III, Book IV. 
In Problem 4th having the Extremes a, I, and Ratio yr, to find the number of Terms . 
The Rule given by Logarithms is this; 2 — 1 == © ee — the Demonſtration 
of which is this, 1 Ear (Cor. 6, Poti. 3, Chap. II.) whence 1 f.; And 


1 | 5 70 | 
conſequently, Log: 11 = Log. 32 But, by Prob. 5. preceding, Log. 2 — Log. — 
Log. a ; and by the 3d Fundamental Rule of Logarithms, Log. 2-1 i 
Nie, Wherefore JJ xLGr lor ol laſtly, — 

Log. I a | | | | 


In Problem 6th the Rule is # — 1 =D 5 the Reaſon of which 
is this ; By the preceding part of that Problem it is ſhewn, that r= — ; Whence, 
Log. r = Log. — 7 = Log. 72 — Log. 5 —7, which being put in the pre- 
ceding Rule for Log, 7, makes the preſent Rule. * © Z e 
In Problem 9 we have this Rule; = — 1 EAA — . TheReafon 
of which is this ; Tis chere ſhewn, that a = #1 | 5s —7s ; fo that this Rule is only put- 

ting Log. #1 Þ 7 = 7 for Log. A, in the Rule of Problem 4. "+I PEP 
We have alſo this Rule, 1 — 1 = Log. ro Far U y— Log. a; the 


= rr — Log. 7; which is put in place of Log. J, in the Rule of 


9 1 0 1 3 R 
F 7 p a * * * * wo ih 4 - * 4 
— 
* * 
#4 x 2 * * = 
3”. i=" „ 7 a ; ef ” _ % 
* Ba a 3 +4 Ek a , { : 1 *y i / . Sx . 
1 ee * | CH 
ky 1 7 —_— = * W 
918 23 * 1 ; RP a 
* * A 7; . . * 1 \ $12 1 
ho, ” 


S * 
. * * 0 
& 4 1 — — hah td. ad... at a6.4 a ik — 1 2. 


fe ld p. VI. 
Of the Combinations of Numbers. 


DEFINITIONS. 


I Cr K* Things are, the Various Ways a number of Things may be taken 

al jom d together, either i in reſpect of the Order of the Whole, or the Choice 

2 number of Particulars out of the Whole. But this will be more clearly un- 

derſtood by the Species into which, Combi nations are ifingaillrC, viz,  Permutations, 
Elections, and Compoſitions. 


II. Permutations, or C bange 2s, | for, as ſme call them, Alternations) ave fuch Com- 


binations of any number of 1 Rings wherein, reſpect i is had to the Order of the Whole, 
either as to Place or — ar (1?) In regar I of Vice Any number of Things S 
bein d, the number of different, Ways theſe Things, may Gipogd in an equal 


= mber 0 derermin d 12 92 ſhall — l ame REG is call d 
their Changes 6 6; B, * ad 4 
— hal in 6 a ee ing wo be US 
Places every one may poſſeſs, Regard being fiill had to the Whole; ; i. % H any — pe 
more of them change Places, that makes a new Alternation or Order ofthe Whote, tho” 
all the reſt remain yachangs. | 
(2®) Ih regard © Succe ion: ThE eren Ways ſeveral Tings may be taken or 
order d in Succeſſion one after anotl MCG: alſp call d C Hanges, or Alternat ions, as to Or- 
der of Succeſſion, depending upon A, er B, er any one of dem, iſt or 
2d, Sc. And as the taking any one fe them 1ſt or 2d, &c. may be call d putting them 
in the 1ſt, 2d, c. Pre of che Succeffion, this Thews the-Coincidence- of theſe two 
Ways of ordering Things, as to the Number of Charges; For they are both reducible 
to one Notion of Place, either as it relates to Space, w Wich is more > Airidtly call'd Place; 
or to Fine and Srce from ; which, — Number of 7 ſame; for Places 
cannot be better daflinguiſh'd than b _ ering, them 1ſt, 2d, „ and the Order of 
Succeſſion of Things 15 dia gualh4 ay, dad 5 i Wich Thing is 


= 265 Sc. | 
s of Choices ite Id TE! 1 Order of the 
Whot, but the F 1 of raking a particular Number out of the Whole. Thus, Suppoſe 


number of is to be taken out of a and we, 2 y to take 
them out of an of the Whole; 3 —— der of Wa this tnay be done, ſo that 
ſome tone at kaſi kat) th be diferent- in ever or Cauithrertion, is callld callld t nel þdices 


of that number of I hings in the other. Exa. ex pr 4 Men are to be drawn out of 700, 
the number of Ways this can be done, fo as ſome one of them ſhall be a different Man, 
is the Choices of 4 Men (or any other Things) in 100. 


COROLLARIES. * 


ff. The C hoices of 1 in any Number is equal to that Number; and any Number 
can be taken out of it ſelf bir once, or one Way. 4 
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 »4, TFany Number Nis equal to two Numbers, 4 + B, the Choices of A and B in 

N are equal : For, fince the one being taken, the other is left ; then as many Choices as 1 

you can take away of the one, ſo many you leave of the other. FA | 
zd. If wo Numbers differ by 1, as A and A + 1, the Choices of 4 in A + 1 is | 

equal to A + 1 ; becauſe the Choices of xin 4 + 1 is A 1, and the Choices of 

Aand 1 are equa]. 3 | 


IV. Compoſitions are limited Elections. Thus, conceive two or more different Setts | 
(ot Syſtems) of Things, containing each the fame, or a different number of Things; | 
then ſuppoſe we are to chaſe out of the whole a number of Things, either equal or un- 
equal to the number of Setts, fo that we take ſome Part out of every Sett fi poſſible, 
1. e. if the number of Setts be not greater than the number to be choſen ; for then we | 
may take any Choice of a number of the Setts equal to the number to be elected ] the ml 
number of Choices thus limited is call d the Compoſitions of that number of Things out _— 
of that number of Setts. Exa. Suppoſe 16 Companies of Men, 16 Men may be drawn 8 
out of theſe various Ways, taking only 1 Man out of each Company, and che number of | 
Choices we can make with this Lamitation of x qut of each Company, is the Compoſitzons 
of 16 in the 36 Companies. | | | 


THEOREM 1. nl | | 


If any Number Mis reſolv d into two Parts, £ + B, the Chonges of Nor A+ B | 
are equal to the Product of the Changes of A, and of B; and the Hectious of 4 (or B, 
which are equal by Corol. 2. to Define 0). b * | | 

Exa. If the Changes of '4 be 24, 6 be 720, and the Elections of 4 in 10 
(=4 + 6) be 210, then the Changes of 10 will de 24. 720 X 210 = 2158800. 


Conceive a number df Places equal to 4 + B repreſented 
_ - E * 

1 ec D 9 „dy Points ſet in a Row; as in the Margin; wherein there are 
\4=4 ': B==6 | difiinguilti'd'a Number equal 10 A on the left, and the re- 
PAN. 28 mainder equal eo Bon the right: It's certain that in every 
* „ NY $ Gow #4 One of the C bargen of 4 + B 4 in all theſe Places, 


S MT — — —— ————— ͤ—— 


| REA | 


9 — — ſome one particillar Election of a number of Things equal tc / 

4 ＋ = 10 4 muſt poſſeſs that individual-number of Places equal to A, 
Ahich lies firſtion the defr hand. Suppoſe any one Election 9 
of 4 Thin to poſſeſs cheſe Places, it's plaintheyican continue there ſo long, and no | 


longer, than tin all cheir Changes in theſe Places be join d with all the Changes of the 

remaining B Things in the remaining Haces on the-right hand; and'theſe will make ſo 

many differem Changes of the whole, wiz. à Number equal to che Product of the Chan- | 
ges of A into the Changes of B: But then very Haction of A Things out of the whale | 
will poſſeſs theſe A Places, that lie firſt on the left hand, as often, or in as many different | | 
Changes of the whole, as the firſt Election did; and when every Eledion of 4 has poſ- | | 
ſeſs'd theſe 4 Places as often as poſſible, ( izes in -u_ different Changes of the whole | 
2 Product of the Changes of A and B) then all the Changes of the _ are finiſh d. 

Conſequerily they are the gentinnal Eroduct of the Changes of 4, and of B, and tlie 

Elections of 25 or B) in A B: hic may be expreſs d in Cliaracters, thus; 

AN B = bh: d, >, 6053.8, x Elec. 4 ut.4 TH 5 


Fa EY b 4 4 # 


A d Hi 28 7520111001 3X CHEOR E N 24. A wit 
Let any Number M be equal to two others 4 ++B, the number. of thoſe different Alter- 


| 

| 

| 

a -Ratious of the whole N, in wlüch the Part A will poſſeſs the ſame number of certain deter- | 
= $336, | —_ 

| | 
| 
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_— Places, is equal to the Product of the number of Alternations of 4 by thoſe 
of B. e CIA), © | | 
Exa. If the Changes of 6 are 720, of 2 if they are 2, and of 4 are 24; th 
certain Choice of ungs will poſſeſs a certain Choice of 4 — Tr 24 X 2} 
times, or in 48 different Changes of the whole. 735 | 5 

DEMO N. Its plain that the Number 4 may poſſeſs an equal number of determin d 
Places as long as while all their Alternations in theſe Places be join d with all the Alterna. 
tions of the 8 Things B in the remaining Places, and no longer. 

Otferve ; If you afk how long theſe A Things will keep theſe determin d Places without 

changing in them, then the Number is that of the Alternations of B. 


THEOREM za. 


If a Number x ( =a +) is to be elected out of a greater XN, the Number of different 
Elections, in which a certain Choice of a Things will caſt up, is equal to the number of 
Elections of 5 in N — a. ee n 
Exa. If the Elections of 6 in 10 are 210; and of 4 in 8 (= 10 — 2) they are 70; 
then chuſe any 2 out of the whole 10, and that Choice will come up with 70 different 
Choices of 6 in 10. : | | 

Demon. Take away any Choice of a from NM, the Choices of à in the Remain- 

der NM — a being join d with that Choice of a, make all the Choices of 2 + b in which 
this particular Choice of à is concern'd, * © „ ere 


| THEOREM 4th. 
The Elections of any Number A in another greater than it, N, are equal to the Sum 


of the Elections of A and of A —1in N—1., | | 
- Conceive all the Units of the Number M to be diſpos'd in 


DzMoNn a Row, and one of them to be taken off, from the left hand, 
LVſo that there remain w 1 on the right: It's evident that 
dad ena, the Choices of 4 in N — 1 are a part of the Choices of 4 
+» + + «© « &, in the whole ; and tis as plain that, having theſe, we 
| on — want none of the Choices ſought (viz. of A in M but thoſe 
N—71 in which the Unit taken off is concern d (or makes one of 


45 the Units choſen), And it's again plain, that theſe are had 
by joining that Unit with all the Choices of 4 1 in N— 1, becauſe that Unit being 
join d to A — 1, makes the Number 4; and being join d to all the Choices of 4 — 1 in 
r, makes all the Choices of A (in M in which that Unit is concern d: Which 
c I, makes the whole Choices 


PROBLEM If. 


F. Chinges any Namber of different Things is: 
e O =: EI n 2182... Be 1 | 

Ru 1 E. Take the Natural Series of Numbers from 1 (viz. 7, 2, 3, Ge.) up to 
the given Number; multiply them together, the laſt Product is the Anſwer. | 
Era. 1. The Changes of 3 Things are 6 == 1 X 2 X 3, repreſented as in the Mar. 
in, by 3 Letters, 4, B, C. | "4.4 N. 1 57101 . $5" ware Arn 0 J 
; 7 | EEE ; $ «FF Era. 24, 


1 
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M Ei 4 Exa. 2d, The Changes of 8 Things are, 40320 = 
A, B, ET G A =.1X2%3X4X5X6-X%7.X8, So that if there are 8 
4, C, B | 4, 5 Men in a Company, they may change Places fo, that the Or- 
5. c [B a4 der of the whole ſhall be varied 40, 320 different Ways. 
„ A, » B, ; | - 


DEMO N. If the Rule is true in any one Caſe, (i. e. of a Number NM. it's true of 
the next above, or of N + 1 Things; and conſequently of all above: But tis true of 2 
Things, A, B, whoſe Changes are only. 2 = 1 X 2, for they can be order'd only thus, 


4 B or B A; therefore tis true of all Numbers. What remains then to be demonſtra- 


ted is this; That if the Rule is true of M Things, it's true alſo of NA 1 Things, 
which is demonſtrated thus: | | 

By Theorem 1, the Changes of N +1 are = <<: NY, ch:1, X elect: Nin Ni. 
But the Changes of x are only 1 ; that zs, one Thing can be taken but one Way : And 
the Elections of Nin N I are N- 1 Tome 3, Defin. 2) therefore the Changes 
of NMT 1are =eh:NX NFÞ1. But the Changes of N, according to the Rule, are 
NVNTIi XN NK &c. X 1, (or IX 2 R XK &. M); and if this is right, then 
the Changes of N + 1 are NÞ 1X N XN— i &c. X 1. (or 1X 2X3, &c. X Nx 1.) 
which being alſo according to the Rule, this is therefore right. 

Or, this Article may be demonſtrated independently of Theor. 1, from the nature of 
Alrernations only, thus.; In every Change of M 1 Things, ſome one Thing muſt 
poſſes the 1 Place, and there ir may continue till the remaining V Things change Places 
as oft as poſſible ; each of which Changes join'd with that One in the iſt Place, makes ſo 
many different Changes of the Whole: And, ſince any One of the Whole may poſſeſs the 
1ſt Place as oft, it follows that the Changes of M Things multiply d by the Whole num- 
ber of Things, N A- 1, gives all the different Changes of MN + 1. But ch: V N 
NI c. „ 1. Therefore ch: N+1=NÞ+3 XNX N=T, &c. X 15 which 
is the Rule. | „„ 3155 9575 . 

SCHOL. 1. We have learnt how to find the Number of Changes of any Number of 
Things; but if it ſhould alſo be requir d actually to take them all out, or repreſent them, 
for Example, by Letters ; there is one Certain Method of proceeding, by which we can 
man the whole with the greateſt Eaſe and Diſtinctneſs, ſo as to run no hazard (or the 

poſſible). of — any Change, or taking any one oftner than once. This Me- 


thod will be made clear by a few Examples. 
Exa. 1. For 2 Things A, B, the Changes are theſe 2, AB, B A. 

Exa. 2d. For 3 Things, A, B, C, the Changes are 6, which you ſee already taken 
out; only, to ſave ſuperfluous writing, they may be order d as in the Margin; where, 
e beecauſe every Letter poſſeſſes the Iſt Place twice, viz. till the 
4 BC|B AC|C 4 B| remaining two have chang d twice, therefore I write that 

CBI C al B 4 Letter down but once in the 1ſt Place, ſuppoſing it to belon 

| | do the 1ſt Place of the next Change, which is left not fill d up. 
 Exa. 3d. For 4, Things, a, b, c, d, the Changes are 24, as they are here re- 
122 | 1 preſented; where every Letter poſſeſſes the 
aberd|b'acd|cabdidatc}} iſt Place 6 times, iz, till the remaining 3 

44 4 c b|\ have. chang'd 6 times, whoſe C Hanges are 

ebd| cad} bad} bach} orderd the fame. way as in the preceding 

db 4 4 4 4 c all Example. + Pp | 
dq be A4 dabl cabll  _- 
e en , b al. 240 


Exa. 4th. 


5 
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Era. 4th. For 5 Things, 2, B, e, d, e, their Changes are 120 (= 24 X 5) tak 

k as here repreſented. Where OZſerve, that . eos 

abcdet bacde of 4 are 24, fo, in taking out theſe of 5, every Letter muſt 


e d e d poſſeſs the 1ſt Place 24 times, 2. e. till the remaining 4 Letters 

dre dee make 24 Changes; which are taken out according to the Me- 
ec ec  thod of Exa. 41h. | 3% 

ecd ed I have carried the Work no farther here than to 48 Changes, 

d c dc viz. while the two firſt Letters, a, 5, poſſeſs the 1ſt Place each 

1 0 . — 24 times; the reſt are ealily conceiy'd by theſe, 
"2 . 7 By theſe Examples the Method for any other Number may 
23 ee be eaſily underſtood, one depending always upon the preceding: 


So, if there were 6 Things whoſe Changes are 720 — 120 K 6 


on he each of them muſt poſſeſs the rſt Place 120 times, viz. till the 
7 2 remaining 5 make their 1 20 And, Obſerve, that as 
MG |" every Lecter has the 1ſt Place as oft as the Changes of the re- 
dbcel darel maining Number, ſo, while it poſſeſſes the 1ſt Place, the Letter 
N r next it in the ai Change of thoſe herein it has the 1ſt Place 


che 3 8 poſſeſſes that next (or ad) Place as oft as the number of Chan- 
een the remaining Letters after this one; and then the next 
er is advanc into that ad Place; and fo ras dg they are 

7 - caj All ſucceffively in the ad Place. The ſame is to be obſery'd of 
— — the 3d and th, Sc. Places: Then, when all the Letters after 
ebed ac ef the x have {s'd the ad Place, a new Letter is advanc'd 
47 260% intothe 1ſt Place, and ſo the Changes proceed with that Letter 

WO: 


ny 
Do 
8 
tg 
N 
NY 
&c. 


c 3 4 cad in the 1ſt Place as did bef; 
d b d a Or, if we trace the Order from the right hand to the left, 
d be @dac then obſerve that the two Letters on the right hand (in the 
6 5. ca iſ Order of the 2 Letters) having chang'd twice, a new 
Letter is advanc d into the 3d Place (counting now from right 


to left) and what was laſt in the 3d Place is put in the 2d Place; and this new Letter in 
the 3d Place is there till the 2 on its right hand —_—— and then the 1ſt Letter (on 
the fight) is advanc d to the 3d Place: Then, when the firſt 3 Letters have thus poſſeſs d 
the 2d Place; each of them twice, 2. e. as oft as the Changes of the remaining 2, a new 
Letter is advanc d into the 4th Place (by making the Letters in the 3d and 4th Places 
change) and there it continues till the remaining 3 Letters make all their Changes : And 
ſo on till all the Letters are adyanc'd to all the from the right to the left Hand. 
An attentive Conſideration of the . will make all this very clear. 

But Obſerve again, that the Number of es grow ſo faſt upon the Series of Num- 
bers, that the Changes of a ſmall number of Things can never be all repreſented. For 
Example: The Changes of 10 are 3628806; han x plan to take out 300 of 
them every Hour, it would coſt him zag Dogs to finiſh them all, tho he works at it 

Night and Day without — . - if K — . the _— wed hings, 
7. e. take 20, the Changes are 187,146,308,321,280,000; ſo great a Number, a 
Man could take ont 500 of them — Hour ( which yet I doubt any Man could do) 
it would take him upwards of 42 thouſand million of Years to finiſhi them all. For, di- 
vide che Changes by 500, the Quore is 37429261664.2560 Hours; which divided by 24, 
quotes 15595525693440 Days, which makes 42,727,330,666 Years 70 Days. 


Scuol. 2. In this Problem the Things to be chung ii ate fuppos' to be ſo many 

diſtin& Individuals; which, tho? equal or alike in ſome reſpects, yet are diftui& and different 

from one another in that reſpe& upon which the Variety of Change depends; and ie 
1 : of , : Ca 
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capable of a real Difference, and Variety of Order: But if two, or more, of them are the 
ſame, or like in, that reſpe& upon which the Change depends, ſo that they admit of no 
Variety among themſelves; Then the Number found by the former Rule muſt be cor- 
rected. I ſhall firſt explain this Likeneſs and Difference of Things. | 
Whatever Likeneſs we ſuppoſe among Things, while we conſider them as only numeri- 
cally different, this is a ſufficient Foundation for all the Variety of Order or Change in 
the preceding Problem: But if we make the Subject of the Change any Thing which 
they have all in common, or which is common to any Number of them, the Caſe is 
different. For Example; Suppoſe 3 Letters, whereof 2 of them are the ſame as to 
Sound, as A, A, B, theſe are not capable of all the Variety, in reſpe& of the Order and 
Sneceſſion of Sounds that 2 Letters have, becauſe the two As having no Variety 
ge 


of Sound, admit of no C betwixt themſelves, as two different Letters do : So the 
Changes here are only 3, viz. A A B, ABA, B A A; whereas 3 different Letters 
have 6 Changes. But if we take two different Characters, as A, a, and make the Change 
regard only the Places of different Characters, without regard to Sound, then it's the 
ſame thing what Sounds they repreſent, they are 3 different Things as to Shape, and fo 
have all the Variety of any 3 different Things as to Order of Place. | 
Take another Example: Suppoſe 4 Bells, whereof 2 of them have the ſame Note or 
Tone in Muſick ; then, if we conſider the Changes theſe. 4 Bells are capable of in the 
ſucceſſion of their Sounds, as Notes of Muſick, they have not ſo many as were they all 
different Notes ; becauſe the two that have the ſame Note cannot change with one ano- 
ther, and ſo its no matter which of them is firſt ſtruck, it makes the ſame ſucceſſion of 
Notes. Indeed if we conſider em only as 4 Sounds, emitted from 4. diſtin& Bodies, they are 
in this reſpe& capable of all the Variety of any 4 different Things, tho they had all one 


Note; but the Variety in this reſpe& is not to be perceiv'd by the Ear, unleſs the ſpecifick 


difference of the Sounds be all different, and then the Changes may be ſaid to turn upon 
„ qa the Changes of them can only be mark'd by different Names to the 


PROBLEM 2% © 


To find all the C Hanges of any number of Things, whereof 2 or more are the ſame, 
in that reſpe& upon which the Change depends : | 
RLE. Find the Changes of the Given Number, and alſo the Changes of that 

Number of them which are the ſame, or like, by Pro21. x ; divide the former by this, the 
Quote is the true number of different Changes. But if there are more than One Part of 
the Given Number that conſiſt of Things like among themſelves, (One Part being ſtill 
different Things from another) then take all the Parts ( i. e. all their Numbers) which conſiſt 
of like Things among themſelves; find the Changes of each of theſe Numbers by ProZ1. . 
then multiply them continually together, and by the Product divide the Changes of the 
Given Number found by ProZ1. 1, the Quote is the true Number fought, © © 

| Exa. 1. Of 6 Things, whereof 3 are the ſame, the Changes are 120 : For the Chan- 
ges of 6 different Thin are 720, thoſe of 3 are 6; then 720 - 6 = 120. 

Exa. 2. Suppoſe 8 Notes of Muſick whereof 3 are the ſame, and 2 are the fame, 
but different from the former 3, and both different from the remaining 35 a8, Ja, fa, Ja, 
ſol, ſol, la, mi, fa, the Variety in the fucceffion of theſe 8 Notes, is 3360; thus, the 
Changes of 8 different Notes are 40320 of 2 there are 2, and of 3 there are 6; then 


2X6.=12, and 40320 ＋ 12 = 3360. 


# 34d 4 
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Dt mon. Suppoſe any number of Changes N= 4 + B, by Theor. 1, ch: V 
ch: AXA. B X Elect. A (or B) in N; therefore if any Number, as A, of theſe 
Things has but one Order, (as when they are like Things, or the fame in that reſpe& up- 
on which the Variety depei ds) in this Caſe ch: N= ch: B X Ele. 4 (or B) in WM; that 
is, the Number found by Probl. 1. is to be divided by ch: A, conſider d as different 
Things. Again; if there is another part of the given Number all like Things, as, ſup- 
role, B C D, and that the Number Care like Things, then, by what's e kenn, | 
the : B, taken by Prog. 1, muſt be divided by chiC; "Conſequently, the ch: M (by 
F791. 1.) are to be firlt divided by ch: A, to correct the Erxror ariſing from A being like 
Things; and this Quate again divided by ch: C, to correct the Error ariſing from C eny 
like * hings.; and fo on, however, many Parts are hike Things: But it's the ſame to divide 
. N continually by any Numbers one after another, or all at once, by the continval Pro- 
duct ot theſe Numbers. Wherefore the Rule is true. e | 


PROB LE 21 zu. 


| To find the Electious of any leſſer number ef 'Things ont of a-greater munber of 
Things all different. - * 

R v 1. K. Take the Series I, 2, 2, &c. up to the Number to be elected, and multiply 
them continually together; then take a Series of as many Terms, decreaſing by 1, from 
the Number our of which the Election is to be made, and multiply them continually toge- 
ther: Divide this Product by the former, the Quote is the Number ſougnt. 

Ed. 1. The Choices of 2 in 6 are 5 1282 2 

Fra. 2. The Choices of 4 in ꝗ are 126 8 X7 5 — 3924 78 

Lxiverſall. the « ices of 4 in B are expreſs d thus; 
EL B 
* 3 NK 4 X. Kc. x A 


18 


D MON. Suppoſe B A Dithen, by Theor. 1, ch: Bc Ax ch: D x Elec. 
4 (in 5); Hence Elections A (in B = ch: B — Ne Þ. Now, by 'Probl. 1, 
el: B — Bx B—1 x B — 2'&c. x 1;. And tis evident, that in this Series there muſt be 
one Term equal to D ( ſince D is leſs than · N) And therefore this Series may be thus ex- 
nay <<:B —BxB I, 8c DDI &. 1. But finceB= 44D and 

— B-— 4, therefore the Term of this Series next aboFve O or BA is R AÞ+1= 
SB — 421i; e alfo thus expteſs d, h: B BNB I &c. 
* B ALI Dx BI Kc. 1. Now the ch: D = D*D =I Kc. xt, therefore 
che B being divided by cb: D, the Quote is = B Hi K. B Ai; a 
. , And,the laſt Quote being Girided Ey this, ine Quote i 
85 F ͤ which is = 0b:B> fx 7D Ele. Lin. 


hich being according to the Rule, tis 


* 


bet ve mayalſo demonſtrate this Rule independently of Theor. 2, from the Nature of | 
e en 


Iß the Rule is true in any one Caſe, (i. e. of the Eledlons of A in B) is therefore 
ye of the next Caſe, or of AA. 1 in g; But the Rule is true of the Choices of 2 * 


> 
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Number B, which, according to the Rules, are 2 = B, which is the true Number, (as 


has been obſerv'd in 4 1, De Ruit. 3 Y Therefore the Rule is true of the Choices of 
2 in B, and conſequently of Ru every other Number: What is to be demonſtrated 
then is this; That becauſe the Rule is true of any! Number Ain , its therefore*rrue of 
A4+1in B; which I thus « demonſtrate. — 

Take any one Choice of A Out of B, there remain B — A things; and if each Unit of 
this Remainder be ſeverally combin d with that Choice of A, we ful hereby have as many 
Choices of 4 Fi as the Number B — A expreſſes; Again; ; H we take every other 
Choice of A, and combine them with every Unit of their ſeveral Remainders, for every 
one we ſhall have as many Choices of 4 + 1 as B — A expreſſes ; #: e. in the whole a 
number of Combinations of 4 -+ x, equal 7 the Product o the Choices of 4 (in B ) by 

x 5 Lo 4 

B — A; which, according to the Rule, is = e 5 
e - Ke ——= 4 . — But now theſe, Combinations of 4 + I 
that we have thus ſuppos d are not all different; and to find how many of them are ſo, 
Ae any one Election of 4 . 1, and call it the firſt ; then conceive all he Elections of 4 
chat are in this firſt Election of 4 + 1 (which are 0 many of the Elections of 4 in B) to 
by combin'd with each Unit of their Remainders in B, theſe make fo many of the pre- 

2 of 4 + 1 ; and it's plain, that "with each of theſe Elections of 4 

firſt Election off 4+ 1) ſo join d with each Unit of their Remainders in B, 

2 will atiſe one Combination of A + 1, Coincident with this firſt Election of A. 195 
for each Election of A, in this Election of 4 + 1, being join d with the remaining 
in the ſame Eledion of 1 T 1, coincides with it: Wherefore as many Elections * 4 
ae are in this firſt Elefion of 4 + 1 (which are in Number 4. - 1). ſo many of the pre- 
* 2 Combinations af A ＋ 1 are coincident, and therefore not different Elections of 

But the ſame is, for e like reaſon, true of every other reall * Election 
A+1in B; ſo that LA. really- different Election of 4 + Tha there core 
Combinations of 4 l. 1 Things taken in the preceding Work, which are coincidenr 
Elections of 4 +1 Things; wherefore we muſt divide 0 firſt Number of Combina- 
tions of 4 K 1 Things by 3% 1 (which is done by . multiplying the Diviſor of that 
Operation by A+ 2 the Quote is the true Number of the e differen Beeten of A+ x 


= es AEST 
in B, Abc ie te, 7 22 1 &. x B- 1XB—: 8 8 to the 
nue, 2&& XxX AX AFL 
In the followin I you fe g S Way of denonſirating this ins X 
4 SCHOL. I 05 gs ret of % Nane in any greater may be found and 


diſpos d in a Table (where ere thor ans r . had by Inſpection) which may be car- 


ried on in infinitum; whereo ye here a Specimen; the Conſtruction of which is 


byi 
We lumn p being: 


8 of the Suns of the preceding ſo far, or of the Sum 
e —— — ertis fame and 


the ding Col The Numbers to be 
the head — To yt porn 5 the N rs out of which 


the Edi nd tees the ſe ral Number 3 lumns Thew the Elections 
o the 5 N FED — 2 


ag Nomber of the firt Ccloa, e 
ö e a er wt i 


"The Eat 
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Ta LE for the Elections of Numbers. 5 


. Numbers to be elected. 
8 [1 6 
5 [= .. GS 
i: 2| x Numbers of Elections. '| 
ETIÞ SS: EE i 2.7 yeors th? | - x F 
s 130-1 5:3: EATS 
SL , 8-40, 3 } 
"WT CALLE. 35. 35. © HI | 
* F TE 4; | 
8 936 84 126 126 84 36 9 10 
5 42045 120 210 252 210 120 45, 10] © 
e 493. 467 33D 05, OY. 
2 112 66 220 495 792 924 792 495 22 \ | . 


„ 


The Conſtruction and Uſe cf this Table being thus explain d, I ſhall next demon ſtrate, 

thar it contains the true number of Elections, according to the Rule tor uſing it, thus: 
Ik 1, a, b, e, Ge. repreſent the numbers of Choices of any Number , in the ſeveral 
Terms of che progreſſion of Numbers from z upwards, then the ſum of this Series of 
Choices, vir. 1, 1 -þ a, 1 + 4 +, c. are the ſeveral Choices of x þ L. in the ſeve. 
LOST e + TS ral Terms of the progreſſion of Numbers from 


1 : 21: 2 2 2 242 2 + 1 upwards. This is plain from Theor. 2 
r 2 — Ke. which proves, that the Choices of a in 2 


5 . dklklwãadaere the ſum of the Choices of a and a — 1 in 
1 21 T4: ITT „ xt; i. e. that the Choices of 2 + 1 in 
aAAAAlAlAalaany number of the Series from z. I is the ſum 
of the Choices of zz» + x and a in —— leſſer Number; But the Choices of z are 
in the Series 1, 4, b, c, Gc. and the Choices of x + x in 2 ＋ I are 1; Therefore the 
Choices of zz 1, in all the Numbers greater, are in the Series x, 1 ＋ a, 1 + 4 + b, &c. 
But again; The Choices of 1, in any Number, are equał to that Number; i. e. are the 
natural Series 1, 2, 3, 4, Sc. conſequently the Choices of 2 in the Series of Numbers 
from 2, are the Sums of the preceding Series; and the Choices of 3 in the Series of Num- 
bers from 3, are the. Sums of the laſt Series af Choices: Which makes exactly the pre- 
eee i: 1 tet for: oo OS 
3 42 now, That this Table of Elections is the ſame as the Table of TI angulln 


Nu explain d in Chap. 2, ꝙ 2. (only differently diſpos d) where it is ſhewn, that the 
a-Triangular of the * Order, (or the Y Triangular of the 2 Order) taken from a Series 


3 „ ML Heme LH 2 4 | 
of Units, 3s 1 MON — & . K — * — (See the Schol. after 


s 13151 1639593] 4 — 1 R813 S301] 36 t he PIN 
Probl. 1, Ch. 2.) Now, in this Thle of Elections, if the Numbers to:be elected are 
compar d wick the Numbers out of which the Election is to be made, the difference of 
them is always 1 leſs than the Place of the Number of Elections in, its proper Column: 
Thus, the Difference of 4 and 10 is o, and the Elections of 4 in 10 are 210, the 7th 

Term of the Series of Elections of 4: But the Elections of any Number in another are 
the ſame as thoſe of its Difference from that other. Alſo the ſeveral Columns * 70 | 
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Table are the ſeveral Orders of Triangular Numbers, which becauſe as Triangular Num. 


bers they are reckon'd from a Series of Units, the Number of the Order is 1 more than 
the Number on che head of the Table: And, becauſe. alſo the Place of the Number of 
Elections, in its proper Column, is 1 more than the Difference of the Number on the head 
of che Table, and the Number of the firſt Column out of which it is to be elected; 

Therefore tis plain, that the Elections of any Number a — 1 out of another 2 ( = Ele- 
Rions of 2 2 — 1 out of z), are the ame Numbers as the 72 - 7 2 (or b) Triangu- 


ur of che a Order ; which, by the Rule of Triangulars, is x N * x *=2 oc 


2 — 1 i | 1140 5 it | , 85 oy 
Elections of 4a — 1 in 2; ſo that the Rule being good for Triangulars, tis good alſo for 
Elections. 
of a Binomial Root, (See Book 3, Ch. 2, & 1.) tis the very fame, wanting the Column 
of Units . But the 2 — 7 2, Coefficient of the 2 Power, is 1 * * — cc. 


* 2 ws 7 =, the ſame as the Elections of : — 27 in » (= EleQions of a I in 2) 


| 2 8— 1 om — 5 
which therefore are > * . & Ke. —— „ according, to the Rule of 


oY cHoL, 2. If "tis requir'd to take out all the Elections of any Number out of x 
greater, the Certain and Regular Method of doing ir will. be eaſily underſtood by the fol- 
lowing Examples. „Ane: 2901154 


ARTS, The Elections of 3 out of 5 Things, a, ö, e, d, e, are 10, 
2 j lade] as in the Margin, which are taken out thus! I take out the firſt 3 Let- 
4 b Fettes as they. ſtand in order, a & c ; then I put another in the firſt place 
aa the ri ht) ſucceſſively in the order of the Letters, till there is not 


| acdbde\! pipe keeping it there till I change all the Letters in order that are in 
a corel {+ the faſtplace; andthen, I para new Letter th the third place, keeping, 

— VVV 

i e. {0 as tliere remain enow behind to make out the Number ; and 
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e J The A ' theſe,” carefully conſider d; is-fuflicient Diredtion for any other Caſe. 
. l only add thus. Qbſerymior in be laſt Example 5. Thar when, s comes in the rü 
le Mi ; g ; _ Phe. 
5 | ; 


Or, if we compare this Table of EleQions with the Table of Coefficients of the powers 


In all 35. 


a = x — —— — — — — 
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place (on the right) the Letter iu the ſecond place i is chang d, und there it ſtands til] g 
comes 12 in in the firſt place, and then it is chang d again. and ſo on till F comes in the 
ſecond place; and then the Letter in the third place is chang d, d, and ſo it ſtands till the 
me Chai es as before fall upon the firſt and ſecond places, '#. e. till V come together in 
the firſt and ſecond plaees; and then the Letter in the third place is again chang d; and 
ſo it goes on till æ comes in the third place; and then the fourth place is chang d; and 
15 on till ſuch a Letter comes in the aſt 8 that * nnn — * of the 


N Nr the We Rs: 1 


— — 


r . for in 88 WE, we. _ & Choices of ED: but/ here: we have 

t 4, Viz. a a ol, la. — e 2 Limication u upon the 
28825 0 . is a Ala of 7 . ition ( whic Ceed K = Br np ection) 
and the Rule for it er "— 4 or ofttion ; 
and, till theſe are explain d, I A ee 0 2s 


PROBLEM Fr, 


To find the Sum of all the Choices of every Number that is in any Given Number of 
Things all different, (i e. the Sum of the Choices of 1, and of 2 2 and of 3, Sc. in any 
Number M without finding the Choices of any of theſe particular Numbers. 

Rl E. Find the Sum of a Geometrical Progreſſion proceeding from 1 in the Ra- 
tio 1.10 2, as 1. 2. 4. &c. whoſe Number of Terms is N, the Given Number out of 
which the Elections are to be made; I hat Sum is the Number, 5. fought: Or, Find ſuch 


a Power of 2 whoſe Iadex ia M; ſobtract x from chat Power, the remainder is the Sum 
or Number ſought. 


Exa. The Sum of the Elegiqns of every. Number that are in 12, is, 1 + 2 + 4 +8 
* 16 ＋ 32 + 64+ 128 ＋ 256 + 512+ 104 ＋ 2048-= 4995 - 1 


DE Mo. e 2 Things 4, , all the Choices are : a orb 
55 | 98 5 7 we join another a 36 Choke uking the hae es Þ 
a 1 cis plain, chat the pf Chbices in 4, P, are fo of 


1 77 17 the n a,b week 8 want no re, of chem but but theſe 
bd | wi herei e ing 12277 e . 4 its Combinations 


4 bc cd. 95 ebay the 5d Column). en Join ano- 
434 ene a, 5, % 4; the Combinations 
acd | e e of Belt 6 2 
Ad . up by Ne is conperui d, hich, age ay i fel LE - 

a2 bed ombinations, with a the preceding (ſet in e ath Colum 


— fame van does e e by jaining a ee fog | 

- Bat it is plain, chat the Number of Com binations or Choices in the ſeveral Columns 
ane in Geometrical progreſſion from 1, in the Ratio 1 to 2; r the firſt Column has but 
one, and every foll Column has as Terms as the Sum of all the preceding, and 
one more; becauſe the on the head of the Column is join d with all the 3 


Terms: Ao this i the Proper of « Geomenical Pogreſhon. en with : in th 
en 23 — —— grefliot fl, da . Ken . 
» mos 
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r 


7 1 7105 Fin e oE 97 e 1 : Ed | 
greateſt, and 2 the leſſer ertreme ; but if, is 2, and a, then is. = 21—1 ſo 


2 Phy I | 

that every Term is 1 more than the Sum of all the preceding. Wherefore the Sum 
of all theſe Columns, i. e. of a Geometrical progreſſion, as in the Rule, is the Number 
ſought. | | | 3 

Se HOLLUM 1. If ſeveral of the things given are the ſame, or like (as explained 
upon — preceding Problem, this Rule is to be corrected; and how to do it you'll find 
afterwards. . 3535 „ Rs 

2d. As we have:ſhewn a Correſpondence betwixt the Coefficiems of the Powers of a 


- 


| Binomial Root, and the Number of Elections of one Number out of another; ſo if we 


purſue the Compariſon, we learn that the Sum of all the Coefficients after the firſt of any 
one Power, is the Sum of all the Elections of every Number given, in a Number equal 


to the Index of that Power; for Example, The Coefficients of the fourth Power are 


1, 4» 6, 4, 1; and the Elections of 1, 2, 3, 8 in 4, are 4, 6, 4, I.; and 
A | 


ſo in any other Caſe, as is clear by compariſon of the Table of Coefficients with that 


of Elections, which is the very ſame, only wanting the Column of Units, which are 
| Wherefore it follows that the Sum of 

all the Coefficients, after the firſt of any Power is the Sum of as many Terms of a Geo- 
metrical progreſſion ;proceeding from 1, in the Ratio 1: 2. or taking in the firſt it is 
the Power of 2, whoſe Index is that given; as it has been alſo formerly thewn in Book 3. 
Again, taking the Rule for the Sum of the Coeſſicients, as it is already demonſtrated, 
then che Rule for the Elections is demonſtrated from the Correſpondence; yet it was fit 


Coefficients of the firſt Termin every Power. 


to demonſtrate it alſo from the nature of EleQions.. 
: OBE LE RR CT. Ja 51 ardent er 
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To. find the Compoſitiozs-of any Number in an equal Number of ſets, the things be- 


ing all different. 


le. Multiply che Number of things in every ſer, continually into one another; che 


Product is the anſwer. 


Era. 1. Suppoſe four Compariies, in each of which there are nine Men; to find 
how many ways nine Men may be choſen, one out of each Company ; the anſwer 


is 6561 =9X 9X9 x9. 


9 | f 
Orſerve. In all Cafes where the Number in each ſet is equal; the anſwer is always 


fach a Power of that Number whoſe Inde x is the Number of Sets, or of other things to be 
choſen; which is here the ſame. r — SE 


Exa. 2. Suppoſe four Companies; in one of which there are fix Men, in another 
eight, and in each of the other two, nine; in this caſe the Choices (by compoſition) of 


four Men are 3888 = 6 x & x 9:9. . 


Da MOR, Suppoſe only two ſets, it's plain that every Unit of the one ſet being 
combined with every Unit of the other, make all the Compoſitions of two things in 


theſe two ſets; and the Number of them is: plainly the Product of the Number in the one 


4 


. of three : That 18, the Compoſitions of ctwa, an any two of the ſets being mulciplicd 
48 Number of the remaining ſet, produces the Compoſitions of three in the three ſets; 


Which is plainly the cominual Product of all the three Numbers in the three ſets; and 
| . Kecauſe it's no matter in what order-ſeveral Numbers are continnally moltiplied, therefgre- 
it's 20, matter which two ſets we had ſuppoſad to be firſt taken. Por the ſame Reaſon the 

Rule'is good for 4, <5, Kc. ſets. Wherefore: univ erſally, if a, , c &. ee | 


ſet, by that in the other. Again, if therearetivee ſets, the-Compoſition of two in any 
"two of them being combined wich each Nuit of the third one, anakes. all the, Compoſitions - 


applying the laſt part of the Rule, thus: 


being multiplied by the Elections of 2 in 


one order, as from left to right) with the Numbers of the ſeveral 
order). Theſe Alternations in which 
r this ; that theſe, parts cannot be t 


ſets in that order; every other Alternation, ycu ave to do thus. (4%) rs 
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Numbers in fo many ſers of things; the Compoſitions of as many things out of theſe 


Sets are, a x Une, &c. 


775 | PROBLEM Et. 


To find the Compoſitions of any Number in a greater Number of ſets, i. e. how to 


chuſe a Number of Things out of a greater Number of ſets, taking but x Thing ou 
L ſet (the things being all different.) 5 N = N Toy 8 1 wes: 
RUE. Find the Elections of the Number to be choſen (# ) in the Number of ſets 
( by Frobl. 3; then find the K of u, in each of theſe Elections; by the 
aſt Problem ; ' the Sum of all theſe Compoſitions is the anſwer. But obſerve, that as the 
Number of Individuals in each ſer are ſuppoſed to be equal or not, there is a difference in 
(1%) If the Number of Individuals is equal in each ſet, call it 1; then the Compo. 
ſitions in every Election of the ſets are 1 — 3 and by Probl. 5. they are n; and this 
gives the Number ſought. | 
Exa. To find the choices of 3 Men out of 5 Companies, which have each 4 Men, ſo 
as to take out 1 Man out of 1 Company, the Elections of Ya 5 are IO, and the 3d Power 
of 4 is 64, then 64 X 10== 640 the Number ſought. But as there are 20 Men in the 


whole 5 Cc de if the Choice were unlimited, the Number would be 1140. 
(2%) If the Numbers in each ſet are not equal, we muſt actually mark out all the E- 


lections; and take the compoſitions of each ſeparately,” becauſe they cannot be all equal; 


their Sum is the Number ſought. 55 e RS It eee 
Exa. Suppoſe 5 Companies whoſe Numbers are 2 = 2, þ=3, c=4, d—5, e—6, 
out of which are to be choſen by Compoſirion 3 Men: The Elections of 3 in 5 are 10, 


which being marked out, with the Compoſitions of 3 in each, the total Sum is 490, as here. 


a, b,e = 2, 3, 4 a 24  DxrMon. The Reaſon of every part of 
a, ,,4= 2, 3, 5 30  . this Rule is obvious from the nature of the thing, 
a, b,s = 2,3,6 8 36 and the preceding Rules; and need not be further 
J ⁵ F ̃ ⁵⁰ 1 Oo 
ä 77 ITS V „ 
a, d, e = 2,5, 680 60 9 . [20 
5, e, 4 = 3, 4, 5 85 60 
„e, e 3563 72 | 
c, d, e = 4, 5 6, 120 | : | 
| | 490 total. 4 5 0 
EIO ILE NM TM - 


To find the Compoſitions of any Number M ia a lefler Number of Sets , of thing: 
all different, ſo as ſome part be taken out of each ſet. |, . 
Ruiz. Let the ſets be repreſented by the Numbers in each ; then (1%:) diſtti- 


bute the Number MW into as many parts as chere are Units in , and do this as many 


ways 2s poffible; after which (2c.) make out all the Alternations of the Terms or 


Parts in every diftribution, and (3%-) compare each-Alternation (ang their Terms in 
the 


(taken in the ſame 
ag Tin er of the cor- 
en out of the 


Term is greater than 


. 


«fl 


2 was YC OC 


"ma 


- 


the e e. Set; which multiply continually together, the Product is ſo many of the 


Choices ſou l Then laſtly, the Sum of all cheſe * made ſor crery Alternation of 
i ere 


every Diſtr n, is the Number — 


232K 5 ——œ — — 


4 


Era. I. Suppoſe two Companies, the one of 5, and the other of 7 out of which 
are to be choſen ' 4 Men, ſo > gr part be taken JE l each: e Choiceaare 
there 7 The Anſwer 18 435; found thus, r 


＋ 
(1% The ſets are 5 and 7, and the Nanke has. two! | diftributtors I LY 
viz. 1 + 3 and 2 ＋ 2... (2®:) The Alternations of theſe 2 diſtributions are only theſe, 
1 ＋ 3, 3 ＋1, 2+ 2, then 249.) Comparing theſe Alternations with the ſets, there 
is none of them to be rejected; and (49:) the "Elefions of their parts in the Corr eſpon- 


dent ſets being taken and Multiplied, nd the Products added * as you ſee done be- 
low; the total n 455. 


——— 2 


— g f 1 
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„ The diſtributions of 5 in 3 Parts ae only 7 2 34 9-1-4 Þ e 
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'3z I, 1; Ol 2, they are 2, 2: 2, 1 EA 
A d n Rei, er dur, cho fo, 5, 6 6 7 3d the Ee hen ound, an: 
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the Elections (by Prob 3.) of Term of the Alterna * out of the Number of 
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If each of theſe Series of akernations (of the — diftributions of the Number 9 
i compared in order with the Numbers of the Setts, 4, 5, 6 (in order te which I have 
ſet theſe over the Akernations} then; we find that hy of zft diſtribution are uſe- 
he becauſe 7 is greater than ita | aner the 2d, 4th, 
5t 


6th — 44h are alſo uſeleſs, becauſe Sert 4 and 5, ont 
of which it cannot be taken; alſo the 5th, 6th alternation of -& third diſtribution ; and the 
2 Lo = DN Eb 
tron w oe is al 
therefore we need ror ke opt it 's alernations ; nor the Ae of any other diftribu- 
nt Sett ont of Ach ir ſuauld 
ihutions and alternations, the whole 


Diſtributions. 


Wark AN — T babe Deco not under, but in à line wich the 
the Numbers cleded 3 cy be xg EH 4-4. 5 1 e 3 
| : Int r 5 
2 pd oa Eleaions. 
52286 23 674 1005900 
; 4 6 24 - $220 =600 
_— — 7 2745 * 24 
1.5. 314% 1425 2 by 2.2.5 6X10% 6=36 3 bins 
gee (pt) * 125 12. e 4:3 - 2] 119X15=150 
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Cope few of a theſe Product i a 5 + . 49391 8 Gul Eiben 
15, 


<f pin the 3 Companies, wheres 8 
e is 50 
--- Obſerve, That tho this Work be indeed tedious in moſt Caſes, yet it's vaſtly eaſier 


2 the actual marking out of all the Choices out of the Setts ; + ll would require 
the diſtributing the Number WPI? ee 


n © | Duo. 


Chap 6. Of the Combinations of Numbers. F23 
. Demon. Some Part of the Number to be elected muſt be taken out of each Sett, 
which is the reaſon of diſtributing that Number into as many Parts as there are Setts, and 
doing this as many Ways as poſſible: But then the Parts of theſe Diſtributions may be ap- 
plyd variouſly to the Setts, which is the reaſon of taking all their Alternations and apply- 
ing them to the Setts; for tis manifeſt that each of theſe different Applications or Ways 

| of taking the Parts of the Number to be elected, en the Setts, muſt make a different 
Choice. But again, In each of theſe we are alſo to conſider in what Part of the correſpon- 
ding Sett it is taken, for that alſo muſt make a difference; ſo that the Elections of every 
Number in its correſponding Sett being found, tis plain that we can join any Choice of | 
the Number taken out of one Sett with the Choice of the Numbers taken out of the other 
Setts ; and conſequently the Variety, in this reſpect, is the continual Product of the Num- 
bers of Choices of the ſeveral Parts of any Diſtribution out of its correſponding Set. - 
Therefore, laftly, the Sum of all theſe Products is the Number ſought 


— —— N 


— — 
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Io find the Elections of any Number # in another Number A, of Things which are 
noe all different, in that reſpect which makes the Variety of Choice. 

Ruta 1% Of the Number M take the ſeveral Parts that are like Things, and 
reckon each of theſe Numbers as ſo many Setts; and all the remaining Things in W as 
another Sett: Mark each Sett by its Number, and alſo by ſome Letter, ( becauſe different 
der may have the ſame Nomber, but being ar of ene Thi 
another 


= * Wn ens wr 


8 952 
7 ot +4 

al , = 
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E | 7 

F 2 Parts, with their Alternations, are x + 3, 3 +1, and 2 ＋ 2; and the 
; | Choices of theſe out of two Setts make in 4 (as in the anner d Opera- 
WOO, e e tion) where the Sett 5 being of like Things 


4 * g « = 2 : a 
— * 20 == _ the Choices in it are reckon'd but 1; And to 
| = 3 toons OR ; 
14 -. 


the Setts contains like Things, then the Anſwer would be only g ; For 
ice in each Sett, and 1 for every Alternation of the Parts of 4; and if the 
are 6, 22 for there is no Electi * 
| | ALEX 2 | 


$ *.5 G | | 
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Sett, and there is but 1 in the other: Then the Diſtributions of 6 are 1 5, 244, 
3.23, and the two former have 2 Ahernations, but each of them has but 1 Egegion 
in * two Setrs, which make i in all 53 and this, with the former # in the Sett 6, is 
in all 6. | 

Era. 22, To find the Clioices fs 4 out of 18, whereef: 6 are like Things, and 5 alſo 
Uke, and 7 different: The Anſwer is 201, which is found as in the following Work; for 

the underſtanding whereof nothing needs' be faid, but that the Sore 75 which conſiſts of 
"TUES W different, is diftin It'd 12 7 Croſs. T4 


425 PER + [46 MEET _—_— 

'6 a 5 M 7 8 a f 6 My. f | 1 . 5 4 2 * £ = x 

4 +4 + 4 [1 +3, 00=1[1+36 1% 35 I+3& 135 225 311 N21 
x 1435 37, the e IX 7,3tISIX 7 x +2+1S1X1X 7 
fam eiche Choices of ＋ 28 1Xx1=1}2+ IX 21 1 * IXIX 7 
4 iathe ſeyeralSers. | 3 Al, il. 12 


Bra 27 ＋ 3 1 + 63 + * an th Nine oe. 


Ds MON. The Ke on of this Rule conſiſla all in is-; 1 Jumber » 
zs to be elected: out of any N. 45 e 82497 ate is an 
Do diſtributed into Parts B + CG &c-,then it's certain that every Choice 0 
nee taken out of ſome. 1 of theſe Parts, or out of ſome 
25 or 3, Sc. of them ( proceeding to a Number of Parts equal to zz, for we cannot diſtri- 
bore it into more Parts than 2 bes Units, and ſind ſome Part of z in each Part of N) 

Then, for the Manner of T e Boas Mas She Meng. Us. con- 

ain d in the Problems refer d tb. cl: r litt : 
. / 93 2 1 et 454515 142 uo RAT DS an 
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To find the Sum of all the Zlections of every Number i in any 3 N. which are 
not all different Things, without finding the Ele&ions of any particular Number, FS... 

Ru LB. Separate the Number M into Setts, as in the laſt Problem; then find the 
Sum of a Geomerrical Series from 1 in the Rati of 1: 2 7 8 Number of Terms is 
the Number of Things in that Sett which are all different I A Next take one of the 
Setts which conſiſts of — all; like, and by its Number multiply the pre eceding Sum, 
and to the Product add that Sum, and alſo the Multiplier: This laſt Sum mul- 
tiply by the Number of another Sett of like Things, and to the Product add the laſt Sum, 
and al the Multipher : * thus go on, multiplying the laſt Sum by the Number of ano- 
ther Sett of like Things, adding hy laſt Sum and { Mukiplier to the Product 4 8 
gone thro? all the Sexts : The Sum Kal theſe Sams is the Andver of the . 


Exa. To elect every Number out of 9 Things whereof 2 are like, and 3 are w_ and 
4 different, the Anfwer is 25 For, the whole Elections in the. 4 different Things 
jo alt of Wi Ix Then Eur. 30. 3 485 2 47 · 
then 47x 3 = 141. 141 7 IP I . | 
the umber ought, ae ws boy | — ap =o a 
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Chap. 6. Of the Combinations of Numbers. + nl 
| DE M on ST'Ka TION, However: many different Things there are in the | 

| 3 1ſt Sett, the Elections ſought i in that Number are ac- | 
PRA. e — Wy 7 777 775 cording to the Rule; which ĩs demonſtrated in Pro- 9 
FLEE af ff blem 4th.' Then, if all the following Things were 


ab ae 4 be be J. alſo 1 
' peration would go on; but 
Er. Hd. Ve. bee hf 5. Y / of JF if 2 or more of them are the ſame, ee 3 5 


6 ts 2 . theſe with each of the preceding, will produce only | 
ans , et; 8 1 1 2 22 is the ſame Elections: But then taking x, or 2, or 3, Cc. | 
ls sgl 3260 Mud, of theſe like Things (to the greateſt Number of them} ; 

2 5 o isbn what you take conſider d by it ſelf, and alſo join'd 
abc 3} 31: bt nich each of the preceding Eletions, makes ſo many | 


new Elections: And thus going thro' them all, we 
have the whole Election ſought, according to the Rule, 
as hoe annex d IND will Oy thew. 


— — — 


* 

8 Py er SS | * 
—_ 5 Br: 1 64 1 9 4 2 
311 N. 5 3 4 4 . 174 

8 nta I. * . x 
C Nin 3 . 


0 
SY 


7 131 201 if 71 'Pxo BL E Xt 0th. L ff T 


10 find Fa - Compoſti Marz of a Number out * an equal ms of 8 ; When the: 

irs: $.in the ſeveral Setts are different (i. e. there is nothing in one Sett which is in 
er) but the Individuals of the ſame Sett ſuch, that 2 or more of them are the fame: 

or like Things, which may obtain in am one or more Setts. by 

Rl R. Each Sett, whoſe Individuals are all me ſame Things, ar are to be reckon'd: 
2s if there were hilt one Thing an itz And if in any Sett there is any Part conſiſting of 
the 1 45 reckorr all that Part as it were but one Thing; then apply the Rule of 
Pro n. m2 4+ e $73 Dri 

Exa. Suppoſe 3 Setts of Lhings, one of 6 Things all different; another of 4, but 
which are all the ne Things another of 8 Things, whereof 5 are like, and 3 are like. 
To find the Compoſitions of 3 ii in theſe three Setts, we muſt reckon the 2d Sett 2s having 5 
but I Thing, 2 the 3d as having 2, and 17780 15 Number ſought $6 % Xx 42 812. 


10 * 12759. 


— 


a" 5 Tbe Reaſon of chi Rule is 80, in the preceding Example, we 
b 5 * 1 Ting n er e and with , or with of EN Ig | | 
e 5 1 eee Choice, RO OPER and » axe the fame. | 

= 1 0 i + e ichn SIS SHY R 5 5 


24 36. Io: ls exo: tall ed 05 la fig tu hog ax? Bob | 
: 7 * 12214 5 3 5 
moin 1 is 5 otorh is ya IE „tige coder 5 1 130 1 nt. 
. thi 2071 U¹ĩ ef b n * 11% r 


a f Py 
2 fad che Js 8 ofa any Number ip a. \greater © mambet or rsa, Circumſtances 
being as in the lat Problem, 

Ru LE. Reckon all che Things that are the ſame, or like, in any ySett a8 but one 


Thing, and,preeed b. Fo S6. Bday 36 e 
2 ＋ Sto 34547 i ro £335 2 On 5" 7K 27 F953 Uh, | 
ith of 10 8 21 bal ae ab. 


Te find the Compoſe ampoſitions of any / Nuinber Nin. a leſſer Number = of f Sets, Circom- 
e 10. tai 71 7 
RUE. Apply the firſt 3 $9 of ihe Rule of Probl. ; and fer the third Step 
(4.6. gaki 1g. the: Eledions of. th Parts. of NM out of, the ae mg Setts) we mult 
Zuiſh — I” en Seas all-in Indivi duals lie, there there is but one Election. 


AN 11 8 Hut, 


— — —— —— Px — 


526 Of the Combinations of Numbers: Book V. 
But, 29, if they are neither all like, nor all different, find the Elections of che correſpone 
ding Part of M in that Sert by Probl. 8. 

The Keaſon is obvious. 

Scnor. In the Matter of Compoſitions we * hitherto foppos 4, that there i is 
no Thing in one Sett which is the ſame, or like to what is in any other Sett : Bur now, 
if we ſuppoſe it otherwiſe, 7. e. that there are ſeveral Things the fame, or like, in ſeveral 
etts, this is a new Limitation, and more difficult than the former, and indeed is ſuch as 
T have not found how to bring under any General Rules: Some particular Cafes have 


their proper Rules, that will be eaſily diſcover d when they occur, but what has been al- 


ready done being the principal Part of this Doctrine, and the Foundation of what elſe 
relates to it, I ſhall not inn much further on theſe Things, only add one Problem more, 
ix. 

PROBLEM 13th 


The Individuals of ſeveral Setts of Things being the ſame or like Things Things, 7. e. the 


Things that are in any one Sett, (however like or unlike am 83 the 
ſame Td the ſame in Number, as are in all the other Setts ; To find ASE 


: reren trumber of theſb Things equal a the mackber of Seth, 


Rö ILE 1” any of che Things is ofiner than once in the fame Sec, ; reckon as 
nd fd boy 2®, take the Arithmetical 2 +» — he 25 23.85 to ſuch a 
number of Terms as the number of different Series of their 
Sums continually from the beginning, the laſt of 2 85 9 2 of Compoſitions 
ſought in two Sets. Again; Take the Sums of their Series continually from the begin- 


ning, the laſt of them is the number of in three Setts. Go on thus taking 
the Sums of every ſucceeding Series of Sums, and the laſt Term is the Number for a 
number of Serts equal to the number of Series from the k the Work. 

2 4 
. «3 2321 
1 4 10. 20 
<=] 

* g 4 &c. firſt Sett; and fo the 
Eo os the firſt Sett, Aer 

ſecond Sett 1s join with the c 

and ſo on thro the other Letters. 
Zee es he chr Lurk Al which fling 


as one. Term a ic; 14 3. Oo. to a number of Terms ual to 
the number of Things in the Sett ; oo vs bay that the Sum of them is the total Com- 
poſitions of 2 in the two Setts. gin e ſane Reafon the a of the third Sett 
will join with each Compoſition of 2 preceding two Setts; but the & muſt begin 
only to be join d with 3þ of the 1 and with none in Which 4 he 
EIS rg mage Con itions of 2 as are in two Setts which have one 

fewer, which muſt be Tenn of the ſecorid Series: And the c of the 


Sett will in like manner d wiahf ce, and all the Compoſitions of 2 in 382 | 


two Setts which have neither & nor a, (i. e. as mary as the Compoſitions of 2 in two 
Setts which have two Things „ which muſt be the next leffer Term 


of the ſecond Series; and fo on thro' all the Letrers of the third Sett : S that the total 


firions of 3 in the three Setts is the San of all the Temas of the ſecond Cortes. 
The fame W n 
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7 be ee. of the Dog rin of Proportion, 
or in be Tae HE of Life and Commerce. 


ORE of Arithmetick are | folly explain'd 
| pplication, all is done with reſpe& to- 
Addition and. Subtroffion that can be reduced to General Rules; alſo for the more 
ſimple Applications of atioz and Diviſion: Bot the Great and Univerſal 
Rule for the application of Ae eee and Divi floz i is founded in the Doctrine of 
Proportion 3 contain.& cake in Probl. 15 682 Book 4. whoſe US, 
21 25 Commerce, is of the Grear ia and for 


* 


- 
1287 
4 1 
b 
— 1 PEG "WY * 1 a, the 
7 * VL TURF T7 YT" "ITN = 1 1 * 


£52 M i en 26: am ay Pf (1 11 1 5 

9013 alt ien be ht only en 2 ot 2 

Th 3 4511 . 14 1* . "Se 8 #4 4 N Ae Ec) 423 4 

te Thr ; 
1 ö * Ur ne. 12 
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PLE 2a rien ta 8 Lite Abe des 


gb Prot 1, C. 3, B. 15 — Rite. | Three 9 — Num- 
ene — 2, Becauſe 


ict previ 


at; 


« we find 2 
perten to nf eder another 
neceſſary 


TY 


And becauſe of the 


ations) Hours Eng 980 tude 222 It 72 oth Fray 
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528 Of the Rule of Three. Book VI: 
But, to define it with regard to Applicate Numbers, or Numbers of particular and 
determinate Things, it 3 Rule by which we find. a omber of 2py kind of 
Thing (as Money, Weight, &c.) fo proportion'd to a Given Number of the fame 
<c Things, as another Num r of the ſame, or different Things, is to i third Number of 
the laſt kind of Thing. For the four Numbers that are proportional muſt either be 
all apply'd to one kind of” $ Lungs 3 or two of them ; an be of one kind, and the remain- 


ing two of another; chete 38 "I: conſequ no Compari- 
{on of: Quantities, of Affe 5 1 ee i de yo; or © 
of 6 Men and 4 Yards. But I. us more fully 

All Queſtions that fall under this Rule may be diſtinguiſh d into two kinds: The firſt 
contains theſe wherein tis ſimpl ly and directly propos d to find a th Proportional to 3 Gi- 
ven Numbers taken in a certain order : As, if it were propos'd to fiid a Sui of Money fo 
proportion d to 100 J. as 64 J. 10 s. is to 18 . 6 5. 2 or as 40 Jb. 8 ounces is to 6 hun- 
dred weight. The ſecond ki 9 — yas all Ny. erein we are left to diſcover, 
from the Nature and Circur of rþ Que 4th Proportional is ſought; 
and, conſequently, how the aye of the 8888 or — of the Terms) is to 
be made; which depends upon a clear unde of che 1 = the eſtion, and 


of Proportion. And after the Given Tembs are ought to 
— TO 8 to heat td apply" Prob. T, 2 3 1 hero * 1 
omething further in the Application to remo E 2 
the whole Selce oh hs ved to the follo 2 . further 


Direction is neceſſary for ſolving ſuch Queſtions wherein =” State cf the Proportion i is 
given; in order to which, tis neceſſary to premiſe theſe Obſervations. - 

19 In all Queſtions chat fall under the following Rule 5 who is. a Suppoſition , and? 4 
Debit - Two of the Given Numbers contain a Sd n the Conditions where- 
of a Demand is made; to which'the other Given T Nel it is therefore ſuid 
to raiſe the Queſtion, 'becauſe the Number ſought tas fn fach » rae fy wh it as one of 
theſe in the Suppoſition has to the other. For Sample 1K a Tad et. coſt 47. 10 4 
C here is the Suppofition) what are 7 "Yards 3 Frey wor 15 node "the; Demand 
Queſtion-rais'd* 7 Vards 3 quarters, nd the former SN 
20. In the bene ſometimes be a bee ren; c ed, 0 it 
makes a Circumſtance in the Queſtion, yet is neernd in the Proportion, becauſe ir 
is equally fo in both the Suppoſition and Demand. This ſuperfluous Term is always 
&knowr by twiee mention d, - either--direQly,-or-by ſome Word that refers to 
it. Exa. If 3 Men ſpend 201. in 10 Days, how much at that rate will they ſpend 
in 25 Days? Here the 3 Men ig a ſuperflugus Term, the Proportion being amon yo 
other 3 given Terms, with the! nber ſought :* fo that any number of Men may 
well ſuppos d as 3. 

REE. 18· The ſuperſſuous Term (if the bs one). being caſt out, ſtate the 
other 3 Terms, thus: Of the two Terms in the Suppoſition, one is like the Thin 
ſought (2. e. of the ſame kind of Thing the fame way apply d); ſet that one in the 2 
or middle place; the other Term of the Suppoſition an the 1ft place (or on the left 
hand of the middle) ; ; and the Term that raiſes = n, or with which the Anſwer 
as connefted; Tet in the 3d place (or onthe ri - and thus'the Extremes are like 
other, and the middle Term like the Thing Alſo the xt and ad Terms contain 
che Suppoſition, and the 3d raiſes the — 6 char che 3d and A have the fame 
Dependanee or Connection as the iſt and ad. © This done, 4 TIGHT 41S £ 30% 37 Jo 
29, Make all the 3 Terms ſimple Numbers of the loweſt Denominations epd; 0 
chat the Extremes bè of one Name. Then, l lr 22 96.50 D 

32. Repeat the Queſtion from the Numbers thus ſtated and reduced, 
che nn to * and obſerve whether the Eb: 


Chap. 1. Of the Rule of Three. 529. 
greater or leſſer than the middle Term (which the nature of the Queſtion rightly conceiv rd, 
will determine) and according gy multiply the middle Term by the greater or, leſſer Ex 
tteme, and divide the Product by the other, the Quote is like the middle Term, and! 18 the 
com pleat Anſwer if there is no Remainder: But if there is, hen, 

5. Reduce the Remainder to the Denomination next below that of the middle Term, 

divide by the ſame Diviſor, the Quote is another part of the Anſwer in this new De- 
nomination. * And if there is here alſo a Remainder, reduce it to the next Denomination, - 
and then divide. Go on thus to the loweſt Denomination; where, if there is a Remain- 
der, it muſt be apply d fradionwiſe to the Diviſor: And thus you will have the compleat 
Anſwer in a Simple or Mix d Number. 

Obſerve, If any of the Dividends is leſs than the Diviſor, reduee it to the next Deno- 
— "_ to the next again, and ſo on, till it be equal to the Dinaſcr.. | 


EXAMPLES. 


Queſt 1. : Yards of Cloth colt 8 . and divide the Product $94 4. by 4; the 
what 1s ar Val! of 15 Yards? Anſw. 40 5.|Quote is 148 4, and 2 remains, which I re- 
or 214. [duce to 7, and divide the Product 8F by 4 

Mori. Eerlaratios. the Quote is 27; ſo the Anſwer is 148 4: 2F 
„ . 3 yards and 8 5. or 12.5. 4d. 2 f. becauſe 148 4. is by re- 
gr 18 — 15 contain the Suppoſi· duction 7 7 
1 ( tien; rag; ern £ 557 12 5 hat i the 1 of bk] 
| { the Thin t zſ weight of Tobacco, when 321+: 12 oz. co 

WY. 120 e therefore ds. is the 7 Anſ. 6l. 175. 4 d. 3. 
| middle term, and 3 y. | 

on the left: Then the Demand ariſes n erl. Eu | 
15/9. and therefore it is on the right. A- I. oz; 4 ga BL 

* £- * 0 9 


e 
e. the Anſwer muſt be greater oh, the| 7 | 13 1 in 2216 : I 2 oz. 
middle term; wherefore I multiply; B's; by 52407. — 00a 3. 80002 and 4 J. 10 5. 
15, the Product is 120 f. which divided by 800 } which is like the 
ee Foren beben 
If 4 1b, of Sugar coſt 2 4. 94. | EO 3 ſing upon 5044, 
7 the Valt of 1814 * arſ. 128... E969: therefore the 
44. 2 F. IT: 4 Explan . N Bt 22 & n - 47s — duly 
ork. ation. | 2880 ; ate hen, to 
tb. 4. d. I. he Suppoſition is r 3668 mmazke them all 
+7 2:9 — - 18 in 4/6. and 25. 9d.|- . . ſimple Numbers, 
2 ach being like the n 212. and the Extremes 
| ET 11131 ff 2_ goht which, TIN: like, I reduce both 
| 18 rr cometied” with] J: - d (4d Extremes to oun- 
. . ( N WN the} 524 25448 * — and the mid- 
594d. (1 + | Terms are ſtated ac- e Term to 
Ron tha LG 155 + bee to the Rule: Kee Then, | ws 
n r nc chen the middle Tem 220 52402. coſt 90 5. 
—— 7190 rotary Koo anon 
argue. thus : If 15. colt 334. 1 Ib. muſt | © avs fore I multiply 


— 1 F 90 5: by 800 and 


ſe ey; HIS Im ] 4. b 874 
dore! 8 33 ant I: Py yS 0) divide 


530 


divide the Product 72000 by 524, the Quote 
is 137 . and the Remainder 2s 212; which| 
reduced to d. and -divided, gives 44. with 
448 remainin 


ded, gives 3 / and 220 3 So the 


Anſwer is 137, b. 44: 3= 524 . or 61.17 5. 


Of- the Rule of Tbree. 


Book VI. 


boarded 6 Months. (for 25 L. or any Sum) 
Men will be boarded for the ſame a ſhor- 
ter Time: Therefore I multiphy 6 Months 


- and this 1 and divi- by 3, and divide the Product 18 by 7; 


— 2 J find the Anſwer 2 Months 16 
8. 


* 61h... If che Carriage erg dende 


4d. 3 F. Sc. | upon, b. for * Miles, how much 
Qu. 4th. What are e 5 yards of Ribbon [ought "_ 3 — P he oſt Price 25 
worth, 4 63 yards and 2 quarters coſt| 4 0 1. 2 
51 Anf. 7 ſb. 10 d. 1 | Yr OTA: 17 153 
Work. „ e | . i . Work. Explanation. 
A. g. L 34. The Terms ſta- M. Cw. M. g7- The ſuperfluous 
83 2—5—5 ted, and reduced] 3 — 253 Number is here 1c 5. 
4 . according ro the 17 1 do ney 2 
„ e Rule, 1 find the — ated and reduced, 
234 A 20q7- Anſiver ou gn to "we A 107 I argue thus : If 
man: * e than the ” 3 5 ges 3 — catried 
284) 2800003. (75. mi term, c ere- nz / T o qrs. of a Mile 
550 1778 G7 fore! multipiy 5 L.| er (for 10%b.) then a 
5 by 20, but the Pro-“ —— ay k 5 Hons, Weight will 
rem. 222 d ct is leſs than the rem 68 ot 52 T5 carried for the 
8 GE - Diviſor; and ſo lf _# 3 ed * qrs. 
I # reduce it to * 272 2 1 e: There- 
254) | 5 which makes %% 2» 15 af? fore I multiply 3 by 
| f or and this — 2 FEY bg" 207 10 w. n 
rem. 124 254, quotes 7 15 Montt 2 uct 480 by 103, 
wits 4 — 5 — — of - l 001. i! rheAnfweris, 4 C 
259) 496% (1 nt amps . ohio. es I 
254 | . 5 2 
2 20 5 e ee * Obſerve. Thefirt 
rem. 242 . 0 1 Four. Nene ate 
„en 3 4 Yhat Je, tall The 
boarded for 25 l when 3 Men yaid 25 1. fr Veal of Three di 
6 Months 2: rect; i. e. where the 
Anſ. 2 bs 16 Days (reckoning 28 3a Term, bein greater or leſſer than the iſt, 
Days to a Month.) re vires that the Anſwer be alfo greater or 
£ than, the Ree And the 2 laſt 
1 Wore. Explanation.” 
. he 25 J. is a ſu- 
ere © v OUS News; 
& 3 | then the Sup 
. tion is in . | 
| 77 18 IE 2 Ae. and 6 Months, and = And from tis „ you learn 
14 the Demand 16 hon to know what  Queſtiqns are of either 
em. RI ards the 7 Men: Kind., 
11 155 8 A he Terms being] In the Elin Eolegion ao FQueſtiois 1 
3 all fimple;! Largue {Watt Sily | tare the Proportion, ſer do the 
7) 1122. (16 da. thus?” If 3 Men are Aitfiwer, ard leave the reſt of thei Work to 


your 


<= ts << Hire or Pha 


— 1. - Of the Rule of Tbree- 531 
vn Exerciſe; and by comparing, the Auſwer which you find, with what i is here, 
pe 5 whether i it is ri 


hs 7th. What is the Tie © of 8 Chalder : 3 quarters, and 5 Buſhels of Com ( Erg ib 
Meaſure) at the rate of 1,7. 15 ſb. the Chalder ? 


2 72 115: 84 271 State 1 Ch. —11:: 155. —8 Ch. 2 b 5 Buſh, 


Qu. 8th. When! bought 40 Gallons of _ for wh renn 34. Fu t is the Rate 
per Gallon bo | . 
Anſwer. 3 424 Ir? State 3 8231. 
Qu. 9th. + In 1 4 Time il 13 Men finiſh! A Work which 5 ſuch Men. could do 111 
3 Days: 8 Hours? we 95 n b. mich 
Axſwer. 1 da: 6 ho: 46 min: 874 .._ :-, States 318 —13. 
Qu. ioth. If 3 Men are boarded 185 Months and 20 Days for ol. hol many Men will 
the ſame Money Pay for at that rate for 4 Months? Ih. d. Men lo. 
WET, 711 or 3 


a | 2 
| 10 0 1175. 1 Nia is hoarded 3 Months bor 5. what will hebe et ao if — at 
Wa dg Months 17 2 17 5 1 ; _ 1. . da. 5 


Ro Til? "0h. Fa __ 
"ap Anſwer, e T7 State, 60 — 14 — 100 
Qu. 13th. In what Time could I travel 5 50 * the Day being 12 Hours eh the 


rate of 2 Mien 5 Days, when the ech in 16 Hours, Ho. Da. 0 
Anſwer. 3 Days: 12 Hours. tate, 12 5 — vr 

Obſerve: If; in this Queſlion we put 5 Days: 7 7 Hours, inſtead of 5 Days, the State 

ol che Queſtion, according to the. General Rule, is | — ho. „ Butt then take eare 


bas 
that the middle Term he Sad cht bein to Hours by 12, this bein ring the fu pos'd Number of 
Hours in theſe Days; An . there's no othe Datirt; ; and what 
remains to be done is, to divide the Hours produced by che Redudton, biz. 167 by 16, 
whereby they are redpced to. Days of 16 Flour long, the Anſwer being 4 Days 3 Hours: 
So that the Queſtion is iii effect two Queſtions of Reduction, viz. Iſt, of 5 d: 7 h. to Hours 
by 12, and theſe Hours again to Days by 16. Nor are the 4 Terms truly proportional; 


for their Hauk accordling/tv-the ( Operation, is this bo. da. ho. ho. da. 50. , But to 


a 12 — n 
ning them as to Proportion, we muſt reduce che tik t 4, 5. Days 
1 83 by 12 „ and 4 Days 3 Hours by 16 ; ano the: 4 Terms. arg 
e Rue, 65 in which two Terms being equal, andthe other yg 8 H, the 4 
cannot be proportional in any Order they can be taken. 5 VA. 

The ſame will be alſo true tho' the middle Term be a ſimple Nuaber, provided the 
ach Tetin in mer alſo a ſimple Number; but if tis Pra. agg is rt ien 
Thus, if for. Ts we put 15, the Anſwer of Cu. 1 3 is fimp fimply 4 


bers are proportional Indie dy, viz ee e ., ae nay, + <p 4. 4. 


12:5: 15 ˙4 215 4 
But as the given Numbers are. A FIC the Anſwer is IEEE TT OO — the 


. 1 
* W ma, 2 2 x 215 ; and if we reduce tlie 2d and ah Terms to one 


Yyy 2 | Name 


N 4 


TH 1 ( the Rule of Three. Book VI. 


Nee ip eee 2 1 -C. 
portional in no Order. by 98 


Qz. 14th. If a Piece of Cloth is 8 in lenge, and ® in itn: 
another Piece which is 12 Yards length, and contains as 1 Cloth as 5, how be So 


Anſwer. 1 Yard : x quarter. State, . =. 2 
— 3 — 
Lu. 15th. How much Shalloun of 1 Yard : I quarter ' breadth, will ſerv 
Cloak of 5 Yards Cloth, 3 quarters broad? per e 5 1 ? 
Anſwer. 3 Yards State, 3 — 5 — f: 


Qu. 16th. If the Rate of Carriage is 1 Penny for 1 Pound 1 carrie 
how far ought 1 Pound to be carried for I5 ShIllings? _ nag d. ? N o Mit, 
Anſwer. 371 Miles State, Bite rs 
Qu. 1715. Whes, Wheat is at 12 ſh. per Buſhel, the 6d. Loaf of Bread weighs 
I Ib. 4 ox. (Troy weight) what ought i it to led, the Wheat being 9./h. 6 d. the Buſhel ? 
Anſwer. 16 07: 145 d . ä State, - Apt „ 4. 
- Note, There are here two. ſuperfluous Numbers, viz. 1 Bufhel, and 6d. 
Ou. 18th. What was the Price of Wheat when the Pegny-Loaf of Bread wei gh d 
8 Ounces; the n that it molt won 10 Nee the Wheat at 12 /h. 1 
Buſhel > 225 0X; 4. + ON. 
| 1 2 val 8 10 — 12— 8 


Anſwer. 15 8. rate, : 
—_ Here are two N Nambets, viz. 1 Buſhel and x Penny. 


Que. 1 Three Pound weigbt of Bread colts 2 h. 6 d. the Wheat at raſh. the 
| Bubel ; What is Wheat worth if i pay 2 ſh. for the me ech of Bread 2 


Ss. 4. 7 . Ho 


eres © LY Fre” 17 © 3 State, 2 6— 14 =2 
O. 20th.” What is the Jazreſ of 64 fn i Yee Ri hc eg 5714 
to 100 J. for x Year ? | e dee 
State, 1005: 10 64 


Anſwer. 31: 103: 44.3 2 
Qui 21 fl. in whar Time will 500 J. yield 40 J. gn: when n 857. ddes it br + 882 


8 Months? 7 
: | State, 86 — 4. : 8— 502 


Axſwer. 2088 Mon- 
Au. 22d. At 6 J. per Cent. 2 what Principal Sum Auſt be  employ'd to yield. 


bes et 81 . . m. 

257207 24£ State, 1—100=—2 3:6 | 

* Qu. 2 gr Bes g d an 01 ed it in 3 Year, a the rate of 
54 1. e err. per Annum 2 4. J. 
Anſwer, 400 l. | . State, — 100 — 20. 


otſcene: In this, and Dn 2th, and all Queſtions where the Terms: repreſent the ſame 

_ * Kind of. Things, there is in the nature of the Queſtion ſome other Speciality, to 

di.iſtinguiſh them, which muſt be carefully obſerv d, in order to make the 1 and 3d, 

L 2d and 4th i in all reſpects of one Application: 80, in the Queſtions 20th and 234} 

the DiſtinQion. is of Principal and Intereſt; in Qu. 14th and 1 wm it is Leng and. 
Ea and? in Qs: * tis Price of Bread, and Price of WH 
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Chap. 1.” Of the Rule of Three. 533 
: : |  DEMONSTRAT ron of the preceding Rv LE 


I.ᷣ0%ͥ'1this Demonſtration I muſt premiſe theſe two things: | 

19- When Numbers are conſider d complexly with the Things (or Quantities) they re- 
ſent, or of which they are the Numbers (whence they are call'd 4 pplicate Numbers) 
hea it's plain there can be no Compariſon, or no Proportion,-berwixt two ſuch Numbers, 
unleſs they be of Things of the fame. kind, whoſe. Quantities can in a proper ſenſe be 
contain d in one another. For 5 ple; There can be no Compariſon or Proportion of 
3. fh. to 4 yards, or 3 Men to 4 Days: But of any Quantity of Money to another; or of 
any kind of Weight or Meaſure to another; or of a Number of Men to Men, there is a 
proper Compariſon : But OZzſerve, that in this laſt Caſe the Number only is the Subje& 
of Compariſon, , | 


* 


20“. Of theſe Things wherein there is Subdiviſion with different Species and Denomi- 

ations; Tho' two Numbers, either of the ſame or different Denominations, have a real 
b oportion, yet it is not the ſame as betwixt the two Numbers taken abſtradly, or purely 
nay ure ne except when the Denominations are the ſame . Thus, 4b. and 7 75. have a 
real Proportion, which is the ſame as that of the Numbers 4 and 7, taken abſtractly; for; 
as 4 is = of 7, fois 4 10 Sof 71. But tho 3 Ounces have alſo a real Proportion to 7 1b, 
tis not the Proportion of the Number 4 to 7, becauſe gez. are not of 71>; And the 
real Proportion of 4 C. to 7 lb, reduced to that of abſtract Numbers, is the Proportion 
of 40 112 i. &. 402. td 112 ö. equal to 718.” Univerfally, ß 

of two Numbers, ſimple or mix d, of the ſame kind of I hings, (Money, Weight, 

Meaſure, Sc.) the Proportion reduced to that of pure Numbers, is the Proportion of theſe 
two Numbers of the fame Denomination to which the Given Numbers are reſpectively 
equal. Exa. The Proportion of 3. /h. to 8 d. is that of 36 to 8 (viz. 36d: to 8 40 Of 

1.6 ſh. to 15. b. tis 86 to 15 (biz. 86 f. to 156.) Of 9 K. to 3 Ib. 5 ex. tis 1.44 to 53 
viz, 144 0. to 30x) r 57. 51h, { ere ih oa mrts by | 
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15. The three Given Numbers being ſtated according to the Rule, whereby the mid- 
de Term is like the Thing ſought, and the Extremes like other, i- follows from the firſt 
Premiſe, that the Extremes are the Terms to be compar d, which, contain the Proportion 
requit d to be betwint the middle Term and that fought: For, tho the iſt and 2d Terms 
contain the Suppoſition upon which the Queſtion ariſes, yet the given Proportion is origi- 
nally betwixt the Extremes; and the Queſtion expreſs d according to that Proportion is, 
to find a Number of Things like the middle Term, bearing the ſame Proportion to it as 
the 3d Term does to the 1ſl. Thus; In Queſtion 1% the mix & Propoſition is, to find the 
Value of. 15 yards of Cloth ſuch, that 3 yards be worth, 8. /b. But, che nature of tlie 
Queſtion conſider d,. it reſdlves plainly into this, v, finding a quantity of Money ſo pro- 


portion'd to 8. ſb. as 15 yards are 0 3 yards; And therefore the Terms may be ſtated alſo 


1 $ 


thus : 5 5 % whereby the rſt and 2d, 3d and 4th; are the compar d Terms. But 
the other Way of ſtating them is mote agreeable to the ſimple and obvious ſenſe. of the 
Queſtion, and the Way of Reaſoning with it upon which the Rule for multiplying and 
dividing is founded; which gives the true Anſwer according to the Proportion, as will be 

; | thewn 


534 Ofthe Rule of Three: : Book VI. 
thewa in the next 0 Ros I ——_ _ with er ; on as the Extremes 
contain the Proportign which the 4h ought to have to the 2d, 1a, if they are not of one 
Name, ( by being mie d Numbers, or — they ought, by Premiſe 20 to be reduced 
to one Name, and then the Proportion is reduced to pure Numbers. And, for the re- 
duction of the middle L erm, tis chiefly done for Convenience in the following Multi pli- 
cat ion and Diviſior ; and not to produce an abſtract Number, for its Application muſt al- 
ways go along with it in the Product and Quote made by the Extremes (now become ab- 
ſlract Numbers), Thus you ſee the Reaſon of the 1ft and 2d Articles of the Rule. 
29% The Cueſtion being refoly'd info this, viz. finding a Number like the middle 
Term, and in ſuch Proportion to it as the 3d to the iſt, un ſome Caſes (which is Dire& 
Proportion) or as the 1ſt to the 3d in others; (which is Indire&, with regard to the Or- 
der in which the Terms ſtand, for this is all the Meaning of the diſtinction). And, the 
Extremes being now Abſtra& Numbers, it's manifeſt from Probl. 1, Ch. 3, B. 4; that the 
4th is truly found by multiplying the middle Term by one Extreme, and dividing the 
Product by the other, according to the Rule: For the 5 Term being greater or leſler 
than the iſt, and the Queſtion requiring the 4th Term alſ> greater or ſeſſer than the 2d, 
char Proportion 3s Dicett, apd Rule, as it ought to 
be by Probl. 1, Ch. 3, B. 4. But if the th ought to be contratily leſſer or greater than 
the 2d, then the 1ſt Term is the Multiplier, by the Rule, as ir ovghr'to be, fince the real 
Proportion is in the reverſe order of the Terms. And here alſo obſerve, that tho the Terms 
were ſtated in the plain Order of the Proportion; 2. e, the iſt and 2d Terms made like 
other (as above ſhewn) yet the Operation would prove the very ſame; therefore the other 
Way is choſen for another Reaſon, already mention lll. 
35. The Reaſon for Reduction of the Remainders to lower Denominations is obvious, 
| ' Wherefore the V hole Rule is Compleatly demonſtrated. 
But, for their ſake who have paſs d over all the Theory of Proportion (which will cer- 
tainly hinder their being in any talerable Maſters of the Application; for, at leaſt, 
a few of the more fundamental Netions and Theorems ought to be well underſtood, even 
for the ſake of common Affairs) I ſhall here add another caſy and ſimple De nouſiratios 
of chat part of this Rule which depends upon Pro#1. 1, Ch. 3, B. 4. Thus, © © 
> Take the Firſt Queſtion ſtated, viz. IF 3 yards coſt 8 s., what will 15 yards coſt ? I ſup- 
poſe (1®) that it is aſk'd; If 1 yard coft 8 s. what will 15 yards? Here it's plain the 
Anſwer is 15 times 8 5. or 120 5. Again, (2®) Let it be aſk d, If 3 yards coſt 8 s. what 
will 1 yard? Here it's as plain, that the Anſwer is the 3d part of 8 6. Now, fince 120 5, 
(or 15 times 8 56) is the Value of 15 yards, only; upon Suppoſition that 1 yard coſt 8 5. 
If, inflead of this, one yard cbſt but the 2d part of 8 2. (as tis when. 3 yards; coſt 8 5.) 
then it follows that 15 yards coſt but the 3d part of 1 20 4 And ſo you ſee the Reaſon 
both of the Multiplication and Diviſion; and the fame way of reaſoning will anſwer in all 
Caſes of the Rule of Three Direct (i. e. where the 3d Term is Mukiplier). e 
Again; Take the 5th Queſtion, If 3 Men take 6 Months to do any thing in, how long 
will 7 Men take? 17 ſay, If 3 Men take 6 Months, what will 1 Man take? Its plain he 
muſt take 3 times as much Time, or 3 times 6 Months ( 18 Months). 20 ſay, If 1 Man 
tak e 18 Months, how much will 7 Men take? Here it's as plain res take but the 7th 
part of 18 Months; whence the Reaſem of both parts is manifeſt: And the ſame, Reaſo- 
ning will hold in all Queſtions of the {zdire& Rule of Three, (i. e., where the 1ſt Term 
is the Multiplier). 15 e „„ 
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Chap. 1. Of the Rule of Three: 535 
OBSERVATION 5 relating to the Application of the preceding 
Rur E, and of Simple Multiplication and Diviſion. 


1. It has been already obferved, and 1 ſhall repeat it, that all Simple Queſlions in Ii. 
plitation and Diviſion are really Queſtions of Proportion, and if the Numbers are ap- 
plicate, they are Qaeſtions of the Rule of Three. Thus, to multiply 3 by 4, is to fin 
a qth Proportional to 1: 5 445 and to divide 12 by 3 is to find a 4th Proportions! to 
3:12: :1. Ts Apply this; ſsppoſe 1 Yard coſts 3 5. to find the Value of 4 Yards is 
finding a Number of Money proportioned to 35. as 4 Yards to x Yard, that is, as the _ 
Number 4 to 1; which is fimply multiplying 3 5. by 4. Again, ſuppoſe 3 Yards coſt 12 s. 
to find the Value cf 1 Yard is finding a Number of Money preportioned to 12 b. as 
1 Yard to 3 Vards, or the Number 1 to 3, which is ſimply dividing 1 2's. by 3 to find a 
24 part of it. And thus it is Phinly in all Cafes of the Rule of Three where the 
| Extremes being of one Name, one of them is Unity. In all other Cafes it is a mixt appli- 
cation of *Molriplication i d Piviſion ; Where obſerve, that tho' the Multiplier and Divi- 
for are, in the Queſtion, applied to things of different kind from the number multi ed or 
divided, which, in Simple Notiplication and Diviſion I have folly thewn; in 4, and 5. 
Ch. 7. B. 1. to be abſurd, yet here that abſurdity is removed by the extremes becoming, 
or being canfidered as abſtract Numbers. Hence again. 
2. We are further confirmed In the abſurdity of all theſe Queſtions; propoſed as Simple 
Oueſtions of Moultiplication, wherein botfi Terms are applicate, as the mukiplying 
37. 19's. by 41. or by 416 s. and ſoch RRE; For if the Queſtion belongs to Moltipli- 
ction Simply, then it muſt reſolve into a Queſtion of the Rule of Ihrec, wherein 
the Terms that contain the proportion (which in ſuch Caſes are the iſt and 2d) being f 
the fame Name, the 1ſt Term or Diviſor is Unity, which leaves the Solution upon the- 
Multiplication.. But che only Senſe the Queſtion can receive is, to find a Number like the 
a ] TA, (or. e ee ee to it as the 2d Term (or propoſcd 
ultiplier) reduced Ig its welt Name, is tb an Unit ef that Name: lc follows that the 
true General Rule for foclr Queftioris* is, to reduce the ' propoſed Multigher to its loweſt 
Wa tro Ke en Aba Nur, n ee 
Hut if the Unit that regulates che 92 — is taten not of the loweſt Name in the 
: 7 Multiplier; then, the Queſfion': 


en, the Qi is not in any ſenſe Simple Multiplication ; for 
viſion alſo is neceffary to ſolve it. For Exa. If by moltiphnng 3“. 106. by 4. 65. 
of ea inding a Nom ex of Money W proportioned do 3. 10% as #1116 f. is to 14 
then thePropornon is a8 86 5. to 20 5. and the Solution is f, —— — >3e 06, 
and dividiog the Prödbet by 20, accotding te the Rule e Three; and as many different 
Units as you can ſuppoſe for the lit T rm, ſo matiy different Queſtions, and conſequently 
different Anſwers. there mut be. To ſom up all; if no qualification is expreſſed, the: 
the ſolying cf the Queſtion by the General Rule Hit mentioned, is che only true Sclu- 
tion anſwering fo the Notion of Sb te Ve tiplicktiootc* And it any other Unit than of 


the loweſt Nane in the Mültipker is Nee the Rule af Three, re- 
viliehn, "Ang: ät Hüft 1 mabtobferve; chat the gencralicy, 


quiring both Maltiplicarion ad Diviſion. © 
who prop Te ſoch QueſtidhsE & the nfiver as if the Um weredof the higheſt Name 
in that kind to which the Multi iet belongs (c“ perhaßs they are ignorant of rhe 
meaning of. it) wherefore, to fatibt their Tgtiorance,/ Nate"the-proportion Io, and work it 
according 6 | So the N oeftion flands tig, 48 17. to 4 J. 6% ſo is 31. 105. to the 
Namder fought; Ah [ORIG y. the D an vx the prepared State and Anſwer of 
the Queſtion is, 48 263. "to 86 7. 1831050 504 ro I (E) 
Several of our Writers on Arithmetick differ about the Solution of ſuch Qteſtions, | 
Withbur ſeeming to underſtand, at leaſt not explaining the true meaning of them . o- 
| I | thers 
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536 Of the Rule of Three. Book VI. 
taers have declared the Abſurdity) and their I norance appears further, by ſuppoſing 
that the Multiplier ought always to be of the fawe kind of thing as the Multiplicand; 
but if we conſider the real meaning and import of ſuch Queſtions, it appears plainly that 
the propoſed Multiplier may be of any other kind of thing; fo, if multiplying 31.155. 
dy 4 Yards 3 Qrs. can have no other Senſe than finding a number of Money proportioned to 
31. 108. as 4 Yards 3 Qrs. is to 1 Qr. (or 1 Yard or 1 Nail, for we may ſuppoſe any cf 
them) the Queſtion is as good Senſe as if the Multiplier were 47. 3 s. And in fact, ſuch 
Queſtions happen in all proportions of Money, and other things valued by Money. ' 

Again, tho they make no ſuch abſurd Queſtions. in Diviſion as dividing one kind of 
. thing by a quite different kind ( as-187, by 3 Yards) yet theſe are equally reaſonable 
with thoſe in Mulciplication, when the neceſſary qualification is applied; That is, when 
the meaning is to find a number of one kind of thing fo proportioned to another Number 
ot the fame kind, as an Unit of any other kind of thing is to any Number of this kind. 
For the Unit and that other Number being of one Name, they are as abſtra& Numbers; 
and the Queſtion refolves into a Simple Diviſion. So dividing 187. by 3 Yards in this 
Senſe is only dividing 182. by 3, as happens in this Queſtion. If 3 Yards coſt 18 J. what 
will 1 Yard coft. Bur if the Unit is of another denomination, then the loweſt in the 
giviſor after reduction; both muſt be reduced, and the Solution takes in both Multipli- 
cation and Diviſion ; as in this Queſlion, IF 3 Qrs.. coſt 187. what will 1 Yard? that 
/ ahwlec Que , ado... 

2. This Rule of Three: is the great Rule of Calculation in all kind of Affairs; but 
to give particular Directions for its Application in all the Variety of circumſtances, 
where proportions ariſe is impoſſible; for Queſtions may be leſs or more complex; com- 
eee! various Queſtions of proportion connected in their circumſtances, either to 

ring out ſeveral Numbers required, or as ſo many neceſſary Steps towards the finding of 
one Number required; and beſides the proportions contained in a Queſtion, there may be 
other Operations of Addition and Subſtraction, Simple Multiplication or Diviſion, neceſſary 
either to make out the Terms of a acer or after the Proportions are ſolved to find 
ſome Number ſought, or a Number to be further applied towards finding Numbers fought; 
in ſhort to fatisfy ſome condition of the Queſtion: in the progrels of,the Work, 
The manageing of ſuch Queſtions depends upon the Arithmetician's Judgment in diſtin. 
guiſhing all * parts of the Queſtion, and knowing what. each requires according to the 
true Senſe and Import of it, and of the ſeveral Operations of - Arithmetick, and par- 


ticularly of Proportion; of all which he muſt have , clear and ready Idea; and as 
, 5 


tliere is no other — direction N e 8 AN 77 ow more that 
can be done to help one to acquire the neceſſary Capacity for all uſeful Queſtions, is to 
make the application particularly to ſuch Variety in all the common Subjects and Branches 
of Buſineſs, that who underſtands theſe may be ſuppoſed capable to do any other of the 
ſame, or any other uſeful kind. To this purpoſe are all the other common Rules that 
are brought in after the Rule of Three; which are applications of it chiefly ; of which 
you have à large courſe in the following Chapters; and I ſhall add to this a few more 
complex Queſtions upon ſome of the former Heads, which come not ſo well under any of 
the following ; but firſt I make this other general Obſeryatio n.. 
© 4- If Fractions are among the giv 129 of & Queſtion of the Rille of Three; 
The procedure is in all reſpects the — having due regard to the nature and operations 
of Fractions; for if the extremes are (or be — 5 ee e Inte- 
1 or Fradional, of the ſame denomination, and the middle I erm a Simple Integer or 
ration; the, Multiplication and Diviſſon is to be performed by the Rules of Fta ions, 


U 1 


- - 


» G 1 — fo 42 » this. 4 10 
where Fractions are concerned: A few Examples are fuſficient to explain EFRON 2-1} 5 
N! g 8 WG; 11144 amen no eee e 1 tt 
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Chap. 1. F the Rule of Three, 7 
| Bea, 1. 1 3 of a Yard coſt 43.62 4 What is the Value of 24 J. Yard? State 
3 Yard — 4.5. 624. . > Yard. By reduct. 'tis & Yard — 4 en- va. 
te Produc of 268 ang 273 i 972 which 3 by + the Quote comes out 
* n 5 nfl. or gl. 74. 74. 2 27 | 

1 2. IF 75 Ounces coſt 8s. what coſt 30 Pounds P the Extremes being redn. 
Aba to Simple Frans, it is 9 — and tho Extremes be 
ing again reduced to one Name, it is 5 Ounces — 8. 268 Ounces then 8 Mul- 
ah, by % prodaces 22264, which divided by eee UP, e 
or 427: 147: 11 d. 127 | | 

Eta. 3. If 3 hundred weight: 4. 342 1h cot 681: 103, What colt 33 tun 
2 Firſt it is, 4067 l.— 1370 5. — 8 Cx, then 22 —13708.—7 Cw. 
then — 25. . n. and in this e nl redu- 
4. prepared, and the Anfiver found by enliphing 15704 hy orgy nd Ke 
the Produc by ISL | PR 

gra, A e lis , in every every Cale 2 obs Exit 

unleſs they are reduced to one yet without this it is eaſy to know 
reme is the Multiplier; becauſe, yay that upon the hand to be either 
Wy —— or leſſer, that will determine which of them is the Multiplier. Vet after 
all, I you reduce the extremes to one Denominator; you'll have no more trouble, 
the common Denominator may be neglected, and the Operation performed with the Nu- 
merators ; fince that 8 would be a Multiplier both in the Numerator and De- 


nominator of the Quote, as it comes our firſt in Fractional form; and therefore both be- 
ing divided by it (or which is the ſame, neglect it in the Operation) the Quote will ſtill 


be the ſame. So to Multiply by g and D Divide the N 
ing by 5, and Dividing by > | | 


iat QUEST1i0NS for the Rule of Three. 


1. en and upon 40 Yards, there was of 
Charges (as Packing, Carriage, Sc.) 51. 10 5. What In d (ot colt? Anſwer. 4100, 
104. be 15 f. 540 coſt 4057. to which add 1 * the Sum is 410. 10. 
1 7 N a Year 1 F EY oJ. 1 2 e 2 what has 

to ſpend upon ving every Anf. 14.0. 36% 230 — e 
8 12 Montes baye 3704, x e d 22 | 3. Ha 


538 Contractions in the. Nule of Three. Book VI 
3. Having bought 40 Yards of Cloth at 8 s. per Yard ; and 70 Vards at 12s, What i 
abb Vain of ben ie 4 58 . fer if 1. Fend ee b 48 60 l 161. der I ls 
coſt 12s 70 coſt 42 J. and 161. ++ 421. —= 581. . „ "Ia 5 
4. I beſtowed 897. upon 2 Pieces of Cloth; one of chem at 13 s. per Yard, the o- 
ther at 16s. whoſe total Value is 48 J. What quantity was in each? f . 
Take 48 from 80 remains 32, the total Value of the firſt Piece; then find the Quan. 
tities by the total Value, and Value of 1 Yard. 5 : f ES 
5. Five Perſons were boarded. together at £7.. per Quarter; they paid at entry 1 7. 
105. a Piece; and having continued 2 Year 3 Quarters ; How much do they owe > The 
Solution is thus made 5% 4'=-201, due for every Quarter; then if 1 Quarter coſt 26 7, 
what 2 Year 3 quarters? From the Anſwer of this, Subſtract 5 times 17. 105. paid at 
nichr is the fn e᷑rt. ...d olonih ws Fw 
6. Two Poſts travel the one directly North and the other South, from the ſame 
Place; che ohe Travels 3 Miles for every 2 the ocher Travels, who Travels at the rate of 
36, Miles a Day: How far ate they aſunder at the 3d Days end? 158. 3 36 = 108 


% 
- 


les the laſt. Poſt has Travelled; then ſay, as 2 to 3 ſo is 108 tg. the. Miles the other 
ravels ; the Sum of the Miles travelled” by bot is the Anſwer: Pur if they had Tra- 


velled the fame way, then it is the difference of what each Travels. Or ſuppoſe the lat 
_— is 30 Miles before the other; to aged * as _ Rn Irs up with him, 

„As 2 to 3, ſo is 36 to the Miles the other Travels in a Day; the difference is what 
of the diſtance is ker afar every Day; hende find che time in which the white will be 


Price, tlie feller afterwards diſ- 
What was the 1ſt Price of 1 


" 16. T had ont 107, wok a Parcel of Seigeh nd Shullbutis;" the tots} Valve of the 
Shallouns 60 L and the D of 8 
| +0 11 : How much $h 


7 
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by 444 6.4, ; = 6 
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Contractions in the Rule of Three; called Rules of Practice. 


CASE x= en 2 Queſſion in che Rule of Three being duly ſtated, and the Ex- 
ö tremes ſimple Numbers of one Name; whether che middle Term be 
Simple or mixt; if the Extreme which by the general Rule is the 
Divifor, be 1, and the middle Term an Aliquor part of ſome faperipr Species; chen di- 
vide the other extreme by the Denothinator of hit Aiquot patt, the Quote is the Anfxer 
in that ſuperior Species; and if there is a reaaitider retice; and figd its Vale. 


- 
. 
* , 
1469 


| Ta- 
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C ontraftions in the Rule e Three, 


. B LE of the Aqua Parts 5 Mon EY, 


625 The Sete of thePrappmian is) 


the middle Term 5's. which is a 4th 
16% and 3 remains, which . 10 Slings F 
The Reaſor of this Practice is obvious; 

nenn em pech 71. 


* 


T 156 


yard 


coſt 


Fans the Manner of Applicatlon, and Reaſon, in all: other Exam 
derſtood from this one, I thall only ſtate a few, wi 


Vane of 54 Stone weight, 5 10 5. 


a of ee 3t 3 # 


of x 1. 
: 44, Feet 


ON 


7 Yard, 


* 5 Tre” 8 | 22 1 
„ goth N th | ; | 
14 210 2 24 3 i F2 2 1 | 
6. 8 o 12 Ef 25 0k 6 1.5 is x part of 14. . 
1 dy bog - ee 
_ 3. 4 2 = "6 a 2d | 
1 ? & | 
. 1 2.þ 5 1 A i 1 F You 15 di 
TE. lis SH 504) 2 ron NG ü il d 
* e „ eg 187 Rennes, bin 5 
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er yard? Auſw. 167: 161 found 


67 3 And becauſe the Diviſor 1 25 and 


JOE 1 divide 67 
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divided by by 4, the Q 150 
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W hat is the V | 


Exa. 4. & at 6 4. Yard? 
mültiplying 324 by wy hrs 15 Gen is, Es 0 1 971146 

wel __ | tha it is WEE oh to ſet 2 n i 

ut; wri own the duct an 
lbs Regs Fs als Bra 1155 e if we oa be 5 one 
„the Product is t ings ; which/divided by 20, reduc 

the remainder Being Shiſlin 2 Bi * Reriply RE A the, . py. Ib 
Product is only the half of che Value in Shillings. NICHE 4 0 * multiply.t 


by-2, to give tl — number of Shillings, and divide this aft Product by 20 to * 


22 2 2 
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gs an eä Eat 


ny, 2 
ings, the 


540 Contractions in the Rule of Three. Book VI. 
them to Pounds; Then, becauſe 20 is two times 10, it's plain that the Product made by 


the half of the given Price, yeng be — 66 2, and this Product divided by 20, 
(or, which is the ſame thing, firſt by 2, and the Quote by 1c) the {laſt Quote will be the 
| e as if that firſt Product were only divided by 10; becauſe, to multiply by 2, and then 
divide the Product by 2, brings back the fame Number that was mulciply'd : Wherefore 

it's plain, that if the firſt Product is divided by 10, the Quote is the Anſwer in Pounds and 
roth parts; and, becauſe the Diviſor is 10, therefore the Integral Quote, or Pounds, are 
expreſs d by the Dividend, excluding the firſt Figure on the right hand; and, becauſe that 
Figure is the number of 1oth parts, therefore double of it is the number of 20th parts, 
3. e. of Shillings ; and thus every Part of the Rule is clear. 40 | 


* 


Obſerve ; If the Price of an Unit conſiſts of Pounds and Shilling, whoſe half reduced 
to Shillings is a Number by which we can eaſily multiply, fo as to bring out the Produc 
in one Line at the firſt Step, as we may if that half not exceed 29, then we may allo 
uſe this Method. | 3 1 

Era. What is the Price of 467 Yards at 17: 14 s. per Yard? Here 17: 14.5. is 34 5. 
_ _ is 17, by which multiplying 467, according to the Rule, the Anſwer is 


ASE za. If the middle Term is not am aliquot part of ſome ſuperior Integer, 
(che- Diviſor being always 1) yet it may be equal to the Sum of ſeveral aliquot parts; and 
then if you divide by the Denominators of each of theſe ſeparately, and add all the Quotes, 
the Sum is the Thing ſought. The Reaſor is plain; but I muſt obſerve; that in mo 
Caſes here the middle Term is not an aliquot part, the common. Rule by Reduction is 
Za. 1. If i yard coft 15 4. what coft 4p yards > Anſ. 361: 15 4. found thus; 15 x. 
Fs 10s. and 5's. viz. the; 244 of 11.- So take the 3 1 241.105. 2 
2 Which is 12 J. 53. whoſe Sum is 36 J 3 5 
Ha. 2. If x yard coſt 125. 6d. what coſt 268 yard? Anxſ. 1671. 10 5. thus; 
"rg 10 4. and 2. 6 d. vix. 5 and ; of I. Then x and + of 2687. make together 
nu 0B EE RR TT 
Er 3. EF 1 yardeoſt 45. 3 d. what is the Value. of 140 yards? - Anſw. - 291. 155. 
thus; for 4s. it is 28 1h the «th part of 140) and be'3 d. E 0 Ll, 275 
the qth part of 140 3. becauſe 3 d. is ich of 1 s. and the Sum is 29 l. 15s. 985 
Obſerve; If the middle Term is equal to the fame aliquot part repeated, Z. e. if it's any 
rr 
then multiply the Quote by the Numerator; ar s | witply by the Numerator, 
then divide by the inator. *r 3 * 1 : 26 
Exa. 4. If x yard coſt 1 the Value of 56 is 37: 6: 8] for 135, 4d. inake 2 of 
25 * I multiply. 56. by 2, and divide the Prody& 112 by, 3; the Quote is 37. 
* Obſerve, that if the middle Term is reſolyable into Parts that are aliquot one of 
other, then it may often prove a convenient Practice, firſt to find the Anſwer for the 
greater Number, and then for the other which. is its aliquot Part, by takiog the like Part 
of rhe Anſwer for the former. Era. If 1 yard coſt 15 8. what 3.40 7 Take the 
Half of zap for 10 C, and the half of this half for 5 4, your Sum is the Auſwer-. 


casREA＋ If the middle Term is & mix d as to have in it any Number of the higheſt 
e multiphy that Number, and then the other Parts by ſome of the former Caſes, 
if pofiible.; and if this cannot be done, or not without much Operation, then. we mult 
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Chap. 2. —ContraBions in the Rule of Three. 541 


24 n 1. IH d cf 4 6 f 8 d. what colt 734 yards > Anſwr 
id 2 1 65 Por 41 20 ultiphy'd: by 734, — — 29361. for, 
29261 : 1 of 6 s. 8d. I take 2 of 734, which is 2 * 4d. and the Sum 
2 344 _ is 3180 J. 135. 44d. 
eee 
28 b Fon „ „ — Fr coſt 462. 10d. what coſt 28 

9256 32. 8 2 8 .' yards? | Af. ya 5 thus; For 5 J. it is 
or 104, 1 2 3 7” | dat, _ TH 7 and for 104. I take the 
f Sun, 149 11: 4 24th part o 28, by Caſe I ft. 


For 1 = 38: .: 0. Exa. 3. If i yard coſt 1 J. 93. 2d. what coſt 38 yards > 
For 61. 84—12 203; EM Jae. 551 8 4d. thus; For the 1 J. tis 38, e 
For 2 J. 64. 4 4355 3 8d. .(+ of: a Pound) and 2 3. 6d. 

Sum, 55 08: 4 (3 of a Pound) I take 3 x of 38 * as in the Margin. 


oſe the Price of 1 1 177: 9d: then no Method by aliquot parts is fo as 
len Method by 2 And I ſhall here * that. as there may \ ah as 
rent Ways of doing the ſame Queſtion by aliquot parts, ſo the chuſing of che beſt Way 
depends u pon Experience. Exa. If 1 coſt 15 5:8 d. it may be — 5 conſidering 15 4. 
1 cken or as f NA; and 8d as 3 of a, But more. by reſolvin EET, 87. 
into 14 1784 J en, for the 133 g. work by Caſe 2d, and 5 8d. e 

in Era. 30 we may work firſt:by 1 = 8 f. by Caſe l.; then for 1.5, and for 2 4 

„Method E CTA. you. Laine cha gar 2. 18 e to 64. 8, and. 


207 64. 
C43 E Füsse b 58 - the Maile is an 3 . bag ** of” 
certain) ali I: of the Unit which is Diviſor, then rake by Diviſion ſuch part or 
parts of the middle Term (wfiether chis be a ſimple or mix d Number); And if the Mul- 
tiplier has alſo ſome Number of the ſame Speeies with che — muſt work for that. 
umber eee ee eee ule, Seed A] ths: 
_— of the Anfiver. 3 | 


x K l 17267 men l nd , 

Fe F. or the. 281.1 multiply 3 Ct by it, . which gives, 

G. a 192. bee of, th is 7G; and 

take rs is 10 > Or, which 3 ie 
5 1 Abe +0 at is 085 Þ 


Fay . . 16 


rg pulls 5, 8 85 12 755007 212 02. Ke pay i ii 551 93 of. 


81: 1203 Ch TY 4 oz be e 
r row iſe ox. to this a adding; 


92C; : 32, the Sum is 93Ct; 2: 1815: N ox. 
Obſerve 3: 3: 
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Obſerve : I the Multiplier and the middle Term are both of the ſame kind of Things, 
then we may conlider Licher 15 the Multiplier, AS melde pſt open for the Ope- 
ration. ; 

Exa. 4. If T7 ain 45:60 hom m th 232 g open 1 10 55 
Anſw. 71: 15565 34. a Which is found be. 4 = of EN LP»! Making 
45:64, by 347: 10 f f thus; 
45. by 34, makes 61: 16 
and 6E k 34 makes 2743 
then 4 4: Gd. by 10 d., or, 
makes 272g 23 andthe To- 
al is 71: 105: 34. Or, 
3 Mdalipiſing 341: 105. 
F<! by 4s : Gd, ghus; 14 2 
is 25 and 23 63 Therefore Lab nat] 9 25. or r, the Pro 
gt: 0 Then, by 25 6d. q, it In (lp 66 ep And the, Total! is, © before 
JESS IO EE o0c 42 4.2: 1-1 7 10 ” 

T beſe 4 the Chief and 1 Pradices 'by Aliquet Parti, which "whoever 
underſtands wil ealily find many particular Abridgments n upon the ſame Frinci- 
ples: But what I have done is ſufficient here; Judgment a ä wal. ee 5 ths 
1 EY hieap of Fefe Rees. — 455? i : 

£135 ya 27: Fo 1 ne os 7 1 1 PEA 72 

CA SE 6. When 2 Queſſion of the le . Weed n 1 l 20. 
cording to the General Rule, ttrilb often . chat you ican-eifily diſcover; 2 2 Number 
which will exactly divide the Extreme eB is the Dibiſbrꝭ andy fame; one of the other 
two Terms; fubſicate'the Quotes of theſe Diviſions in place of the Numbers. divided, and 
work with them inſtead of theſe others; by this Means you'll have .he Diviſor and ano- 
ther Term reduced to ſmaller Numbers, and ſometimes one of them will —_ I, 
which leaves no ne: : Operation bur à fimple Malriplication or Diviſion; A * 

Era. 1. If 7 yit 2 what . coſt 30 yards? The Queſtidn 3 7 
564. ich yards? whet 5 'eafily-perverv' that 7 divides both, 
the Quotes ite 1 K&K 3 80 that this Queſtion 154 — 361— 598 will } 
Giver Ede er and is found REY nein, $61. by 5, which: DN 850 

Exa, 2. K 250 U. buy 548 y what will 5 J. buy? 
divided by 5; the Quatts are 50 ala, and the Queſtion ü have ge 
this, is 48345 — rf, hich is ſolv d "ty ding 398 4s ve 70 gots 3 
2054 737575 J nde „ ade 1 1 . 
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Chap! 3. Orbe Mule of Five." 

From the ſame Principle it follows, thit if the Diviſor, and any of the other two 

5 ; the other a whole Number; if 

theſe two Terms are reduced to Fractiot 5 having the ſame Denominator, you may neglect 
che cot mon He or tor, and work with the Nuterators; becauſe F ractions, having a 
common Denominator, are in the fame Proportion to one another as their Nume- 
rator. in K ire e e BOT A 

Exa. If z of à Tard coft 16 7. what doſt of a Yard * This will have the ſame An- 
ſwer as this, 3 yds — I e. „ | 10 £ 
Era. 2. It 43*Quneescolt'28 7, what coſt 1815, or 4608 Ounces ? The firſt Term 
reduced is , and you may turn either 28 or 4608; into the form of a Fraction whoſe: 
Dang, 18. I 2 en oor 11 the N and ſo it will be either 
2303.—140 — 4608 oK. Or 23 0z' — 281 23040 or. The Anſwer is, 28048 3. 
In many Ca da coy d £37 „ by 7 K 
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„HIS Kale i calrd from having 5 Numbers given to find a sth; of which 5 
Given Numbers, 3 are conjaind.in the form 05 a Suppoſition, and upom that à 
'' Queftion'Ts, rais d from the ether 2, which with the Number ſought are reſpective- 
y Rke in their Application to the former 3, and have the ſame Connection of Senſe; by 
which tis eaſy to know, at ſight, a Queſtion belonging to this Rule. Again; All Que.- 
flions of this Rule are ſuch as include two Queſtions of the Rule of Three, ſo dependent 
upon one another, that the Anſwer of the firſt þeing made the middle Term of the ſecond, 
the Anſwers of both havs· the ſume Significatiqn, and the laſt is the final Anſwer of the 
Queſtion. And Olferve, that tho many Queſtions indlude two re the Rule of 
Three; yet they have not the Conditions here fdeferib'd (of which you'll meet with Exam-- 
ples afterwards); and, for the Solution df ſactt as have, take this 


n 3 
; N N . 
N g 47111 f a . . n 
+ U LE 11 
1 1 N. 
21 


fein eon 7 5 | 2 f 5 fg | 
| 10.4 5 Or e Tejms of Suppoſitibn [Tet that one firſt doun which is like the Thing: 
ſought ; towaids the left hand of it ſet down the other two: (at's; no matter in what Ora 
der); then ſet the two Pertis chat raife the Queſtion towards the right hand of the for- 
mer 3, in ſuch Order that of the 5 given Terms the 1ſt (counting from the left to the 
2% Take the Fw be th Terms in Order, of which make a 


4* 


ITY OHNE VI £01 
ion of the Rule 


of Three Les 2d Term for a ſuperfluous one, co compleat che Senſe) and find 3 
the Abfiver 5 Their, . 2 17 atfe notion? 57 - fs 51] 

39, Take the 2d 1 1 cont" hon Number now found, and the gth (uf the 3) in Or- 
der, and of them wake another Queſtioh af the Rule of Three; (aflumiog the dih Term 
of the 5 ft a fuperfluousMinber)- the Anſwer of thisis the fa! Anſwer ought. - | 

Br r T... & v3, 
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544 e. wn of Five: Book VI. 
5 1 QUESTIONS. | 
Ga l. If the Carriage of 25 Stone Qu. 24. What Wei t muſt be 8 


weight, for 16 Miles, coſt 15 J: 105. w 
bie Stone coſt for 9 Miles? wet LS 5 ls? 3 
Anſw. 131: 19 4. Aaſiw. 15ſt: 5$ib:30z: 145 di. 
The State of the 5 Terms is, 1 State of the 5 Terms. | 
% c i 7 3 
 25—16—=15:10—40=9 15 — 7—18: 10—5:4—12 
The firſt Queſtion of | 1ſt Operation. 2d Operation. 


the Rule of Thr d 
ule of Three is, 2 Queſtion 5. ft. Ib, Tl. s. m. Ib. oz dr. m 


8. J. . Fi. mM. S. . 1 => "TO mw 05s | 
25—15: 10-40 ee be 5 5:4 -7—2066:2:2—12 


by Reduce ci} enn Nin, 
1 6] 722 0 279 or „ IK is mm. ar, my 
RAALE - 4G 193 15.— 298 — 104 7 — 3528930 — 12 
| 40 & - 126 Fer 85 — ( 3 Wn 
2511 5 8 1 1 92 (2000 e 
2 = 8 s £1 * ; . Quote, 3085425) 
—— . — . 90 duced, is equal to 
72 7 Bo” F. th. OF. ar. 
al 55 | PATE +7 | Po. * Ha 75 5 3'* 1475 
9 2 2remainder Here, by the iſt 
From the Senfe and Comedian of theſe | 2 (On 16.0 1,5, Operation, is found 


two Queſtions it's plain, that we have W D 15133 (204+ : how 27 1 fr 


the firſt we find what ſts for es | 5. Then, b 
CI LETT 
5 how much muſt be 
be 9 Miles, when] 5 1 75 ( 2, carried 12 Miles for 
they coſt 496 5. (the Anſwer of the prece- to] 37.4. ö 
ding) for 16 Mile. — "BL © 


Aero ep Work of chle to Queſtion I have done it atlength, EE & As wel 
— but ſuch as underſtand the ContraQions, already explain d in Multi plica- 
tion he Ni, an the Rl of Three mayidg Gem. gale thas 5 Ty 
thu pores Nr er he to this 5 f — x51: 20s = Bf. 

by 55. cen we may ally ang 157: * by 8, with 
reducing 5; the 1 ee 164. 22. we 200 | 
peration it ſtands i ranch es 1685 —9M.. the middle Term is eaſily 
multiply d by 9 with — the the Product is 7 1 Ek divided by I6, (or 
by 2, and the r the Anſwer is 131: 196. 
Operation ma may be done eaſier; for, without reducing the 
midde Term, & may be * 73 che Product is, 14 U 140: . ol 


ings, you, muſt have a clear underſtanding of thar, 
fo 


ww 44 


reſponding Terms (viz. 1ſt and —. — and 5th) ſimple Numbers of one Name, and 
1's mixt. ; 5 1 A 

29. Form a: Queſtion; of the Rule of Three with the 1ſt, 2d — x (of the 5) as 
before; and mark which-of the extremes (iſt or th) would be the Diviſor: Again, form 
4 Queſtion of the Rule of Three with the 2d, 3d and 5th (of the 5) and mark which 
would be the Diviſ e. 

- 39. Let theſe two Terms, which you find would be the Diviſors in theſe ſimple 
Queſtions of the Rule of Three, be multiplied together, and of the Product make a Divi- 
for ; and for a Dividend, take the continual: Product of the other three Terms (of the 5) 
and this Diviſion being finiſhed (in which the Quote is like the middle Term) gives the 
final Anfwer of the Queſtion propoſec. s 

- Obſerve. If the Numbers by which the middle Term is multiplied, are ſuch that it may 
by eaſily multiplied without reduction when, it's a mixt Number, then it's better not to 


Quzeft./ 1. Done by one Operation. The Queſtion * ſtated and reduced accordir 
1223 1 ny q 485 r Ste WOES zs the rſt and 2d Articles require, 1 abe 
-\ 6 © M. L. By, St. M. a Queſtion of the Rule of Three with the 
25 = 16 —15 : 10 — 40 — 9. 1ſt, 3d and 4th Terms, and find that 25 
, +4, Or thus) ++: is the Diviſor: For if 25ft, coſt 3 105. 
St. M. St.. St. M. (for 16 Miles) 40 f. will coſt more (for the 
23 — 16; — 310 — 40 —'9: fame 16 Miles) therefore 40 is the Multi- 

101 big ta Aer env not. 8 esd er, and 25 the. Diviſor Again, I make 

x.Queſtion upon held, Plgd, and 5th, and; find 16 the Diviſor ; for if 16 Miles carri- 
age:(of gat.) coſt 3105. then ꝙ Miles muſt coſt lefs3:and ; 9.is:Multiier, and 16 Diviſor. 
dt. M. Sh. St. M. he reſt of the Work is manifeſt, as in the Margin; 
25 — 16 — 310— 40 — 9 amd beeauſe the 1H fingle Operation had no remainder 
16 9 , 8 In 40 i X Fe (1934 t in'the loweſt Species, ö final Auſtwer is the fame by : 


: j . : 
—— 5 - A 5 + —ůů——— 1 4 . 4 1 both Rules, 'F oy i C 5 4 (3 1 4 J 
— * * ? 
* 0 8 . 
400 IS f 12400 1 ( YAY @ \ SL WW 77 . 
We e GY” A 75 * 3 * » 309 12 0 Kt 4 Agde 424 18 I 9 
4 Fl * ; N 


CE, + ag 9. 3 5 of * | ; 3 aus tata, 5 

9 — % iy 3. * a 51 4 292 5 ? ; oo * AS 194 '& +4 4. 1111 ed 974 16311 N p þ 3 40 8 4. 

. 2 1 A 5 

3 111600) Aaa2 Ae 
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Quote 27 ſb. or 131. 193. 
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156 Sab f Five. Book VI. 
er without reducing. the Obſerve that I aſſume the middle Term for the Anſwer 
middle Term; thus, of the 1ſt fin * Queſtion, becauſe its no matter what be 
1 eee order to diſcover the Diviſor. 9 
15 10 
40 
I 620 : : | | en bi 201 
9 | 5 | 5 1 


1 1 13 Here 167 Iſt, f 1 5 $6. pay for „Ms 
40005580013 l 19 bee aig 6172 0 b, they 104 pa 10 Hg 
71 By one 0 _. and ſo x04 is the Multiplier, an 15 the Di- 

Queſt T 1 * pe . Viſor. Agiin it 298 15. was carried 7 Miles. 
nk. . for 1 a les wei Blr muſt Be taken 12 
7 48 18: 10 — 55 {Boone 12 Miles 1 the me Price) fo 7 is the Multi- 
_* *plier, and 12 the Diviſor : The reſt of the 


— 2247 120% Work ie pain, as in the Margin. And here 
S. M. = --. Bs = 1 the final e diſters from that found by 
15 — 7. — 298 — 104 — 12 the preceding Method (in which the Fradlion 
12 2 of the iſt part was neglected) only in the 
— 10 8 | _ Fraction of the loweſt: Species, mics is here 
8 EN | 
9 1 ba Ga tei (l EEE | | 
e ons leave hol to 
v6 gelbes. 1 off fn your exerciſe, only ſet down — 
7142 _ they are found by both the preceding Rules,. 
| — or 7 Su.: 1 that you may compare them with your own 
36 Anſwers. And obſerve, that in doing by two 
— Operations I have ede the alt Orea. 
* 5 36 Ulis 2917 N 1 ner. 
unn 15713 2:13. 1 u S483 „bu d 
Dream £5 £ 5 If — 3. How far ought Cacand 2 qr. 
3 .to be carried dor 14. * | 
„ e . Ni 8 20. Miles Fr of a Mile, by: both the 
IT : ules. 
| = „ +7 wn Queſts; 4. If 2467. board '9 Men 18 
16 | F 5 " Moriths, 2 long will 481. OE 5 Men ? 


7 ro4 *. 3 : Anſeur, 6 Months & Days and 4;. by co O- 
A 5 ti bn and 6 Month 9 Days. 4 


r | 0 or r by one Operation. Obſerve, L have 
2. N (i 1 28 Days to 1 Month. --\. 
26 55 15 10 500 Queſt. 5 How much will pay 8-Months 
12 | 204 remain =£. 1 board of 3 Men, when 2 J. 5 s. paid for * 


FW Tear 4 Months of Te: $191: 45g. by hon FE 
155. 34 8 75 er . by two Operations And 24.156 * 3. by 

| 
' Queſt. 7. Her, many Men: will os Els, Acres of Wheat in 4, Days, when 6 Men 


cut do Acres in 8 Days and 4 Hours ? An Men with a.FraQtion equal to 
A by — Operation 3 21 bs one * Mes Ss with a Fradtion equal to 4.3. 

| uf. 7. If I get 80x. w of Bread for 64. the Wheat at 15% p#r Boll; what 
ught the Boll of hear to be, at L may get 12 0z, of Bread for 4. ee. 65. 8d. 

by by bard Method. E $5 111 RO Que fl. g. 


* 


' 
27291 1108 1 94 
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Chap. 3 Rule of Five. WS : ' 
Nu. 8. When Wheat is at 12 f. 10 dl. per Boll, 7 Ounces or wceau coſt 54, how 
much ought to be got for 84, the Wheat being 15s ? Arſw. oz: II d: 1497.2, 
by two e ; and gox: II 14 gr. , by one Operation. ; + aan 
Qu. 9. What ought to be the Price of 4.15 : 100z. of Bread, the Wheat being 16 5:5 fl. 


the Boll, ſuppoſing that when the Wheat is at 125. I get 8 ox. for 44 Ar. 38:2 „ % 


by two Operations; but by one Operation tis 3s: 34: 2822 _ 7; 


1 IJ 7/7 


Qz. 10. If 1007. Principal Sum give 31: 10s. in 1 Year, what is the Intereſt of 727 


for 5 Year 8 Months? Arſw. By two Operations, 97:45:94: 1 F, or, And. 
by one Operation, 91: 45: 9d: 217. 
©. "Ot ſerve, have in this Que ſtion taken 12 Months to 1 Year. A 
Qu. 11. At the rate of 61, per Cent. per Ann. what Principal Sum will raiſe 487. 
in 2 Lear 4 3 (ſuppoſing 12 Months to a Year)? Auſw. By both Methods is 
21:175:1d:2f5, SY | | | | | 
"ac 12. In what Time will 1461: 108. Principal Sum raiſe 507. of Intereſt at the 
rate of 5 per Cent. per Aunum? Anſw. 6 Year: 10 Months: 16 Days, by two Opera- 
tions; and by one it is 6 Year: 10 Months: 20 Days 24. : 7 CNN On 
_ © Obſerve, I have here reckon'd 13 Months to a Year, and 28 Days to a Month; but, 
a in Calculations of Intereſt, the moſt exact Way is, to take in no Denominations, 


0 


„ 


but Vears and Days (365 Days to 1 Vear) and let the Time of a Queſtion which 


is leſs than x Year, or that Part of it which exceeds a certain number of Years, 
_ be reckon d in Days. ä n 
T be Reaſon of this Rule, by one Diviſion, will be eaſily underſtood by one Example. 
Thus e e . . ; a ; 
Suppoſe 421. pay 7 Months board of 6Men 3 to find how much 8 Men mutt pay fo 


S Months. The State of the 5 — Terms is, 6 Men —7 Mo. — 40 J. 8 Men—5 Mo, 
The 1 ſingle Queſtion of the Aule of Three is, If 6 Men pay 40 l. what muſt 8 Men in 


the ſame Time ? The Anſwer is found by multiplying 407. by 8, and dividing the Pro- 

dud by 6; that is, we take the 6th part © ; 8 times 40, which may be expreſs d in a gene- 
ral fractional form thus, 2 Then the ad ſingle Queſtion is, If 7 Months coſt . 
what will 5 Months coſt ? And the Anſwer of this is found by multiplying the middle 
Term GRE by 5, and dividing the Product by 7: But a Fraction is multiply d by mul- 
tiplying its Numerator, and divided by dividing its Denominator ; therefore the Anſiyer is 
expreſs'd thus, — z which is the Quote of the continual Product of 40, 8, & 5, 
divided by the Product of 6 & 7, the Diviſors of the two ſimple Queſtions : All which is 
according to the Rule. And, whatever the Queſtion be, tis manifeſt that there will be 
always the ſame Reaſon; for, by expreſſing the Anſwer of the iſt one Queſtion in this 


general fractional Way, the Anſwer of the 2d will neceſſarily be expreſs d by a Quote made 
of a Diviſor which is the Product of the Diviſors of the two ſunple Queſtions, and a Divi- 


dend which is the Produd of the other 3 given Terms. 
OBSERVATION relating to the preceding RUL E. 

As I made no Diſtinction of a Rule of Three Direct and Indived, ſo neither have 1 
in the Rule of Five, as is commonly done, to no purpoſe but to make a needleſs Difficul- 


ty; ſince Direct and Indirect can be here underſtood no otherwiſe than as they relate to 
at-A IT 3 Aaaa2 | the 


* 
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| the two ſimple Queſtions of the Rule of Three contain'd in it. But 1 had this furt 
Reaſon to make no ſuch Diſtinction; That all the . come under this ue 
may be ſolv d by two Applications of the Nee of Three that are either both Direct, or 
one Direct and the other Indirect. Thus, the 5 Terms being ſtated, and the two Que- 
lions of the Rule of Three conſider d according to the above Rule, if they are both Di- 
rect, then it may be other Ways folv'd, ſo as to make one Direct, and another Indirect: 
Or, if one is Direct, and the other Indirect, by the above Rule, it may be ſoly d fo, as 
to make both Direct; which is done, in both Cafes, by making the 1ſt, 2d, and 4th 
Terms (of the 5) the res of the 1ſt Operation; then making the Anſwer of this 
wich the zd and 5th.(of the 5) the 3 Terms of the 2d Operation. 

Exa. 1/2. If 7 Men in 3 Months ſpend 100 J. how much will 12 Men ſpend iu 5 
Months? Here both the Operations, according to the preceding Rule, are Direct; But 
it may be done thus: (150 If 7 Men take 3 Months (to ſpend 1007.) how long will 
12 Men take (to do the ſame)? They muſt take leſs Time; therefore this is Fdirect: 
Then, whatever time 12 Men take to ſpend 1001. they will ſpend more or leſs in 5 Months, 
Ig as 5 is more or lefs than the Anſwer of the iſt Queſtion; therefore this is 
Dire, . 5. 5 nnr, Ig TR 

Ea. 24. If 7 Men ſpend 1001. in 3 Months, in what Time will 12 Men ſpend 487. > 
By the preceding Rule the 1ſt Operation is 'r&irebt, and the other Direct; but, do it 
the other Way, and they will be both Direct. Thus; if 7 Men ſpend 100 J. (in 3 Mo.) 
12 Men will ſpend more (in the fame Time); therefore this is Direct. Again; If 
12 Men ſpend the Sum found by the 1ſt Queſtion in 3 Months, they'll take more or leſs 
Time to ſpend 40 l. according as this is more or leſs than the Anſwer of the iſt Queſtion ; 
therefore this is alſo Direct. po. 6 ins 

That the fmal Anſwer, or Anſwer of the 2d Operation, will be the fame in both theſe 
Methods, will appear from the Nature of the Thing; becauſe both Ways there is a rea- 
ſcnable and natural Connection betwixt the two Operations, which take in all the (ira 
cumſtances of the Queſtion : Therefore I ſhall not trouble you with any farther Demon- 
fration of it; and hall only add, That I chuſe the firſt Method, becauſe it leads, in a 
more eafy and plain Way, to the Method of reducing boch the Operations to one Di- 


OzSERVATION relating to other Complex Queſtions. 


Al Complex Queſtions that are folvable by two Operations of the Rule. of Three, fo 
that the Aller of 45 16 is a Term of the 2d, tho they have not all Circumſtances hike 
thoſe belonging to the Rule of Five, yet if we conſider and perceive what are the 
Terms of theſe two Operations, twill be eaſy to reduoe them to one Diviſion, as we have 
done thoſe of the Rule of Fire; for, by expreſſing the Anſwer. of the 1ſt Queſtion 
Fraction-wiſe (as above) and placing that Expreſſion where it ſhould be in the 2d Que- 
ſtion, we ſhall eaſily perceive which of the given Numbers are to be multiphy d for a 
Diviſor, and which for a Dividend. 1 ſhell illuſtrate this by an Example: Suppoſe 
I4 of Cloth at the rate of 8 5. for 3 yards, are given for Sugar at the rate of 2 4. 8 d. 
or 324.) for 5 Jh. how much Sugar ought to be given? Jo do this at two Steps, I fay, 
fe yards coſt 8s. what 14 yards? _ Anſw. 37 f. 4d. Then, if 32d. buy 53. what 
37. 64 And here, without finding the Anſwer of the firſt, I fee that 3 and 32 are 
the Diviſors; but then, becauſe the 32 is 4, make 8s. = 96 d. and the 3 Numbers 


that produce the Dividend axe 96, 14, 5- 
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CHAP. IK 
Rule of Fellowſhip. 
DEFINITION. ; 
TN H1S Rule ſhews how, by two or more Independent Operations of the Rale of” 


| Three, to divide any given Number into unequat Parts, proportional to certain 
other given Numbers. Tis call d the Nie of Fellotſbi p, becauſe the more com- 


mon and uſeful Application is in the Diviſion of Gains, Loſſes, or other things among 


Partners in Company: But, as there are alſo other Applications of it, I have made the 
Definition Univerſal ; and, for the Solution, this is the 

Ru l RE. Add the given Numbers (to which theſe Sought are Proportional) into one 
Sum, which make the 1ſt Term; make the Number to be divided the ad or middle I ern ; 
and the given Numbers (or parts of the iſt Term) make them ſeverally the 3d I erms of fo 
many diftin& Queſtions of the Rule of Three ; and the Numbers thus found are the An- 
ſwers : The Reaſon of which is manifeſt. 255 . 

To prove the Anſwer to be right, add them all into one Sum ; and this ought to be 

to the middle Term, — the Numbers found are the ſeveral Parts of the middle 

Term, and the Parts muſt be all together equal to the Whole. But Ohſerve, that if 
there are Remainders (tho of the loweſt Species) in this Diviſion by which the Anſwers 
are found, theſe make Fractions, which are alſo to be added: In order to which, let the 
Remainders be all of the loweſt Species, then add them, and divide their Sum by the 
common Diviſor, (which is the common Denominator; and here there muſt be no Re. 
mainder ) the Quote added to the Sum of the Integral parts of the Anſwer, will make it 
equal to the middle Term, if the Work is right. 


Qu. 1. Two Men (A, B) make a Common Stock, whereof - £s Part is 240 J. and 
B's 3601. After a certain time they make 80 l. Gain or Loſs; What is each of their 
Shares ? Auf. As 32 l. and B's 48, | | | 1 


Stocks Operation 
ne E. I. 7 
A 2401.8 If 600 — 80 — 249 600 — 80 — 360 Cairn or 
8B 360 5 3 1 1 
600. = 119200) 680 28800 . * 
„ 32 L. 481. | S. | 


r. 2d. A, E, C mate à Cominon Stock, whereof A has 246 J. B 3921:18s 
C2781. They gain or boſe 641. What is each Partner's Share of it? See the An- 


Stocks 
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For B. 
Stocks For A. E KK 
11. 246 1. Ex .I. 18338 —64—7858 (vx. 392: 18) 
B. 392 :185 , 916 18— 64 — 246 7858 = > 
C. 8 : 5 18338) 1 (. 
916 18 18328 — 64 3 4920 3 5 
e Wi amp N 
For C. 18338) 314880 (177. 3 | 
5. J. 8. 18338 7786 rem. 8 *% 
18338 — 64 — 5560 JIRA 3A 1A Ge VS 
7 31500 2 
52 | 128366 2 1557 20.(8 3. C Is! 2 D 
18238) 355840 (19.7. 124 rem. 146704 2 * O'S E 
R a "os 9oꝛs rem. „ 
1 e 19 ROTOR 
3 þ wt £1. © * "60S 7-1 108192 (3d. C N 4 
f 7418 rem. 7566. rem. 91690 ee 
| SE: J.... ĩ ay BY 
„ I Ld 1 222941 
r ee 
1656 remm. Z3oarem 355014 "1 YEE. 
In | . 3 10992 rem. "NG 
19872 5 1208 F. . 
19338 V | 
1534 rem. 
4 | 1 


— — 


' Ofſerve : Since the iſt and 2d Terms are the ſame in all the Operations, if there are 
29 a br *ewill be —— to make a Table for the Diviſor or firſt Term, ial» 
ly if it's a great Number, and perform the Diviſion as directed in q 2d of Ch. 6, Book 1 ff. 
And, for the fame Reaſon, you may make a Table for the middle Term, as common 
Multiplicand, and do the Multiplications as in 2d of Ch. 5, Book 1; which will be con- 
venient, eſpecially if the middle Term conſiſts of more, and a greater variety of ſignificant 
Figures than the Extremes by which tis to be multiply d. Remember alſo, thay this 
Method can be follow'd only when you are to do the Work of the Rule of Three by the 
General Rule: But, in ſome parricar lar Caſes, you'll find other Contractions more con- 

xement. ne | 3:25 ago, | 
Again; where there are many Shares, *twill be a uſeful Method to reduce the firſt two 
Terms to two others in the ſame proportion, but whereof the firſt is 1; which is done 
thus: The given iſt and 24 Terms being Simple Numbers (or made fo) find a 4th Pro- 
portional to theſe two and 1; then fay, As the iſt to the 2d, io 1 to a 4th; which will 
be like the middle Term. And in compleating this 4th, inſtead of the common Method 
of Reduction, carry it on decimally to more or fewer places, according as the given 
Parts of the iſt Term are greater or leffer Numbers: Then take this 4th Term * 
2d or- 


. 


Js. 
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2d or middle Term, and 1 for the 1, in all the Operations by which you find the Numbers 
ſought. And ſo they are all found by Multiplication, becauſe 1 is the Diviſor. And, in 
theſe Multiplications, you may uſefully apply the Tabular Method explain'd in CB. 5, B. , 
obſerving always that whatever Denomination the 1 has, the 3d Term hath the fame. 
Thus, in Exa. 24, fay by the Rule of Three, as 9161: 185. is to 647. fo is 1 U. to a 
4th Term, which you'l] find to be this Decimal of a Pound, viz. . 0698 &c. And in find- 
ing this, 1 either reduce 9167: 18s. to 18338 s. and fo the Proportion is as 18338 s. to 
647. So is 20s. (equal to 10.) to 0698 Kc Or, more eaſily, by expreſſin 77 18 7. 
Decimally it is, as 916.9 J. to 641. fois 11. to. 698 &c . Then the iſt and 2d Terms, 
in all the Operations for the Anſwers are 17. and. 0698 J. And then the 2d Terms be- 
ing all in the Denomination cf Pounds, like the 1 Term (by expreſſing the 18 J. deci- 
mally) the Anſwers are found by multiplying the ſeveral 3d Terms by . 0698, as below, 
which produce the ſame Integral Anſwers as the preceding Method. 10 
' Obſerve; In the 1K and 2d Parts L have made but wo Steps in the Multiplication, by 
multiplying with 24 and 27 at once. | | Shorter 


8 E ; | | Agri Obſerve, that we may alſo 
68 0698 392.9 | find the new middle Term by. 


246 278 20698 expeeting the mix'd bmw not 
2383 + > A decimally, but by Reduction, ſaying, 
4188 3584 31432 As 18: Sa to 641 ſo is 17. 2 ed 
15752 18846 - £2177 + II30T 5 4th, which will be. 00349 &c . 
A 4044 23574 which is different from the other: 
e r But, in uſing this, we muſt alſo ex 


e preſs the 3d Term in Shillings, and 
2271:8 3: 54 3. then we mall have the ſame An- 
| | | yy RO. ſivers; but: the former Method is. 
As the Shares of Gain or Loſs are, in theſe Queſtions; found by the total Gain or Loſs: 


oy 


Qu. (th, Three Butchers pay among them 4 for a Graſs-Incloſute, into which they 


'S 5 
** R _ : 
— — 9 * ** — — 1 4 * 
An 
- 
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F Fellowſhip with TI Mk. 


When Stocks continue val Time in Company, ſo that a Conſi ideration muſt be 
25 mn the Time, as well = the Stock, this is call d Fellowſhip with Time; for which 

sis the 

Rur. Let all the Stocks be of Dew. and alſo; the Times; then 
d each Partner's Stock by his Time, and divide che Gain or Loſs in proportion to 
theſe Products. 

Qn. 8th. A had in Company 451. for 3 Months ; B 581. for 5 Months ; and C 921. 
22 at the end of which they find 481 gan d; hat is each Partners 
are ? 

The Products are, for A 45 X 32135 tor B58 K 5 2993 and for C92 X7=644; 
whoſe Sum is 135 + 290 + 644 = 1069. Then the Proportions are, as 1069 J. to 
481. fois 135, 290, 644 ſeverally to the proportional Shares of 481. 

The Keaſon of this Rule can be no other than an Agreement of Parties, that their 
Shares of or Lofs-ſhall be ſo proportion d to one another, as thoſe Sums of Intereſt 
which, at any rate per Cent. per Aunum, might be gain d by the particular Stocks, in the 
time of their continuance in the Common Stock. Now, that the Rule is agreeable. to 
this Suppoſition, I thus ſhew : By multiplying the Particular Stocks and Times, we reduce 
the Queſtion to another State, vzx. wherein the Particular Stocks are equal to thoſe Pro- 
ducts, and in which therefore the Shares of Gain muſt be proportion'd to thoſe fy 
and the Times all equal to an Unit of the Denomination of Time multiply'd : So 45 L 
bearing Intereſt for 3 Months is equivalent to 3 times 45, or 135, for 1 Month, at any 
Rate of Intereſt : And ſo of the reſt. Conſequently the 487. gain'd in 7 Months is truly 
proportion d to thoſe Products. 

Qr. 9th. Suppoſe A put in 401, and at 4 Months end took out 107. and at 2 Months 
thereafter put in 3ol. B put in 50 l. and at 3 Months, put in 20. At 8. Months end 
they. balance their Accounts, and find 187. gain d; What is the Share of each? 

In ſuch Queſtions, where each Partner's Stock varies by Addition and Subtraction, we 
muſt conſider how long each Part of the T Pro continued in Company, and us 
tiplying them by their Limes, the Sums of Produdts * N by which the 
Davifion is to be made; as here, 1 


A had 4ol. then 30l. then 60l 7 2 3517 el ; 


Book VI. 


for 4 Mo, 2 Mo. 2M. > for _3Mo. e _ 54. 
160 60 4200ñĩͤ N 150 | 250 


_Tbe Sum gglg: Prod is 160 + 60 + 57 7 egg dh e 
DO EIA 34% * 500; eu ch | 
2 : 


hex ar other Queſtion: of kind with thee, and neo te fame Way; 
as, the following. 

Qu. Toth. Three Perſons, A, B, C, hire together certain Paſture-Ground for 240. 
in which 4 40 Cows for 1 * B kee Ry in and C keeps 
3 4222 — : How macho the Rent Ong exh of th wo fuy? | 
Produce proprio he Rear RE HF 
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And if the Partners take out and put in Cattle at different Times, then work as in 
Queſt. 9th. | 8 
To the preceding Queſtions J ſhall add the following Collection, in which the 
Student will find an Uſeful Exerciſe. c | 


- Qu. 11th. 4, B, and C make a Stock, whereof A has 207. B 30 J. They gain 367. 
whereof C got 161. What was C's Stock, and the Gain of A and B Y | bY 
Take 16 from 36, and the Remainder 20 is the Sum of the Gain of A and B; which 


being divided in proportion to their Stocks, gives their Shares: Then find C's Stock in 


ſuch proportion to his Gain, as A or B's Stock to his Gain, 


Qu. 12th, A put into a Common Stock 207. and B 144 Ducats ; they gain d 607. of 


which A got 387. What was the Ducat valued at? i 
Take 38 from 60, the Remainder 22is B's Gain: Then ſay, As 38 J. (A's Gain) to 297. 
This Stock) ſo is 227. to a qth Term, which is B's Stock: Then, if 144 Ducats give 
that Stock, what's x Ducat worth 2 | "I 
Lu. ' 13th. A. B, and C make a Common Stock of 4687. with which they trade, and 
gain a certain Sum, whereof the Shares of A and B together make 647. of B and C 587. 
of A and C 701. What is the particular Stock and Gain of each Partner? 3 
Add 64, 58, and 70, the Sum 192 7. is double the total Gain, becauſe each Partner's 
Share is twice contain d in it; therefore the half of it 967. is the total Gain: From 
which take 64 J. (A and B's Share) the Remainder 32 is C's Share; which taken from 
38 J. (B andC''s Shares) leaves 26 J. for B's Share; which taken from 647. (A and B's 
hare) leaves 387. for A's Share : Then having the particular Gains, divide the total 
Stock proportionally. - 1 75 | 
Qu. 14th. A has in Stock 35 l. and B 207. They agreed, that the Gain be divided 
ſo as A have 10 per Cent. and B only 8; How is 40 J. to be divided betwixt them ? 


Find what's due to 357. at the rate of 10 per Cent. and to 207. at the rate of 


8 per Cent: then divide the total Gain 407. in proportion to thoſe Sums; for, the only 
eaning ſuch a Queſtion can have is, that the Gain be bee to what 35 would 
draw of ĩo per Cent. and 20 of 8 per Cent. and not, that 4 has really 10 per Cænt. and 


B 8, for their Stocks ;- for they will have more or leſs, according as the total Gain hap- 


pens to be. | | 
Obſerve. Mr. Hill, without expreſſing any particular Stocks, ſuppoſes 120 J. Gain, 
and A to gain 10 per Cent. B 8; and, = ſolve the Queſtion, he bids us ſuppoſe their 
Rates of Gain per Cent. to be their Stocks, and in that Proportion to divide 1207. but 
he has negl to explain ſomet neceſſarily ſuppos d in this Solution, viz. That 
their real Stocks were equal: In which Caſe, be theſe Stocks what you will, the Gains 
are proportional to the ſeveral Rates per Cent. But, if 107. and 81. are their real Stocks, 
then the Solution is wrong, and we ought to find what's due to 107. at 10 per Cent. and 
to 81. at 8 per Cent. and by theſe Sums proportion the Gain. | 
Lu. 15th. A and B were in Company thus: A had 50 J. in Stock for 10 Months, and 
5 8 Stock in for 8 Months, and receiv d equal Share of the Gain; What was B's 
tock ? rf «HS > 


Sinee their Gain was equal, ſo muſt the Products of their Stocks and Times; where- 


fore multiply As Stock and Time, vix. 501. by xo, the Product is 500; which divide 
by B's Time 8, the Quote 627: 10 5. is B's Stock. Or, which is the ſame, make this 
wh ng ee Time 8 Months to A's Time 10 Months, ſo reciprocally As Stock 

ol. to B's 621: 103. | 


Obſerve : I we ſuppoſe A's Gain is to B'sin any other Pro 
_ cauſe the Gains. are proportional to the Products of Stock and. 


portion, as 2 to 3, then, be- 
ime, fay, As 2 to 3, ſo is 


5901. (he Product of Ls Sock and Tune) to gh, vix, 7501 (ce Prodult of BY Stock 


} 
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and Time); which therefore divided by 8 (B's n the Quote is 937: 15 6. for 
B's Stock. 

Qu. 16th, A receives of Gain 20 J. for 8 Months, B 2 25 for.7 Months, and C 26 7. 
for 5 Months; the ſum of the Products of their Stocks and Limes is 5207. What were 
their Stocks: 8 

Divide 520 J. in 3 parts proportion d to 20 7. 25 J. and 361. then divide each of theſe 
parts by the reſpective Times, 8 Mo. 7 & 5, the Quotes are the Stocks ſought. 

Ober ve : If inſtead of the particular Times the Stocks were given, a , the Times re- 
quir d, the Operation is = ſane ; for 520 refoly'd: into 3 parts proportion d to the 
Gains, divide theſe parts by the Stocks, and the Quotes are the Limes. 

Du. 17th. A gains o and his Stock is 15 J. more than B's, whoſe Gain is 121, 
What are the particular Stocks? 

Say, As the difference of the Gains is. to the difference of the Stocks, is each of the 
Particular Gains to. the correſpondent Stocks. | 
For, ſince the ſum of the Gains is to the ſum of the Stocks as each Grim- to 2 Stack, 
then, from the nature of Proportion, che difference of Gain i is to che dulerence of Stock 

as each Gain to its Stock. 
Qu. 18th. A gains 201. in 6 Months, B 18 J. in 5 Months, and C 28 J. in 9 Manths, 
whoſe Stock is 721. What are the Stocks of A and SP - - 

Mukiply C's: Stock and Time, the Product is 648 J. Then, a8 281, 2 s Gain) 
to 648 J. ſo are 202. and x8 J. to the Produdts of A and B's Stock — Time; which _ 

_ found, divide them by their Times, and the Quotes are the Stocks. 

Tf, inſtead of the real Sums of Gains, there were given 3 Munters in che ſamePropor- 
tion as the real Gains, the Work is the ſame. Or fuppcſe, inſtead of the Particular Gans, 
that A has g. of the whole Gain, and B 2, then we muſt add theſe FraQtions, and take the 
del from 1, the Remainder is the Fradlion of the total Gain which C has; and then uſe 

ieſe FraQtions as the Particular Gains | 

Agiin ; If their particular Gains and Stocks -are given, with the Time of one Partner, 
to find the Times of the reſt, the Werk is alſo the fame. 

Nu. 19th. A, B, C have a Common Stock of ro. A gains 100 l. for 9 Months, 
B 8 J. for 12 Months, and C 120 J. for 8 Months; What were che Particular Stocks? 

Divide each Partners Gain by his Time, and then divide 0097. into 3 propor- 
tion d to thoſe Quotes. The Ræuſon of this is, that if che Times are the Stocks 
are in proportion to the Gains; and if the Gains are equal, the Stocks muſt be recipro- 
cally as the Times; and conſequently neither being Equal, the Stocks are as the Gains 
ee and as the Times reciprocally; f̃hat 7s, as the Quotes of che Gains divided by 
the Times. Or, it may be ſhewn this Way Let g, 3, f repreſent che Gain, Stoct, and 
Time of one Partner, and &, S, T theſe of another; ; then, becauſe the Gains are in pro- 

nion to the Products of Stock and Time ior already demonſtrated) and theſe Products 

ing repreſented by ff. ST, it is g :: GS; but by i rel dividing = relative 

"erms, viz. g and fb e . Tithe Qua proportional; perk 


2 Natalia 1. 
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0h Finde of total Stock and rticular Times (as above): were given the 
| 1 5 and LAs 1 Leh rticular Times, the bore) 5 is geen the 
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the other. The Reaſon of this is, that when the Gains are equal, the Stocks are recipro- 
cally as the Times; and therefore, from the Nature of Proportion, the Difference of the 
Times is to the Difference of the Stocks, reciprocally as the particular Times to the Stocks; 
i. e. as A's Time to B's Stock, or as B's Time to A's Stock. EN 

Qu. 21ff, A, B, and C have 1000. to be divided among them, in ſuch manner that 
2 times As Share be equal to 3 times B's, and 4 times B's be equal to 5 times C s; What 
are their Shares ? | 5 CR Fic 
Tis plain by the Conditions, that as oft as 4 gets 85 B muſt have 2; alſo as oft as B 
gets 5, ſo oft muſt C get 4: Then I ſay, As 5 to 4, fois 2 to 14, ſo that as oft as B gets 
2, ſo oft C gets a ſo oft alſo A gets 3; therefore the Proportions: of the Shares 
ſought are 3. 2. 1}, or 15. 10.8, according to which 1001, is to be divided, 

Suppoſe the Conditions thus; 2 of A's Share is equal to 3 of BY, and + of B's equal 
to 5 of C's; we may find the Proportions of their Shares the ſame Way as before. 

Cu. 224, A Father, ignorant of Arithmetick, orders his Eſtate of 50017. to be divided 
| 2 rr 300 ſo as the eldeſt get 2, the ſecond 3, and the third 7; What is each 

n's Part? | Se | - | N 

Here tis impoſſible to give them theſe Shares, becauſe 2, 1, and ? exceed the whole; 
and therefore the Meaning of the Queſtion muſt be underſtood to be, the dividing PE 
into 3 Parts that bear ſuch Proportion to one another as theſe Fractions: And the like is 
to be underſtood of all Diviſions propos'd in this manner, whether the Parts propos d ex- 
ceed, or come ſhort of, the Thing to be divided: ee „ 
Nu. 23d. Tis propos d to divide 300 J. among 3 Perſons, fo that A get 6 I. more than 
2, B 121. more than , C 81. leſs than 2; What gets each? E 
According to the moſt obvious ſenſe of this Queſtion, the Meaning of it is, that the 
Shares be in proportion to the Sum of 67. and * of 300 J. for A; 12 l. and . of 3001. for 
B; and 2 of 300 J. wanting 87. for C: But Feake (from whom I take it) underſtands 
it in another Senſe, which indeed I think no Body could ever find in it, as tis propos d; 
viz. that the Shares be ſuch, as if 67, be taken from As, 127. from Fs, and 87. added to 
C's, the Remainders in the former, and the Sums in this, be to one another as 
. and 2 and ſo the Solution is made thus: Take 6 and 12 from Zoo, and to the 
Remainder add 8, then divide this Sum in 3 Parts proportional to 2, +, and +, and 
to theſe Shares add and ſubtract the Sums propos d. The Reaſoz of the Work is 
Plain, according to the Senſe he puts upon it. 
Lu. 24th. Three Perſons, A, B, and C, buy a Ship, of the Price whereof A paid 
25 B % and C 1497. How much Money paid A and B ® and, What Part of the Ship 


8 2 r N 2 
Add the Fractions 4 and 4+, and take the Sum from 1, che remainder is the Part of tho 
Ship belonging to C; then ſay, If C's Part coſt 140 l. what coſt the Sum of 4 and B's 
Parts? And having found that, divide it into 2 Parts, proportion d to one another as 
U 5 5 

T7 to 5. 1 : = N . 

Que 25th. There were at a Feaſt 20 Men, 30 Women, and 15 Servants ; for every 
IO f. that a Man paid, a Woman paid 6, and a Servant 2; How much did every Man, 
Woman, and Servant pay of 24.7? Hoa te” To 8 

Multiply 20 by 10, 30 by &, and 15 by 23 then divide aan; EP portion'd to 
theſe Products (viz. 200, 180, and 30) and you have the Total paid by the 20 Men, 

o Women, and 15 Servants: Each of which Sums being divided by their reſpective num- 


ers of Perſons, gives the Payment made by each Individual. e. 
Suppoſe the itions ſuch, that a Man pays 3 times as much as a Woman, and 2s, 

more; that a Woman pays double of a Servant, and 1 s. more; To find their Shares, mul- 

 fiply 2 by 20, and x by 30, the Products 40 and 30 equal to 70 s. take from 24 J, the | 
„„ og Bbbb2 Remains 


= 
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Remainder is 207: 10s. Then, becauſe a Man pays triple of a Woman, ſuppoſe a Man 
pays 3, a Woman pays 1; and becauſe a Woman pays double of a Servant, if a Woman 
Pays 1, a Servant pays :; ſo their Proportions are 3:1: 2, or, in whole Numbers, 
6.2.1; that is, 6 for a Man, 2 for a Woman, and 1 for a Servant. Multiply theſt 
by their reſpective Numbers of Perſons, the Produdis are 120 for 20 Men, 60 for 30 
Women, and 15 for 15 Servants : Then divide 20 /: 10 5. in 3 parts, in proportion to 
one another as are 120, 60, and 15, and divide theſe parts by their reſpective numbers of 
Men, Wemen, and Servants, the Quotes are what each Man, Woman, and Servant pays 
of the 207: 10s. Laſtly, to a Man's Share of this add 2 3. to a Woman's 1, and you 
have their compleat Payments of the whole 24 7. M7 

Obſerve : If, inflead of adding; it had been propos d to ſubtract, as if a Woman pays 
1 5. leſs than the double of a Servant, then add 30 s. to 240. (ſubtracting what a Man pays 
more than triple of a Woman); and, in the laſt Fart, inſtead of adding, ſubtract x from 
the Woman's Part of the Sum divided. | „ 

Qz. 26th. A Father dying, left his Wife with Child, to whom he bequeath'd, if fhe 
had a Son, 2 of his Eſtate, and q to the Son: But, if the had a Daughter, 2. to her, and 2 
to her Mother. It happen d that ſhe had both a Son and a Daughter; How ſhall the 
Eſtate be divided to anſwer the Father's Intention ? | 8515 

As the Father plainly deſign d the Son to have double of the Mother's Part, and the 
Mother double of the Daughter's Part, therefore for every 1 the Daughter got the Mother 
he ©, and the Son 4; and in proportion to theſe Numbers 1. 2. 4 muſt the Eſtate 

8 | 27 5 5 5 
I Thisis a Queſtion propos d by a Roman Lawyer, in the 28th Book of the 

5 L Digeſts, which he thinks is juſtly folv'd after this manner.) Again, | 
Su that the Mother had a Son and Daughter who liv'd, but her ſelf dy'd in the 
Birth; How is the Eſtate to be divided betwixt the Son and Daughter? Nicholas Tar- 
taglia makes this ly "ur in his Arithmetick, and ſolves the Queſtion thus; fays he, 
Had the Mother liv'd, the hr pee are 1. 2. 4, as above, therefore the Eſtate 
«< muſt be divided in * 1 for the Daughter to 4 for the Son. But 1 doubt the 
Juſtice of this Solution; for tho this Proportion betwixt the Son and Daughter's Parts, in 
caſe of the Mother's Life, is a Conſequence of the Father's plain Intentions, with reſpect 
to the Mother and Son or Daughter, yet never having a Son and Daughter both together in 
his view, this Solution ſeems to have no Foundation. And I rather think the Solution 
ought to be thus : Find the Parts belonging to Mother, Son, and Daughter, then divide 
the Mother's Part betwixt the Children, according to the Rule of Heirfhip in the Coun- 
try where the Queſtion ariſes. 2 E 
Under this Head of Fellowſhip are alſo comprehended the Calculation of Gains or 
Stocks betwixt a Merchant and Factor. 26 


„ 


| Queſtions f FacToxsSHIr. | 
. Queſtion 1. A Merchant delivers to his FaQor 100 J. allowing him to join to it 207, 
and his Service worth 40/7. what ſhare of the 2 ought the Factor to have? 
| There are two ways of ſolving this Queſtion : The generality of Authors do it thus, 
Add 301. to-407. the Sum is 701. then divide the Gain in two Parts, in proportion as 

renn n is 

[ 3 Method is this; Subtract 40 from 100 which leaves 60, and proportion the 
Shares of Cain to 60 (for the Merchant) and 70 (i. e, 40 and 30) for the Factor. 
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If the Merchant and Fagor determine the meaning of their Agreement to either of 
theſe ways of ſtating the Proportion, there is no more Queſtion; but without this the 
laſt Method ſeems the more reaſonable, becauſe the Gain is made upon the real Stock. 
2300. and not upon the imaginary one 170/. And the more obvious ſenſe of valuing 
the Factors Service at! 407. ſeems to be, the allowing him the Gain of 401. of the real: 
Stock more than what he actually puts in, which muſt conſequently be deducted from the 
Merchants Stock, and added to his. 2 | 
Que ft. 2. A Merchant's real Stock being 19007. and the Factors 307. who received. 
of the Gain: What was his Service valved at? 15 6 N 
To proceed upon an imaginary Stock, ſay as} to 4, or as 2 to 1, ſo is 100 to 50, 
from which take 30, the remainder 20 is the Anſwer. 
But upon the real Stock, find the 3d part of 130, from which take 30, the remainder 
the- An.... 2 T 5 "I TE f 
Queſt, 3. A Merchant's real Stock being 1007. and the Factors Service valued at 20 J. 


Queſt, 4 The Merchant's real Stock being 1007. and the Factor being allowed + of 
Or : 


Gueft; 5. A Merchants real Stock being 1207. and the Factors 60, they agreed, that 
at a Years end the Factor ſhould have : of both the Stocks and Gain, bat they broke up ar 


which he receives of the real'Stock ; and the Merchants part being 100 J: then it is as plain 
the 1507, Gain muſt be divided into 2 parts, proportion d to theſe Stocks 80 and 100- 


Now 


558 Queſtions of Loſs and Gain: Book VI. 
Now all che fault that Bæteo finds with the other Method, is, that he ſees no Reaſon why 
the Merchants Stock of 129 thould be diminiſhed ; but to me the Reaſon is obvious, be. 
cauſe, tho he puts in '120, yet part of it belongs to the Factor for his Service; and if 
the Society had continued 12 Months according to the Conditions, 30 l. of the Merchants 
120 would have been given to the Factor; and for the ſame Reaſon the Society continu - 
05 Monchs, 20 of the Merchants muſt de given to the F actor, and Gain proportio- 
nally. _ 
But, in his way of ſolving the Queſtion, he eſticnites the Factor s ſervice otherwiſe than 
the plain Conditions of the Queſtion ; and fo N in an ee Stock, and by Car- 
ſequence a falſe Proportion. F 


N 
Qu E$TIONS concerning Loſs and Gain. 


QUEST: 1. 


| Paz of Goods bein bought for 607, ka l for 7 2 
the rate of Gain per re I fay if nd eh Nas 

| 1007. Gain. the anſwer is I. 

Queſt. 2. Having bought 18 Gallons of Brandy for x24. KL en 

Gain at the rate of 8 per Cent? I find what 1 Gallon coſt, it is 23 6 4d. Then I ſay 

if 100 give 108, what will 13 5. 4d. give? it is 14 5. 4d. 3. 2 | 

Queſt. 3. Having ſold 11 Yards of Cloth for 4 L. 165. — Gaim d at the 
rate of 10 per Cent. What was the prime Coft Lo 1 Yard? Firſt I find 1 Vard is fold 
for 9 s. 6d. then if 110 comes of 390. (prime coſt) To what prime coſt at that rate, does. 
95. 6d. belong? Anſwer. 8 6. 25 * fe: 

Having ſold 2 Yards 0 Cloth for 114.64. 1 gained at the rate of 15 per Cert ; 
but had I ſold it for 12 3. what is the rate of Gain per Cent? . 6d. is in pro- 
portion to 145 L. fo is 125. to a 4th Term, which 1 find to be 1207. and ſo 201. is 
the Anſwer of the Queſtion. 

Obſerve. This Queſtion is in Subſtance aud Numbers, the Gros mth, Mr. Hi Hill's 8h 
Queſtion of Loſs and Gain; but neither his Operation nor Anfiver are the ſaine. He 
ſtates it thus; As 115 68. is to 157. ſo is 12.5. to 111 136. with a very ſma] all Fra. 
ion. But this ſlate of the Proportion is l e 11 5. 6 d. and 157. are 

the rſt being a Sum 0 price C and Gain put together, and the 
other only an Article of Gain; which ſhews that the A 115 . which is 
and is the Gain made upon ir the fame rare wich the 
Gain included in 115. * Whoever underſtands the nature of Hl few, be 
difficulty ta perceive the Reaſon of this; . 1 
Sale v ee Ct 14 ch os Amr, Ga T Thus, from 0.0 
Sale and rate of 


Gain 2, what will 100 Gain? It is 0. Ve 
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u. 5. aying bought a parcel of Goods for 187. and fold the fame immediately 
Fa 25 J. 8 4 onths Credit, What is gain d Per Cent. fer - Aurum Say by the 
Rui of Five, If 18. in 4 Months gain 71, what will 1001. gain in } Year A 
Obſerve.1%* If the Ga per Cont. 4 er Ann. 4s gi iven (ſuppoſe 12 ger (at) to find the 
Time at ough 1 7 be lo d, then ay, If 1091. Fain 12 J. in 1 Year, in what Time 
muſt 187, gain 
(2®) Or, Ache the Rate of Gain, is given, with the prime Coſt and Time, to find the 

| aka Price, fay, If 100 J. in 1 Year gain 121. what n 181. gain in + Mouths ? 
Which is to be N £6 the prime C Ca 

(63009 if the.R ate of Gain, Time, and ling Foie ns are given to find the prime Coft, 
as, fuppoſe 4 Months allow'd for payment of 5275 py tk 5 d at the oe of 12. 
per Cent. per Aunum, to ſolve this, you muſt firſt find 4 Months Intereſt of 1007. at the 
propos'd Rate, which add to 100, then fay, As that Sum is to 100, fo i is 254. to a qth 
Term; e is on Sum Dare 

Qu. 6. o Gallons fn randy at 3 8. per Gallon, by an Accident there 
Was oſt of 77 lon. — what oF lan * 25 the reſt, with 8 Months Credit, 
and gain upon the whole prime Co re pet 10 per Cent. per Aurum? Find the 
Value of 40 Far tis 6.7; the n. ay, If 1007 in 1 Vear gain 197. what will 67. 
gain in 8 Months 7 Add that Gain to 67 The 8 the Valueat which the whole remain- 
10 nem to pe fold with 8 Months, edit: From which find the Price of 


oh id; 14 for h of 100 jards of Clath, I propoſe to gain 25 per Cent. 
3 fl lin 3 17 1 75 t upon ime, to, have Moreover 8 0: Gt per Annum for 
the Forbearance * What muſt be the, > Hee: ae I be I' 2255 1 910 6: Momma Credit, to make both 
theſe Gains ? Fixſt Had, the read le at 25 per Gent. Gain; then 
find what Gain or Iutereſt that 1 Man give in. 6 Mon Po af o per Cent. per Aun. 


5 
which being added to it, the Sum is ee the al bom Manths; by which 
10 the TOO or I 1 
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1 57 1027 
EY 4 Ki, otibe given in real pantiry hy reds ng to Home: ſpe- 
cies, then . muſt give e cn becauſe 5 gf oro ben is 6d. 


And, » — LOG, when wy en of a Fee Wa cannot be given, its 3 
"gs. T3 Ea po 225 Gallas of Brady, ne 4.+the Gull or = 28, Ban. or Wheat, 


IL ſo : | 
Say, If x Gallon coſt 4.5: what: 138 Gallons? The is, 10 if 285 
Bolts: colt.g8o s what 1 en beg 2 8˙² ' 9, e ee 40 Hh, 


Nu. 3d. A and B barter thus: 4 gives 1 20 yards of Cloth, "fach "that z 3 yards : caſt: 
152: 9. B gives part Stockings at 7 5. the pair, part Hats at 65: 6d. piece, and gives 
wntqual muuber of Hats and pairs of Stockings ; How-many were of each f Ping! 


5 60 Queſtions of Bartering. Book VI. 
Find the total Value cf 4's 120 yards of Cloth, then add the Value of x Hat and 
1 pair of Stockings; and by the Sum divide the Value of the Cloth, the Quote is the 
" Anſwer: And if there is a Remainder, it ſhews that the Value of the 120 yards cannot 
be exactly given, according to the propos'd Conditions; and therefore, beſides the Num- 
ber expreſs d by the Quote, B muſt give 4 ſo much Money as that Remainder expreſs d 
in the denomination of the Dividend; . e. ſo many J. or s. or d. as the Dividend is, 
becauſe that is the Value of ſuch a Fraction of one Hat and one Pair taken together. 
Obſerve ; If the proportion of the Number of Hats and Pairs of Stockings is ſuppos d 
to be any other than that of Equality; Exa. as, 2 Hats for 5 pair of Stockings, then 
we muſt add the Value of 2 Hats to the Value of ? ir of Stackings, and make that 
Sum the Diviſor: Then the Quote being multiply'd by 2, gives the number of Hats, 
and by 5, gives the number of pairs of Stockings ; the Remainder is to be taken the 
ſame way as before. F CATE, EN 
Qu. 4th. A and B barter thus: A has 27 yards Silk-ſtuff worth 2 x. ready Money, but 
in Barter he will have 25. 3 d. B has Hats worth 7 g. a piece ready Money; How ma- 
ny of them muſt he give to A for his 27 yards of Stuff? and, What is the Price of 2 
Hat in Barter to equal the advancement of A's Price ? "© oo. 
Find the Number of Hats by the ready Money Prices, and for the rais'd Price of the 
Hats ſay, As 2 6. to 26: 3. & is 56. ro'ths Anker, 3 8 | 
Otſerve : Wien the Prices of each Party are rais d proportionally, then it's manifeſily 
indifferent to find the Quantity ſought, either by. the ready Money Prices or the advanc d 
Prices; and therefore the finding B's advanc'd Price in order to find the Quantity, is no 
ways neceſſary; as moſt of our Authors ſeem to think, by their taking this Method; 
which has le flag me Cas raed crores HO : IM f + 9 3 ; 
Qr. 5th, A hath 100 yards Camblet at 16 d. per yard ready Money, which he puts 
away in Barter at 18 f. to B, taking of him Seck at 5 5. the pair, which are worth 
but 4. 5: 6d. ready Money: How many pairs muſt he give? and, Which of them gains, 
alſo how much, by the in? LES 
_ If the Ready-money and Barter Prices were proportional, neither Party could gain; but 
the aſking -who gains ſuppoſes it's otherwiſe, or at leaſt uncertain : And therefore we 
muſt find the number of 4 by the adyanc'd Prices at which the Barter was actual- 
ly made. Then find the total Value of the 100 yards at 16d. and of the number of Pairs 
(found) at 45: 64, the Compariſon of theſe Values ſhews who gains, and how much. 
And ot ſerve alſo, that if there is a Remainder in finding the number of Pairs, as that is 
ſo many Pence to be given by B to 4, — in comparing the real Values, it muſt be 
added to the Value of B;s Stockings. But if there is no Remainder, you may find the Gains 
thus; A gets 24. a yard advance, which is 200 d. upon the whole Product 20 2055 
advance, which multiply i Hae number NN and compare that Product with 200 d. 
Or you may take another Method, 1hus; y, If 16d. is advanc'd to 18 d. what ought 
45. 6d. to be advanc'd to? - Anſw. 55 : 3F. whereby it's plain B is the Loſer, who puts 
Bis Stockings away at 56. whereas he dught to have 3: 3 fo he loſes 3 f. on every 
1 which multiply d by the number of Pairs, the Product is what he loſes on the 
J dd YR 15097, ole) ii nt th 
Qu. (th. Two Merchants have various kinds of Goods to barter ;_ A has 735 yards 
Indian Silk at 8 6 6A per yard ready Money, and in Barter 10's. alſo 532 — 1 at 36. 
a piece ready Mo ; and in Barter 3s : 44. alſo 16 Pieces of Muſlin at 47. the Piece 


_ Money, and in Barter 41: 10. B has ſcarlet Cloth at 1 I. per yard ready Money, 
Glaſs Manufacture at 14: 8 d. per Pound- weight ready Money, and a finer kind at 
24 . 44, 5 GL of | BE 4 1 78 1 55 2 g Es 1 Ch * * 2 > 50 5 
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215. 
dle Gopds to he worth, at the Barter Price, 528136 144. Kea he takes the ſam of 
hol Grove £ x of each, 4 Things En. L yard 48 k. 505 Ca 1 Piece of Mulliy) 
e Lern which male 4%: 11 f; C; and als, at roy Bene 
8 5 1 147. 42 Pier nes, of, thoſe; Süms! is 1 % 104. He takes 

x Valve of an Unit of each of Bs Things, which , make x 1:14, 8... Then, be, figs 
If 41+: 114 ys advance. II 6: 10, W tought 17 : 44. to advance ? e Ax 
ſwer is, 34 x; and ib which makes the Sum of the Barter Price of a Unit of each 
of che Thiogs 


the Bumer Price, che (Quote is 38944224 and ſo many Units of each: ug e 
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and e many of each e , of, his Things, qught 3 to pe | 
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562 gen , Beg 22 
But this will be Firthec clear by another, Unqueſtionable Method of the Ad- 
vande on a ſett of 1 of each of BS which is this, Since the t al Valoe of 
Aand B's Things muſt be equal, both at the Ready-money and Barter Prices, and con- 
ſequently the total Advance equal, therefore | find the total Value of A's Things at the 
Ready- money Price, which is 912.32 5. and alſo gt the Barter * _ is 195632 x. the 
Difference is 1 a pal 4 the total Advance. Agaln; Since B's Thin Ns RA an Num- 
der, therefore in that oy weed > every ſett of 1 of each 9 the Advance, 
and which s Abo ap a proporti of the total Advance to the de eee beetuſe 1 of 
each is an Aliquor of the 8 od chere 5 a it che keral Value at tlie Ready- 
money Price 91234, Advance 17755 » whay will the Value of of each of Fs! Thing: 
(vix 24 5.) advance? And1 54 3 s: 9 d. 23.537 | which makes: the advaiic'd Value 


of u fen of 1 ef each ef Bs Thingto be 27 5: 9 #32452 iniflead or 275217222 f 
as Mr Hatton makes it. And, to conclude, if we ſeek B's Quahti by the Barter Price Row 


Found for 1 of e edis he ame as alteady fourid. by the Reatly-money Prices; for the 
total Value at the Barter Price (viz. 10563+) bein divided by 27 N the 


Quote is 383.1458 K. as before. And thus the 264 2 al and 
Harter Pre cane one another, when the Farr Price 1s ne fad alth the De- 
monſtration of Mr. Hatto s Exror. Abe eat is 

Aer ne again, That if ir be demanded. what is che Ad dance ans 955 one of each 


of Be Thins, determinate Auſw 3 7 . Pea 
* Gat ths Yoo, 9085 5 upon a aher of each Wi . 90 5 cs 
0 each taken tog 
ee that if 3 of 2 an ;equal.numbex of af Ack BY 's Things me 7 Be their 
e the 


Numbers to be in any other proportion, as 2. 3. and ; then tak 2 of the 
one LY of the6ther, * Ce her; i all Hes, I PIT and find, che 


id by this dividiog | 


b wal of tb | ds th man i ins F; eo rake 2 of bne, z of apo- 

er, and 4 of another, a1 ah of en 

\ Gu ath, Aa ards. e 4 l Ruch money, 
but in Barter ave alſo Bartei-value in 32 


money. ad Sr 5 i. 10 . Tom mi vgar bughr F ro deliver and, How 


"Pina ron Vale of foo yr ; 1 . 
i: 375 7 eg W being 
* 12 DL 
Ne to. be de wh 8 r 50 
Pp lainly'i in prop ih as 4h 
2 0 Plice the ugar. e 2 
is n 4 5 there. can nothin 


wor gs _ 4. Then 7 — Fw Fo. he Sug | 

3s rais d, J. e. As 12 4. to 135: 68. To is 84. e | 
Obſerve + If an this Queſion the gaaneky of 1 5 | 

to find how B is to advance his to equal he 

Soch a Queſtion 1 9 in ſeveral Authiots, Bur che) all ive e 9775 


ch'is tis; Ake the propos d as en 5 paid 1 id Mon 
Hs Barter Price, my 1 5 1550 WR Price 3 and the Re 7-110 Sex, . the then 
„ As the Remainde of the Reatydn Price” ro that of che Bat er Price, ſo ih Bs 
| 75 money Price to Barter P cage 20 Pies But this Salad 13 un Gary 45 
rti an A's; 
VVV 


as by thi Top rnb is re onble 
2 All, it Will be ec 2 e given e find | 


| w ich 6 . ; 
528 e ol this Suppo Ne, . met Wien 1d, t The precel Ig Que- 
| wm Ir's plain, in the firſt race — as much . as B pays to 4, Sought 


++ 4 
* 


ha -þ 


Ws 


ph | __ — 1 


about to no — and committing two CET or doing two pieces of rte Ice, that 
one may correct the other, when there is a more — and natural Way of doing. 


Qu. 3th. 1 has 40-paic of Scockings at 3 4 Read — „money, or 3: 8.4. in-Barter; 
er 


but he is willing to diſcompt 3 per Cent. of Price, to have 3 of it paid in 
Ready-money. B has Cloth at 105. per yard Ready-money # How many yards muſt he 
deliver, with the Money that 4 requires? and, What is, is the Rate of his Cloth to equal 
the Barter ? s 

Take 22 100, and ſay, As 100 to 97, ſo is 3 5:8 d. to a th Number which is to 


be taken kor the Barter Price; then do the reſt of, ale ork as in the precedin 52348 
But if A will, beſides his Rea eros, gain 3 per Cent, ſay, As 100 is 103, ſois 35: 8. 


to a 4th Number which is to be taken or is Barker P Price. | 
Cu. 915. A barters with B 4015. of Cloves at 6's.:the- Pound Ready-money, and 
4 64. in Barter, but is willing to loſe 10 per Cent. to have Ready- money: What 
1 Lye ters money Price 4 Ae Vd deliver aby B at 21 5. to equal e Barter? | 
as deliver Lot. 05:3 10 1 1 % 213 21 3 
4 A4 100 to 90, ſo is 75: 6d. to 63. 9d. "which is the true Barter Nice + the 
of 10 per Cent, Then find how much Velvet (at 21 8.) is equal in Value to 
40lb. of Cloves at 65. by Obi And forthe ace Price of the Velvet 16 a; 94. 
SE ding to the Thi 74-7 et 
Take this Queſtion from Mr I wich this difference 3 | that I ſuppoſe A's Quantity to 
be given, and B's ſought, which he does. not; his Demand only to know the Ready- 
Money Price of the Velvet; which he finds thus: Having found the 65: 9 dl. as s before, 
he takes. $i of 7 5:4 68. (pix, 26:6 49 fem it ſelf, and alſo from 6's : 9.4. the Remains 
ders are 5 5. N el —.— 57 to 48 3d. ſo is 21 f. to the Ching ſought, 
This, bs gn like that cenſur d — in Queſtion 7th; but it's wy farther 
wrong, —— be vght to no ſenſe; for the j Ready money which A demands can be 
underſtood no other way than as of that Price at which he is willing actually to put away 
his, Cloves,, which is 6429 d. (viz. 7 8: 6 &.deducing 20 per Cent. — and therefore we 
are to whe p of 6.298. med gg Again; by taking chat * Auger it be 
of ld 264. or 6s: 94.) from 8 of them, he does not bring in, 4 Ready-money | 
Hs the Calodldrivii, and ſo it may — — to be any thi we pleaſe ; 
W lf Cline Anſwer will be found in all vppoſition „which is afar.” The Me- 
thod upon his General Principle ought to have been this, viz. Take I of 65: 9d. from 
122 . then, a l ede Ed. to 240M ſo 21 1 ee ſought. 
yz abs a Moro fungi at _ 1 that in another Que 
og ein pro F ee well Read ye1ondy;he proceeds: in 


A ee bus; . 8 which A's Goods ary PUL away 
wit e 10 per Cent, included) he e pers 15 | of the on it ſelf and Rea 0 70 
1 and in ch Remalndrs finds B's Barter 1 e the ROME du 
Queſtion. | | yy 919 0& rde e. 4417 <4 8 JEN 
nl ed er us yltunia e bor go. Be 7 11 584d 


age 700 * 7 22577 211. 427 cee. 2 I 44 1413449! * I ai! WER 


Eo ogy 


564 07 Tare and Tiet. Book VI. 


„ Q. 10h. A has 100 yards Cloth at 8's. „ and in Barter 10 4 hw 
Ravfins'at'6 di per Ready-moriey,) and he-will-have 7 of what he puts away 
Money; How much Naiſins muſt he deliver? and, What Race do they: bear in the 
We — choch Money muſt £\give B!#-:r: F 2379113 (2 Zh ff void YOHLOTA» YE be34 : 
1 200" * . d r hat Then find how much iRaiſins 2 ac be 
given for 407. Add the 3d that gunntity tb it, the gum is the total weight = 
B mot deliver ; and the Valk of chair! 36: part added (which is 22 6 . 
the whole Sum) ſhews the Money that A hu 0 pan. For Bs: — — Si. 
Eb anne, . Aa ee e 113 pore 
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zu Tee i anne meant the . E the Cab, or "V which Goods 
2 and whoſe We he ee of the 2 82885 of the won] 
hich being ſubtradted from the V Weig i that! of: the Cut | 
WT the remainder is the Weight of the G alone, and is:calld q "New 
i LO: 0 01. 00 21 tt re ; 
929 0 ley bor known Syinately, and eee ae .o much 
pes Hundred weight, 1 then che Deduction of the Twe is 1 by the 
Rule of Three ; which the followi les willthew. s. 
There is another Allowanee made ky Waſte, Refuſe, or in lack of Goods, eld 
net, which is allow'd andcalculated after che fame W WA. 640 2A bie 
Era.” H. At'71b, Tare or Net te 11215. groſs, Ane io ths Tate, and alſo: the Nen 
Weight, when 746 1b. groſs was receiv'd'? 8a, As 31214; te y. U is. 246 7b. de dhe 
Nr fought ; which ſubtracted from-746 15, the Remainder is tho Netrweight.: * | © * 


ea. 24. At 5 Ib. tret to 112 15. 9 Wes eight muſt de rede d, when 
84 1b. Nett was paid for? and, How much 4 — — from x12, the Re- 
mainder is 107: chad e * ſought ;- the 
Difference of which. dee 8j . e 70 5% "EI tothe Al. 

0 1 1 1 * 

en 1 ** 

+ two in ct 37560 Aigle 201 an 191197 0 
Obſerve. eee eee gegr.. 
eee Aſter the Tur is deduQed, the Remainder is eld 1. 


out of which the Fer le dedoneg; and the Wl Renninder io 
| ö Ys" and Thor! at's; te 12, We is is is the , 


42 5 Ae 30 - (Lab 910-:48%.333 Þ1 
N44 48 e 11216 4) Sis 6h 16:66 eue: Then al 113 to 107 


Wei 
- = 
f (viz. 112 leſß 5) ſo is the Subtle to the Nett. e 

| And here Obſerve, that if you multiply 108, 107, and 87 continually, alſo 112 by 112, 


u dhe that Product by this, w eas the Net * 
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do the Quality. 
1. O mizing M E'T'A LS. _ 
Obſerve : An Ounce of Pure Gold being reduced into 24 equal Parts, theſe Parts are 


call d Carats ; but Gold is often mir d wich bye er Metal, Tuch in the Mixture is 
call d the Alloy; and according to the proportion of pure Gold which is in every Ounce, 
ſo the mixture is ſaid to be ſo many CaraQs fine: Thus; if only 22 Caracts of pure 

Gold, and 2 (of a. it's 22 Auch fivet If 20 Catgets pf pure Gold. 1 88 
it is 20 Caradts fin den 34 is 24 eee Gold. 


8 KD 

2 AG Ounces of Gold f 2% Crab tfine;'2 with E * 
4 War Ok —— Anſes. 204 S 10 

17 102 has 23 Car. of pure Gold, 7 Ox. have 161 Cay. „Saen 53 

= — 19 — ab 431 +> 4. 3247 | 
F . 2 have +4084, 10k. hes 20+ Carats. 
Suppale there i is tobe Ad DL 6k 8 1 b. of Braſs or other Alloy, then 444 to a 
pe e if A A A 6 what 1 Oz N 1 70 375 
Fat 25 Ounces of d an c Gez un 42 Ounces 
PAY 


of 2578 17 ©) bel ga v or 10 We. -Otinces fins; hich as 
AT 


ances pure Se Ack Pen #7 vis 20 Ft. 28 ff: 95 Se, 
Heat and Cold, ne 
Hint and 


22 
(el n ee 


A it / NLY 57 212 
ate Uiſtihg 
rees, thus; d 


2. Of mixing ME D 1 N E. S according 


A Cl)! (Ti; 4 
4 of Moiſture ; all whi 1 char Quality ea? 


are, brei 
— n= 
chere are ſuppos'd to be grees of Heat, and of C Git dope 967 > 
and rdin eſs and Mo g e may 15 
228. 2272 2 . ture which w e Cotmon Qual - = 


thar the 2 the Wn the Common A Wn 
degree Cale Mo e ere bre ation ben,” jo this 
41 By; L. um (eit F 90 is 30 N 
9 4 £ | een 9 785 — DE” == * e 1 Regatd 5 theſe 
ad. 4 [3 4 Qualities, then the —— — 
— 7 2 2 8 Q K 7 : re 728 8 yo ty, - wry 
ws, 6 4 eee l 1 A 
þ 4 2 8 4 Eqs, 9 0 
8 Era. 445. mixes ſeveral$k es tb $3. I 
125 ces cold in, the e ae. ie 7 bar _ 
8 | ces tempera ounces e egree; is t 
7.4 88 ity of Ob cht Aire 5 n 2 5 : 


Qvalities given Bn to the common one, are, 58 ath, 

1 . then, ove "if . — ch 7 295 its degree of the 5 N the Pro- 
ucts are 4 X 122 9 K 2 28 Mk Hors 2 25's UID theſe Pro- 
We being divided 5 the Sum of the Quanti- 


I by ties, 


| Uhapo8) ligation. 567 
des (erg. 4 4+7Þ5+8m= 24) the Quote is 334 Which ſhews the Quality of 


ine Mikeote to be betwixt the * and 6th We 1. 6. betwin Temperate and the fiſt 
_— of Heat. 


864.0: — 7 


„ | Can 2. Auen 


Havidg the Kater of ſeveral Simples to be mix 'd, and the Rate of the Aintwes » To 
find ſuch, quantities of the Simples as, being mix'd together, ſhall bear that common Rate, 
Ob erve ; The Mixture Rate muſt be taken betwixt the higheſt and loweſt Rate of the 
Simples; elſe, tis plain, the Mixture will not bear that Rate, but will be ether of a 
greater or 1 er Rate, as the Simples are either all of a greater or leſſer Rate. | 
RuLleEe. 1, The Rates being all of (or reduced to) one denomination, and refer'd. 
to Quantities of one denomination, - 20, ſet the Rates of the Simples in a Column under 
one another, and the Mixture Rate upon the left hand of theſe. Then, 30, connect or 
link together the ſeveral Simple Rates, ſo that every one Jeſs than the Mixture be link d 
with ſome one greater, ot with as many as you pleaſe that are greater; and every one 
greater with one-lefs, or with as many leſſer as you pleaſe. 48, Take the Diff N be- 
twirt the Miztur e Rate and that of -the ſeveral Simples, and write it againſt all the Sim- 


2 — that one (whoſe Difference it is) is link 'd; then, the Sums of rhe Num- 
(of Differences) 1 every Simple Ma- aue ſuch Tee of bo ſeveral 


Simples, againſt which they ſtand, as anſwer the Queſſion 2 . 
Cu. I. A Merchant would mix Wines at 144. 196.25 4, and 22 * per "Gallo 
bas che NY Wy 18 2. res bee be raken?? | 
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Here the Singles Are link 20 due Ways pelt Gia of which there ks a different 
Solution, thus ; In the firſt. Method wel I9 : Pri = 15 with, Then the 


difference berwixt 18 ahd't 4% 1 f inft 19; and che Aiffere * 18 aud 15 
is 3 ſet bref 22: The di ar 75 1 fet againſt, 14; and the difference 5 


Wine, of T + Wie. SUE * and Gal. of 22 7 whi -h bei mc 
Sether Gd Bt of 15, Wits, 8 12 nd. 3 10 eint t 


i ay. indepth" e 2& Method of JihKiti 
the Simples. For the 3d Me 5 {oi d 1 ith. 1 55 and 2 17 and 19 both wii 
14 and 15: e nth 18 am "ſer againſt Boch x 


and 22; "and the 10 79 * e inſt DAY * 14 and 15; and ths 
there corhe two difeberces's in 14 1 whith' being ſumm d, jog Ke in this 


Method a Simples againſt The; 
219 f e e ee SO. brag 


a ne g's e 


Kere he Meaitnds; 1; the Engen 8 
91903 10 nei 1377 10 1 = 
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TT ITE "The Reaſon of th precedi 5 7 — Ln. else 
0 23590155. „“ | IH os Eng FE 
Hie ee dat le precedin \Rulb pioduces? true Anſwersz I. a 
1, Suppoſe only” tc Simples, as 45 Wins of 15 % 4 Gallon, and ef wa ide 
dad at 1 - the Given Rates lands, according to the Rule, as here; and the Quan- 
ttities ſought he \ Gallons of the 15 8. Wine, and 3 Gallons of the 
An 250 4 2266. Wine, wh fold in a mixture at 18 3. 1 f, there is preciſe- 


8 I y as much Ady d. ene Quantity: as is loſt by the other ; for, each 
3 Gallonat 175. wb FO nile Wiſincors 06:34 wala) ind therefore 4 Gal 


dle lr A 45 Sein 4 TEN F Ae den; Gallon at Laie 1 
ons times Pech 


rence of 18 and 22; therefore but: 4 times equal to 
times 4. therefore the . 1 Loſs are — and 3 ven angie mix d 
30 juſliy bear the propds d Rate. fry * 90 . od * 
The ug Reaſon ; un two Simples m 
Rule, Es 82 5 er SE 
A ain, Cit E . 1 >. 4 
0 . R many "rr 1 are, and with however many * every one is 


link'd, ane T. a leſſer a greater than er 12 —＋ there is a 


d aczording to this 
— Rates. 


two Simples; 


& is good in all 
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8 3 nb e of 2 
0 From 7 Rule mp eee 7 7 In:; TT 
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e 
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8725 th ee abs 
part; or — 


S erer 


r; 


ay be enoreas d or diminifh'd in an infinite variety of Proportions, therefore '*tis plain 
cb we may proceed to an infinite variety of Solutions. 7 . 
20 Or, if we only encreaſe or diminiſh the alternate or correſpondent Differences 4 
any pair of Simples that are link d together, or of any two or more pairs, leaving the 
as they are, we may thus alſo proceed to an infinite number of Solutions. 


It O. Beſides the Rates of the Simples and Mixture given, the Queſtion may be 
intent cher es a certain total quantity of the Mixture, or to a certain quantity of ſome 
one or more of the Simples. ama e wh 1 : < | 
(1%) Ef the Limitation is to a certain total Quantity, then, if the ſum of the Quantities 
found by any: one Way of linking the Simples is the given Total, the Queſtion is ſolv'd: 
Otherwiſe (or without trying all the Ways of linking) take any one Method, and raiſe 

r diminiſh the quantity of each Simple found by that linking, in proportion as the given 
'otal is greater or leſs than that Total found by the linking, | | 


Qs. 34. A Merchant mixes Wines at 14,/h, 12. b, 15 ſb, 18. b, and 22.ſþ. the Gal- 
lon, to be fol ag Je. and would make in d e ash Wc cs 
ot eacn? F 68 oi 


121 _[1[] 5:5] I:5 6] If the Given Total 

$5» +, „ 1 5 I 5{ | were 17 or 31, the Que- | 
Ee 5 5 921 17 5 J 5]} flion is folv'd: But, to 
r 3 5 | $1 IK make xoogallons, I rake 
, eee 12 1143 | 3523 :2 [10 either of theſe Ways of 
2 . "| | linking, as the firſt, and 
Sum r7 | Sum 311] fy, As 17 Gal to 100, 


ſo is 1 to 52g; foisg 
. : 3 1 to 29. r, ſois toy 
ſo is 5 11:2 ; which being ſet againſt the Correſpondent Simples, the Sum makes up 
x pine manner, if you know the Total, and alfo the Particulars, of any Mixture, 
you may find how much of each ſpecies is in any quantity of the Mir ture. 
(2. If the Limitation is to a certain Quantity of one of the Simples, then, if the 
fame Quantity happen upon that Simple in any one Way of linking, the Queſtion is folv'd ; 
otherwiſe you muſt raiſe or diminiſh the reſt, in proportion as the limited Quantity of that 
Simple is greater or leſſer than the Quantity of it found by the linking. hd 
| Thus, in Qu. 3d; ſuppoſe the Mixtore ought-to have 2 Gallons of the 22 5. Wine; 
then the firſt Way of linking ſolves the Queſtion. And if it ought” to be 4 Gallons of 
228, ſay, As 2G (ſtanding againſt 223.) Btoq, ſo is 1 to 2, ſo is 5 to 10, and 
ſo is 8 to 16: And ſo the Quamtities ſought are 2 Gallons of 12 s. and alſo of 143. 
10 Gallons of 15 5. and 16 Gallons of 1899s. 6 85 
If che Simple whoſe Quantity is limited is only once link'd, we need do no, 
more than rxiſe or diminiſh the Quantity of that one Simple with which it is link d, and 
leave the reſt as they are. So, in the preceding * — 22 4. is only link'd with 15 3. 
anditherefdre raiſing 5 Gallons againſt 15 3. to 10 Gallons (which is as 4 to 2) we may 
2 as they ſtand: For thus there is ſtill a Balance preſerv'd in the Gain and 
But if the Simple whoſe Quantity is limited is link d with more than one, we may take 
this Method: 'Take that part of the Quantity ſtanding againſt each of theſe Simples (with. 


which the limited one is link d) which is the difference of the Mixture Rate and the 
limited Simple, and raiſe or diminiſh it proportionally : The Quantities thus found muſt 
be added to the other parts of the Quantities againſt theſe other Simples. Thus, in Cu. 3a, 

5 | "IG * ſuppoſe 
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ſuppoſe tis requir d to have 8 Gallons of the 12 3. Wine; if the zd way of linking is 
choſen, then 12 being join d with 18, which has but one Difference againſt it, viz. 5, 
(che Difference of 17 and 12) I fay, As 6 to 8, fois 5 to 62, che Quantity t be taken 
of the 18 5. Wine. Again; 12 being join'd with 22, and the Difference of 17 and 12 
being 5, (one of the Differences againſt 22) I fay as before, As 6 to8, ſo is 5 to 67 

which being taken inſtead of 5 againſt 22 5. makes the Total of that Simple 112 Gall. 
'(3®) If the Limitation is to a certain Quantity of more than one Simple, wort thus ; 
Take theſe ſimple Rates, with their om Quantities, and find by Caſe 1. what Rate the 
Mixture of theſe by themſelves would bear; then take the ſum of their Quantities given, 
with their Mixture-Rate now found, and place that Rate in the Queſtion, inſtead of the 
Rates of theſe Simples; and then the Queſtion is the ſame as a Limitation to one Simple 
which is the Total of the Given Quantities now reduced to one Mix'd Rate; by which 
therefore find the Quantities of the reſt, as in the preceding Article, Thus ; Suppoſe in 
Qu. 3d, that there ought to be 3 Gallons. of 12 3. Wine, and 7 of 146. the Mixture 
Price at which theſe may be fold is 13 5: 4d: and?; rr 
of a Penny, is 804: Therefore the Rates of the other Simples, and alſo the ure, 
muſt be ro 5th parts of a Penny, and the Queſtion wil ſtand as below; in which, 
EE EXT ing to the way of Linking choſen, the Quantities 
804 60]10]| are 60. 300. 216 and 120; but of the Wines whoſe 
300 50 Quantities are limited, and whoſe Mixture Price is 804, 
© 216136 (5ths of a Penny) the Quantity ought only to be 10 
120] 20 ne. gory one, and 7 of the other); and. therefore 
the reſt are diminiſh d accordingly to 50, 36. and 20; 

13 which are true Anſwers to the Queſſien. 

Tate Notice, That if the Mixture Rate of the Simples limited is ſuch that the Given 
Mixture Rate is not a Medium, when that other Mixture Rate is placed as a Simple, then 
II Ob. If a Mixture is made of ſeveral Simples whoſe Rates are known; with the 
Rate of the Mixture, and total Quantity mix'd, we may find how ſuch a total Quantity 
might be mix d of theſe Simples to bear the Given Rate, by the 1 Article of the 2d O 
ſervation, But it is to be obſerv d, that the Mixture has perhaps been made after another 
manner. So, in 9x. 1, the 1ſt and 2d Ways of Linking make the ſame total Quan- 


if that Simple is an exat 

as it wants of the other) 

ity is leſs than what i 

ſo much to each of theſe 
the total Quantity 


what is ſo taken leſs and more than the Quantities found by the linking, are of equal Va- 
lue, becauſe the middle Price is an exact Medium betwixt the other two; Therefore the 
Rate of the Mixture is never alter'd. 2 2 2 BOS 5 | 
Again; If the Limitation is greater than what is found by the li take the half 
of what it exceeds from the. Quantities of each of thoſe betwixt which Price whoſe 
— - 00 but if this half is greater than theſe Quantities, 
Thus, in Qu. 3d, let the Limitation be to 2 Gallons of the 15 s. Wine, then take the 
firſt way of linking, in which the Quantity of that Wine is 5 Gallots; then, becauſe 15 5. 
is an exact Medium to 12 and 18, I take the Difference of 2 and 5, which is 3, —_— 


1020 | 


13 


Chap. 8. Alligation. 1 
half 1 I add to 1 and 8 the Quantities againſt 12 and 18, the Sums are 25 and 92: 
The reſt of the Quantities ſtand as they are | | | 
But if the Limitation is to 8 Gallons of the 15 s, Wine, which exceeds 5 by 3, then, 
becauſe 14 is greater than 1 againſt 12, therefore I cannot take the Method preſcrib'd, 
with this Way of Linking, but with the ſecond Way it can be done. And if it could 
not be done with either of theſe Linkings, we muſt either find one in which it can be 
done, or ſolve the Queſtion by the General Rule in Article (29-) Oſ. II. 


' V.03ſ. From the Method explain d in the ing Obſervation, it's plain how we 
may, in ſome Circumſtances, limit both the total Quantity and ſome one of the Simples, 
Cs Linking, and propeetion the Quintin tothe Toe lated 5 cham e the Me- 
one Linking, and proportion the Quantities to th imited ; apply e- 
thed of the laſt O3ſervation, if poſſible. 3 og et Tn, . 3 
VI Obſ.' In Mixtures one Ingredient may be ſuch, as to bear no Value in the Mix- 
ture, but only to encreaſe the Quantity, and diminiſh the Value; Therefore let its Rate 
1 by o, as Water mix d with Wine; Braſs, or other Alloy, mix d with Gold 
: | Exa. 1. I 8 Gal. of Wine at 9 s. per Gallon, 12 Gal. at 8 3. are mix d ma 
How much Water muſt be added to make the Mixture; worth only 6 s. per Gallon? 
I find the Mixture Rate of the 8 Gal. and 12 Gal. then I take 20 Gal at that Rate to mix 
with Water whoſe Rate is o: Which is done by the Method of Article 2d, Obſ. II. 
Fra. 2. A Goldſmith would mix Gold, 18 fine, 20 Carats fine, 24 Caracts, 
and a quantity of Alloy to make the Mixture 19 Caracts fine ; How much may be taken of 
each ? Repreſent the of the Alloy by o, and proceed as in Caſe 2d. 158 


VI o. Beſides the mixture of Liquors, or any other kind of Things, the fame Rules 
are applicable where Perſons are the Subjects, thus: | 4 e 
Era. 1. 8 Men being boarded at the rate of 67. a Quarter for every Man, 6 Women 
e ee N Ne of 22 fr an Ce _ much does each 
Perſon pay a ing them at an equal rate, one with another? This is plain] 
a Queſtion of . and io be Dir d after that er. 35 7 as 
Ha. 2. If the Quarter's Board for a Man is 5 7, for a Woman 47, for a Child 31, 
and for a Servant 1 J. how many Men, Women, Children, and Servants may be taken to 
FL 9 may come to 37:5 f. for each Perſon? This 
EFF 5 


FTuaulibe following Queltions er a further Exerciſe. __ 


Q. 415. There is a Mixture of 40 Gallons of Wine worth 10 5. a Gallon, part of 
which is at 8 4, part at 9 5, at 12 5, and 14s, What ſhall be added to it, ro make the 
Te Fler this Melia, The Simple to be 3 

To ſolve this Queſtion, The Simple to be added muſt be of ſuch a Price that the new 
Mixture Price lie berwixt it and the former; therefore, if there is not ſuch a Simple 
among theſe which are already in the Mixture, . another to anſwer, the Queſtion —_— be 
b in, and the Solution is thus made: Take the 40 Gallons at 105, and find how 


Take the 40 Ga 25, and 
2 Tai e r value than x 1 s. (becauſe _ is. 10 IO 8 11 muſt 
e mixd with theſe 4o Gallons to bear 11 6. in Mixture: nich is e by the Method 
of Article 2d, Ob. II. preceding 8 | 
nor 3.0.% ms ie to ziim Dad dd 2. „ „ eee N. 5th, 
E N 
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Ou. 5th. A Mixture being made thus; 14 Jb. weight of Sugar at 7:4. per lb, 1616, at 
9d, and 301}. at 10 4. How much, and of what kind, may be added, that in every Ib. 
of the Mixture there be 6 oz, of the Sugar at 10 4% without changing the quantity of 
the other kinds in every 1}? and, What Rate will the Mixture bear? | 
_ Firſt, find how much of the 10 d. Sugar is in 114, of the Mixture, as it ſtands already: 
then (1) if char is more than 6 oz. (as in this caſe 'tis-8-0z.) ſubtract 6 ox. from ir, and 
multiply the difference (2) by the total namber of 7's (60), the Product is I20 oz, 
Now, if we could take out. 120.04: cf the 20 d. Sugar, and in ts pace pur in 120 of. 
of any other kind ag. what is already in the Mixture, it's plain the Conditions of the 
Queſtion-would be anſwer d: Therefore, in the firſt place, we ſhall add 120 b. of ſome 
other kind, as if as much of the 109. Sugar were aftually taken out; but becauſe it is 
not ſo, we muſt add to it as much of all the other kings (including that new kind fiip- 
pos d to be already added) as ſhall make each 15 (of this ſum) have as much f each Kind 
as are in each 1þ of the other 601b ; which is done thus 5 Find how, many thats 6 0z. 
are contain d in 120, and if there were a Remainder, Rob none, add that 
Remainder of the 104. Sugar to the Mixture, (B. e. to then 20) whereby there will be 
no Remainder, and the Quote will be x more than it was with the Remainder}; this 
Quote ſherws: how many Ib. are to be added to the given total Mixture (60 A.). that each 
- may hive 6 oz, of 1040. Sugar; which are to be made up thus Firſt, there is the 
120 0z. of the 10 &: dugar ſuppos d at firſt to be taken out (for as much of a new kind 
put in) and now as-*twere put back again, together with the Remainder laſi mention d 
(where there is any) then you muſt find hom much of each of the other Simples including 
that new kind whereof ere is. ſuppos d to — es 9m, for as much of 10 4. 
Sugar ſuppos d to be taken out} there is im each of teding/ 60H. Fheſe Quan- 
tities muſt be multiply d by the Rege of 60 1h. and the new total N or Mix- 
ture; the Products are what muſt be taken of each. of theſe other Simples ( befides the 
120 . er en added of the new kind) and thus the Conditions of the 
r ttt 3 
[For the Rate of this Nw Nang, is Eval ty Ten 
Bit, Secondly, if there is in the Miitare leſs than 6 c. of 10% Seger th eviiy 75. (as 
ſuppoſe there be only 40509 then the difference is 2 az. Which malkiphed by 60, makes 
120 0z. or 7 : go. Take double of this, with as much as is already in the Mixture 
of x04. Sugar (viz. ages; the Sum is 45 75. to de added of 104. Sugar. Then I con. 
fider how much of each of the other kinds is in the Mixture, and flom the total of theſe 
I take 120 oz. (or 7 1+ : 8 oz.) in any manner, i. e. all out of one kind, if e, or 
part of one and part of another, till the whole js ſubtracted, marking what hereby remains 
in each kind; 2 much of each kind a8 Remainders being alſo added to the 
Mixture, will bring the Total (which is now 120 oz. more than double of what it was 
before) to Sch © Mirdre as mall have 6 E. of 10 Sugar to (verylß, and the fame quan- 
Tities of each of the reſt as were at firſt to every . 


' Fiz, F reduce the Propo e Nambers, thus: 
- 1 BE 1085 E . 855 to 3 böfh. Co 67%) fo in 3 huſh. (of 1) to a ach, 

612: 316 of 65. = 
Sh. 713 t 


e ee eee 
42 of 75. an ulh. of 8 5. multiplying 2, e ein 
0 Es ities of each are * 8 


Integers, the ties of Next 1 
find the Mixture Price from thel Quantities; and then, by that Pure, 


— 
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I find how much the 100 J. will buy; and then I divide that Quantity into three parts 
proportional to 6. 9. 8. 


Qu. 71h. A Mixtore i is to be nad of Wine at 185. per Gallon, at 16s 4. _— 95. 
| How much may be taken of each 2 make 48 Gallons that ſhall be worth in all 
28 J: 1652 

Find what 1 Gallon of the Mixture is worth, viz. 125. then find what Quantities 
may be taken of the ſeveral Simples, to make a Mixture at 12s. and the total 

48 Gallons. 

Obſerve : By this Method you can abvays have atleaſt one Solution to all Queſtions of 
this kind (viz. wherein the Rate of each Simple, the total Mixture, and total Value are 

ven) provided the Queſtion. is 3 as tis not if the Mixture Rate found be nor 
. the higheſt and loweſt he Simples; and 2 alſo that the Nature of the 
Subject does not limit the Prana to Integral Numbers, as when the ron ſought 
are 7 (ſee the following Example) for then, tho the Queſtion be poflible nd 
hath ſeveral Solutions, yet none of them may be found by this Method, BG of Fo 
_ Qions brought by it into the Anſwers: And this Method will have the ſame Defect i in 
any Subject, if we limit the Anſiver to In 

For Exam an : Apply the Numbers of th : preceding Queſtion t to another Subject, ihas: 2 

48 Perſons, Women, and Children, pay all together at a Feaſt 28 7: 16 4. where- 
25 every Man pays 18s. every Woman 16 and every 3. How many were of 
each? By the preceding Method we ſhall' find 9 Men, 9 Women, and 30 Children; 
which farisfie the Queſtion: Tho” it has alſo another Solution (which cannot be- found 
by this Method) viz. 2 Men, 18 Women, and 28 Children. 

Era. 2d. 15 Birds coſt in all 5 5. whereof there were ab. . 37. Quail at 54 
and Larks at 2 d. — — Ifwe try e preceding Rule, we 
can find no Anſwer, becauſe of Fradtions; and —— aus Solntion in Incegers, 
which is found to be 3 Partridges, 5 Quails, and 7 Lark. | 


8:5. A Mixture was made of 10 Gal, Wi G4: | ah Gal. w. 
e e l e and as much Was. ey Pats hr 


drawn out 10 Gal. after, which was put in 6 Gal. lore gain there was drawn out 


3 3 Gal. of Brandy put in. How much Wine, Rand, and Water is ar Kft in 


Find be mch of each Species" is in the & Gens gift dnn out; by which you 
wen b N e r of Water * 1 


hat zemains ch: To 
ag Tak contain d in We 40 Gal f. nExt 'drawn' out; whereby you'll Know: what re- 


mains of each: To which is added 6 Gall. Wine; then find how much of each is in 
4202 10 e eee how, eee to ae 


— 


CH AP. c. 
| of Exchange. 


HE Reduttios of different Coins, 4 of "I (whether 

they have Real Coins anſwering to them, or not) from one to another, i. e. 

1 how many of one Species or Denomination are equal in Value to a given 

Number of another; with eee che ſame On pi is what I here 
call Exchange. 


Olſerve I. Eibe Queſtian is bout the Rector of foch meet r 
one of another, as Pounds, Shillings, and Pence, the Work is only ſimple Multi —4 
tion or Diviſion ; as has been ſhewn in Book 1, Ch. 7, 94853 but, in all other 
there is a variety of Applications of the Rule of Three. | 


I. To reduce any number of one Species to another, there muſt FIR henna the 
Proportion betwjxt. the two Species, either immediarcly, or by the immediate 1 
betwixt each of them and one or more other 8 pecies. 


III. When we know any two Numbers of different Species that are of equal Value, 
theſe two Numbers expreſs the Proportions, or Rate of Exchange, of theſe Species, whe- 
ther they: belong both to one Country, or to different Countries [ as, if we 2 

Guineas of Britain equal to 31: 35. or 5 f. Sterling equal to 3 Guilders Amfterdam.) 
_ in Common Acceptation, when we ſpeak of Exchange, it's underſtood of the Spe- 

cies of different Countries; and the Rate of Exchange is expreſs'd by ſo much of the 
one Place equal to an Unit of a certain Speciey, of another: So, if 5 5. Sterling are 
equal to-3 Guild. Amſterdam, e this does: xpreſs the Proportion, yet more com- 
| paying tay, The Nute of Exchange is at 1 L. Sterl. to 12 (found by the given 
E e give. . in — 295) or as, 1 Ster 


IV. The Vakues cf the Coins and Modi i n ee what peden 
Denominations they exchange with one another, with the Limits of the Common Kotes 
of A: 1 — or they vary often) are Matters of Fact which belong to another pro- 

galt do this Gebt Stecke And, to 0 d ths to the beſt advanage, 1 ſl 
metick 1 a to ject to , 
give more ſoirable Numbers of Queſtions . wn ſuch Heads as 
of moſt . Occurrence ; few other Queſtions, 
chat are leſs common, that from the Whole you may be Maler of f what an n happen upon 
this Subject, that * upon C Arithmetict. f 


91. 
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4 I. QuEsSTIONS relating ſimply to the Par of Exchange, or find- 

5 ing the Number of one Species equal to a Given Nam oP of 
another, the Proportion being given directiy, or by the media- 
tion of other Species. CCC 


(19) If the Proportion is given betwixt two Species directly, the Solution 
F os is by one — of the Rule of Three. 1 
Que ſt. 1. A Merchant at Amſterdam paid 150 Guilders for 13 7: 18 3. Sterling, re- 
ceiv'd 5 his Correſpondent at —_— ; What Re Rate of Exchan 2 or, W . is 
1 Guilder valued at in Engliſh Money? Say, If x50 Guild. give 12 15 5. what will 
1 Guilder? Auſw. 22 d. Or, if its aſk d what 1 7. Sterling is . at in Dntch 
Money, ſay, If 13 : 15 3. give 155 Guild. what 175 5 
Qu. 2d. A Merchant at London receiv d 100 J. Sterling, for the value paid by his Cor- 
reſpondent at Paris at the rate cf 3 5: 6 d. Sterl. per Crown; How many Crowns were 
paid at Paris Say, If 35: 6 d. give 1 Cr. what 400 1? 


(20 When Len Pro 8 ee WT each of the two Species in 
n, and a t pecies Solution is by two Operations: 
| K the Rule of Three. f 11 


Qn. 3d. If I would exchange 200 Ducats, worth 75. a piece, for Dollars at 4: 8 d. 
a piece, how many Dollars ought I to have? Say, If 1 Ducat give 71. what 200 7 
Anſw. 1400 5s. Then, if 45: 84. give 1 Dollar, how many will 1400 s ? . «dh 45 - 

Or thus : If 4 5 : 8d. give 1 Dol. how many will 75? Aufi. 15; ſo that xDucatis 
worth 11 Doll. Then fay, paler; 1+ Dol. how many will 200 give? 

Obſerve : Had it only been requir d to find the direct Proportion betwixt Crowns and 
Dollars, then fay, If 7 i. give 1 Ducat, how many will 45: 84 > Anfw. 2 of a Ducat. 
Or ſay, If 4: 8 4. give 1 Dol, how many will 7 5? Arſw. 1: Doll. 


< « 


Qu. 4th. Exchange from London to Amſterdam being at 1 J. Sterling for 34 5. Flem: 
mL int — Paris — 4. — 1C what. is the Exchange be- 
twixt London and Paris, ing to that Courſe? Arſw. 

Lond. Amft. Par. 62 Crowns fr 11. Sterling, or 2 5: 11% d. for 1 Crowmn; 
T7 | found thus: If 5 . give 1 Cr. what 345? It is 64 Cro. 
. which is the Value of L L. becauſe 34 5. is equal to 11. Or 
5$s.1Cr. y, If 345. give 11]. whats s is 25:11, dl. 


. Obſerve : If dis demanded to find the Value of $00 Cr. in Engliſh 
to that Courſe of Exchange ; then, having found the Rate of Exc 


Money, according 

- hange, ſay, I 1 Cro. 
give 25. 1125 f. what 500 Crowns? or, If 64 Cr. give 1 I. what 500 Crowns? 

"fa Sum Eoglith (as 1007.) is given to find its Value in. Crowns, tis only ſtating the 

Terms otherwiſe, according to the Rule of Three, thus; If 17. give 6 Cr. how many 

(3®) When the Pr. 


portion 5s, given betwixt one Silo a3 another; be- 
ther and. a Third, berwixt this third and a fourth; and 


* 


fo on as far as you pleaſe, to find the Exchange betwixt tlie firſt 
and laſt Species; the Solution is by one. fewer Operations of the 
Rule of Three than there are different Species, in the manner 
the following Queſtion. —* 


SG · 5th. | 


„% Of Ex. Book VI. 


- Qs. 5th. E N betwixt London and Am ne being at 1 7. Sterling for 38 . 
Flemiſh; 8 and Frankfort at 6 s. Flemiſh for 65 Cruitzers ; betwixt 
Frank fort and e at 56 ruitzers for 1 Crown; what is the Exchange, according to 

thar Coutſs, 'betwixt London and Paris? Anſw. 1 J. for 725 Crowns ; found thus: 

Set 232 OD . __ in the Mar- 
. Frank . Paris gin, work from the left Hand to the 
i nf. f 58 ow 121 If 65. give 66 Cru. what 


„ | | is 1 which 
"6m = eee | er Frank, 2 fag, Ik f Cru. 
C = I > C: OR uy . 2 Nr. An- 
pn FEI ver is 723 Cr. w is ſet under Paris. 
= #- — CS . And thus the Exchange betwixt London and 
F Faria is found to be at 1 J. for 733 Crowns, 
3 (1®) However many different Places are propos d, you go thro” chem all in 
the ſame manner. 
— The undermoſt Line ſbews not only the Exchange berwixt the firſt and laſt 
bur alſo betwixt any two of them; the 'Quantcies in that Line being evidently ll 
equal in Value, from the arure of the Operation. 
Tc WEEDS 5 55 Ke er Fader yen Species: for on ce, they muſt be reduced to 
2 Frankfort were expreſs d by 
36 Scloets bor 93 Ed * we mult firſt reduce che 28 5. to Stivers, or the 36 Sti- 
vers to Shillings, by the known relation of Stivers and Shillings ; which is 6 Stivers to 
7 A üf In were 6 Stivers for 1 Florin, then you mutt alſo reduce che 1 Florin 
or the ö And if this Reduction cannot be done, i. e. 
if the relation of theſe Species is not known, the Queſtion cannot be folv'd. 
: (42) E there's another Given Q — Saws firſt and laſt Place, to find a Quantityof 
— Value in the other, its a n of the Nie of Three, out the Rate of 


ue ca IG. er preceding Queſtion). 
an conraclions of the oy R. U L E explains, 3 


S% © <& + 


9 theſe Operations of the Rule of Theee may be be reduced to one Diviſion, thus ; 
„ 08 the Corſe equents of all the' Proportions Ci. e e. the Numbers upon the right hand, 
or the firſt Num under every Place = into one another ; alſo all the Artece- 
dents, except the firſt, Ci. e. the Nu pon the left hand, or ſecond mber under 

every es make the firſt Product Rien, and the ſecond per, ne Quote 1s 
the Number ſought of the Species of the-laſt Place,: to che under the firſt 
Place; thus, in the preceding Example, 38 multiply by 66, produces 2508, (the num- 
ber of Crowns being x, does nor multiply): then 54 by 6, produces 324.3 and 2508 divi- 
ded by 324, produces 72.5, 
. by conſiderin how the ſeyeral Operations of the 
Rule of nd Tres T === * hag 


tiply'd by 66, and the Product divided by 6; vlc we may expreſs thus — AJ 
for the ſecond. Operation it is, the laſt. Anſwer mul (PF. to (which is ful only 
bo AAS which is ; according to the Di- 


rection now cen And _ OT fer werke * Reaſon is manifeſtly the 
fame. 


Again; 


Y 1 . LS.» 4.0 "(> 
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| Again: ; If any Diviſor and Dividen# can be divided by any Number without a Re- 
mainder, then if we take the two Quotes, and divide the one of them by the other, there 
will ariſe the ſame Quote as from the given Dividend and Diviſor; therefore this 
Work may be much contracted, thus; If among the Numbers that produce the Diviſor 
there are any the ſame with what are among thoſe that produce the Dividend, cat 
them out of both (7. e. do not uſe them in the Multiplication): And if any two Num- 
bers, one belonging to the Diviſor, and one to the Dividend, can each be divided with- 
dut a Remainder by any the ſame Number; Take theſe Quotes in place of thoſe given 
Numbers, in forming your Diviſor and Dividend. So, ſuppoſe in the precedin 
le it were 1, Englith for 54s. Flemiſh, then this 54 (which belongs to the | Sonar 
that form the Dividend) and the 54 Cruitzers (which belong to the Numbers that form 
the Diviſor ) may both be caſt out. And, as the Queſtion is already put, tho' there is 
no Number the ſame, yet for 6 and 66 we may take 1 and 11, the Quotes of 6 and 66 
divided by 6; alſo for 38 and 54 we may take 19, 27, the halfs of the former, and fo 
the Diyidend is 19 K 11 = 209, che Diviſor is 27, and the Quote 72.2, = | 


Exam- 


II. Ques 11 ONS herein Gain and Loſs, and the Almas: 
HER to Factors, are confider'd. _ | 


Qu. 6th. A of London draws upon B of Amſterdam 500 Guilders at 22 d. per Guild. 
for which B redraws upon A at 21 f. per Guilder, with Proviſion at g per Cent. and 
10 Guilders of Brokerage; How much will A pay? and; Whether has he gain d or loſt? 
Anſ. He pays 1101843 d. and loſes 18}: found thus; As 1 Guil. to 224, ſo is 500 Guil. 
to 1 1000 d. receiv'd by A for the Draught; then, as 100 to 2, ſo 500 to 24, the Provi- 
ſion due to B; which, with 10 Guild. Brokerage, added to 500; makes 5125, for which 
he draws on. A; therefore ſay, As 1 Guild. to 213 d. ſo 5125 to 110183 f. which A pays 
for the redraught; ſo that he loſes 184 yu... oo Ge 
Obſerve, (19) If 4 had remitted to B, with Orders to remit the Value back again; 
then having found what B receives by 4's Remittance, from that ſubtract B's Proviſion 
and Brokerage, the Remainder is what he remits to. 4; whoſe; Value being found, the 
compariſon of that and what A paid for the Remittance ſhews what he gains or loſes. ; 
(22) If A draws upon B, and afterwards remits the Value to him, he muſt add the 
Proviſion due to B, to the Sum which B̃ paid, and remit the Totaal. 
(3% K Bby L's Oider draw upon him, and afterwards remits him the Value, then 
B deducts his Proviſion and double Brokerage from what he receiv d by the Draught, and 
TTV 
0 the Caſes. where A draws or remits, you muſt alſo conſider what Brokerage 
i my Have ee ee 
' Qz..7th. If Exchange from London to Amſterdam is at 1 6: 104. far 1 Guilder, and 
to Paris ax 3 218 d. for 1 Crown; alſo from Amſterdam to Paris. at. 40 Stiyers for 
I Crown; whether is it moſt profitable that London remit directiy td Paris, or by way 
of: Amſt erdam Ci. e. remit to Amſterdam, to be remitted from that to Paris]? Find 
wh x oe Seedling by worth et according to the * 75. ee by Que- 
on d accordi to th. Exe Han e dir realy 7 * Parts ; 8 a yp m 5 8 
theſe U ues of 1 J gives 2 1 d 9 OW hg 


K- 


Eee Obſerve, 


Obſerve; i, what Allowance is due to the Factor at Amſterdgm.is to be deduced from t 
Money he receives (i. e. the value of I. Sterling 1. G ders) 29 Remaii 2 
r oh we A ED nn rtt fe 

2. If there are more than 3 Places in the Queſtion, and the Exchange is given betwixt 
one and another in a ſeries, as in Queſ?. 5h, and alſo betwixt the firſt and laſt.; to find 
which is moſt profitable, ro Remit from the firſt to the laſt Place directly, or thro' all 
theſe Places; then you muſt find what is the Exchange berwixt the firſt and laſi Place ac- 


%-. & 


cording to the Courſes. thro all the other Places, and compare that with the given Ex. 
change betwixt the firſt and laſt Plae. 99 755 * N pay 85 5 x 


Qu. 8th. A Merchant at London remits to Amſterdam, at the rate of 18 d. Sterling 
per Guilder: His Correſpondent at Amſterdam remits the ſame by Order to Bourde aux 
ar 3 Guilders per Crown, rebating +, per Cent. for his Proviſion: How much will be 
neceiv d at Bourdeaux for 101. Sterling paid at London Anſw. 44.3. Crowns, thus, 
As 184. to 1 Guilder, ſo is 104. to 133. Guilders: Then, as 100 to, ſo is 1331 to 4, 
the Proviſion; which taken from 1323, there remain 1323. Then, as 3 Guild, to 
1 Crown fo is 1324 to +57, | Fn 
Again ; Suppoſe twere aſf d what. was paid at London when 500 Crowns were re- 
ceiv d at Paris? To find this fay, As x Cro. to 3 Guild. fo 500 Cro. to 1500 Guild. 
which were paid at Amſterdam for the Remittance to Faris: Then, + from i co, there 
remain 993 ; and as 991 to 100, ſo is 1500 to 1505z5;z, the Guilders receiv'd at Am- 
fterdam by the Remittance from London. Laſtly," As 1 Guild. to 18 4, ſo is 1505 +5; 
Guild. to 27090, 1 d. the 5 I. Money fought. Or thus, As 993 to 200, ſo is 500 Cr. to 
51:22 the Growns that wo d have been got at Faris had no Allowaiice been deduced 
at Amſterdum: Therefore ſay, As 1 Cro. to 3 Guild. ſo 501283 to 1505253; the Guild, 
receivd at Amſterdam. By which find the . Money; as befor mee 
Again, let us ſuppoſe the French and Englith Money are both known, as, 430 Cro. 
and 100 , Sterling; To find the Allowance per Cent. which the Factor at * 92 has; 
ſay, As 18 f. to 1 Guild. fo 1001. to 1333+ Guild, which was receiv d at Amſterdam. 
Then find how many Crowns this is worth at 3 Guild. per Crown; if the number were 
20, chen chere was no Allowance deduced at Amfterdam, but it is 444; from which 
take 430, the R ler is 145: Then ſay; As 4445 to 142, 10: 15 100 to the Allowance 
upon 100. rn 5d wx ' an 31 1 5 1 20 ire N pris (it qopfs a „ 
1 n i (438. 4 — lie, V == ↄ ↄ· „ 
u. 9th. Suppoſe all as in the preceding Queſtion, with this further, That the Mer- 
chant at Zondon draws upon Bonrdeaus for the Crowns receiv d there at 50 d. per Crown, 
paying 5 4. Brokerage; allowing alſo r per Cænt. to his Correſpondent at Paris; What 
does he gain or loſe by this Negotiation? Azſw. He loſes 11: 12:4 fd. which is 
Acco er ; As 100 to 2, f6'is44 3; Crowns (receivd at Faris) to 25, the Al- 
lowance; which taken from 44, leaves 44. ; which being drawn upon Paris at 
50d. per Crown, there is receiv d at London for it 220329 d. or 91: 35s: 7354; from 
hich ſubtract the Brokerage 5 s. the Remainder is 811 18s : 735 d. which the Merchant 
at London had clear for the Draught upon Paris: But he paid 10 J. for the Remittance; 
F tert lde or; Hog i i wh 67 5 4— 
Ot ſerbe: It che Corteſpondent at Bourdenmæ remits the Value in his hands to Zov- 
don, 2 ek Sum bereit d by the Remittance from Amſterdam, he deduces his Pro- 
viſion and Brokerage, and remits the Remainder to London, ß. 


: N 5 Qu, 10th, 


Chap. 9. / Exchange. — 579 
Qu. 10th. A Rix-dollar is worth at Amſterdam 50 Sols, and at Coningsherg 90 Gros; 
the Exchange betwixt Coringsberg and Amſterdam is at 230 Gros for 6 Florins (equal to 
120 Sols); whether is it moſt profitable that Amſterdam remit to Coningsberg in Specie, 
or by Exchange? Anſwer. Tis beſt to remit by Exchange: Which 1s diſcover'd 
thus; As 50 5. to 95 Gros, ſo 1208. to 216 Gros, which muſt be remitted in 
Specie, (i. e. its Value in Rix-dollars) but by the Exchange there will be 230 Gros for 
120 5. therefore tis beſt to remit by Exchange; the Difference is, 14 Gros will be had 
more for every 6-Florins. „ . 1 333 
Obſerve: If Amſterdam is to remit to Coningsberg rooo Gros, and you would know 
vhich to chuſe, and what is ſav d upon the whole; find what 1000 Gros will coft, both in 
Specie and by Exchange, and then you'll have the Difference, thus; As 90 Gros to 50 g. 
ſo 1000 to 555 3. which muſt be paid in Specie. Again; As 230 Gros to 1205s. fo 
To00 Gros to 5217.7 s. to be paid by Exchange. | - — 


Qu. 11th. Amſterdam draws upon Rowan 400 Crowns at 87 d. Flemiſh per Crown, 
for which Rouan redraws upon Amſterdam at 4. with + per Cent. for Provifon ; what 
has Amſt erdam gain d or loſt? Say, As 1 Crown to 87 d. ſo 400 Crowns to 34800 d. 
receiv d by Draught. Again, adding 2 for Proviſion to 400 Crowns, ſay, As x Crown 
to 90 d. ſo 402 to 36180 paid for the Redraught; fo that Amſterdam has loſt 1380 d. 


Qn. 12th. Amſterdam remits to Paris 1000 Crowns at 78 fl. perCrown, paying for 


Brokerage 540d. which Paris remits to Amſterdam at 80 d. per Crown, rebating 
per cent. for Proviſion ; What is gain d or loſt? Say, As 1 Crown to 78 d. ſo 1000 
Crowns to 78000; to which add 540, the Sum is 78540 d. given out. Again, ſubtract 
5, the Provifion, from 1000 Crowns, remains 995; then, As 1 Crown to 80 d. ſo 995 to 
79600 d. receiv d: So there is gain d 1060 d. | OY 


' Qu. 13th. If Exchange betwixt Midleburg and London is at 35 Sols for 1 7. Sterling, 
alſo betwixt Midle burg and Amſterdam at 15. per Cent. of Advance for Midleburg, (i. e. 
1013 3. at Amſterdam, worth 100 s. at Midle 's) at what Rate ought Amſterdam to 
remit to London, to receive the Return by Midleburg at the foreſaid Courſe, and gain 

per cent. Find the Courſe betwixt London and Amſterdam, after the manner of 
Glelion 4th, it is 1 J. for 3512. Then, to remit to London with 5 per Cent. Gain, he 
muſt pay leſs than the Courſe, in proportion as 100 is leſs than 105 ; therefore ſay, As 105 
to 100, ſo 353! to 3311, which is the Rate at which he ought to remit to London. Or. 
you may find this Anſwer at once, thus; As 105 to 1013, fo 35 to 334; the Reaſon 
of which you'll find eaſily, by comparing the two former Proportions, viz. 100: 101%: 2 
: 235.3 3535 and 105: 100 :: 3522 : 337; where the two middle Terms of the one 
buy the two Extremes of the other, and the Products of Extremes and Means being 
equal from the nature of Proportion, it, follows that 10 12 X 35 = 105 * 333-5 
Gs k05. p 1 eu 
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* of Exchange. ”” 
FR WY 40 of , Roche VLA B,of Amſterd * bal up 8 97 Sol for 
I Crown, and to 1 _ to 


ug At. 34 Sols for 

Koch. Ant. Hemb.. 1 Do 15 e LESS for. 8558 How 
And RS _ ought Ep. Fe Fon 5 b u Auſus, LL Sols 
1 = 9 Wh 3.974 to, 97, fo 34 0 3327 . 

£ 34 tx _ for the fone ny ht ors Order in the Draught to Kochel, 

eee Be it ought to be ſo. proportionally in the Remittance to Hamburg, 


i == 7 I gs Reaſon of the 170 may be conceiv d thus; If for 
ochel he. gets only 97 Sol r= 

dam by the 5 ge e A 7; 0 we 7 on 1238 then mo. 15 0 W. e 
at Kita he gu Er to 0 propor £ 1 } ls chan 34 hy Ga is One 


Qu. r5th, Aof A en m orde 1 B of Parig Nu 192 75 upon, him * 99% 1 


own, and to remit th ondon at 
1 2 | Par, Lond. New 1. Croyn, Eat rem) 5 24. for 1 en How qught 


Den. 157 Ca: 3450 gb, 0 foll 11 5 101 Den. oh, 
6 ono 275 0 151 for 
. 5 n 1 5 c 808 2e, © 1 Cram? 1 5 
FF 5. ar Poris, "KT 5 gt co pa 1 ly more than hag Fi. Gele 
r —_ 1 con n eceiv'd * Faris. 
Qu. 16th, A of is 15 F We TS 8 0 — TY 258 00 
* | Aut Kon. for oh 1 . ray a ie rols ; How ought, 
4 15 ill 1 98 5 
2 Ceo: Je to; ren Ko. wy Hof. Ke. 1013 4. Fl, 

1 1032 n 5 Founc oy j $I, 27 1035 to 1015; 
1 = I For if 890 at 6 Ke: ior ros 10 der, for 11. 
225 2 1 pd a 9.4 9 oo to r eceive roportiona y more 
239 = = 1h. . Aut Or IO STE 4. pad at Ampterdam). 


Huglit to bs 9 al ly 
Eels than Order e e 1 2 10005 Neuß. = * Ra x j : 


| F Colos nee to remit 1 Dubteith at 1 *þ Flemiſh 

Gr e 4 7 agy . AEM DA tb on him * 1180 for. 1915 be 

Col. A Dart. ad Xe Clog; but B es ar 1 J. for ad caws. 

: 14 1 100 for 725 Has he fölldw d' his Order & and, Ws Tot, is 4 
11. = 230gr. Gainer or Loſer ? Anſw. He has not follow d his Order, 


$02 = 100 and A is Loſer : Which is diſeover d thus; As 230 Groſs to 
I J. 228 gr. 228, ſo is 1024 to 1012, which is the Number to be 
102 = 100 paid at Cologr: for 100 receiv'd at Amſterdam, to make the 


Courſe and Order proportional in Drawing n for if A gets leſs than Order 
at Dartzick, he ought to pay leſs than Oder at Colog v, but by the Courſe he pays 102, 
therefore is a Loſer, 


Tu. 185 


Chap. 9. Of Exchange. „ 
Qu. 18th. A of Amſterdam orders B of London to draw upon Rouan at 35 d. Sterling 
per Crown, and to remit the ſame to him at 1 L Seerling for 
Amſe. Lond. Rou. 35 Sols. But B draws at 34 d. per Crown, and remits the 
4 ſame at 1 J. for 6 Sols: Has he follow'd the Order? and, 
3572. 1 Cr. if not, is A Gainer or Loſer? Anſw. He has not fellow d 
35 Sols = 11. —__ his Order, and A is Gainer: Which is diſcover d thus; As 
334. 4. = 1 Cr. 36% Sols to 35, ſo is 35 4. to 33 4 the Number to be re- 
365, = 1. ceiv'd at London for x Crown paid at Rowan, to make rhe 


Nn x 


oy. Courſe and Order proportional in Drawing and Remutting ; 
for it's plain, that if 4 receives at Amſterdam more Sols than Order, for 1 J. paid at 
London, he ought to pay at Rouan proportionally. more Crowns than Order (for 35 f. 
receiv d at 7h o); or, which is the ſame thing, to receive proportionally lefs at Low 
don, for 1 Crown paid at Rouan; but he receives 34 d. and therefore is Gainer. 


Qu. 15th. Lol Rowan orders B of Amſterdam to draw upon him at 97 Den. for 
lh vo 1854 I I Crown, or upon Lozdon at 35 Skilings for 1.7. Sterling. 
Row. Amſt. Lond: According to the Courſe,'B can . upon Acuan at 98 Den. 


for 1 Crown; and upon London at 35 Sk. for 1 J. Sterling: 


- 


; FER = 5 11. Which of them ought B to chuſe to ſerve his Employer beſt? 
————————— %,, He ought to draw upon London: Which is thus diſ- 
x Cro. = 98d. cover d; If 41s willing to pay 1 Crown at Roman for gd. 


352 Sk. = II. receiv d at Anſterdum, or to pay 1 J. at London for 35 Sk. 

ph . receiv'd at Amfterdam ; then tis plain, that to follow his Or- 

der, if B receives 984d. inſtead: of g (fox 1 Croun) he ought to receive proportio- 
nally more than 35 Sk. (for 1.) And that proportional Number is 3537; (for, As 97+ 
to 98, ſo is 35 to 3555) which is leſs than 35+ receiy d by the Courſe, 55 that the Courſe 
from Amſterdam to Loudon. exceeds the Order more in proportion than from Amſterdam 

to- Rouam; and A will haye more Money in proportion lying at Amſterdam, for the ſame 
Sum paid at London, than it the Draught were-ppon RN,, © 


Qu. 2cth. A of Danizick Orders B of Amſterdam to remit to him, at 11. Flemiſh” 
„ for 220 Gros; or to Hamburg at 33: Skilings for 1 Dol- 
Dantz. Amſt. Ham. lar; but the Courſe is at 11. for 218 Gros at Dantzict, 
„„ and 34 Skilings for 1 Dollar at Daztzick,; Which ought 
er kae t Sk, = 1 dol. B. te chuſe to re his Employer beſt? Auſw. He ought 
ii ä to zemit to Daatzick : Which is diſcover d thus; Since 
218 gr. 1I. A-is, williog, to pay 1 J. at Amſterdam for 220 Gros at 
1 34 8k. 1 dol. Dantzict, or to pay 33 Sk. at Amſterdam for 1 Dollar 
| 5 at Hamburgh-; therefore if he can get only 218 Gres for 
I J. he ought to have proportionally more. than 1 Dollar at Ham urgb for 34 Skil. at 
Auſterdam; or, which is the ſame thing, he ought to pay leſs than 34 Sk. for 1 Dollar: 
Therefore ſay, As 220 Gros to 218, ſo is 337 Sh. to 33.45, which® would be. paid at 
Amſterdam, eln at Hamburgh, if the Courſe and Order were proportional to both 
Places. by y the Courſe 4 muſt pay 34 Sk. which is more than he would pay in pro- 
D Ok e Order and Courſe to Durtaict; Therefore it's belt..that, B remit to 
k. + FF n ; 


' 


. ene | Obfſerva- 


532 Of Exchange. Book VI. 


| Obſervation relatigg to the Iaſ? 7 Queſtions. 


There's one General Method may be taken with all theſe Queſtions, which is this. 
Reduce all the Given Proportions to ſuch Numbers, as that thoſe under the middle Pls | 
be the fame in all (as tis in Cue ff. 15th ); and you may alſo chuſe that Number what 
vou pleaſe; and then, from the Numbers under the firſt and laſt Place, you will eaſily find 
the Anſwer. Thus, in Queſt. 14th ſay, As 974 is to 1, ſo is 34 to 235 So that the 
Exchange betwixt Kochel and 5 is * to 34 D 53+ Crowns. Again 

. ſay, As 97 to 1, ſo is 34 to 35; the Queſtion will ſtand as i 
Roch. Anti. Hamb. the Margin- Then — As 1 Ar 3 ſo 1 Dol. to * 1 
136 | Dollars: So the Remittance to Hamburgh ought to be at 
Cr. = 34 8. | 34 Sols for 1,.2.. Dollars; which is the ſame Proportion as 


I , 
2 r found the other Way, only in different Numbers. The 
34 = 1 Dol. Reaſon ef the Work will be in ſome Caſes clearer by this 
2 = 24 Method; but the Work often more tedious, + 


HF IV. Containing a few Queſtions of another kind than any of 
the preceding, for a farther Exerciſe upon this Subject. 


-Qz. 21. A Merchant would exchange 200 J. Sterling for Dollars or Crowns: He 
is offer'd Dollars at 4-5: 6.4. which are worth but 4 s : 3 d. or Crowns at 5 s. worth but 
4s : 84. Which of them ſhall he take to loſe leaſt ? and, How many will he receive? 
Find how many Dollars at 4.s : 6 4. and Crowns at 5 s. he would get for 200 7. then 
find the Value of that number of Dollars at 4s: 34. and that number of Crowns at 
45: 84. the Compariſon of theſe Values will ſhew which is of greateſt Value; and the 
Value of that which is the greateſt, compar'd with 2001, ſhews what he loſes. 


Qu. 224. A Merchant at Amſterdam drew Bill upon London for 3001. Sterling, 
receiving the Value in Crowns at 4s : 6 d. and Dollars at 4 s. and got an equal num- 
ber of each; What is that number? Add 45: 6 d. to 4 s. and fay, If the Sum 8 6: 6 d. 
buy x of each Species, how many times 1 end ene ail oo l. buy? The Ax. 
fewer is, 705. , (for, dividing 3007. by 8 5: 6d. the whole is 705, and 90 remains) 
ſo he receiv'd 705 Dollars, and as many Crowns, with e, parts of x of each. And 
becauſe there is a Remainder in the Diviſion, therefore this ſhews that the Exchange can- 
not be made exactly, by a certain number of Crowns and Dollars; fo that 90 d. re- 
maining, the 300 J. is 90 d. better than the Sum of 705 Dollars, and 705 Crowns: 
Wherefore he who receives only 705 Dollars and 705 Crowns, muſt give 90 d. leſs than 
Again; If the Proportion of the number of Crowns and Dollars is ſuppos d to be 
any other than Equality (for example, 2 Dollars for every 3 Crowns) then add the Value 
of 2 Dollars and 3 Crowns, and divide by that Sum: The Quote ſhews how many times 
2 Dollars and 3 Crowns are to be receiv d; and if there is a Remainder, tis to be con- 
ſider d as ſo many Units of the Denominator of the Diviſor ; and ſo much the Dividend 
is of more Value than the number of Crowns and Dollars found. | | 

| | if 


Chap 9. Of Exchange. 583. 
If there are more than two different Species, as, Crowns, Dollars, Ducats, Pi ſtolrs, 
the manner of working is the ſame; for, if an equal number of each is ſuppos'd, then 
add the value of an Unrr of each, and by that Sum divide: If their numbers are nor. 
equal, then either (1?) the correſpondent Numbers of each that are equal Numbers of 
Tunes taken is given, as, for every 2 Dollars 3 Ducats, 5 Crowns, and 1 Piſtole: And 
here we add the valueof 2 Dollars, 3 Ducats, 5 Crowns, and 1 Piſtole, aud by that Sum 
divide. (29) If the Proportion. of the Numbers are given, but not in one Series, as, 
ſoppoſe for 3 Dollars 2 Ducats, for 3 Ducats 4 Crowns, and for 7 Crowns: 1 Piſtole ; 
then we ul reduce theſe Proportions to one Series of correſpondent Numbers of each, 
thus ; Keep the firſt two Numbers, viz. 3 Dollars 2 Ducars, then find how many Crowns 
for 2 Ducazs (at 3 Ducats for 4 Crowns) and how mam Piſtoles for that number ef 
Crowns laſt — (at the rate of 1 Piſtole to 7 Crowns) then proceed as before, by ad- 
ding the Values of theſe correſpondent Numbers of the different Species; and, to go 
thro* the reduction of the Proportions more ordetly, ſet the Species and theic proportio- 
nal Numbers down as here: „ 


Doll. : Duc. : Crowns : Piſtoles. 
. 
| 13 A. 

7 


- x3 
oe 


2 TL 
u. 23d; If J receive 11 Crowns and 7 Dollars for 2 10 5: 104. or 4 Crowns: 
and 3 Dollars for 17. : 15 f. the Value of 1 Crown and 1 Dollar being the fame in both, 

What is that Value? 82 {= 41208 Ho 

This Queſtion may be ſolv'd two Ways; (1?) Reduce the Money all to Pence; then, 
to make the ſame numbey of Dollars in both Caſes, multiply the 1090 d. and its equiva- 
N = 79 8 lent number of Crowns and Dollars by 3, 
8 | Cr. Dol. alſo the 420 d. and its equivalent number of 
41: 105: 109. or 1090d. = 11 + 7 Crowns and Dollars by 7, the Products muſt 
11: 15 or 420 d. = 4 +3 _. ſtill be of equal value: And if the one 
l F e eee Line of Products be taken from the other, 
| Nn. Af 21 it's manifeſt that the Remainders will alſo be 
99 ＋ 21 equal; and, becauſe the Dollars are equal in 
330d. 5 Cro. both, therefore there are none in the Re- 
— — — mainders; and ſo we have found that 


0 


. N 5 e £2 To are equal to 330 d. conſequently 
1 Crown is 58: 6d. Then, to find the Value of 1 Dollar, multiply 5.s : 6 d. by 4, the 
Product is 22 5. the Value of 4 Crowns; which taken from 35 4. the Value of 4 Crowns 
and 3 Dollars, there remains 13 s. the Value of 3 Dollars; wherefore 45: 4 4. is the 
. Value of 1 Dollar. . | vary | 


(200 We may alſo ſolve it thus; fay, If 1590 d. buy 18 Pieces (viz. 11 Crowns and 
7 Dollars) how many will 420 d. buy? The Anſwer is, 6785 , Then I divide this Num- 
ber into Crowns and Dollars, in the ſame proportion as 18 is to 11 Crowns and 7 Dol- 


lars, thus; As 18 to 11 Crowns, ſo 6785 to 428, Crowns : And this taken from 6185 
there remains 270 Dollars. And, becauſe the ſame 4 20 d. buy 4 Crowns and 3 Lars, 


therefore 
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therefore 4-25 Crowns and 22S Dollars 


P/ on oben) 
a8 Cr. +222-Ddl, =4 Cc. + 3 Dol. ich 1 C 
r 
2 Cr, = 5 Dol. or 26 Cr. = 33 Dol. 3 che ſame Species out of bath ſides, the 
- Remainders will ſtill be equal: So caſt out 
4 Crowns and 225 Dollars, the Remainders are — Crowns, equal to 23 Dollars; 
and conſequently 26 Crowns equal to 33 Dollars. Then fay, If 33 Dollars are worth 
25 Crowns, how many Cromgs are 3 Dollars worth ? It is 2 fr ; then, Conſequently, 
4 Crowns and 22 Crowns (which are worth 3 Dollars) are worth 420 d. becauſe 
4 Crowns and 3 Dollars are worth 420 4. Laſtly, If 6. Crowns are worth 420 4, 


ns e 55 6d. By which find the Value of the Dollar; as be- 
2258 | C > | | 4 


Of the Reduction of Weights and Meaſures. 


The Reduflion of Weights and Meaſures of different Places is done afrer the fame 
manner as Money and Coins. The Proportions being known either immediately or 
mediately, thro ſeveral different Places, therefore I ſhall give only two Examples. 


' Qu. 1ff. If 1 Eln of Amſterdam is equal to 12 of London, how many Elns of Am. 


1 in 1000 Ergliſh Elns ? Say, If 1+ give 1, what will ooo? It is 
e 2 

n. 24. If 3 ½ weight at A are equal to.21þ at B, and g 75 at B equal to 2 1 
at C, and y 1b aCequalto81b 4 D; hat is the Proportron betwixt 4 and D- 


Set don the Names and Numbers given, as in the Margin; 


A: B: c : D and work as directed in Qu. 5th, whereby you will find not 
on y the Proportion of the firſt and laſt Places, but of all the Pla- 
3  ' 4 - cesto one another: ſo here 31 at A is equal to 2 I/ at B, 
TIT” i F 
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Chap. 10. Of InTxnzst, 
/ Intereſt and Annuities. 


F. x. Of Inrereſt, = Y 


Dzrin, I. TNT ERES T is the Præmium or Money paid for the Loan or Uſe 

of Money; and is diſtinguiſh'd into two Kinds, Simple and Comporrd. 

2. Simple Intereſt is that which is paid for the Principal, or Sum lent, 

at a certain Rate or Allowance made by Law, (or Agreement of Parties) whereby ſo much 

as 51. or 66. ot any other Sum, is paid for 3001. lent out for one Year; and more or leſs 

oportionally for greater or leſſer Sums; and for more or leſs time. For Example: If it's 

1 to 100 for one Lear, it's 3 J. for half a Year, and 12 J. for two Years. Alſo 127. for 

one Year of 200 l. and 6 J. for half a Lear; and fo on for other Surms and Times. 

3. Compound Intereſt is that which is paid for any principal Sum, and the ſimple Intereſt 

due upon it for any time, accumulated into one principal Sum. Example: If 100 l. is 

lent out for one Year at 67. and if at the End of that Tear the 6 J. due of Intereſt be ad- 

ded to the Principal; and the Sum 1067. conſider d as a new Principal bearing Intereſt for 

the next Year, (or whatever leſs time it remains unpaid) this is called Compound - Intereſt, 

| becauſe there is Intereſt upon Intereſt, which may go on, by adding this. ſecond. Year's 

—ů of 106 J. to the Principal ros l. and making the Whole a Principal for the next 
ear. | 3 . 


School tou. Our Law allows only Simple I. But abſtracting from the Reaſon 
of the Law, [which may be the encouraging of Trade, by employing Money that way 
rather than upon Intereſt] if taking Intereſt be at all juſt, Compound Intereſt cannot be un- 
reaſonable. For if I can demand my Intereſt when it is due, I may take that Intereſt 
Money, and lend it out again upon Intereſt to any other Perſon; why then may I not lend 
it out alfo to the Perſon who has my principal Sum? And, in point of Right and Juſtice, 
it is the fame thing if I continue or leave that Intereſt in his Hands: there is the ſame Rea- 
ſon that it ſhould bear Intereſt after it becomes due, as that the original Sum ſhould do fo. 


e184 


PART 1. Of Simple Intereſt. 


£ 


We have already ſeen in the Rule of Five, how, from any ſuppoſed principal Sum, 
with the ſuppoſed -Intereſt of it for any. ſuppoſed time, we can find at that rate, or ypon 
that Suppoſition, the Intereſt of any other principal Sum for any time; or the Principal 

correſponding to any Sum of Intereſt and Time; or laſtly, the Time in which any Prin- 

cipal gives any Intereſt. 21 71 dien 2 N 2 82 E 2 x E 

We ſhall now conſider the Application of that Rule more particulatly; by limiting the 

Queſtions to the more common Circuttiftances of Buſmeſs. Thus: As the Law, of A- 

greement of Parties, fixes a certain Ratio, or, as we call it; Rate of Intereſt, which is fo 

much on the 100. for one Year; from this we can eaſily find the 1 Intereſt on 

17. for one Year, being plainly the 5+ Part of the Intereſt of 100 J; fo if this is 5 J. that 
05 J.; if this is 61. that is .06/,; and - 72 2 51. 10s. or 5.5 J. that is. 055 J. * 

don a g n 0 : 8 . ore 


586 Fire Poor VI 
fore if we underſtand the Rate of Intereſt to be the Intereſt of 1 J. for one Year, the more 


common Queſtions about ſimple Intereſt will relate to theſe four things, viz. any princi- 
Sum, its Intereſt, the Time in which it gives that Intereſt, and the Rate (or Intereſt 


of 1 J. for one Year) according to which that Principal, Intereſt and Time are adjuſted to 


one another. : | | 
From which we have four Problems: In the Rules whereof, I ſuppoſe the Principal and 


Intereſt expreſſed in the Denomination of Pounds, by reducing what is leſs than 1 J. to a 


Decimal of 17. and the Time to be expreſſed in Years, and decimal Parts of one Year. 


PROBLEM 1. Having any principal Sum, and Time, with the Rate of Intereſt gi. 
ven, to find the Intereſt of that Sum for that Time and Rate. 


Rule. Multiply the Principal, Rate, and Time continually into one another, the Product 
is the Intereſt ſought. | 

Obſerve; If we expreſs the Principal by p, the Intereſt by , the Time by r, and the 
Rate by r; then this Rule is thus repreſented, 2 per. ö 


Example. The Rate of Intereſt being .e5 /. what is the Intereſt of 85 J. for 4 Years 
and 3 quarters, or 4-75 Years? Anſwer, 20. 3s. 9 d. 20. 1875 l. = 85 X 4.75 &. oß. 


DEMONSTR. If we ſtate this Queſtion by the Rule of Five, it ſtands thus: If 1 I. in 
x y* gives. . what 85 Lin 4. 75 yr, and the two firſt Terms are the Diviſors in the two ſimple 
Proportion but theſe being both Units, the Anſwer is the Product of the other three. 
The Reaſon is the fame in all Caſes, by putting r, p, and : in place of theſe particular 
Numbers. Or we ſhall repeat the Reaſoning thus: If 1 J. give 7, p will give pr in the 
fame time. Again; if p in one Year give rp, in ? Years it muſt give *X 7p or Ir p. 

PRO B. 2. Having the Rate, Principal and Intereſt to find the Time. x 

Rule. Divide the Intereſt by the Product of the Rate and. Principal, the Quote is the 


Time; thus, j==. 
Example. The Rate os J. Principal 851. Intereſt 20. 36. 94; or 20.1875 l. The 


GEE X : i — 20.1875 _ 20 1875 

Time is 4.75 Years, or 4 Years and . Thus; 41 or _— 
DEMONSTR:. This Rule is deduced from the former; thus, Since a tr p; then 

dividing both Sides by 7p, it is = t. Or it may be deduced from the Rule of Five, 

as the former. vb | 5 = 


PROB. z. Having the Principal, Intereſt, and Time, to find | the Rate. 
Rule. Divide the Intereſt by the Product of Principal and Time, the Quote is the Rate. 
W727 | 
Example. n=20.18751. t=4.75 Vr. p=85 1. then is 7 2. o5 J. e . 


DEMeoxs TR. Since rp, divide both by #p; it is Tun þ 1 
+ Pros. 4 Having the Rate, Time and Intereſt, to find the Principal. 


- Rule. Divide the Intereſt by the Product of Rate and Time, the Quote is the Princi- 


Exam. 


475 X By © 40375 


pd „„ Mr os 


ICt- 


am. 


= 


Chap. 10. FIN ＋ ER E S Pell 58 7 


ZEA ER. „ 333 20.1875 20.1825 
Exam. n=20.18751. t=4.75 yr. r=.651.; then is p 85 l. oe 2375 2377 


DzMoNsTR. Since a r p- divide both by er, the Quotes are Sp. 


ScHOLIUM. If the Intereſt of any Sum for any time is added to the Principal, this 


Total or Sum is called the Amount, (viz. of the Principal and its Intereſt for that time.) 


And then from theſe four things, viz. the Amount, (which we ſhall call 2) the Principal, 
the Time and Rate, ariſe other four Problems : ; for each of theſe may be found from the 
other three. Thus: 


PRO B. 5. Having the Principal, Time and Rute. to find the Amount. 
Rule. Find the Intereſt by Prob. 1. Add it to the Principal, the Sum is the Amount. 


Thus, by Prob. 1. the Intereſt i is 1p; therefore the Amount is a rip. The Rea- 


ſon is evident. 

And obſerve, Becauſe r*#p=r? Xp, and p=1 Xp; therefore r 7p I TIXx == 
a. And ſo the Rule may be expreſſed thus: To the Product of the Rate and Time add 
Unity; and multiply the Sum by the Principal, the Product is the Amount. 


Example. What is the Amount of 2467. Principal in 2 Years and 4, or 2.5 GE 
Rate of Intereft- being .og 1.2 Anſwer, 2461. ＋ 30.751. 276. 15s. for the tereſt 
is = 246 K .o5 X 2.5 = 30.751. Or thus; . 05 X 2.5 =. 1250 to which add I, it is 1+ 
145 J. hich multiplied by 246, produces 276.75 1. 


PRO B. 6. Given the Principal, Amount and Time, to > find the Rate. | 
Rule. Take the Difference betwixt the Principal and Amount, and divide it by the 


Product of the Time and Principal, the Quote, is the Rate. Thus, r= --—N 


2 6.75 — | 
keen. ha ce PM 75 2=246, easy. 3 then is F= 1 e 


DEMONSTR. Since 55 Prok. 5 ele, whe p from both de f 


| =#rp; then divide both by . 1 =P. 
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Or we may deduce it thus; a—þ is the Intereſt of p for the Time t, and Rate r; 
then by the Rule of 'Five, find what -is the Intereſt of it for one Year, when the Rae ri 


? gives a—p in 7 Years; the State of which is thus, p. . ß. I. 1. By that Rule it 


is . for the 4th and 5th Terms are Units, and the f Term is to be nn 
into theſe two, whoſe Product is nothing but 2 .. 


PRO RB. 7. Given the Amount, Principal and Rate, to find the Time. 13 5 
Rule. Take the Difference of the Amount and Principal, and divide it by the Proud of 
the Principal and n the Quote is the Time, Thus, e. 


Exem. e #=27675 Ants, 7 = 5 then is li 28 mw 
wy, 


* - — — — 


gw r 
| > "Pan 5 r e aft we rh. [Divide bomb by - ks = 
+ - #-9+ bythe Rue of Five, thus, If 1 4. give r in 17. in bat Time v 5 give 75. 

- Ig che eco e the Tine ſought is 8 e CT ant ot Io; 


45 * $$ 4 @- « 9 #y 
WS t> 8 *S wn 


ons? ee e e IEC facts bre 
- Rule. Add x to che Product of the Rate and Time, and by that Sum vide the Fa 


count, ie Quote is the Principal; thus Perf. | 


© oy - . ® * 
5 47% V ; } . e 


Ern 4256.55 l 'r=.05 1. sri then is e e ay o- 
Divo. By Prob. 5. ĩt is FI xp; divide both by = * ia 
42 For Or from the Rules of Proportion; thus, Find the Intereſt of 1 J. for the 
Tale give, at the given Rate, it is r f for IP : 1: ez then 00 8 pros 


panned Þ * 1 ee 
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CHOLIUM. eee le Rebate or Difco 0 bs all | 
bh Aung before it falls due 2. ah fo ror of 


Ix the: laft Problew, wockate 'the Foundation of the Rule for- FOR or n FEES 
- ance to- be made for the paying ng of Money | it falls due; and which is ſuppoſed to 
dear . 72 — 7 is eng ti 1 : there is ho 2 for Diſcompt, 28 
- * there-is+inithe other; which is this, That ebtor his Money. Intereſt; 
(or as he, pleaſes) kill tte time of 1 N pay it before it a is to 
. that Benefit to the Creditor, who re to pay for it; and the 
Queſtion is, What Diſcompt or Allowance is to be _—_ The Debtor will be apt to ar- 
no this manner; By e Debt. before it falls due, I loſe the. Intereſt I cauld make 
os, WW ther eee 5 earn dure muſt oy rear OM * this Argument is 
falſe: For tho it be true, from this time to th e falls due, he would 
make ſo 1 1010 Intereſt; yet it is not rus: that 17. 5g whole Debt without Diſ- 
ba laſes ſo much at this time as chat Inge e he cam t be ſaid to have loſt 
tune EE Cope en 2 — — _ de _ to _ ut 
2 iu um, as t u rom t me, the 
48 Payment of the Debt would Xe to — Ee of 2 Debt for ahi ame time; 
——— = Were Pol 8. is 7 pony Th moe hich, find 
the Amount of 1 J. for ven time then e 1J. What will the 
Intereſt of the Debt for the . give. My aac 
This I ſhall alſo confirm b [-agorher Rule fer finding the Duo t 3 which ig this: Find 
ntereſt, for. Ong af a 


by Prob. 8. a Principal, which Being _ out * a ates Rate of 
Dießt i paid before it was really due, will then amount to that Debt; e thing 


8 
which — ſatisfies or — ebr, and ſo is called the Wonh of it z the:Diffe-' 
rence betwixt this and the Debt being the true Diſcompt. The Re eaſon is "this, . 4 4 


: ſucb.. that being laid out at Intereſt from the time, it is paid t 
2 5 would amount tô the Debr, ! 2 N 8e ee 
ceives it, or you who pays. it, lays it but Fin Intereſt fo long, he 855 have — as * 
receive as the Debt. For Example: 88 100 l. laid out for 


3 | = 
Amount | + "REES 


-* 


wp , % & <f£ 
1778 of _ 4 £M 
„ 

. 


* 
* 
* 
* 
q - 
* 


p 3 705 1 at che Year's End; therefore 105 l due it b Bed is ; worth 
E preſently wid, and the Diſcompr is 51. which is one Year Intereſt of . = 


oy 1e demonftrate, that both the Rules given for finding of Be 1 LO 2 4 ©, 


the facie Thus: The Iatereſt of 1 J. for the 2 # (viz. the . the 9 — c) * 
' rhe Rate,” is 1. , en the Amount of 1 ll. for that time is 1-+r#., and the Princi- 
tat torreſponding, to 17 (che Iutereſt of p, for the ſame time) in the fame Proportion as 


1 to 1＋ 7 is LS for {4.7 un; 21: 2 which is the Diſcompt of the Debt 
by the firſt Rule. Again; the Principal correſponding to p {the Debt) in the ſame Pro- 
brite rr for 1 t: 4 . which is the true Payment, 
w bo ade; which abentl rom f the Remainder is HE Ef. the 'Dif- 


by. the former Rule. 
a T6 Km _ thd, let Þ be ay Debt payable after the time 2 and e re 7. 


. Rz * Preſent Work and baer. 12 SA 

1 Sue, rr Ns a eee = . 

« e. Divide the Debt by the Sum „ ** e. Dube th LP TOR of 

3; and the Produc. of the Rate and the Debt, Rate and Tunes by the 

Time. 5 . Wen n 
. n ee 122 Fo 1 5 7 C4 ime RT: 


the ſatne Debt for any Part of one Year, in proportion to the Time; ſo the Diſcompt 
for Pa Year i. Fo the Diſcompe for one Year. But the Error of this Rule will "peer, 


by comparing it with the rECEc general one, thus; One Year's Diſcompt is 5 
Let * be any Time leg than 1 Year, . then the: DoRor's als 


is 1: 225 125 —.— = the Diſcompt fought: "Whereas by the Haſs owe: e 


N ES Be 


ted, it bs. Err: Which will be greater. than. the ocher if f irg Edlen; ent bes 
r ich thin 1875 but if 7 is a whole or mixt Number, 1 i. grentr chan 


* 


eee "p72 © 
rz  whenes ; n — * 2H: A1 mi. of NIK nns 94 


> 


— 


- * 4 
$4 + 4 4 p 
& © 1 a 7795 2 } 23%. +344 
s %.- 


| pan IL | Of Compound Ire. e 
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Tan Cdcnlition:of Cinjpmind Jace As aſe a. | cornts Raed Tune for'whi TR 
reſt is at a certain determinate Rate; that Intereſt becomes 4 Princip; bear- 
ing Intereſt. For Example: If Simple gelen yadle sah, Weis the Compour 
and if Simple Intereſt: is e Quarterly and Monthly, ſo-is:the'C 
for the Intereſt of any Time leſs than that to which the Rate is determined, there are 
| «different Opinions about the Way of Ra e. it, which: | ſhall explain in the followi 
* where I ſhall firſt conlider the Rate of Intereſt as determined to one Year, 
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ober. The S e hike arms Year| being found; (which wil be 
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the Time of the Queſtion limited to whole Years, and afterwards conſider other Suppoſi- 
tions about the Rate and Time. . 

Obſerve, again; That the finding of the whole Improvement of Compound Intereſt de. 
pends upon the Rule for finding the Amount; therefore the Queſtions in which the A. 
mount is concerned muſt be explained betore theſe in which the Intereſt alone is con- 
cerned, contrary to what we did in Simple Intereſt. a T 

In the following Problems, by the Rate is underſtood the Amount of 11 and 1 Year's 
Simple Intereſt. So Intereſt being at 5 per Cent. the Rate or Amount of it is 1.051. 
which I ſhall mark R, the Time 7 being whole Tears. 


PROBL. 1. Given the Principal, Rate, and Time, to find the Amount. 


Rule. Find ſuch a Power of the Rate whoſe Index is the Time (i. e. multiply the Rate 
by it felf, and this Product by the Rate, and fo on, multiplying the laſt Product by the 
Rate, till the Number ot Muiciplications be equal to the Time leſs 1; fo for 2 Years multi- 
ply once; for 3 Years-multiply twice, &c.) This Power of the Rate is the Amount of 
I J. for the Time and Rate given; which, multiplied by the given Principal, the Product 
is the Amount ſought. | _ 

Univerſally, A=pxR*: And obſerve, that the Logarithms will be convenient for find- 
_— Er. œ ꝗůA! - h h | 

Example: What is the Amount of 160 1. at Compound Intereſt for 4 Years, the Rate 
being 1. 06 J. (i. e. 6 per Cent)? Anſwer : 201. 9963136 1; which is 201 J.: 19/5. 114. and 
2 Fraction leſs than 1 Farching. Found thus: b . 


— + | 
R = 1. 06. and R*= 1 06 or 1.06 X 1.06X1.06X 1. 06 = 1. 26247696, then p 
X R*= 160Xx1. 26247696 = 2 01. 9963 136. a 
DEMONSTR. If 11 amount in 1 Year to R, then all this forborn another Year, 
the Amount is R R or R=; for ali principal Sums have neceſſarily the ſame Proportion 
to their Amounts for the ſame Time and Rate, and 1: R:: R: Ra, which is therefore the 


Amount of R for x Year; R being the Amount of 1. For the ſame Reaſon Ra forborn 


another Year will amount to Rx R Xx R, or Rs; for 1:R::R=*:R>, and fo on, to any 
Number of Years, which being called 2, the Amount of 14. for 1 Years, is R.: conſe- 

uently the Amount of any other Principal R for # Years, is px R*; for 1: K:: P: XR. 
Or thus: R being the Amount of 1 J. for 1 Year, p R is that of p. for 1: R:: p: p R. 
Again BFE the Amount of p for 2 Years, and ſo on; i. e. Univerſally it is 
| SCHOLIUMS. 


1. The ſucceſſive Amounts of any Principal for 1, 2, Hey Years, make a Geo- 
metrical Progreſſion, whoſe Ratio is the Amount of 1 J. x Year. Thus: The 
Series of the Amounts of 1 J. is R.:R*:R3:R#: ec. and of any other Principal p, it 
is PR: R: RS: RA, oc. And if we make the Principal the iſt Term, the whole is 
a Geometrical Progreſſion, viz. I: R: Ra: Rs, c. or p:pR:pR*:pR3, &c. 


2. If the Rate of Intereſt is determined to any other Time than a Year, as +, or 4 of 2 
Tear, the Rule is the ſame; and then t repreſents that ſtated Time. | 

But whatever the ſtated Time is, it remains to be explained, how the Intereſt or A- 
mount of any Sum is to be calculated for a leſſer time; I ſhall ſuppoſe 1 Year the ſtated 
Time, becauſe it is ſo in Law; and whatever the Rules are for the Parts of a Year, they 
are equally applicable to the Parts of any other Time, to which the Rate of Intereſt may 
D . ee ff orannd hon © 
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Chap. 10. Of INTEREST. 591 


Of the Compound Intereſt or Amount of any Sum for the Parts of a Tear 1 
5 the Rate of Intereſt being determined to 1 Tear. | 


Method 1. Some will have it done in Simple Proportion to the Time, or, as ſimple In- 
tereſt; becauſe, ſay they, Compound Intereſt muſt ſuppoſe a certain Time for which In- 
tereſt is at a ſimple ſtared Rate, and after that becomes a Principal bearing Intereſt ; ſo 
chat chis Time being 1 Year, there can be no ſuch thing as Compound Intereſt for any 
Part of a Lear. 4 157 Bb 5 A : | | 

Wherefore, following this Rule, If the Time of a Queſtion' is leſs than 1 Year, the A- 
mount is found by the Rule of Simple Intereſt; and if there are whole Years, and part 
of a Lear, then, having found the Amount for the whole Years (which is only Simple In- 
tereſt if there is but 1 Year), take that Amount, and find what it amounts to at Simple 
Intereſt for the remaining Time leſs than 1 Year. | 


Method 2. Others proceed upon this Principle, viz. That ſinee the Rate of Intereſt is 
determined to 1 Year, this, ſay they, ſuppoſes that all the Improvement that can be made 
of any Sum by Intereſt in 1 Year, is the ſtated Rate of 5 or 6, &c. per Cent. But if Mo- 
ney is Lent for any Time leſs rhan x Year; and Intereſt received for it in fimple Propor- 
tion to the Time, then, by lending out the Whole again, more will be made by it than 

or 6 per Cent. in 1 Year. Therefore they would have the Amount for any Part of a 
Year calculated ſo, that if this is again conſidered as a Principal bearing Intereſt, it ſhall, 
after ſo much Time as the former wants of 1 Year, amount, at the ſame Rate, only to 
the Sum of the Principal and its Simple Intereſt for x: Lear. For Example: The Amount 
for + of a Year is ſuch, that being put out to Intereſt for the remaining , and ſuppoſed to 
bear Compound Intereſt from Quarter to Quarter, at the Rate of Simple Intereſt allowed 
for the 1ſt Quarter, the Amount at the End of the 3: ſhall only be the Sum of the Prin- 
cipal and 1 Year's Simple Intereſt, at the allowed Rate of 5 or 6, &. per Cent. 7 

How this may be done, I ſhall preſently explain; after this general Reflection, viz. That 
as the Law determines the Intereſt of Money lying in the hands of the ſame Perſon to be 
at Simple Intereſt, fo any Perſon who puts out Money at Intereſt, and calling it in as oft as 
poſſible, puts out the Whole again, improves: the Meney by Compound Intereſt with- 
out Breach of Law: Therefore the ſame Reaſon that juſtifies Compound Intereſt from 
Year to Year, ſeems equally to jaſtify it from Quarter to Quarter, or from Day to Day; 
And fince the Law allows Intereſt for Parts of a Year in Proportion to the time, it would 

ſeem alſo by this that the ſtated Intereſt for 1 Quarter or x Day, ought to be the propor- 
tional Part of one Years Intereſt, and then the Compound Intereſt to be calculated ac- 
cordingly from Day to Day. The only Objection to this is, that it is impoſſtble for one 
to lend Money, and be paid from Day to Day, or even by Months or Quarters; and there- 
fore that Foundation is unreaſonable, and conſequently one of the other two Methods 
muſt be taken; but which of them is to be choſen for the Parts of a Year, let every one 
determine for themfelves;. | for it ſeems to me to depend all upon a Suppoſition ] this only 
I ſhall further obſerve, that as the Simple Intereſt for the Parts of x Lear is greater than 
that found by the 2d Method, it ſeems reaſonable that he who receives only Simple Inte- 
reſt for whole Vears, ſhould. have the Advantage of the proportional Part for à leſſer 
Time; and he who has compound Intereſt: for whole Years ſhould: have Intereſt for the 
Parts of a Year at a lefler Rate, by the 2d Method. . 

Now if Intereſt for the Parts of a Year, is taken by the iſt Merhod, the Rule is already 

iven; but if it's taken upon the other Foundation, then to make the Rule more clear, I 

all firſt ſuppoſe 11 Principal, and chen apply it to other Caſes. Alſo, we muſt diſtinguiſh: 
according as the Time is or is not an aliquot Part of a Lear. 
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Rule x: If the Time is an aliquot Part of a Year, 28 4, . or, univerſally, 2 Part, take 


che Amount of 1 I for 1 Year, and from it ettract the th Root (5. e. the Square Root if 
its + a Year, the Cube Root if ics 2, the Biquadrate, or 4th Root if its 3) ; that Root is 
the Amount ſought. 

. Example. At 5 per Cent. the Amount of 1 J. for & a Year, is 1. 02469, &c, this being 
nearly the Square Root of 1p | | | 


DEMONSTR. 1: 1.05* :: I-05: I. og, therefore 7 878 (or 1.02469) put out 
at Intereſt for 5 a Year amounts to 1 05, — the Rate allowed for che iſt Half 
Year, which is 1. 02469, the Principal for the ad Half Year. | 

If the Time is + of a Year, then, if we ſuppoſe two Geometrical Mean Proportionals 
betwixt x and R, thus, 1:4:6:R, then muſt 4 be the Cube Root of R, from the Nature 
of Geometrical Progreſſions; for whiatever à is, 6 is _— a, for 1:4::4:4 but it 
is ſuppoſed that 1:4::6:b, therefore a*—=b. Again; R is =43, for 1:4: : b: R, that is 
1:4:: * (): R. but alſo 1:4: : * , . . 435, conſequently, R s, and hence 


4=RT, Tbe ſame Reaſon is good in all Caſes, that is, however many, as , Terms there 
be in a Geometrical Progreſſion from 1 to R, as 1: 2: bre, &c.: R, or 1: 4: 42: ai, &c. 
R, the firſt of them, 4, is ſuch a Root of R whoſe Denominator is the Number of 


Terms, as Rt. Again; According to the ſuppoſed Foundation, «, (or R®) is a Princi- 
pal, which bearing Compound Intereft, at the Rate of a— 1 Intereſt for the »th Part of 
1 Year, will amount to R at the Year's End. ; . 


2. If the Time is not an aliquot Part of a Year, reduce it to Days, and the 365th Root 
of R is the Amount for one Day; which Amount raiſe to that Power whoſe Index is the 
Number of Days in the Queſtion, and it is the Amount ſought. The Reaſon is plain from 
the ang Caſe ; bur the Practice difficult, becauſe of the Difficulty of finding the Root 
required. 6 | : 

Now for all other principal Sums, their Amount is found from that of 17. thus; As 
1. to its Amount, ſo is any other Principal to its Amount; which will be the Product of 
i Principal, and the Amount of 111 „ 
- Before I leave this Subject, I muſt obſerve, That the Extraction required fot any ali- 
quot Part of a Year more than 4 or g will be tedious by the common Rules, and next to 
for one Day, which requires the 365th Root. The Algebraic» Art furniſhes ea- 
fier Rules for theſe Extractions; but they go beyond my Limits. The Method of Loga- 
rithms will be tolerable exact, which is this, iz. Take the Logarithm of the Rate R, di- 
vide it by the Denominator of the given aliquot Parr of a Fear, the Quote is the Loga- 
rithm of the Root ſought; which therefore is found in the Table againſt that Logarithm. 
I ſhall only add, That if the Time is $, it may be done at two Extrackions of the Square 
Root, viz. Take the Square Root of R, and then the Square Noot of the former Root; 
becauſe the Square Root of the Square Root is the 4th Root, fince 2x 2=4. Again, 
from the 4th Root extract the Square Root, it is the $th Root, and is the Amount for + of 
a Year, and going fo on, we may find by the Square Root the Amount for u, or r, 
or I Gr. Part of 2 Tear: But vet thele will be tedious above two Extractions. Again, 
for I Pany or otie Month, extract the Cube Root ef R then of this the Square Root, 
and of this again the Square Noot, and cuis luſt is th rer Root, or the Amount for one 

Month, becauſe JX2X2==12. . AK DE 21 K 905: 77 121% f 78 $2 3 > 4 's 

And this I preſume will be going near for Compound Intereſt; ſo that what 
Time there is: le than one Month, or over any Number of Months, rake the Intereſt of 
the laſt Amommt for that Time at Simple Intereſt, the Difference will be inconfiderable 
in any Caſe that can occur in common Affirs. Bur, laſtly, I muſt obſerve, That the er 
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Kut of a certain Number of 1 


1 r of Years, amount to 


Chaporol 0f-k N T-/E:R/2]S"T;) — 7 393 


and allowed Uſe of Compound Intereſt being in the Purchaſe of Annuities, which ſeldom» 
if ever, go lower than e 11 is enough that we bare 4 Rule e 8 for __ 
vis, of two E of the Nee Eg 


1 p. * 1 . * Hang th ho 3 Rate, and Tie. to hag the © Principal 


Rate. 9 e k 2 Amount by the Amount of 1 1 fot che pw Time and Rate» 
7. by ſuch'a Po 


A „ Ha ama . ,jm) Fowollt zd ftr 

| Unive 4% f. A 42 vel e tone 9 | 

© Example. What N , "RE will amobne to 201 20T 361 PER A wes 11 d. 
nearly ) in 4 Years, Fern e On. fat = Frags 160, Thus; 
The Rats is „106, and 1/065 1. 26247696; then 24 : . 469% Ua 


A '30 bog A 10 53003 tk): 


"> 


2824750 


\Dumoners. By Probl. i. AR. hence, dividing both by Ki cs ep. 


Ot dus, by Proportions * 2 E becauſe of the Proponion of Principas 


un Ger Ama. 14 20064 10 19G vat; 347] © 078 0 20 An | 0 1 45 
11 0 OV? $CHOLIUMS.. . ih 
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_ © This Problems is'the „ he eg us fi kuding the pi a of a Debt due at he 
Worth muſt be a Sum, which, —— . 5 Gl. will the 1 en 3 
orth mu a Sum, whic ed as a Principal,, will, at. n e 
12 : the Debt; th 5 therefore the Difference of the Princif 2 
Amen the Die 7 : 


2." To divide by R. Abe a pe thing zin etbeg as rh; divide g by R. and, this Quote 
Wy D oP tie e e 
n m ature o mpoun tereſt, w 1s a Pr 
this it follows, r any Debt or Sum due Aer certain Number of ears, woch the 
t. Worchs of it for 1, 23, C Yearts before it falls due, make 3 Goometrical 
* wur Thus, in the Series 


A: © F . if A is & Debt payable after 1, or 2. &-c. Years, then # R de 
Leal le past 4e 2 ea, S the preſeri Wort, difcompring 


Years, and ſo on; and this is alſo another Demonſtration of the Rl. 
. If the Time given is leſs than 1 Year, the preſent Worth is to be found or by 


the Ruleof Simple Intereſt; or P thaught more reaſonable) "pon, 
ſame Principle wenn the other Method of the 2 —. for Time leſs than 1 Y 5 


thus; Find ere ee * 
ount ta the i Ie which is 1 Quote ven 
Sark een of E Face bt. r 


900. 01 sen M 30 150m; OV : N Si 1: 8 
PROBL; 3. . Aatounts an Ae Bhs ins," d Het act 
Rule. rac i pul 15 eee Cee; we I ly the Rate by "itſelf continually 
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produced: Rd Ny "of 'Multiplica ckiplientions mote 1. rhe Time 
at r a Oh: 0 Obttioant Igel in bat Time wil pet enen. TY 
19 D 12} 1h 30k 300% © 26614 s E A 1? 


15 4 or 60. 7753125 L? An Anſwer : 4 Tears: For — i. 31550625 = = 


15 Ty or x. 80K * 1.65 ep bar rd e d on + 44044 
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e By Probl. . ANR; divide both by f. and i rp 


the reſt of the Rule is manifeſt. 
SCHOLIUM. 11 CEP: the Powers « of Rt found exatly equal to =, this ſhews 


then the given make the given Amount in apy whole N * of Years; 
but that eben the wi wes af Years expreſſed. dy che Inder of chat Power of R. Wer 


is next leſs than A there muſt be allowed moreover ſore Part of a Year; and to find 
what that is, multiply that Power of R, ſuppoſe Ri, by the Principat p, the Product p R. 


is the Amount of 9 for t Years (by Probl. f.); Wwherefore K v the Difference 1 | 


the r Amount A, viz. A DI find in what Time aer to A, reckon- 
Simple Intereſt, i. e. in w ime it will give AR of Intereſt at the given 

— In and t at is the. additional Time agb: Or if you chu the other Method. then, 70 
do it to the greateſt Exactneſs. we _ know the Ne Root of R; and having found a 


4th Proportional to theſe, vis. p R.: A:: 1, which i is >; : take the 365th Root of R, 
and multiply it by it ſelf continually til a iT os: N or next leſs, the Num. 


ber of Multiplications more 1 is the Number of Days fought. But we may more eafily 
do it within 10 or 11 Days by two Extiactions of the Square Root, and two of the Cube 
Roe, thus; Take of the Square Root of R; then of chis take the Cube 
'Roor. of the Cube Roar, and you, ve che 35th Root, (for K 3X 3==36) z multiphy 


"this by it ſelf cantinually til the Product is equal to or next leſs chan-—7=.the Numberof 


Multiplications more 1, ſhew e how ay times 10 Dos are contained in the 


Tipp fought; becauſe 36x 10 360, which. car. 1 9 another 
Metog: Rind abe he Row. of Re (% © the Shae Boge af the Squats Rove of the 


Sause Rogt) z involve” i ir til ir be equal to = . e tes: IT find a Product 


equal, then the Number of Multiplications » Which cannot exceed 7, bew bow many 
2imes 3 % Dun & in the: Time usr (for 365 4 8) Bar Xf thorns nowe-of the 


| Ptodpds equal e Re- dle the den leg. und let us tepreſavtiic bu BF, (it ib the A- 
mount of at for * many 8 "a Days an cue Number pf Mariplications );, take the 
| Difference of thi — D'S en than ind by, Sirgle Ire n 
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chat produced . are 3 1) gives 5 whole Number of- Days cn for tho 
the laſt Part of the 'Work is by gin ple Inteteſt. yer bring —— ys. — male no 


Difference unloſs the Principal If we 
| wry — Root, and uſe it 7 Nee 1 Rocks e we Wed the'T Time by 
Compound - Intereſt — N and. pany _ by. Simple In e TR 
K of R, and agaio;i 8 tie Roor in wo KI, & he es pre 5 
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Nu. Take the Quote of the Amount And nde Pes ee ener 
ie: whoſe Denominator is the Number of Team; thi is the Rate. 


Example : At what Rate of ONE Intereft will $02 — to 66: Hera in 


4 Years? Anſwer: 5 per Cent. for 58 a 1. 21550625, whoſe 4th Root i is 1.05, 
the Rate or Amount of 11. for 1 Year. | 


DEMONSTR. net eee en and the Root of R* is R. ther the 
awe Rast ef in Ri) I % bo GA hon odT beg 1 g 155 


P 
Obſerve, As the firſt two Probleqs are the wot uſeful, & their Kofwers are more Th 
found, and alſo more-determinate. e 
Sengot run. As the Amount ar gay Princip '& the Sum of the Princ 
teaeſt .O if in any of che preceding Problems the Intereſt is ſought or given in = yy of - 
as. e e n rom the T, which I hall N explain, 
12000. 


$18" 


obs. * Heving the | Prineipal, Rite, and Time A0 Bal the Insel. 


= Find the "Amount by Probl. 1. the Difference of this and the e is the In- 
tere 


e 2812 2 * 2 


Porz 6. -Ha ; the Intereſt, Time, whe | Rate, 1 to | 6nd the Pichl 


Fel: Find the Amount of 1 L. for the. 5 Thos 8 Rate, then; | the Difference of 
11. and that Amount being tt th phone: of Gy 


intereſt to is Prinei : 
21 ef! a Mfg: St 


"ProBL. 4 DRE Belt. and Rate, to find the Time | 


hb de of" Pi c Fenn, nne 
„ find the Time by Probl. 3. . 1 +, ; 


— RO BL, ** Having t the Principal, Tagen ph to find the Rue, 


we n 4 DUM, as i OA IR apply Probl, + 


"I 29 15017 "gs wo "of A's VITIES, 
* rd vc . 3 +4 
Drin. 8. AN x hag ew of en e every V | in Num- 
1 358 © Years; or for .quer.' A © it or 


EL in, v7 under the gone Nu (of: Annuity: becauſe the hol 
en e makes, ks 2 


18 ya FEI be In PRI lien the Debtor i in hi ta 
; Paying the whole at laſt with" Intereſt, for every Y | 
2 hwy ſeyeral Yeats wit with the mere be upon esch, is A 


mount of t Hoey keen for that time Rn If ati Annwiry.is-to, 5 be bought off, 
id all at once, at the very ning of ard Tear, the Price which ought to be 
pul or it, diſcompting for the Aach ca is called the preſent Worth of Feine 
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But then, as either Simple or Compound Intereſt may be made a ſuppoſed Condition in 
the Queſtion, we muſt according diſtinguiſn ; tho? Simple Intereſt, eſpecially in the pur · 
chafing of Annuities, is very wjlts 4s thall be fully demea nnn: 


P Ax r. I. Of Annuities at Simple Intereſt. 
| | 1ST 36-40 $nm6ak © 


I. Of Annuities in Arrears at. Simple Intereſt, | 


1 


PROB. x. Having the Annuity, Time, and Rate of Intereſt (i. e. che Intereſt of 11 
ZN 
wle. Take the natural Serics of c. 
N the Sum of this Series by one Lear's Intereſt of the Annuity, (which is the Rate, 
if the 


* 


reſt at 55 /. per Cent for every Year after it falls due? Anſwer, 40a l. 105. Found thus: 
1+2+ +45 +6=21; then .o5X50==2.5, and 2.5X21==52.5. Again, 50X7 
= 350, and 350+ 52.5 = 402.5, of 4021. 165. the Amount ſought 

DEMONSTR. Whatever the Time is, there is due upon the firſt Year's Annuity as 
many Years Intereſt as the whole Number of Years leſs 1; and gradually 1 leſs upon every 
ſucceeding Year, to the laſt but one; upon which there is due one Year's Intereſt, and none 
upon the laſt; wherefore in whole there is due as many Years Intereſt of the Annuity, as 
the Sum of the Series 1, 2, 3, &c. to the Number of Years Jeſs 1. Conſequently one 
Year's Intereſt multiplied by this Sum muſt be the whole Intereſt due. To which the 
whole Annuities added, the Sum is plainly, the Amount. 


„ * 
» kk 9 2 
F SC?” to 


a f un 1 "DOR DT) Sin 393 1 17. ae 

SCcHoOL. This Problem may be ſolved alſo in this manner, viz. Take an ,Year's Intereſt 
of the Annuity for the leaſt Term, and alſo the cominon Difference of an Arithmeticat Pro- 
greſſion carried to as many Terms as the Number of Years leſs 1, (i. e. take one Year's Inte- 
reſt of the Annuity, then double it; then take it three times, and ſo on, till you take it as 
oft as the Number of Years leſs 1) its Sum is the whole Intereſt due, as is plain by what's 
already ſhewn; or appears by this, that it is the ſame thing to multiply b Sum of the 
Series 1, 2 3, &c. ag in the iſt Merbod, or by tach of the Teruis ſepirately; and then add 
the Products, which & the other Method. Again; It will come to the fame thing, if we 
take an Arithmetical Progreſſion, whoſe Jeaſt Term, and alſo the common Difference, is 
the Rate, and carry it to the ſame Number of Terms as before; the Sum of this Series is 
the whole Intereſt due upon 11. Annuity, (as appears by the laſt Method); wherefore if we 
multiply this Sum by any other given Annuity, the Product is the whole Intereſt due upon 
this other Annuity. Or take the Reaſon of it thus: ogy one Year's Intereſt of the An- 
nuity is the Product of the Rate zug Annuity... (28 is plain by the common Rules) it is the 
fame thing to multiply. each Term of the Series 1, 2,3, Ge, by that Pradugt; and then 

add all the Products, which is the 24 Mrbea., of to multiply them fir by R 
then each of theſe Products, or. their Sum, by. BR Aunuity ; which is the laſt Method. 
2. But I ſhall again more briefly ſnew the Cc e of all theſe three Methods by the 


incid | theſ Meth 
ani ver ſal Method of Expreſſion, (Which is del for the fake of the following Pro- 
blems) and alſo bring them all into one general Rule. Thus: 7 
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Let ir be the Rate, 1 the Annuity, , the Time, and A the Amount; then is 7 one 
Year's In ereſt of the Annuity, (for 1: 7: nr) and fo the iſt Rule may be expreſſed 
thus: 1+ 232: 47<=Txrn+in=A: Again; The: ad Rule is rw 2arn+ 
37%, @. +i—1xr7a+7in=A, which coincides- with the firſt, becauſe rar 
＋ ze, &. S+r—1xra=1 +23, Ce. A.- *r.) Laſtly, the 3d Rule is, 


7 r TA Oc +Sf—IixrxnÞts = As, (which coincides with the 2d, be. 


cauſe ara zy, Oc. ＋ ir TEETERTY ec. — 
In the laſt place; to bring all theſe into one general Rule. I. The Sum of — Series 


1+2+3, G. =I, is by the Rules — {7a x 2 = 


=”; and this e eee 3 the Sum of the Intereſt 8 2. Ia 
the 2d Rule, the Sum of the Series va +25 + 37%, e. +7=1 rn is F=I xr 1 


Ars (ir) = de Sum of be! Intereſt as before. 3. In the 34 


Rule, the Sum of the Series ar 37. Cc. + ix is Six r (=#7) x 
FF 1 75 ta y -f rn 
= - which multiplied by # produces the whole Intereſt . 48 


bolore. If now to this Sum of the Intereſt we add the whole Annuities, the Sum i 
A; which i is the univerſal Rule. In Words thus: 


Maktiply the Time, Rate and Annuity continually. Then multiply this. product os the 
Time; ſubtract the firſt Product from the ad, and take the half of the Difference; to 


which add the Product of the Time and Annuity, the Sum is the Amount. 


p ROB 2. Having the Amount,. Rate and Time, to find the Annuity. 


Rule, Take any. Annuity. at pleaſure, and, by Prob. x. find its Amount; then, by the 
Rule of 3. as this Amount is to its Annuity, 2 is the given Amount to its Annuity. So 


that if you take 17. Annuity, by its Amount mer ak N 


A 5 5 


Exa: "What Annuity will in 7 Team amount to 4021. 10 5. allowing 5 per Cent 
Simple — Anſwer, 50 J. Found thus: The Amount of 1 J. Annuity is 8.05 1. for 
by Prob. I. 1I+F2+3+4+5+6=21, and 21X.05==1.05; then r 


the; Amount of 11. Annuity. - Laſtly, As 3.05: 1::4025: #25 =50 the Annuiry ſought. : 


"D#MaNs'T RR. The Reaſon of this Rule is plain, fince to every Part of an e | 
there muſt neceſſarily correſpond a proportional Part of the Amount. 


ScHoOL LL The Problem may be alſo ſolved thus: Take the Sum of the 2 I, 


r e to the Number of Years lels 1; this Sum multiply by the Rate, and to the Pro-— 
dd the Years; and by this Sum divide the Amount, the Quote is the Annuity. 


For. by Problem 3. A = A = 1i+2 ＋ 3, Se. + F=71T ire; which is = 


r Ge. F=IXr rxm; and 1 by K g . 


„ 
it is — — — W . 


D D 22 be 
een Pts 2 «a ; IT - 
. ws TY # "of 41 v3 7 12 9 * 11 Ant N. _ 4 0 7 43 > Pa 3 f | 


1 


598 Of ANNUITIES, Boox VI. 
Again; Becuſe 1+ 2+ 3 G ＋ Fi ==; this mukiplied by rh r ; 


oo which add; the Sur bs kr. By which dividing A. the," hs i 


mens another Rule ; and this — be immediately 3 from 


the general Rule of Prob. 1. viz. from this Equation 122 24. 71 . 
For multiphying both by a. it is Aerea TA pH dividing by #r—#r +32, 


it is Ty 


PRO B. 3. Having the ES 3 find the Rate. | 

Raule. Take the Difference betwixt the Amount, and the Product of the Annuity and 
Time; the Diſc ak by the 2 of the Annuity. multiplied into the Sum of this 
Series 1, 2, 3, Cc. to the Number of Years leſs x, the Quote is the Rate. 

 Exemple. At —.— _ of 3 will an Annuity of 50 l. 2 — 402 l. 105. 
7 Years? Anſwer, 5 oF to 11. Thus, 50 K 7 = 350» then e S1 — 
* in, Fe nr and n ON Es 


=o." 
1050 

DEMO N. By Prob. 1. l e. 1 Tike tn from 
both, and it is A—in= 1+2Þ+3 Oc. . Divide both by 2222. + 7=1xnT, 


8 | $þ | e 
n 2 oe. Þ . A, which in the Rule. 1 ** 


ScHoLIUM. 1+2+3, &c. T andibmyigetby a ont — 


nr 


By which divide A -, the Quote is e which is another Role, Wn this 


1 


4 


may be deduced from the general Rule py Sar "ai A In, +4 1. ray 


1 2 A— 22 
Art . dz A- re traz and.laſtly, Ny -f r. 


PRO. 4. Having the Annuity, Amount and Rate, to find the Time. , 


| Rule. Take the Product of the Annuity and Rate, as the firſt Term of a Progreſſion, 
whereof the ſame Product is the common Difference; at every 0 - the very firſt 
Term, take. the Sum of the Series, and to it add the Product of, the Annuity multiplied 
into a Number more by 1 than the Number of Terms ſummed. Go on in this manner 
till you find a Sum eq bs the goes Amount, and the Number re acer into the An- 
nuiry. in that laſt Step is the time 


Found thus: 1 

2 . 6 K. an fee it in the Marin. 
1 377 A a rm rn. 3 Js + DEMONSTR. By Prob. 1. 
pt 5-25 TIE. we have Aa aT 372, 


1 52. &c. + Ax n; and if 
1 = 200 250 300 350 (=50x7.) | the Time is but 1 Fear, then is 


ad Sums, 157.5 215 275 337-5 402.5- A=. If it is 2 Years, then is 


8d 


A=ra2rnÞ3% and ſo on; which makes the Rule manifeit. SCHO- 


. 


93 5 In what a amount to 403 J. 10. 5 ger Cent:? An- 
ears. f 


rs 2; if 3 Years, then i; 
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| ; SCHOLIUMS. ; | 
| 12 + yo ev fd an quit the Amon, thn he urn e 


The pr preceding Problem will be tedious if there are many Years. 
J he cls ule eaſier in Practice, tho not fo fitaple in its Dernonſtration. le is 


deduced from Problem 1. thus, EEE WiFi, Bey 


2 
— rar + x:; divide by r. and it is 2 = IRS Xt: Call 


E ate 4 chen it b . ee and by Probl.6. ci 'z ＋ 
, FY Nn t 


P's I 4 
; k 4 
* 4 _ 
+ 
* * - 
4 


2: of the Porchoſ f Annuities at Simple Interet 


hen 


. — the Annuly, it's prefine Worth, 
che Timo of Continuance, and Rate of Intereſt allowed to the Purc . fr the Ad- 
vancement of his Money. 


2 As before, ING we Annu by, he Time f Rat vs and the pro 
por! by Having the Annwir, Rate and Time, ro ind neh Wort, | 


For the Solution of this Problew, there arg two different Rules given een AG 


down the Rees, and then examine which is ele a 


Reb K . Find 1 man Wand: of etch Fear 4% K. elt, diſeompring, from the Time 
it falls due (by Probl. 8. Part x. & I.); the: Sum of all theſe is the preſent Worth ſought. 


. mple: What is the preſent Worth of an 1 of 100 l. to continue 5 Years, dif 


at the Rare of 6 Cent, or. 06 to 1 L. B wer : [5 8. d. 2 near- 
ebe 425. 93932) . Found thus: — Kis, * Tr Ye 


Þ nog Moone 577 5 nat 
The Amoune of 14, for x Year, 1.96 . 2 f 5 94. 33962 GY; 
c A, Nn Fo $253 - : 100 $89. 23571 
, 18 : 1 :: 100: 84.776 Ge. 
„ r a4: 1 f. 10: 864% M0 
"5 Vas 3 1 :: 100: 76. 92307 


d 425 93932 
| „ The Wark will be. 2 litde cir if you find: the preſent Worth of 11 Annu- 
6 c the given Time, and then multiply that by the given Annuity, the Product is the 
preſent Worth of it, becauſe of the Proportionality of Agnuities and their preſent Worths. 


Rule 2. Eind what each Years Ann LEE amount, to, being forbotn to the, End 


* 
8 . 


of che laſt Year, allowing Simple Intereſt from the time it falls que; that is, find the A. 


mount of the Annuity 35 fotborn | he whole e P Tas of this 8.0 SARS 
ben Worth V <A as e den 1 5 5 


1 1 1 * i, 
- =_ 
- 


UE 4 . 
YT 4 = - * © 7 {* * 0 7 a F.4 * ; p {4 ; 4 . 
. * Le - - 
4 % 4 
9 £ " has > 1 2 
« FP 7 


thors; but as they give diferent delten de canncy de beck right, enen 


| | 
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8 le the Amount of 100 J. Annuity for 5 Years at 6 per Cent. 
1000 the ne 60 l. and 60 l. dcn i = Years Intereſt of 5 


Th the eee . ts.tO. 1, A * 460 to 
430. 76923; G. or £4395 15/5. 4 d. 2 . neareſt : 25 reſent Worth Weg Rule 
Scholl run. The firſt Rule is Mr. Rerſeys in his Appendix #0 ingate'r Arithmetic: 
The Second has for its Author or Defender Sir Samuel SET in his DofFrine of Inte- 
reff, who wonders how ſuch groſs Miſtakes, as he calls Kerſeys Rule, could paſs thro the 
Hands of ſo many learned and-ingenious Artiſts. - After him, others have the fame 
Method, and particularly Mr. Ward, who makes this Remark, That Sir Samuel Moreland 
bas detected ſeveral material Errors in Kerſey aud others in the Buſmeſs of Intereſt : But to 
my. 1 the Error lies all upon Sir Samuels Side. 
Before 1 emer upp the Examination of the Reaſans of theſe Rules, I muſt firſt obſerve, 
That by faying, ſep 
is true in conſiſtence with the ſuppoſed Condition or Agreement of allowing Simple Inte- 
reſt, and not abſolutely ſo: For if we enquire what, in ſtrict Equity and Juſtice, ought 
to be paid for the Annuity, then neither of theſe Rules ſhew it; for they both give tos 
much, and the true Price muſt be found by — 1 Intereſt (as More land 
achnowledges), and then both the Methods give the wer. Nor is this contrary to 
Law: For the” when an Annuity is in Arrears the — forbids taking Compound Intereſt, 
yet in the Purchaſe of an Annuity, if the Buyer offers ſuch a Price as allows him Com- 
Intereſt for the Advancement of his Money, he does nothing contrary to Law; 

cauſe in Buying one may offer what Price he thinks fit: And he has this good Reaſon 
for it, that by putting out his mne and His it at every Year's End, he can improve 
it by Com Intereſt. JP 

But to ſhew further how unjuſt Simple Intereſt is in the Purchaſe of Annuities, take this 
— An — of 58 J. is to be — for yo Years, W . Intei eſt 


a greater Yearly Intereſt for ever? If . calculated by che other Nals, the ſume will 
TE a [have acl found; l than the other, for. it does not ex- 
I 


1000. 

„ may, I think, be e ſuſficient to ſhew the, Abſurdity of diſcom for An- 
BE ee nos wed 3” tereft, and conſequently . to. put that Practice quite. out. nd 
might — be 2 enough Reaſon for not troubling you any further with the Com- 


iſon of the Rules, and fo to paſs on to Compound Intereſt, But as it is a 
Queſtion that — Arithmetick, to find the Price of an :Aliniiity upon the Suppoſi- 
tion of Simple Tatereft, which is to be found in ebery Book upon Fas Subject, and fince 
theſe two Rules are become Matter of e among t out 2 could not rea- 
ſonably omit the Examination of theſe, why I prefer — 


3 . Reaſons f the Sant Rules examined. 


Mr. Kerſey takes the Reaſon of his Rule for a. n it ſelf manifeſt from the Natuie 

and Rules of Diſcompt; for if that is right, be Fo d wy at by-ir"ſelf, as ſo many 

— and independent Debs, due after 1, 2, 3, Ge. "Years, ſo chat the preſent Worth of 

i _ . # * maſt be the preſent Worth of 5 Whole ; —_ 

s to ain ſtate of the Queſtion. _. : 

7 Samuel . ſays this Ka; is, wrong, yore! there ** 0 Caulider 

had of the = ay of „ (i. e. d ig ry 10 185 e 15 
"confidering what Annuity will amount or 

veſtion ; and theti he fuppaſe that all muſt agree, bar Ge ee TE Irth 

f the Annuity, it muſt be * a Sum, as, put out to Intereſt for the Number of * 

2 the 


's Rule gives the true Price of the Annuity, I mean only, That it 
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the Annuity continues, will amount to the ſame Sum the Annuity does; becauſe the Seller 
ought to have a Price by which he can make as much at Simple Intereſt during the Con- 
tinuance of the Annuicy, as he could have made by kfzing every Year of his Annuity as 
it falls due, and putting it out to Intereſt for the remaining Years of the Queſtion. 
This is the firſt and chief Argument which Sir Samuel uſes; he adds ſomething further 
concerning the preſent Worth of the ſeveral Years, which I ſhall conſider afterwards: But 
as to this firſt Argument, I am fo far from agreeing to his Suppoſition, that I think the 
very contrary of what he objects to Kerſey's Rule is a juſt Objection to his own; becauſe 
I think the Conſideration of the Forbearance! of the Annuity is a thing altogether out of 
the Queſtion: For in purchaſing an Annuity, does the Purchaſer any other thing than buy 
ſeveral Sums of Money to be paid to him at ſeveral Times, for which he advances ready 
Money all at once? And this being plainly'the Caſe, what has he to do with the Conſide- 
ration of. the Forbearance of the Annuity? Does he not fairly pay for the Whole when he 
ys for each Sum ſeparately, diſcompring from the Time it falls due, or payable to him? 
For thus he pays for each Year ſuch a Sum as will amount to that Year when it falls due: 
And each Year's Price being conſidered as a Principal Sum bearing Intereſt in the Seller's 
Hands, will make him as much Debtor to the Buyer at each Year's End, as the Annuity 
then due and received by the Buyer makes him in the Seller's Debt; and conſequently 
the Buyer is never in Arrears with the Seller, and ſo has no Buſineſs with the Conſideration 
of Forbearance or Amount of the Annuity : The Seller being thus cleared at every Year's 
End, let him, make the beſt he can of it. 204 08 FATE of | 
Again; The Argument from the Amount of the Annuiry would be juſt as good if you 
extend it to 7 or any Number of Years after the laſt Year in the Queſtion: For the 
Whole being in Arrears 7 Years longer, would have à greater Amount; and. this conſide- 
red as a Debt payable after ſo many Years, will have a greater preſent Worth: And fince 
the Annuity in the Queſtion will make ſuch an Amount, being forborn ſo long after the 
Time of the Annuity, why ſhould not the Seller inuſt upon a Price that will Amount to 
the ſame Sum in the ſame Time? But if this would be ridiculous, the other is equally fo; 
for I have no more to do with the Conſideration of any Year being in Arrears after it is 
payable (and indeed actually paid) to the End ot the laſt Year, than with that Year, or all 
the Years being forborn after the laſt Year in the Queſtion. 7 | 
J thall in the next place ſhew the Fallacy of Moreland's Argument from his own Con- 
ceſſions. He owns that the Preſent Worth of a fingle 100 J. due at ove Year's End, of 
another ſingle 100 J. due after 2 Years, and another 100 J. due after 3 Years, and ſo on, 
are all juſtly found according to Kerſey's Rule: And if fo, pray where is the Difference 
betwixt an Annuity of 100 J. and ſo many ſingle 100 1.8 due after 1, 2, 3, &c. Years? It is 
beyond Queſtion, the Caſes are the ſame. if theſe ſeveral Debts are all owing by one Per- 
ſon. But perhaps it will be ſaid, that the Conceſſion is made only upon Suppoſition that 
theſe ſeveral 100 ls are due by different Perſons; ' which ſeems to be Moreland's Meani 
by calling it a fingle 100 l. (i. e. as Inow take it, 1001. in one Man's Hands, and another 100 J. 
in another Man's Hands, &c.) Now to ſhew that this can make no Alteration of the 
Caſe: Suppoſe 5 Men owe you each 100. PR one at 1 Year's End, another at 2 
Years End, @c. the Preſent Worths to be paid by the ſeveral Debtors for their ſeveral 
Debts, are; it is own'd, according to Kerſey's Rule: Suppoſe next, that I would buy the 
Right of theſe. Debts, paying them per Advance, can there be any more juſtly asked of 
me than of the ſeveral Debtors? And is there any manner of Difference, either as to the 
Buyer or Seller, berwixt this Caſe, and an Annuity of 100 J.? For in either Caſe I buy 
100 J. to be paid me after 1 Year, another 100 J. to be paid after 2 Years, and fo on. 
And on the other hand, the Seller has the ſame Argument with me from the Amount ot 
theſe Debts forborn till the Time the laſt is payable; as from the Amount of an Annuity 
payable by one Debtor; and yet ir is deftroyed in this Caſe, by acknowledging that che ſe- 
veral Debtors ought to pay by Kerſey's * 2 Take this other Example: 1 
owe 


__ —mJZ—j2— —— — — Ca [CCC 5«' 0: ar — —— 
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I owe to each of 5 different Perſons 1001. payable at 1, 2, 3, 4, 5 Years End; if I were 


to pay off theſe Debts per Advance, the Preſent Worths are acknowledged te be accord- 


ing to Kerſey's Rule: Now if one Perſon gets a Right to all theſe Debts, it is plain I be- 
TY to him — an 4 of 100 J. 1 n; 5 Years; and if I — to 
y © off at once, by what Reaſon ought I to im more than would have juſt! 

ed his Conſtituents ? Fg 155 b rv 

It remains that I conſider Moreland s Argument from the Preſent Worths of the ſeveral 


| Years, from whence he thought the Demonſtration perfected; tho' his way of calculating 


—— Preſent Worths, affords, I think, another ſtrong Argument againſt the Truth of his 
Rule. | | | 

He ſuppoſes an 9 —= tag 100 l. The Preſent Worth of the iſt Year he allows to be 
according to Kerſeys Rule: For the 2d Year he takes the Amount of the firſt 2 Years, 
viz. 2061. ( ſuppoſing 6 per Cent.) then finds the Preſent Worth of 206 J. due after 2 
Years, which he conſiders as the Preſent Worth of the firſt 2 Years together; from that 
he takes the Preſent Worth of the firſt Year, and calls the Difference the Preſent Worth 
of the ad Year; becauſe the preſent Worth of the iſt Year taken from the Preſent Worth 
of the firſt two Years, muſt leave the Preſent Worth of the 2d Year alone. Then for 
the 3d Year, he takes the Amount of the firſt 3 Years, viz. 3184. and finding its Preſent 
Worth as a Debt due after 3 Years, from this he takes the Preſent Worth of the firſt 2 


Tears, (or of 206 J. due after 2 Years) and the Difference he calls the Preſent Worth of 


the zd Year alone; and in this Manner he goes on; then concludes, that becauſe what 


he calls the Preſent Worths of the ſeveral Years make up his total preſent Worth, there- 
fore his general Rule is right. | | p 


For Azfwer to this, I do acknowledge that the Preſent Worth of all the Years together, 
is exactly equal to the Sum of the Preſent Worths of the ſeveral Years conſidered ſepa- 
rately : But then to ſhew that his Preſent Worth of the Whole is right, he ought firſt to 
have proved, that his Preſent Worths of the ſeveral Years are right; which I deny, and 
ſhall prove to be falſe. 

In order to which, Obſerve, That by theſe Prefent Worths his Argument requires that 
he mean the Prices the ſeveral Purchaſers of the ſeveral Years ought to pay for them: For 

ou give the Buyer of the Whole no Reaſon why he ought to pay the Sum of all theſe 
Preſent Worths, unleſs you ſhew him that theſe are the Prices to be paid by ſeveral Pur- 
chaſers of the ſeveral Years; and as he muſt be fatisfred that he ought to pay no lef, fo 
there is no manner of Reaſon why he ſhould pay more. Let us then examine the Juſtice 


of theſe ſeveral Preſent Worths. 


The firſt Yeat is the fame as 3 Rule. But he who buys the 2d Year pays the 
Difference berwixt the Price of the firſt Year and the Preſent Worth of 206 J. due after 
2 Years; and this 6 J. is one Year's Intereft of the iſt Year's Annuity, conſidered as for- 
born 1 Year; fo that the Purchaſer of the ad Year pays moſt unreaſonably for the Con- 
fideration of the Forbearance of the iſt Year, wich which he has no Concern; and the 
further from the iſt Year, theſe Preſent Worths are the further wrong. It had been more 
agreeable to his fundamental Suppoſition of Forbearance, to make the Price of every Year 
the Preſent Worth of its Amount, conſidered as forborn to the End of the whole Years; 


for the Sum of theſe is alſo to: his Preſent Worth of the Whole: But this ſeemed 
too groſs when applied to fingle Purchaſers of the ſeveral Years; And is it not rather more 


abſard to make them pay for the Forbearance of what they have not purchaſed ? 

Tho? this Argument is tedious enough a e muſt take notice of one Cafe where- 
in Morelands Rule would take place; that is; If we ſuppoſe the Debtor of an Annuity is 
obliged to keep it in his Hands, paying Intereſt to the Erd of the whole Time; then 
if he would pay it off, the Creditor: has Reaſon to inſiſt on the Conſideration of the 


cr ee gerne ern g- g- a 


Amount of the Annuity as a Debt payable at the End of the Years OI ur 


— 


e 
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if the Annuity is payable as it falls due, he cannot j infift on that Conſideration ; and 
in this Caſe the Price ought to be by Kerſay's Rule. Sòô that where the Condition of pay- 
ing the Annuity is the eaſieſt (as it is certainly more advantageous for the Debtor to keep 
it in Arrears at Simple Intereſt, than pay it every Lear), the Purchaſe of it is the dearer; 
And where the Condition of paying it is the hardeſt, ( viz. paying it as it falls due) the 
Purchaſe is the eaſieſt; which is ſomething abſurd and contradictory: But then this proves 
neither of the Rules to be wrong; and it ariſes from the Injuſtice of Simple Intereſt ; for 
if Compound Intereſt is allowed, then to pay the Annuity as it falls due, or keep it in Ar- 
rears at Compound Intereſt, are the fame thing; and fo: alſo the Preſent Worths by both 
Methods are the ſame. Again; If we ſuppoſe either the Creditor or Debtor has it in his 
Choice, that the Annuity be paid as it falls due, or kept in Arrears at Simple Intereſt, then 
the Advantage is upon the fame Side both in Paying and Buying: For as the Creditor 
would certainly chuſe to have it paid Yearly, fo in ſelling it he would have Reaſon to inſiſt 
on the other fide of the Choice, and demand a Price. agreeable to that Obligation on the 
Debtor to keep it in Arrears: Again, As the Debtor would certainly chuſe to keep it in 
Arrears, ſo in buying it off he would reaſonably inſiſt on the other fide of the Choice, wiz. 
paying ic Yearly, becauſe the Creditor cannot oblige him to keep it in Arrears: Let with 

mpound Intereſt there would be no Advantage in having the Choice. | 

Obſerve, in the laſt place, That if another than the Debtor of an Annuity propoſes to 
buy it, then, if the Debtor can keep it in Arrears at Simple Intereſt, (or is obliged to 
do ſo) as this is a real Diſadvantage to the Purchaſer, ſo the Seller cannot reaſonably inſiſt 
on that Conſideration with him in calculating the Price of it, as he might do if the Debtor 
buys it; which is another Contradiction, viz. that the Price ſhould be different to different 
Buyers. But this alſo ariſes from fimple Intereſt. 34.27 I. TP Kft 


ScnoLIUM 2. Tho'I think its made evident that Kerſeys Rule is the right one, yet 
I ſhall give the Solution of the following three Problems upon both Suppoſitions; and in or- 
der to it, I ſhall here give you the univerſal Expreſſions of both theſe Rule. 
; 5 ee {02 Thy £0961, e ee 18 
The iſt Rale is p NA . a 7 *. to T- 4% wt 
The Reaſon is this: 1 being 1 Year's Intereſt of 1 l. 1 47: is the Amount of 17. for x 
Year; and therefore the Preſent Worth of the 1ſt Year's Annuity, =, is n - =; for x þ+r 
1 „ I Ey. For the like Reaſon -F yy is the Preſent Worth of the 2d Year; for 


1 ar is the Amount of 11. for 2 Years; and fo of the reſt; which ate the Preſent 
Worths of the ſeveral Years of the Annuity. On 33 . 


4 ; | R „ | | 17% — 2 f * _ 27 1 by Y * * : : i 4 : 
The = — — = — — — . * * 2 0 ” __ 3 o * bf 441 — 4 4 
wg 2 p2tr | 


The Rezſon is this: By Probl. x. the Amount of the Annuity is Lg equal 


— .. ̃ 66674; Ea 
0 —— 14222 -: Then the Preſent Worth of this, as a Debt payable after 7 Years, 
3 1 of f a « #54 1 FIT 12 240. Pos a 18 218 4 7 F 2 . . | 
is a 4th Proportional to x ir (the Amount of i 1. for ? Years) 1 L. and the Amount of 
6 8 6 : _ F | 2 > - wha © FE. 99298 — | Be . 
the Annuity, which is according to the Nale: For 1 er: 1 1— E 
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P ROBL, 6. Having che Preſent Worth Rate, and Time, to find the Annuity. 

Rule. Take any Annuity at pleaſure, and find its Preſent Worth by either of the pre- 

-Ceding Rules you pleaſe; then, as that I * to its Annuity, ſo is the given Pre 
| - | ent 
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ſent Worth to its Annuity; So that if you take 1 J. Annuity, then the given Preſent Worth 
· divided by the Preſent Worth of 1 J. Annuity, quotes the Masur Rage. 5 


Example: What Annuity, to continue 5 Years, is worth 2201. Preſent Worth, allowing 
Simple Intereſt at 5 per Cent.? Anſwer : 5ol. 8 /b. nearly, by Kerſeys Rule, and by More- 
land's Rule it is — gol. | ; 
Thus, the Preſent Worth of 1 J. Annuity for 5 Years, at 5 per Cent. is, by Kerſeys 
pany ory nearly; then, as 4. 3641 to 1, ſo is 220 to 50. 399 J. nearly, which is near- 

I 50d. ; * n en Fay p? 79 n e 
* of 1 J. Annuity by Moreland's Rule is 4.41; and as 4. 4: 1:: 220: 50 
preciſely. 00 | „„ ä 7 9 51 16 
The Reaſex of this Rule is manifeſt, becauſe all Annuities and their Preſent Worths are 
proportional. b. ye , e * < s P 4 6 - 7 5 : 


PRO B. 7. Having the Annuity, preſent Worth, and Rate, to find the Time. 

Rate 1. If the preſent Worth is according to Kerſey's Rule, then take the Series of the 
Amounts of 17. Principal for 1, 2, 3, &c. Years. Divide the given Annuity by each Term 
of that Series ſucceſſively; and at every Step take the Sum of all theſe Quotes, (i. e. add 
the 1ſt Quote to the ad, and this Sum to the 3d, and fo on) going on thus till you find a 
Sum equal to the given preſent Worth; and the Number of Quotes added is the Number 
of Years ſought. The Reaſon of which is manifeſt from Prob. 5. Schol. 2. 


Example. What time muſt an Annuity. of 50 l. 86. continue, to be worth 2207. ready 
Money at the Rate of 5 per Cent. Anſwer, 5 Tears. 

For dividing 50 J. 8s. or 50.41. ſucceſlively by theſe 3 Diviſors, 1.05, 1. I, I. 15, 1.2, 
1.25, (the Amounts of 1 J. for 1,2, 3, 4, 5 Years) the Sum of the Quotes make 2191. 
19s. 3 d. nearly; which is near to 220/, The Reafon why it makes not preciſely 220 J. 
is that 507. 8s. is not preciſely the Annuity. Which bas 220 J. for its preſent Worth for 5 
Years, as we ſaw in the laſt. Problem: and beſides, the Quotes are here determined only to 
a certain Degree; but as three of them are compleat, ſo the other two don't want 1 Far- 


thing each. 


. 


© Rule 2. If the preſent Worth is according to Moreland's Rule, then the Time is to be 


found thus: Divide 2 by. the Ratio; alſo divide the Sum of the Annuity, and twice the 
preſent Worth by the Annuity. Then take the Difference betwixt theſe two Quotes; and 
next, to'tae 4th Part of the Square of that Difference, add rhe Quote of twice the pre- 
ſent Worth divided by the Product of the Rate and Annuity. Of this Sam extract 


the Square Root: From which Root take half of the firſt mention d Difference, in caſe 


the Quote of 2 divided by the Ratio be greater than the other Quote; but if it's leſſer, add 
7 half of that Difference to the Root; this laſt Difference-or. Sum is the Number of 


wample. W hat Time muſt an Annuity of 5o l. continue to be worth 2207. at 5 per 
Cent. Anſwer, 5 Years. Thus: a : C 
2.05 24; then & 220 = 440, 50 44e == 49 450 — 50==9-8;-then40= 9.8 
= 30 2, and the Square of J02.= 912/04, of which z is 228 01, Next,05.X 50= 2.5, and 
440 — 2.5 =176 - then 228 01 176 = 404.01, Whoſe Square Root is =20 1, then 3 2 
— 2== 15.1, and lay. 20.1 — 15. 1 Fi the, Years ſougng t. 
2 12 ä — 
DEMONSTR. By Problem 5. (ſee Schol. 2. Rule 3.) it is p = — e 


Whence 2p þ atrp=#rnþ+atn—trn; and again, 3p=*r zin tru— 27753 
„ „ 2 „ 2% — 2 —-—＋⏑⏑1 M 2 — 27 — r — 
and, dividing by r 1, tis e þ ID, 8 Ox of > 5 — X75. 
5 e deen et at a8 L | 
7 ö 171 511811 Pat 


uf * * 
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3 
* 1 
pram 
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Bu . , 18 (5) I =2) e therefore 2= 


N 


+2 —= 1 + 3 r; and if for brevis we call — 3 2. 


=4; then i Z=v4+-41, and = 2 A —2 (by Prob. 6. Chap. 2. Book II) 


bai is leſs than . let alſo ke * 3 be ed 8 then b 22 ai, 


Wu” t— 2? 1 * by the fume Problem. 


PRO B. 8. Havin > the Annuity, preſent Worth and Time, to find the "I 

1. If the preſent Worth is taken according to Kerſeys Rule, there is no Method within 
my Limits that will ſolve the Problem, except for that one Caſe where the Time is two 
ONS The Rule for which may be eafily deduced from Prob. 5. vis. from this, p ==: 


1E + = 14727 Thus, Adding theſe two Quotes or Fractions, the Sum is p =- 


EE Hen poop bagnmanbgrn sss. 


and 2p75 + 37 = = and. + Ee = and calling i" 


= it is 12 4 == 5D. Whenee (by Problem 6. Chapter, 2. Book ut.) ”= 
wtf; 


do * preſent Worth is N to Moreland Rule, then the Solution of thi 


Problem is deduced from bis Rule for Prob. 5. viz. e. —. Wyence 
2 Tatra ire, and 2p r - 2 fr A- 25, and r= - 
27 TOTS 5 AP 5 that is, take double of the Difference betwirt the preſent Worth and 


the Product of Time and Annui uy divide this by the Difference betwixt the Product ob 
Annuity into the Square of the Time, and the Sum of the Product of Time and Annui- 
ty, and twice the Product of preſent Worth and Time the. Quote i is the Fate. 5 


© eo ůů oW<—r_s 


For Annuities | payable in half yearly or quarterly Pa mente. 


"a he preceding Problems, let : repreſent the Number of half Vears or quarters that an 
Annuity. continues; r-the- Intereſt of 1 J. for 4 or g of a Lear; and = the 2.Years or quar- 


ters Payment: Then all the preceding Rules are wee to half . or ney paid. : 
Anguities the {ame way as to ? yearly Payments. . OT | | 


7 


P A R * ut of Anpdtics at ' Compound Inter. 


Obſerve; ; In the following, Provilewi, the Amount of Il. and 1 Tear's Intent" called the | 
Rate. For Example: 1.05, if Intereſt is at 5 per Cent. 


5 of” Annuities in Arrears at 1 80 Intereſt. 


— 
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Roles. Make 1 the leaſt Term of a Geometrical P ſton, the Rate the 2d Term, 
(which conſequently is the Ratio of the Progreſſion by which every Term is to be multi- 
plicd to produce the next) carry it to as many Terms as the Number of Years; its Sum is 
the Amount of 11. Annuity for the given Time, [and to find the Sum moſt eaſily, mul- 


tiply the laſt Term by the Rate, or Ratio, which produces a Power of the Rate whoſe In- 


dex is the Time; and from the Product take 1 the 1& Term; then divide the Remainder 
by the Rate leſs 1; the Quote is che Sur] which Sum multiplied by the given Annuity, 


| the Product is the Amount fought. - CRIT — | 
of an Annuity of 40 J. to continue 5 Years, allowing 


* 


Example. What is the Amount 
Compound Intereſt at 5 = Cent.? Anſwer, 221.02525 4. which is 221 J. os. 6. o6 d. 
Thus : Of a Geometrical Progreſſion beginning with 1, whoſe Ratio is 1.05, the 5th Term 


is 1705 = X 21550625, and the Sum of the Series is 5.52563125. For 1.05 = 
14762815625, and 1.05 — 1==.2762815625; which divided by 1.05 — 1, or .og, the 


Quote is 5.52563125, the Amount of 17. Annuity, for 5 Years. Which multiplied by 


40, the Product is 221.02525 211 o5..6.06d. the Amount of 40. Annuity, 


 DEMONSTR. It is plain that upon the iſt Years Annuity there. will be due as man 
Years Compound Intereſt, as the given Number of Years leſs 1; and gradually one Tel 
leſs upon every ſucceeding Year to that preceding the laſt, which has but one Year's Inte- 
reſt, the laſt having no Intereſt due: the Amount of 1 J. for 1 Year being 1.05, the 
Amounts of it for a, 3, Cc. Years are (by Prob. 1. Part 2. F. 1.) the ſeveral Powers or 
ProduQs of 1.05 multiplied continually by irſelf 2, 3, &c. times; conſequently 1255 
£:05 » 107 . 1.05 1 ate the Amounts of the iſt, 2d, 3d; 4th and 5th Years Atmuity of 
x7. whoſe Sum is therefore the whole Amount of the Annuity of 1 l. for 3 Years. But 
1 I. is to the Amount of 1 J. as any other Annuity to its Amount. Wherefore the Amount of 
x1. Au. multiplied by another Azz. gives its Amount. 3 

Univerſally. Let R be the Rate, or Amount of 1 J. with 1 Year's Intereſt; then the 
Series of Amounts of ſeveral Years of 11. Annuity from the laſt to the firſt is 1, R. R=, 
R3, Ge. Re-. And the Sum of this, according to the Rule of a Progreſſion Geome- 
trical, is Wr. the Amount of 17. Annuity for r Years. And this multiplied by any 


other Annuity »'gives the Amount of that Annuity, viz. ND xm, or = (the 


univerſal Expreſſion of the Ro) becauſe. all Annuities are proportional with their A- 
mounts, and 1: W *. | 


SCHOLIUM. As 1: R: R-, ec. Rt is the Series of Amounts of 1 J. Annuity for- 
born for r Years; ſo is 2: R: R, G. » Re—* the Amounts of the Annuity . Where- 
fore the Amount of any Annuity for t Years is the Sum of à Geometrical Progreſſion, 
whole leaſt Term is the ity, and Number of Terms equal to the Years, the Ratio be- 


ing the Sum of 17. and one Year's Intereſt expreſſed here by R. And by the Rule of 


Geomerrical Progreſſions, the Sur of this Series is J a5 before. 


Another Rule. Find a principal Sum, of which 1 Year's Intereſt is oqoal to the given 
Annuity; then find the Amount of that Principal for the given Time and Rate, (by Prob. 1. 
Part 2. H. 1.) from which Amount ſubtract t Principe. the Remainder is the Amount 
of the Annuity. | | | = 


The Reaſon is plain; For the Amount of the Principal is the Sum of the Principal, and 
every Year's Simple Intereſt, (which make the ſeveral Years Annuities) with all the Com- 
pound Intereſt ariting from theſe; ſo that the Principal taken from the * — 


3 
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Sum of the ſeveral Years Simple-Intereſt with all their Compound Intereſt; which is plain- 
ly the whole Amount of the Annuity. 124 adult 
Ing the preceding Example; I fay, as .o5 to 1, fo is 40 to 800 a Principal, which gives 
401. Intereſt in 1 Year at 5 per Cent.; then the Amount of this Principal forborn 5 Years 
at Compound Intereſt is 1021.02525; from which take 800, the Remainder is 221.02525 
as before. | 
 ScnueLIiVUM. This Rule may be proved from its Coincidence with the former, 
thus; R being the Sum of 1/7. and 1 Year's Intereſt; then is R— 1 the Tears 


Intereſt, and R— 1:1::#: Ni the Principal, whoſe Year's Intereſt is a. Then the A- 
mount of this Principal for : Years is NI (by Prob. 1. Part 2. f. 2.) from which take 
the Principal N-: the Remainder is RK the Amount by the former Rule. 


- Pros. a. Having the Amount, Rate and Time, to find the Annuity. 0 | 

Rule. Take any Annuity at pleaſure, and find its Amount by the laſt. Then as that A- 
mount is to its Annuity, ſo is the given Amount to its Annuity. And obſerve, If you chuſe 
11. Annuity, you have nothing to do but divide the given Amount by the Amount of 11. 
Annuity. - | „„ 11 — LES , 

Example. What Annuity will amount to 22 1 J. os. 6 d. in 5 Years at the Rate of 5 per 
Cent.? Anſwer, 401. For the Amount of 17. Annuity in 5 Years is 5. 52563 125; by which 
dividing the given Amount 221.025, the Quote is 39.999 = 390. 195. 11 4. 3Ff. &c. or 
40 l. nearly; which it would have been preciſely, had we taken 2217. os. 6.06d. (or 
221.02525) for the Amount, as in the 1ſt Problem. | | | 


Demons R. The Reaſon of this Rule is plain: For all Annuities and their Amounts . 
muſt be proportional. | 


ScHoLIUM. The Amount of 1 J. Annuity is, by Prob. 1. expreſſed 1 ; and: 
calling the given Amount A, then this Rule is n= AF = ==; that is, 
multiply the Rate by the Amount, and from the Product take the Amount; the Diffe- 
rence divide by the Difference of 1, and the ? Power of the Rate. The Uſe of this Ex- 
preſſion of the Rule you'll find in the following Problems. And we. may alſo deduce it 
| a Pale | | wife" e | 
thus, by Prob. „. AN in AR EY and R= 


PROBL. 3. Haying the Annuity, Rate, and Amount, to find the Time. EN 
Rule. Find a correſponding Principal (as in the ad Rule of Probl. 1.), the Sum of this 
and the given Amount, is the Amount of that Principal for the given Rate and Time 
fought: Wherefore find the Time (by Probl. 3. Part 2. f. 1.) thus; divide that Amount by 
its Principal, then multiply the Rate continually by it ſelf till the Product or Power 


duced be equal to the former Quote, the Index of that Power, or Number of Multiplica- 5 
tions more 1, is the Number of Years fought; 1 4 * 


Example. Ia what Time will 40 J. Annuity amount to 22 1.02525 J. at the Nate of 5 
per Cent.? Anſwer, 5 Years. Thus, . 05: 1:: 40: 800 the correſpondin Principal, then 
:Boo ＋ a2 1.02525 = 102102525; Which divided by 800, the Quote 6. 1. 2762815625, 
equal to the 5th Power of 1.05, or 1.05 * fo that 5 is the Number of Years fought, | 

5 8 e 8 DEMuMuON- 


_— 


\ 

DEMoxsTR. By whar's ſhewn in Prob. 1. Rale a. the Difference of the Princi 
found and its Amount, is the Amount of the Annuity; Wherefore that Principal added to 
tbe Amount of the Annuity gives the Amount of the ann The mo of . Rule is 
1 in the Problem referred to. 


*ScnoLIiUM. The W Principal is ples —— == Si in Schol. to Proh I ) 
and this added to rhe given e N. the Burn i is A + = — 7 ER , which 
divided by the Principal N; te Quote is N 3 by the Rule, and is 
another Expreſſion of it; which may alſo be deduced thus,-by-Prob. 2. ADA = ,, 


hence AR AS Rt, and „TAN -A=R.z and laſtly, 1 Re. 


PRO B. 4. Having the Annuity, Amount and Time, to find the "wg 
There is no Rule within my Limits that will ſolve this Problem, except for that one Caſe 


where the Time is 2 Years. And to come at that Rule, I muſt deduce the gener Rule 


from what precedes, and ſo leave it with the Application to this Caſe. 
In the la Problem we ſaw AS AORTA NN AR=x N and 


again, AR - R= A-; and dividing by 7, it is — Dx R- R = 2 Now if 
ti is above,2, we can make nothing of it by common 7 1 But if # is 22, then it's 
4, RR. And calling ® =, then” (by Prob. 6. Chap. a .Book ILL) R=" + 


2 2.2 of the e Annuities at Compound Imereſt. 


— - 


bs RO BL. 5. Having. the Annuity, Rate, and Time, to find the 8 Wonb. 


Rule 1. Find the Preſent Worth of each Year by itſelf (by Probl. 2. Part 2 8. 1.); 
the Sum of all theſe is the Preſent Worth ſought. ' 


Role 2. Find the Amount of the Annuity (by Probl. 1.) then gad the Preſent Worth 
of this Amount as a Sum due ar the End of the Roe Time (by Probl. 2. ks C. x.); 
it is the Preſent Worth ſought. ; poles 


Rule 3. Find 2 Principal Sum 8 che 8 is 1 Lein "AY and end the 
Preſent Worth of it as a Sum due at the End of the Time; ſubtract this Preſent Worth 
from its Principal; the Remainder is the Preſent Worth of the Anflvity. _ 


Obſerve, The laſt Rule is the eaſieſt, and therefore I apply it in the following Example; 
but there was a Neceſſity to deliver them all, becauſe the iſt is the fundamental Rule, 
which has a Reaſon in it ſelf; the 2d having its Reaſon only in its See with the 
Iſt, as to the Auſwer; and the 3d depends upon the 2d. 


Example. What is the Preſent e of * Annuity of 40“. to continue 5 Years dil- 
compting at .5 per Cent.? Anſwer : 736 2 7d. Found thus; as .o5 to 1, ſo is 40 to 
Zoo, 4 Principal Sum whereof the Preſent Worth, diſcompting pen Intereſt for 5 


Years, at 5 per Cent, is 6261. 16 /h. pe for the Amount of 1 /. in 5 Years is 1. To. = 
1. 276281, &c. and $00 — 1.276281 626. $212" Cc. hf 16/5. 5 4. nearly] then 
from 800 take 626 J. 16/5. 5 d. the Remainder is 1730. 3 /b. 7 


DEM0O N- 


ss Of AnwurTins) —Boor'VI, 


* 
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DE MONSTR. 1. That the 1ſt Rule gives the true Anſwer agreeable to the plain 
Meaning of the Queſtion, is manifeſt, and is alſo confirm'd by what has been ſaid upon 
the like Queſtion with Simple Intereſt ; ſo that every other Rule muſt coincide with this 
in the Anſwer, elſe it cannot be true; and that the other two Rules give the fame An- 
ſwer, I ſhall alſo demonſtrate. - 1 


2. For the 2d Rule. The Preſent Worth of any ſingle Year amounts to the Annuity 
when it becomes payable. | For Example the Preſent Worth of the 3d Year is a Princi- 
pal, which in 3 Years Time will make an Amount equal to the Annuity ] and therefore 
the Amount of that Year from the Time it falls due to the End of the given Time, is the 
fame as the Amount of the Preſent Worth of it from the Time of the Purchaſe to the 
End of the Annuity. Conſequently, the Preſent Worth of any Year, diſcompting from 
the Time it falls due, is the fame as the Preſent Worth of the Amount of that Year, ſum- 


med up vo the End of the Annuity, and then diſcompted to the Time of the Purchaſe. 


But the Amount of the Annuity at the End of the whole Years is the Sum of the Amounts 
of the ſeveral Years; and conſequently the Preſent Worth of this Sum is the Sum of the 
Preſent Worths of theſe particular Amounts; which being equal to the Preſent Worths of 
the ſeveral Years diſcompted from the Times they fall due: Therefore both Rules give the 
fame Anſwer. 47 " 

3. For the 3d Rule, It follows from the ad thus. The Ay found by the- Rule, 
will make an Amount from the Time of the Purchaſe to the End of the Annuity, equal 
to the Sum of it ſelf, and the Amount of the Annuity (as we ſaw in the laſt Problem); 
but the Preſent Worth of any Sum is equal to the Sum of the Preſent Worths of any two 
(or. more) Parts of that total Preſent Worth; conſequently, the Preſent Worth of one Part 
taken from the Preſent Worth of the Whole, leaves the Preſent Worth of the other Part; 
that is, in the preſent Caſe, The Preſent Worth of the Principal found ( which is a Part 
of its own Amount) taken from the fame Principal (which is the total Preſent Worth of 
its total Amount), leaves the Preſent Worth of the Annuity (which is the other Part of 
the Amount of that Principal). | | 


| 2 —1R — 2 
SCHOLIUM. By Probl. x. the Amount of the Annuity is expreſled thus, A N 


and (by Probl. 2. Part 2. &. I.) the Preſent Worth of this is p = S- which is 
therefore the Expreſſion of the 2d Rule: And that the xt Rule reſolves into the ſame Expreſſion, 
may be thus ſhewn: The Preſent Worths of the ſeyeral Years are (by Probl. a. Part 2. f. 1.) thus 


expreſſed, R 2 R : N- Ge. to R „ Which is a Geometrical Progreſſion, in the Ratio 
of R to 1, whoſe Sum is, by the Rule of a Geometrical Progreſſion, N. as be- 
fore. The Coincidence of the 3d Rule with this may alſo be eaſily ſhewn after the ſame 
Maaner ; wherefore, inſtead of the preceding three Rules, we may take it according to this 
univerſal Expreſſion, thus; 7 | . 1 


* 


* 


Take two Powers of the Rate whoſe Indexes are the Time, ä and the Time more 1 3 
multiply the iſt of theſe Powers by the Annuity, and take the Annuity from the Product; 
then divide this Difference by the Difference of theſe two Powers; the Quote is the Pre- 
ſent Worth. REIT i, | 5 | | 
Or thus: Take the Difference of 1 and the leſſer Power, which divide by the Difference 


of the Powers, and then multiply the Quote by the Annuity, becauſe Nr R — x 


en een ul. 


— 882 fr. Bo 


— ID I IR Im ee 
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Coxo LL. Hence, knowing the Time any Annuity continues, and the Rate allowed - 
in the Purchaſe, we can find how many Years and Parts of à Year's Purchaſe it is worth, 
without knowing the Annuity : For fince the Price is NAR. x 22, therefore, whatever 1 
iS, N does univerſally expreſs the Number of Times the Annuity is contained in 
the Price. | 


PRoBL. 6. Having the Preſent Worth, Rate, and Time, to find the Annuity. 
Rule. Take any Annuity at pleaſure, and find its Preſent Worth by the laſt; then, 


as that Preſent Worth is to its Annuity, ſo is the given Preſent Worth to the Annuity 


fought. Obſerve, If you take 1 /. Annuity, then there is no more to be done but divide 
the given Preſent Worth by that of 1 J. Annuity. 4 | 


Ex : What Annuity, to continue 5 Years will be purchaſed for 173 J. 3/b. 7 d. al- 
lowing Compound Intereſt at 5 per Cent.? Anſwer : 401. Found thus: 
+ The Preſent Worth of 1 J. Annuity to continue 5 Years is 4. 329, and 173 J. 3 ſh. 7 d 


or 173. 1788, Cc. 4. 329 = 40. 004, &c. which is 40 J. nearly, for the Decimat is leſs 
than a Farthing. rect i | | 


DEMONSsTR. The Reaſon of this Rule is plain: For all Annuities are ortional 
with their Preſent Worths for the ſame Time and Rate. * 


SchoLIu u. By Scbol. to the preceding Problem, the Preſent Worth of 1 1. Annuity 
is expreſſed Pn wherefore the Annuity anſwering to any Preſent Worth p (for the 


$3 VF | gs Re—rzr Ret'—r 8 | 
ſame Time and Rate) is p 3 = þ X N which is an univerſal Rule. We 
may alo deduce it from the preceding Problem; thus; p = r 2, whencep R*!—p 
big | 3 „ Rx 
=nR*— A, and dividing by RO I, it 1s „UN we IE” 


PROBL. 7. Having the Annuity, Preſent Worth, and Rate, to find the Time. 


- Rule. Find a Principal whereof 1 Year's Intereſt is the Annuity, from which ſubtract the 
given Preſent Worth; the Remainder is the Preſent Worth of that Principal conſidered 2s 
a Sum due at the End of the Annuity : Therefore,. by Probl. 3. Part 2. $. 


I. find in what 
Time this Preſent Worth will amount to the Principal found; it is the Time ſought. 


Example: What Time muſt an Annuity of 40 l. continue, to be worth of ready Mo- 


ney 173 J. 3 /h. 7d allowing 5 per Cent. Compound Intereſt. Anſwer : 5 Years. 


For o: I:: 40: 800 the Principal ſought; from which take 173 J. 3 . 7 d. the Remain- 
der is 626. 16%. 5 4. or 626. 82 l. nearly, the Preſent Worth of 800 due at the End of the 


Time ſought; then 800 — 626. 82 = 1.27678, &c. = 1.05. nearly. (for this is 1.276281 ) 
ſo the Tine fought is 5 Years. * 5 , onde 7 


1 


DEMoxs TR. It was ſhewn in Probl. 5. chat the Difference of the Principal found 


ud its Preſent Worth, is the Preſent Worth; of the Annuity; conſequently the Difference 


of 
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of che Preſent Worth of the Annuity, and the ſame Principal, muft be the Preſent Worth 
of that Principal. The reſt of the Rule is demonſtrated in the Problem referred to. 


ScHOLIU M. The correſponding Principal being expreſſed = - (for R—1:1 


2 | | , | T. — 
75 1: _— and the given PrefentWorthp,then by this Rule N —p = 


— I 
| | 3255 —pR 
is the mane Ing of r= And by Probl. 3. Part 2. F. I. it is W 


— 1 
F 


: ( = 7. 2 R.) R., wh is the univerſal Expreſſion of the Rule; to be de- 


-duced alſo from Probl. 5. thus, N ; hence p Rt R == AR. and 

p Rt R- ＋ Rs, then p RH L Rp Ri; alſoß R ＋ RN -p Rer. 
t. ; — | 

=p —pRXR:; and laſtly, I 


ProBL. 8. Having the Annuity, Preſent Worch, and Time, to find the Rate. 


This Problem can be ſolved by no Method within my Limits, except for that Caſe 
Where the Time is 1 Year; which I ſhall ſhew by deducing the ral Rule from the 
preceding; thus, in the Scholium to the laſt Problem we ſee n R R'—pRtT = 


PDR - Rt, and == AN Re R***; now if r is any Number greater chan 


1, to find R we have an adfected Root, above the Square, to extract; for which we have 
no Rules in this Work: But if the Time is x Year, then the Rule is * — x R — 


Ra; call 2 5 Pp = d, and then, by Probl. 6. Ch. 2. Book III. R = 2 ＋ or — Mon * 


* 


Of Annuities payable Half-yearly or Quarterly, and other Queſtions, where- 
in the Time is ſome Part of a Year, or whole Years with Part of a Tear. 


Part I. Ir Annuities are payable in Half-years or Quarters (the Half-year or Quarter's 
Payment being the 2 or + of the whole Years —_— then if in ly wind”. Pro- 
blems t expreſs the "Oo umber of Half-Vears or Quarters, and the Half-Year's or Quarter's 
Payment, alſo R the Sum of 1/. with + or + of a Year's Intereſt of it, taken according 
to any Suppoſition (i. e. By either of the Methods explained in Schol. 2. Probl. 1. Part 2. C. I. 
and here the 2d Method ſeems to be the faireſt ), then all the preceding Rules are applicable 
to Half-yearly and Quarterly Payments the fame way as for Years; yet the Labour of the 
Calculation is hereby increaſed. | | : 


- - 
- 


Part II. But whether Annuities are payable Yearly or Quarterly, the Time ſought may 
perhaps not come out in whole Years or Quarters preciſely ; which is a Sign that the Que- 
{tion is impoſſible in whole Years or Quarters: So that if what is wanting in the Number 


found, to make it whole Years or Quarters , be very little, it may be neglected; but if it is 
great, then we may find ſome Part of the _ or Quarter's Payment correſponding to it, as 
| 1112 | | 


1 ſhall 


* 
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I ſhall briefly explain with reſpeck to Annual Paym 83 nd, to make this Part compleat, 
I ſhall alſo ebnlüder 'thoſe Queſtions wherein the Time is given in Years and Parts of a 
Year. And obſerve too, That tho the Payments are by Half. years or Quarters, * Cal- 
culations may juſtly be made as if they were by Years. 


In Probl. 1. If there is any Part of a Year, then, — . the Amount for — | 


oats Years, find the Intereſt of that Amount for the Parts of a Year in the onion, by 
any of the Methods explained in Schol. 2. Probl. 1. Part 2. 5 I. as you thi and add 
that to the Amount for the whole Years. 


2. In Probl. 2. If the Time is whole Ten and Parts of 3 Year, 4 Solution depends 


upon the laſt. 


In Probl. 3. Where the Time is ſought, the laſt Part of the Solution depends upon 
Probl Ar 2. §. 1. And for the Parts of a Tear in the Time — ſee the Schol. 
to that Problem. | 


4. For Probl. 4. we can make nothing of it; and it is indeed of little Uſe. 


. In Probl. 5. if the Time is whole Years and Parts of a Year, the Solution will be 


difcrenr according as * wy ſuppoſe Intereſt for the Parts of a Year to be taken. But how- 
ever that be, this is firſt to be done, wiz. to find the Preſent Worth, diſcompting for the 
Whole Years in the Queſtion; then find the Preſent Worth of this Preſent Worth, diſ- 
compting for the Parts of a Year in the Queſtion. ' See Schol. 3. to Probl. 2. Part 2. F. I. 


6. For Probl. 6. the Solution depends upon the laſt. 


For Probl. 7. the laſt Part of the Solution depends upon Probl. Part 2. 
che Sch. to that Problem. 1 F 25 


8. For the 8. Probl. we can make vonn of ir; and is of as like Cg as the ah 


5 III. O7 the Purchaſe of Freehold Eſtates, or nn to con- 
tinue for ever, allowing Compound Intereſt. 


P ROBL. T2? find the Price or Preſent Worth of a Freehold Eſtate or — to 
continue for ever, diſcompting Compound Intereſt. 


' Rule. Find a Principal Sum of which one Year's Intereſt is the Rent or Annuity given, 
it is the Price ſought. 


| Example: What is the Price of a perpetual Annuity of 40 l. diſcompting at 5 per Cent. 
Compound In:ereſt? Anſwer : 800 J. for. o5: 1:: 40: 8007. ; ? 


DEMONSTR. The Reaſon of this Rule ſeems of it ſelf obvious; for is plain, that 
fince a Year's Intereſt of the Price is the Annuity, therefore there can neither more nor 


leſs be made of that Price than of the Annuity, whether we employ it by Simple or Com- 


ou Intereſt. 
$CH ©- 


„ pogo 


Chap. 10. Of Leaſes in Reverſfion. 
© $CHOLIUMS, FRET 
1. But left any body ſhould doubt whether the Diſeompt is here made at Simple or 


Compound Intereſt, let them conſider the Rule of Probl. 2. Part 2, 8 1. for the Preſent 
Worth of an Annuity, which is thus expreſſed, p= K + R + 77 c. ( being the 


early' Rent or Annuity). Now if the Annuity continues for ever, then this Geometrical 
Progreſfion goes on, decreaſing for ever; and the Sum of it, by Probl. 1. Ch. 3. Book V. 


is —— which is a Principal Sum of which one Year's Intereſt is the Annuity 2 for 


9 


nan, | 26s | 
2. Again: Of theſe three things, the Annuity to continue for ever, the Price, and Rate 
of Intereſt, any two of them being given, the third may be found eaſily, from the. prece- 


ding Rule, which being expreſſed thus, vis. NE bence it follows that a R 1 
and R — 15 or R ==+ I. 
3. The Unreaſonableneſs of purchaſing Annuities at Simple Intereſt is further confirmed 


by this Problem: For the Price of a perpetual Annuity, diſcompting Simple Intereſt, . as it 


would be greater than when Compound Intereſt is diſcompted, it would therefore be a Prin- 
cipal Sum of which 1 Year's Intereſt is greater than the Annuity ; And indeed the Price 
would be infinitely great, or greater than any aſſignable Number. | | 


F. IV. OF Annuities, or Leaſes in Reverſion. 


Ttherto I have conſidered Annuities as immediately entered upon, i. e. That the iſt 
Year commences preſently or at payment of the 2 But if it is in Rever ſion, 

then we muſt conſider the Time betwixt payment of the Money and the beginning of 
the 1ſt Year of the Annuity; and therefore, | 


1. In Probl. 5. $. 3 having found the Preſent Worth as if the Annuity were imme- 
diately entred upon, find again the Preſent Worth of that Preſent Worth, f̃ebating for 
2 ime betwixt the Purchaſe and Commencement of the Annuity; and this is the An- 
Wer... TEL bx | | 32, 403 IG NOS? 

# In Problems 6. and 7. take the given Preſent Worth, and find its Amount for the 


Time of Reverſion, and take this Amount as the Preſent Worth paid at the Com- 


mencement of the Annuity, and proceed with it. 


Obſerve, Annuities, and Rents of Houſes or Lands, are of the ſame Nature; wherein 
the ſame Queſtions occur as to their being in Arrears or being purchaſed : But with reſpect 
to Leaſes there ariſe Queſtions with ſome different Circumſtances, owing .ro the Practice 
of taking what they call Fines, which is a Sum of Money paid at the Beginning of the 
Leaſe, befides the Yearly Rent. I ſhall give you a few of theſe Queſtions, with a ge- 
neral Direction for the Solution; which will be ſufficient upon this Subject. 


Queſtion 1. There is a Piece of Land worth 20 J yearly Rent, and 100 J. of Fine for 
a Leaſe of 21 Tears: The Maſter is willing to quit the Fine, and increaſe the Rent ;- 
| 1 What 


613 
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614 Of Leaſes in Ræuer fon. Book VI. 
Whar ought the Rent to be? Rale. Find what Rent or Annuity, to continue 21 Years, 
100 l, will purchaſe, diſcompting at the agreed Rate of Intereſt ; the Sum of that and the 
former Rent is the Rent ſought. Obſerve, If the whole Fine is not to be taken away, 
find the Annuity anſwering to the Part taken away. | 


— Oueſt. 2. A Piece of Land is worth 12 J. Yearly Rent, and a Fine of 30 J. for 19 
Years: The Farmer is willing to pay more Fine, and reduce the Rent to 207. What 
ought the Fine to be? Rule. Take the Difference of the two Rents (30 and 20), and 
find the Preſent Worth of an Annuity equal to the Difference for the ſrme Time (19 


Years); that is the additional Fine to be paid. Obſerve, The fame way the whole Rent 


may be taken away. 


Queſt. 3. There is a Farm to be let for 21 Years, at 10 J. Yeatly Rent and 20 J. of 
Fine; if the ſame be lett for 30 Years at the ſame Rent, What ought the Fine to be? 
Rule. Find what Annuity 204. will purchaſe for 21 Years, at the agreed Kate (chat added 
to the Rent 10/7. is the true Rent with no Fine), therefore find the Preſent Worth of that 


Annuity to continue 30 Years; it is the Fine ſought. 


Queſt. 4. A Perſon has 7 Years 40 run of a Leaſe of 21 Years, for which he paid 401. 
Fine and 157. Yearly Rent: He would renew the Leaſe to 16 Years from this Time (i. e. 
for 12 Years after the firſt Leaſe expires): What Fine ought he to pay ? Rwle. Find what 


Rent for 21 Years the given Sum 401. will pufchaſe; 'then find the Preſent Worth of this 


Yearly. Rent to continue 12 Years ; laſtly, find the Prefent Worth of this laſt Preſent 
Worth, rebating for 7 Years, the Time that remains of rhe old Leaſe; this is the Fine to 
be paid. fan - £811 S1% HH TISEDIEHST 1 5 

General SCHOLIU M. with an Abſtract of the preceding Problems where 

: Compound Intereſt is concerned. : | 

It is thought the moſt convenieut Method for the Calculation of Annuitics, to have 
Tables ready made, extending to the greateſt Number of Years that ordinarily occur in 
that Buſineſs, and for ſeveral Rates of Intereſt that are moſt likely to occur; by Means of 
which the Anſwers of the more uſeful of the Feen e Problems may be eaſily found. 

The Tables which are common upon this Subject are limited to 1 J. Thus, we have 
1. A Table of the Amounts of 1/7. for 30 or 50 Years, at ſeveral Rates Compound In- 
tereſt. 2. Of the Preſent Wortns of 1 J. due after any Number of Years from 1 to 30 
or Jo. 3. The Amounts of 1 J. Annuity. 4. The Preſent Worths of 1 J. Annuity. 5. The 
Annuity to be purchaſed for 1/. By Means of whith the Anſwer to any of the preceding 
Problems may be eaſily got for any other Sum than 11. by one Multiplication or Diviſion. 

But here I muſt obſerve, That thoſe who are employed in ſuch Calculations ought to um- 
derſtand the Rules at large, and fo be able to examine and make Tables for thernſelves: 
And in my Opinion, it is not fit in Queſtions of Conſequence to truſt to any Tables but 
what one has examined, or made for himſelf. Now all that is ge hors by the Tables is 
the Eaſe and Expediciouſne(s:of the Calculation; and the greateſt Burden of the Work is 
the finding the j- Wa or Product of the Rate, (or Sum of 14. and 1 Year's Intereſt) mul- 
tiplied continually into. itſelf, as the Rules direct; which, if the Number of Years in the 

ſtion is great, becomes very tedious; for this being found, the Reſt of the Work, in 

the more uſeful of the preceding Problems, is no more than one or Two Operations of 
Multiplication or Diviſion; with a fimple Addition or Subtraction in ſome Caſes: And 
therefore, whoever can readily do Multiplication or Diviſion with Integers or Decimals 
(and no other can perform theſe Calculations, evea wich the common Tables, which re- 


» 


quire at leaſt one Multiplication or Diviſion) needs no more than'a Table of the Powers | 
| | | 0 


F 
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Chap. 10. Of ANNUTTIE S. 1 
of ſeveral Rates of Intereſt carried to a convenient Length; which are the Amounts. of 1 J. 
Principal for 1, 2, Gc. Years at Compound Intereſt, (for I fpeak of no other here), ac- 
cording to the Rule of Probl. 1. F. 1. Part 2. . The following Table at 5 per Cent. to 31 
Years is an Example which may be extended to more Years, and the like made for other 
Rates of Intereſt, Whoever underſtands the preceding Rules will know the Uſes to be 
made of this Table; yet it wilt be convenient — with this Tabls to point out the Uſe of 
it (for it will be needleſs. ro make: Examples, fince the preceding me ſufficient), by which 
you'll have the preceding Rules drawn together in one ſhort. and clear View. 


TABLE of the Powers Tie Uſe of this Table in the Solution of the precedin 
„ 1 | | of oy olution of e preceaing 


« Problems. 
of 1 l. ar 5 per Cent. l en | 
Yrs. fee OD NY 302391159 982-731.15018 1. Of Intereſt. 

11.05 J. Rthe Rate 1. To find the Amount of any Principal for any Time 
2| 1.1025 ==R* | at 5 per Cent. Compound Intereſt. Rule. Take the tabular 
311.1573525 = R. Number againſt the Number of Years, its Product by the 
41.215500 R, Principal gives the Amount, which, in Prob. x. C 1. Part 2. 

F. 276281 Rg is expreſſed thus, AX RF. 11 801 
60 1. 340096 , SUE - 3 ac ens... of; | 
711. 407100 _— 2. To find the Principal (or Preſent Worth) anſwering . 
$11. 477455 = Re to any Amount (or Debt payable) after certain Years. 
91.551328 N Rule. Divide the Amount by the tabular Number againſt 
55 70 3 N. the Number of Years; the Quote is the Principal; expreſſed 
121. 95856 R "| aus 7 = as in Probl. 2. f I. Part 2. 

13 x 885649 d. INIT ACE SESL TENN | 
14|1. 979932 = 3. To find in what Time any Principal will make a cer- 
a. 18 uf ip — | tain Amount. Rule. Divide the * the Principal, 
Sola 201018 == K+ --|- $2 ſeri. the Quote, or.che-nexr lefler Nugabar in-the Table; - | 
1802. 469 1% =R'* | and againſt ir is the Number of Years fought. Becauſe = 

at 4 —.— 3 = R,, as in Probl. 3. F. 1. Part 2. N 

785 962 RR © | 

= 4; ane _—_— Obſerve, For finding the Rate from the Principal A- 
2313. 071524 Rr mount and Time, we {hould have Tables at different Rates 
2413. 225100 R. of Intereſt ; then taking the Quote of the Amount, divided 
25 3.386355 =R* | by the Principal, ſeek it againſt the Number of Years in the 
= 3.55567 n Tables: The Rate of that Table where it is found is the 
2713. 733 A. —_— Rate ſought. But ifit is not exactly found. take the next Num- 
a ber leſſer and alſo the next greater (if both a greater and 
29 4. 116135 R. leſſer canbe found among the Tables) and the Rates or 
3014-321942 R. | cle two Tables are Limits betwixt which the Rate ſought lies. 

4. 538039 R. e flo} + dl be. tigee-20 


2. Of Annuities. Þ | | 
1. To find the Amount of an Annuity. Rule. From the tabular Number zinſt the 
Number of Years take 1, and divide the Remainder by the Rate leſs 15 multiply the 
Quote by tie Annuity; the. Produdt is the! Amount, expreſſed thut Ni #= A, 4 
in Probl. 1. $. 2. Part 2. 2 Jo v0] 545-01 Feet ent e 


N 


616 Of: A-N-N-U-1'T/1 ES; Book VI. ( 
2. To find the Annuity which makes a certain Amount. Rule. Take the Quote di- 
rected in TR Rule, and by it divide the Amovnt; this Quote is the Annuity ſought. VM 
thus, A — — =, as in Probl.2. f. 2. Part 2. 5 
3. To find in what Time any Annuity will make à certain Amount. Rule. Divide the 
Annuity by the Rate leſs 1, to the Quote add the Amount, and divide the Sum by the firſt de 
Quote; ſeek this laſt Quote, or the next leſſer Number in the Table; againſt it ſtands the ha 
ber of Years. Thus, =: + = ve, as in Probl. 3 F. 2. Part 2. | Q 
4- Fo find the Preſent Worth of an Annuity. Rule. Divide the Annuity by the Rate by 
leſs x; this Quote divide by the tabular Number againſt the Years, .and ſubtract this laft a 
Quote from the firſt Quote; the Remainder is the Preſent Worth ſought. Thus, F= | D 
== R . . . ˙ - In 
J. To find what Annuity a given Sum will purchaſe for certain Years. Rule. Take 1 — 
from the tabular Number againſt the Years; divide it by the Difference bet wixt that tabu- be 
lar Number and the next greater, and by this Quote divide the Preſent Worth; this laſt a 
Quote is the Annuity ſought, as in Schol. to Problem 6. §. 2. Part 2. thus expreſſed, thi 
* Ref t | Z L5 | — ; 5 4 N 8 
6. To find what Time an Annuity muſt continue to be worth a certain Price. Rule. Di- = 
vide the Annuity by the Rate leſs 1, and from the Quote take the Price; by this Remain- (r 
der divide the firſt Quote, and ſeek this laſt Quote in the Table; againſt it is the Number In 
: ECM oi: b | | | 
of Years. | Sas = 7 = _ R. MA Schol. to Probl. 7. C 5 Part 2. In 
- Obſerve, That the preceding Table was made by compleating the Multiplication at every X 
98 then taking only the firſt 6 decimal Places. Alſo, when the Figure in the 7th Su 
Place exceeded 5, 1 was added to the 6th Place, which makes the Error leſs, only it makes | 
it Exceſſive inſtead of Defective. | | | | ſey 
| is 


F. v. Of rhe Equation of Payments. 


DEFIN. WIEN ſeveral Debts are payable at ſeveral Terms (bearing no Intereſt till 
| | after the Term of Payment), to find a Term at which if they are all paid 
neither Debtor or Creditor loſes any thing, is called, Equating the Terms of Payment, 
4. e. reducing them to one. 29 4995! 3 | 
PRORBL. To find the equated Term at which ſeveral Debts payable at different Terms, 
* be paid at once, without Loſs to Debtor or Creditor, allowing Simple Intereſt. | 
or the Solution of this Problem there are different Methods, which I ſhall explain and 
compare. . 


Method x. The Debts being expreſſed in Periods and decimal Parts, the Times in Years 
and Decimals, or Months and Decimals, if there are no Years, multiply each Debt by its 
Time; add all theſe Products into-one' Sum, and divide it by the Sum of the Debts; the 
Quote is the Time ſought [ reckoned from the Day of this Calculation, as the other Times 

are alſo ſuppoſed to be ]. | — | | Exam- 
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Chap. 10. The Equation of Payments. 617 
Example: If 40 l. is due after 6 Months, 70 J. after 4 Months, the equated Time is 4 
Months 21 Days: Found thus; 40 x 6 240. 70x 4 = 280. 40 ＋ 70== 110. 240 280 
Sao. then 520 110 = 4. 72, &c. which is 4 Months 21 Days nearly, allowing 30 
Days to a Month. 350000 „ 

This Rule has Mr. Cocker and Mr. Hatton (amo es for its Defenders; who en- 
deavour, each in his own way, to demonſtrate the Truth and Juſtice of it. How they 
have ſneceeded, Il.hbere ... „ 

Mr, Hartos ſuppoſes that the Intereſt of the Sum of the Debts, from the Time of the 

Queſtion to the equated Time, ought to be equal to the Sum of the Intereſts of the ſeve- 
ral Debts from the Time of the Queſtion to their ſeveral Terms of Payment; and then. 
by an Example, ſhews that the Rule agrees to this Suppoſition. But this, inſtead of being 
a Demonſtration, is a Ps begging of the Queſtion; for the Equity of that Suppoſition 
- ought to have been firſt proved; againſt which there lies this obvious Reaſon, that the 
Debts. bearing no Intereſt till after their Terms of Payments, the Conſideration of theſe 
Intereſts ſeems to be out of the Queſtion; and therefore this Suppoſition cannot be granted 
without Demonſtration. I ſhall preſently ſhew you other Reaſons againſt it; and in the 
mean time obſerve, that tho it were right, yet Mr. Hatton has not demonſtrated his Rule; 
becauſe it is not enough to ſhew that a Rule gives a true Anſwer in one particular Caſe; 
a Demonſtration muſt comprehend all Caſes; and that the Rule is univerſally agreeable to 
the Suppoſition, I thus demonſtrate. 54] 


Take A for a Debt payable at the End of the Time 2, and B for a Debt payable aer 
the Time : The equated Time muſt lie betwixt the two, and, by this Rule, it is 


HF BY Now the Intereft of A for the Time #, is, (by Probl.1. $. 1. Par? 1) Arr 
r being the Rate of Intereſt for 1 J. in 1 Year, or Month, as the given Time : is). The 
Intereſt of B for the Time * is Bur, and the Sum of both is Ar Bur. Alſo the 


Intereſt of A+ B for the equated Time AF, is TBN x 5 =r X 


Derlei as before: Therefore the Rule is univerſally agreeable to the 
ppoſition. : | e ; 3 | f 
Mr. Cocker ſuppoſes that the equated Time is right, when the Sum of the Intereſts of the 
ſeveral Debts that are payable before the equated Time, from their Terms to that Term, 
is equal to the Sum of the Intereſts of the Debts payable after the equated Time, from 
that Time to their Terms. 'The' Agreement of the Rule with this Suppoſition, will eafily 
appear by comparing it with the preceding Suppoſition : For they are manifeſt Conſequences 
one of another; and therefore the Rule that GN one muſt alſo agree to the other. Or 
we may eaſily prove the Agreement of the Rule with this laſt Suppoſition, after the fa 
manner as I have done the former; but this I ſhall paſs over, and demonſtrate the Injuſtiee 
of the Suppoſition, which Mr. Cocker endeavours to prove to be right by this Argument, viz. 
That what is gained by keeping ſome of the Debts after they are payable, is loſt by paying 
of others before they are due: But this is falſe; for tho by _ a Debt unpaid after 
it is due there is gained the Intereſt of it for that Time (becauſe Creditor a juſt 
Demand for n A a Debt before it is due the „ ae oſe 
the Intereſt for that Time, but: only the Diſcompt he could juſtly demand, which is leſs 
than the Intereſt. ( as former Rules ſhew ). Thus we have a ſecond and 9 De- 
monſtration of the Error of this Rule. And the Fallacy in this laſt way of founding the 
Rule does plainly lead us to the true Foundation for a Solution of the Problem. But the 
explaining of that I ſhall leave to the laſt, and firſt explain the Methods of ſome other 
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Debts hoſe Terms are beyond the equated; Time, being out of the Queſtion. 
1 3 4 34 „1 4 
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+ "Methed 2 Mr Kerſoy was the firſt, as F know, who obſerved the Error of: ebe prece- 


Money paid ' before or after it is really due; ſo khat if there is no ſach wang as Intereſt, 


there can be no Loſs, at whatever Time the Whole is paid; and if che Loſs depends upon 


and occaſion different Solutions to the Queſtion : Therefore, concludes he, if fome Rate 
of Intereſt be implyed, Equity requires that the Preſent Worth of the total Sum payable at 
one entire Payment, Diſcompt being made at that Rate of Intereſt; be equal to the Sum 
of the Preſent Worths of the particular Debts, diſcompting at the ſame Rate; upon 
which Foundation he gives us this Rule. an n en ond #2 

Kerſeys Rule. Find the Preſent Worth of each Debt, diſcompting from the Time at 
which it is payable; then find in what Time the Total of theſe Preſent Worths would 
amount to the Total of the Debts; that is the Time ſought. ners 
- Example: Suppoſe 300 l. due after 4 Months, 100 J after 6 Months, and 100 J af: 
12 Months: The equated Time diſcompting 6 per Cent. is 5.952, &c. Months. Foun 
thus: Preſent Worth of 200 J. for 1 is 294. 117, Ge, I.; of 100 f. after 6 Months 
it is 97. 087. ec. I.; and of 100 J. after 12 Months it is 94.339, Ge, the Total is 
485.544. de. which will amount to 500 , in 5. 952, Ge. nths, which is a little leG 
chan the Anſwer the preceding Rule would give. 'T | | 


The Argument for this Rule may be formed thus: If the Total of the Preſent Worths 


preſently paid, is equivalent to the Sum of all the Debts paid at once, at the Time found, 
or alſo ro the Sum of theſe Debts paid ſeverally at their Terms, then, theſe, two laſt, Me- 
thods of making Payment muſt be equal: Conſequently the Rule is true, which is founded 


upon that Equality. 


Now tho this Rule has a more 7 and probable Ground of Equity than either of 
theſe allodged for the former, if the Rule for the Diſcompe of _ ntereſt be allowed 
to be juſt and true; yet the Foundation is not ſtrictiy good. as will fully appear from the 
laſt Method after explained, whoſe Foundation is unerccptiona ble. 
In the mean time, I make this Objection to ty i. That the Anſwer will be different, 
8 is propoſed at different Times, before die Term at which the firſt payable 

ebt falls due; i. e. if you alter all the given Times, ſo as there be the ſame Diſtances 
or Differences among them. - Now this ij a manifeſt Sign that the Rule is not good; be- 
cauſe there is no Reaſon in the Nature of the thing, why the Anſwer ſhould be different. 
For Exemple; One Debt is payable 3 Years hence, and another 7 Years hence: I ſuppoſe 
again, that the Calculation of an equated Time for the lame Debts is propoſed 2 V ears after 
this (ſo that the one Debt is then payable after 1 Year, and the other after 3 Years), it is 
plain that the — Term ought to fall upon the ſame Day 46 it would have done in 
che other Caſe” (ie. the Time laſt ſound muſt be 2 Years: les. than before), becauſe the 
Debtor and Creditor continue in the ſame Situation to one another, neither of them gain- 
ing or loſing by the two Years that are paſt ſince the Queſtion was formerly propoſed, 
there being nothing payable all that Fime; fo that the Deter mina ion of the Problem de- 

ends only upon the ration of the Diſtances of Time among the Terms of Pay- 
ment of the ſeveral Debts: The Conſideration of any Preſent Worths, except .of thoſe 
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Chap. 10. The Eguatiun of  Payminis.” 619 
AMerbvd 3. Sir Samuel Moreland, 1 Correction of Ker/ey's Rule for te 
Preſent Worth of Annuities at Simple Inteteſt, gives us, in conſequence of that, another 

Rule than Kerſeys for the Equation of Payments; which is this #7 
ole. Bind the Amount of each Debt, with Intereſt from its Term of Payment to the 
Term at which the Debt laft payable falls due; then find in what Time the Sum of all 
the Debts will amount to the Sum of the Amounts found; the Difference of that Tine 
aud ine Time to which theſe Amounts were carried, & the Time one 
As to this Rule, I obſerve, 1. That, bein founded on his Reaſoning about Preſent 
Worths of Annuities, which I have already fhewn to be falſe, it muſt therefore alſo be 
| falſe; and indeed more ſo than ( EST Too Ts on IR 

But, 2. 0h/erve, That tho it is differently expreſſed, yet it is in effect the very fame 2g 
the 1ſt Rule; as will eaſily appear by comparing it with Hatton s Way of founding that 
— Or you may alſo, prove its r with that Role, after the fame. Manner as. J 
hare done the Agreement of Hertans Suppoſition with, it. Theſe things I leave to your 
Rnraec h 9 239 : ute 2 2 bang Flt zen ct 7811 
Before Lexplain the true Method of ſolving this Problem, I muſt take notice of whit 
Mr. Ward, in his Key to Intereſt, has ſaid upon it. After he had mention d the firſt Ru- 
or Method above explained, he ſays, „ . : | 
* Þ ſhall paſs over all the Arguments made uſe of, pro and con, by Mr. Fobz Kerſey and 
ce. Sit Samuel Morel and, and other Authors, about the Error is of this Rule; as alſo 
ce the Rules they lay down inſtead of it, and ſhall only proceed to ſhew how the true 
<equated Time may be found from what har: been already done and proved.“ 


Arid his Rle is this: Find the Diſcompts of all the particular Debts ſeparately, accord- 
Product I the 


— o 


0007-2) 00260: © RMONW EQS 25-1 1 n <A 32 Io mirc. af g - 
explain this Metbod, we muſt reflect upon the Reaſon brought againit Cocker's Foun- 


ore they are due from the equated Time to the ſeveral Terms, is 
| n and Loſs: Becauſe, tho the Debtor gains the Intereſt of thoſe 
h any they are due, {= he loſes. Wk the Diſcompt upon thoſe he pay 

are due, which is leſs than, Jozereft, and therefor : che Crediror bas, a 


£ - * 


this Rule. D 3 + Foe 72 8 . * 1 can equated, 
is an Equality of Gain and Loſs, ſo the Gain conſiſts in the ;Jafereſts.. of the Debs kept 
aſter they are due, and the Lols in the Piſcomptr of thoſe hat ars paid b . dus: 
Wperefore, fuch «Tice muſt be found, as that the Sum, of the Intereſts of the Dedts due 


— 


before the equated Time from their Terms to that Time, be equal to the Sum of the Di(- 
compts of thoſe Debts that are payable after the equated Time, from this to their ſeveral 

Terms. For which this is the of. QT 9 16 225 311 13:10 wet Think ak art 1 34 
Rule. © (ix, Suppoſe two Debt: Then | he Debts in one Denominatien (8.l. A 
and decimal Parts), find 1 Year's Intereſt 7 75 that is firſt payable (expreſſed 1 
| | 2 a me 
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Ga ue Equationof Payments Boox VI. 


ame Denomination) by which divide the Sum of the Debts, and add the Quote to the Sum 


of the Times, (taken in Years and decimal Parts, from the time of the Queſtion to the 
Terms of Payment of the two Debts): Call this the iſt Number found, Again, multi- 
ply each Debt by its Time, and divide the Sum of the Products by 1 Year's Intggeft of the 
ul ayable Debt, which Quote add to the Product of the two Times, and call this Sum the 
ad Number found; Subtract this 2d Number, found from + of the Square of the iſt 
Number found; and out of the Difference extract the Square Root; which Root being 
added to or ſubtracted from the half of the iſt Number found, the Sum or the Difference 
will be the Time ſought, in the ſame Denomination: And to know which is the Anfwer, 
you muſt apply both according to the Conditions of the Queſtion. Thus, If you take 
the Sum, then, if that is a Time greater than the Time to the laſt payable Debt, the Dif- 


ference will be the Time fought: Or if you take the Difference, and that be leſs than the 


Time to the Term of the firſt payable Debt, the Sum is the Time ſought. But having 

either, and found it betwixt the Terms of Payment of the two Debts, you may try 
if the other does not caſt it beyond the laſt, or within the firſt Term; for in this 4 
that which was firſt tried is the Anſwer: But if both give Times betwixt the two given 


Terms, then you muſt examine which of them will make an Equality of Intereſt and Diſ- 


compt (in the Manner above explained). 


Example: There is 100 J. payable 1 Year hence, and 165 J. payable 3 Years hence: 
What is the equated Time, allowing Simple Intereſt at 5 per Cent. per Annum? Anſwer; 


A Tens. Ws | 5 | 
TLoluhe Operation according to the Rl. 
Debts $3907 Intereſt of 100 J. for One Debt 100 The other Debt 105 
15 105 1 Lear is 51. Its Time 1 Its Time 79 
Sum 205 . 85 Product 100 Product 315 
20g divided by 5. the Quote, is 41 Ide Sum of theſe. Products is 415” 
- . Which 1 bo weh divided by 5, quotes 83, which 
8 the Times | 4 added to 3 (the Product of the two 
b The Sum is 45 Times x and. 3) the Sum is 86, the 2d 
4 : the 3ſt Number found. Number found. | n 
NK 11 a ein n | FCC 3 uy . 
Then the Square of 45 (the 1ſt Number ) .is 2025, whoſe 4 Part Fa from 
which taking 3 2d Number found) the Difference is 420. 25, whoſe Square Root is 
- 20,5. Now this being added to 22.5 (the 1 of the iſt Number found) the Sum is 43, 
- which cannot be the Anſwer of the Queſtion, becauſe it is greater than the Diſtance of 


the laſt Term in the Queſtion; wherefore I take the Difference of 20.5 and 22.5; it is 2 
Fears, the true Anſwer: Which we prove alſo by Application: For this Time being ex- 
ly in the middle betwixt the two given Times; the Intereſt of 100 J. for 1 Year is equal 
(tothe Diſcompe'of 105 f for 1 Year; cach'of them being z 7 


2. If thęre are more Debts than two, Find an equated Time for the two that are firſt 
' payable ; then conſider their Sum as a Debt payable at that equated Time, and find another 
> ge Time for that Debt, and the next of the given Debts, and ſo on, through them 
4 Fa, 10 7 ieee {2437 1 . 01 W $4 0.444 *- $15 23 his #4 £33 4 7# © Bod id PEW IST 
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"C13 £2 7 14 ; 3 1 , a 27 8. 
2 12 ' , 8 a * 
his Rule, thoſe who have not ftidied the Me- 
ration uſed in the preciding Paris of this Work cannot poſſibly under- 
Jul 52 F Sd 4% Foot ei fi bat dined Take ſtand 
3361 a = $332. A 
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For the Demonſtration of the iſt Part of this 
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Chap: ro. The Equationof Payments. 621 
ſtand it; and to thoſe who have, I need only lay down the general Steps of the Demonſtra- | 
ee: and leave Particulars to themſelves. 17 


Let the Debt firſt payable be called The lat payable 8 

Tune Diſtance of its Term of Payment r The- Diſtance of its Term I 

Ine Diſtance of the equated Time - -'- x | 
Ine Rate of Intereſt, or 1 Year's Intereſt of 1. r 


PD unce of the F ef nd's . 80 
The Diltance of the Tiche T and 2 7 e For x lies berwixr them. 


Then the Iofbreſt of⸗ for the Time x —7,is dr X37 7. or e (ar beings Vers 


Intereſt of 4) and PEERE 6 is the the Diſcompe of D for the Time T—x 


(Tr —r x being the Intereſt, of 1. for that Time, which is conſequently the Diſcomp? of 
Tre for the ſame Time): -Wherefore * have, from the Nature: of the Queſtion, 


this Equation, vie. dr #m N DY*, which, being reduced according to the 
Common Rules of Algebra, comes at laſt to this Equation, 77 ＋ DE? G * 


r, Now 1.4 EK e what in the Rele E hans called the 1ſt 


Number” Ginid, "arid DIAS Te 0 a0 Weber found: Call the 1ſt 4 and the 


24, 3, then will the Equation'ftand, thus, Hm? BT and. by Problem 6. e a2. 


Book III. we have x=2 + or — 1 which is the preſent Rule: 
» 


Some will be ready to'think I have taken too much Pains about: «Gi ns great 


Moment in Buſineſs; 3 and that in common Affairs any of the Rules: may do without any 


conſiderable Error. Ido freely own the laſt Part: Vet I believe what is done may prove 


a very uſeful Exerciſe for : 2 Student; ad in all Caſes I think Truth in wonh the en 


— 


* 
n * 
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Of the Alligitton, or Wege of” Bodies, with reſet fo their 
Specific Gravities: 00 aft Þ 


Dz 1X. \ NH HEN of Bodies of Yifferen kinds of Matter ee es or” 

17 8 Bults, for . — or of the ſame Diameter (or an equal Cube) 
their Werden eights are called raver: And tho” the Weight in greater r 
Bü ge ne Wd is, neg ſo i Oo e e the Weights under any equal 

whatever are called: the Specific more ſtriet Definition 

Pro _— * ot Jo Bulk: ; o ub N 
Some Bodies ifferent Specific Gravities are C ble of being mixt d incorporated 
with one another; ag are 1 E and E as the Mixture” muſt neceſſarily 


4 * 


z 


make the' compound a/Specifick' Gravity different from that of all, or all bur one, 
of 8 Bodies mixt; 3 ſo he Gt Problems atiſe About their Mixture, with to their 


121 ick 4 Gans an de F 2 1; of me 
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h aantities mint, 5 betore v A 0 
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612 . Aaidition to Chap 8. B OO Ek VI. 
the Quaithies and Prices of Liquors,- and ther things; and which are 5 de ſolved by the 
ſame Methods of Operation. 
But in order to underſtand the Applications thers is one Propoditon x to. 10 firſt explain'd, 
: which i 15 this, Vis. J 
* ＋ (or Numbers of cubical lobe of Le of bf bo Wei he (which I 
| call their S Bilks);, are reciprocally prop to their ravities. 
Thus: Call ho ies of Bodies A Pp. if the 5 prick Gravy of — is to that of 
B, as 1 to 2, then t Balke of A is to, that b F c me Cas 4 to 1. For Ex- 
2 mple; If a Body of a cubical Inch — one Mea is 2 Ounces, a 4 Body of à cabical 
ef another Metal is 1 Ounce, then it's gn that the Half Bulk 01 the firſt will be as 
7 as the Whole of the other. Ot if che 9 1 cifick Gravities are as 5 to 3, tflen + of the. 
firſt-1s as heavy as the Mhdle of the other. And ſo in any other Proportion. | 
Hence again; If the Specifick 8 of 2 or more Bodies are expreſſed by any Num- 
bers W ate vet, their Spe off 775 Bulkt are expteſſed by | the! Reciprocals of theſe Numbers, 
thus; If the Pee e Gravirirs of ies USE * 2 . 5/84 - their | Specifick Buits ate a8 


- = 35 ; and i the e Healer Biebl, we 8 2 7 27 I, the Bulks'tre #5 3 "DS % ; be- 


* any two Numbers { proportional with thelr- I WS taken rec _ For. 
the np cho — 2 Reciprocal Bulls are a the og: G 2 are 

expreſſed hy the Reciprocal Numbers 0 
3 Boas, wi being gens I ſhall next apply the Rales 0 2 to the Mixture 
reſpect to: their Speciftokt Cha vities (or is in effect the ſame 


ings. 
A. ARGS art gien the Se wap ny. (ot Sporißel Gravities, 
—_— the Bulks may. 3 ), —— with the Quantities or Weights Tos put "<a 
Mixture; to find the Specyfick Bi , or Gravity of the Mixture; it is done after the ins 
ner of Caſe 1. Chap. 8. thus : 

Nu. the total Bulic (er Numbers of cubioa Inches) of each Quantity. b "5, 4 
 $pecifick: Bulky add: alt theſe Bulks into one Sum, und alſo the Quantities taken, and ſay; 
as the total Qaintity to the votal Bulle, fo is an Uni of e ee e by, which: the 

* Bults ure exproffed; co the Bulk ſo 

Example: Suppoſe 10 Ounces of Metal, whoſe Specifick Bulk i is 3 (i Le. 3 cubical Inches 
to 1 Ounce) are mixed with 14 Ounces of another whoſe Specifick-Butk-is2-—Whar is the 
Specitick Bulk of the Mixture ? Anſwer, 55: 1 I ar thus: If 1 Ounce makes 3 
cubical Inches; men ( hy the 'Thiee ) 10 Dunces mak 3555 and if x/Ounce makes 
2, then 14 Ounce make 28: and, faſtly, if 24 (i. e. 10 and 14) Ounces make 58 (i. e. 30 


and a8) chief Jaches, W Qunce takes. +3. 2 Og Fee Frog. 


that are mixed, and of the Compoutid urs 

08; nv of the Operation is obvio 7 8 

- erve; If the given Quantities have ed e le ora edu 
dn fag is, 1. PTS - = op 2 —— 
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Sirnpie (after they are r 
Ray of the Products bY he — Ws Os nomination) it is in the p e 
Cafe 2+ Having the Spec Bull, (or Oravities by which the. 8 8. 


| IE on and the Specifick Bulk SITES whic! 
How 2. to- he reduced To 6nd he ortional 4 to be 
bear the given Rate of ay > rg ravi 


| Bode. theigiven ck Bulks of ches lis 
-then fake and hare e from the * wine lk 
way as taught in — alternate, and you have the Anſwer. 5 
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| 75 Tx 1 15 eight; and the orner 53 f 
ny Ls HP 75 muſt be taken to make the Mixture 3 e INE to 1 1b Sf 21 
4 3 2 of the iſt to every 1 of the other, Margin. 
Io ſhew the Reaſon of this we muſt premiſe this Er rae Dix. That of three Numbers, 
if the rence of the leaſt Extreme A middle Term is N ee oy. the greater Ex- 
treme; and the Difference of the Kees Extreme and a uwiiphed by the 
leſſer e the Sum of their ual to the Pr t 825 un bt the two 
| 8 Dig, by bs the middle. Tie: at is plaia in the an- 
. of 5 nexed Scheme, where the three, Numbers being a, l, c, 
b 9 | their Differences, according to the Rule, are c — I, and 
— — 2 b — a, whoſe Sur c — 43 the Products mentioned 
| 3 are 4c - 4 b, and be —ac, W = 
| , e 7 f 4 multiplied by 65. 
Now to apply this to the Demon rabies .of the Rule, Obaſid ger in the above Example, 
that 2 i, whereof each is 2 Cubical Inches, make 4. cubical Inc and 1 Ib of 5 cubical 
Inches, is 5 cubical Inches; the Sum is ew Inches; ſa that the Na Mixture is 
3 is, and the Bulk is 9 cubical Inches; therefor 4 pecifick Bulk, or Bulk of 116 of 
the Mixture is the 3d Part of g, viz. 3 cubica Taches, e propoſed pecifick ulk of the 
Mixture ; which is therefore juſtly Or thus; 4 roduc of the total Weight 
42 3 ib, multiplied by the given W by ulk 3 3, is 93 equal to the Sum of the Pro- 
ducts of the particular Quantities multiplied by their reſpeCtive:Specifick Bolts; therefore 
the Solution muſt be true; and. e age it muſt he fo in al: 
Caſes of two Bodies mixt; and conſul any xiv. a £ 
Obſerve, 1. The ſame Method ary mae? or may. be applied to the Mixture of any 
other things, as Liquors, &. 
+ 2. All the fame kind of Queſtions SY above with tees to 2 may alſo be 
made with reſpect to Specifick Gravities, gr Bulks of Bodies: 
3. By this Rule is the famous Queſtien-ſolved about Rio; King 
He gave a certain Quantity of pure Geld- ce: make a Crown; but 2 ng 
had mixr Silver. * it, he devred 2 to diſcover It if poſſible he did it by this 
Means: When he went into a"bathing' Tub he reflected — Bod * ed in 
Water muſt put as much Be out its Place as is in Bulk to it ſelf: Therefore 
he took a Quantity of pure Te dee in of the Weight of the - 
Crown; or, as-ſome ſay, 8 Sec e made of pure Gold and another of Silver, a 
each of the ſame Weight with I Crown, and erty t 3 Bplks by the 
Bulks of the Quantities of Water put Cut fits Place by. the Inymerizan | 


ch of the 
Crowns (or of the ſuſpected Crown, ad. ch of the Ma Maſſes.of pure we Cole and A_— | : 
ater, whatever Shape they were in) and by 


ung is b A equal to 


es Crown: 
the Goldſmith 


which would put out the ſame Quantity o 


Compariſon of theſe 3 1 ulks, he fttund how mugh Gold and Silver was in the 
mixt Cron; which may be done after the manner of Qu. 3. Page 569: thus: We have the 
Specifick Bulks of the Mittabes and:of the two Simples 3. by bay finging the Tn morn of 


eights that brings them to that . Bulk, if Fer eight of 
the mixt Crown, then the ene, Sold and Silver 


More dd 9 
the Gold and Silver ſeparately are e And if t Fader "ame as the 
Weight of the Crown, yet that Weight” Ing 8er into 12 e Parts 
of that, puma folvesttie: Queſtion.” © 7 4 A 2c: 017 hy 
| | 5 — 
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